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1. INTRODUCTION

The behaviour of compact linear operators under real interpolation for Banach
couples or Banach n-tuples has heen extensively studied by many authors. The
class of compact operators between Banach spaces is an injective surjective closed
operator ideal in the sense of Pietsch [11]. It is therefore natural to investigate
whether the similar results are valid for such ideals. There are two measures,
1(T") (outer measure) and 3;(7") (inner measure) of an operator ' € L(A, B),
introduced, respectively, by Astala [1] and by Tylli [14], which show the deviation
of T' from the ideal [I.

It is known that

if I is surjective and closed, then v7(T4.g) = 0 if and only if T € I(A, B) (see
1)

and, analogously that
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if I is injective and closed, then 8;(7'4,5) = 0 if and only if T € I(A, B) (see
[14]).

Particularizing the operator ideal I, measures 4; and 3; coincide with well-
known notion. For example, when I is the ideal of compact operator k, v (T') is
equal to the measure of non-compactness of 7' and 3x(7") turns out to be the limit
of the Gelfand numbers of 7'.

The behaviour under real interpolation of measures v; and 3; in the case of
Banach couples has been pointed out by Cobos, Manzano and A. Martinez [3] and
Cobos, Cwikel and Matos [2]. They have derived estimates for the measures 7,
and 3; provided that one of the couples degenerated into a single Banach space,
or that the ideal I satisfied the so-called £p-condition (see [8]), without assuming
any condition on the Banach couples.

In this paper we establish an estimate for the measures v;(7") and 3;(T') of an
operator T" acting between some intermediate spaces constructed for n-tuples of Ba-
nach spaces. We consider here 4-tuples of Banach spaces and Sparr’s interpolation
method. We obtain similar results for n > 5.

We also show that weakly compact operators, Rosenthal operators, Banach-
Saks operators and Radon-Nikodym operators have the strong interpolation prop-
erty for Sparr’s interpolation methods.

2. PRELIMINARIES

Let A = (Ag, A1, As, A3) be a Banach 4-tuple, that is to say, a family of 4
Banach spaces A; all of them continuously embedded in a common linear Hausdorff
space. If t = (t1,12,t3) and 3 = (s1, 82, 53) are triples of positive numbers, we set

5 = (ty81,ta80, t3s3), 26 = (241,202 283} [F| = t,tats
E s g - 3 3
K(t,a, A) = inf {Nanlle + 2 tillailla,, a= ) ai, ai € A,} ;
t=1 1=0

GEZ(—A-) = Ag + A + Ag + Aj
and

J(t a,A) = llilfté‘ﬂsﬂla“.‘tm tillalla,}, a € A(A) := AgN Ay N A2 0 Ay

If A and B are Banach spaces, we denote by L£(A, B) the space of all bounded
lmea,r operators between A an B with the usual norm. Given two Banach 4- tuples

= (Ao, A1, A2, As), B = (By, B1, B2, B3), we write T € £(A,B)or T : A — B,
meanmg that 7" is linear operators from £(A) into £(B) whose restriction to each A;
defines a bounded operator from A; into B; (j = 0,1,2,3). For each T € £(A, B)
we consider the norm:

1775 := max {iTll4.5.}
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If one of the 4-tuples A or B reduces to single Banach spaces, i.e. if Ag = A; =
Ay = A3 = A, or if By = By = By = B3 = B, then we write T € £(A, B) or,
respectively T € ‘£(A, B).

A Banach space A is said to be an intermediate space with respect to A if

A(A4) — A — E(4),

where the notation < means continuous inclusion. .
An intermediate space A is said to be interpolation for the 4-tuple A if, for all
operators T € L(A, B), there exists a constant C' = C(A, A) such that

ITNa.a < ClITlz %
If we consider only the one-dimensional operator T', i.e.
Tz = f(z)a, a€A(A), fe(S(A)

then the space A is called party interpolation, or rank-one interpolation.
Let A = (Ag, Ay, A2, A3) be a Banach 4-tuples and let A be an intermediate
space with respect to A. For the triple £ = (t1,t2,t3) of positive numbers set

P(t) =P, A, A) =sup{K(f,a,A) : |ja]ja =1}

and

p(t) = p(t, A, A) =inf {J(,a, A) : a € A(A), |lalla=1}.

Proposition 2.1. [6] Let A be a Banach 4-tuple and let A be an intermediate
space with respect to A. Then A is party interpolation space if and only if there
exists a constant C = C(A, A) such that

P() < Cp(t), for allt = (t1,t2,t3) € (0,00)°.

_ Let A = (Ao, A1, Az, A3) be a Banach 4-tuple. Then A(A) — Ag and Ay —
3(A). We denote by AY the closure of A(A) in Ag and by Ay the completion of Ag
with respect to $(A4) (or the Gagliardo completion of Ay in £(A)).

Proposition 2.2. [6] Let A = (Ao, Ay, A2, A3) be a Banach 4-tuple and let A
be a party interpolation space with respect to A
(i) If 1 lim 1,’)(?) > 0, then A) — A

(11) If hm (1/p()) >0, then A < Ay.
t—oaC

Let A be an 1_nt£rmediate space with respect to Banach 4-tuple A. We say that
A is of class €x (0, A), where 8 = (0,,60,,0;) € [0, 1]3 6, + 0> + 63 <1 if there is a
constant ¢ such that for all ¥ = (¢,t2,£3) € (0,00)® and a € A

70K F a,A) < Cllal.4
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and of class € J(8, A) if there is a constant C such that for allZ = (¢,, £, t3) € (0, o0)?
and a € A(A)

lalla < CE~°|JF a, A).
An important example of spaces of class €x(f, A) is the real interpolation K-
space Aa‘p‘ K = (AO,AI,Ag,Ag)@JL , (or Sparr’s K-space). We remind that for
1 <p<ocandf=(6,0,603) € (0,1) 6; + 62 + 3 < 1 the space ZE,p.K consists
of all @ € £(A4), which have a finite norm:

4

1/p
( > (127K (27, a,z))”) ifl<p<o
e 23
lallg =13 V"€
sup {|27™|K (27, a, A)} if p = 0.
\ neZ?

On the other hand, the real interpolation .J-space Zﬁ,p, 5 = (Ao, Ay, Az, A‘*)ﬁ. o
(or Sparr’s J-space) is an important example of space of class €,;(8, 4). We remind
that for 1 < p < oc and 8 = (01,02,05) € (0,1)3, 0, + 05+ 03 < 1 the space Xa.p,.]
consists of all @ € £(A) which can be represented in the form:

a= Z uz  (convergence in £(A))

with ('U,ﬂ)ﬁeztl C A(Z) and

z (]277)J (27, us, A))P < 0.

e Z?

(The sum should be replaced by supremum if p = 0c.)
Moreover

1/p

lal,., =inf § { 32 (27 ENum A | =Y um
-ﬁezti n

defines a norm on 'Za?p",.

An operator ideal / is any subclass of the class £ of all bounded linear operators
between arbitrary Banach spaces such that the components I(A, B) = I N L(A, B)
satisfy the following conditions:

(i) (A, B) is a linear subspace of £(A, B);

(ii) I(A, B) contains the finite rank operators;

(iii) if R € £(X,A), T € I(A,B) and S € £(B,Y) then STR € I(X,Y).

The operator ideal [ is injective if for every isomorphic embedding J € £(B.Y)
one has that T' € Z(A, B) and JT € I(A,Y) imply T € I(A, B), it is surjective if
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for every surjection Q € L(X, A) we have T € £(A, B) and TQ € I(X, B) imply
T € I(A, B). The ideal I is closed if the components I(A, B) are closed subspaces
of £(A, B) (see Pietsch [11]).

The outer measure of 7' € £(A. B) is denoted by v/(T) = v1(Ta,B) and is
the infimum of all positive numbers ¢ such that T(Ua) C oUp + R(Uz) for some
Banach space Z and some operators R € I(Z, B) (where Ux denotes the closed unit
ball of X). The inner measure of the same operator is denoted by 3:(T") = B31(Ta.B)
and is the infimum of all positive numbers o such that for some Banach space Z
and some operators R € I(A, Z) the inequality

|Tz||ls < oljz|la + || Bz z

holds for all z € A.

The ideal I possesses the strong interpolation property for a method F of
interpolation if the interpolated operator T : F(A) — F(B) belongs to I when
the induced operators Trg : A(A) — £(B) is in I.

3. ESTIMATES FOR THE OUTER MEASURE ~/(7T)

In this section we establish an estimate for the measure -;(T") when one of the
Banach 4-tuples reduces to a single Banach space.

Theorem 3.1. Let A = (Ao, A1, A2, A3) be a Banach 4-tuple, let A be an
intermediate space with respect to A, and let B be an arbitrary Banach space. Let
I be an operator ideal. Then for each T € L(A, B) we have

1 1 1
71(T) S w(tlat23t3) [WI(TAQ‘B) + EIYI(TAl,B) + g’yl (TAz,B) + E’YI(TAJ,B)]
(3.1)
for all ty,ta,t5 > 0.

Proof. Tn view of the definition of v;(Ta,,B), for i = 0,1,2,3 and for each € > 0
there exist Banach spaces Z; and operators S; € I(Z;, B) such that

T(UA-.') C (6 + 91 (TA»;,B))UB + Si(UZ,') (32)

Now, consider an arbitrary element a € U4 and fixed positive numbers ¢1,2, {3 and

4. Since .
K(tl,tg,t:g,a, A) <6+ ’w(tl,tz,t:;) (3.3)

there exists a decomposition a = ag + a1 + a2 +as, with a; € A; (i =0,1,2, 3) such
that '
laoll 4o + tillar]la, + tallazlla, + tallaslia, < 8+ ¥(t1,t2,ta).

Thus ag € (0 + 'lf)(tl,tg,t;;))UAm a1 € ti—l(é + ¢(t1,t2,t3))UAu az € tgl(a +
W(ty, ta,t3))Ua, and a3 € t37(8 + P(t1, t2,t3))Ua,-
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From this and (3.2) it follows that

T(WUA) C (6+9(ttats) |T(Un) + %T(UAJ + %T(UAQ) + %T(UA»

[ € 1 €
- (6 + ¢(t1, t2, t3)) €+ 7I(TA(1,B) + E + -t—;’n (TAI,B) + g+

1 £ 1
+ E’YI(TAz,B) + 0 + EW(TA“’B)J U+ 8y(Uz,) + S1(Uz,) +

+ S‘J,.’(Uzz) + S’;(UZ3)

1 1
where Sy = (6+(t1,12,13))S0, S = E(5+¢(t1,t2,t3))51, S5 = E(5+w(t1,t2, t3))S2
and S; = tl(é + ¥(t1,t2,t3))S3 are operators belonging to I(Zy, B), I(Z,, B),
3
I(Z,, B) and I(Z3, B), respectively. Let Z be the Banach space Z = Zy & Z1 ®
Z2 ® Z3 with norm ||(z,y, z,w)|| = max(||z| z,, |yllz, |zl z,, |l z,) and define
S§:Z — Bby S(z,y,z,w) = Sjz + S{y + Shz + Siw. Then S(Uz) = Sy(Uz,) +
S1(Uz,)+S5(Uz,) + S4(Uz,) and using the ideal properties of I and the projection
operators from Z onto Z;, i =0, 1,2, 3, we have S € I(Z, B). Consequently

1 1 1
Y1{Ta,B) < ¥(t1,t2,t3) [’YI(TAU,B) + E‘rt(TAl,B) + 't';'YI(TA,,B) + Z;’YI(TA-J.B)] 0

Corollary 3.2. If A is a Banach space of class €k (8, A) with constant C, for
some 8 = (91,92,03) € (0, 1)3. 91 + 02 + 93 < 1 then

1(Tan) < O =61 =0y = o)1+ 01070 07020700 (T, )1~ 02-00

Y(T4,.8)" v1(Tay,8)271(Tay,8)%
(3.4)

Proof. Let o; > v1(Ta, B), i = 0,1,2,3. By the definition of v;(T4, g) for
1 = 0,1,2,3 and for each ¢ > 0 there exist Banach spaces Z; and operators S; €
I(Z;, B) such that

T(UA‘) CoiUg+ Si(Uz,).

Since A € €x(8,A), given any € > 0, t; > 0, ¢t > 0, t3 > 0 and @ € A with
llalla < 1wecanfind a; € A;,i=0,1,2,3, sothat a = ap+a;+az+a3 and |jag]| 4, <
(1 +e)Ct' 125, larlla, < (L+e)CtI 4245, Jlazlla, < (1 + €)Ct] 52718,
laslla, < (1 + E)th’tggtga_l. The proof proceeds now in the same way as in’
Theorem 3.1 to obtain the inequality

1 1
< . 01,02 .0 1 1 |
¥1(Ta,B) < Ctl>o't121;f0’t3>ot1 ty’ty [71(TA0..B)+ tl‘n(TA.,B) + t271(TA2,B)

196 Ann. Sofia Univ., Fac. Math and Inf., 98, 2008, 191-202.



1
+ t—'YI(TAs.B)] :
3

This inequality implies the result. 0

Corollary 3.3. If I is a surjective closed operator ideal and T € L(A, B) is
such that for some i, sayi =0, T € I(Ag, B) then T € I(A; , y, B).

Proof. Since v;(T') = 0 if and only if T" € I and Xﬁ,p,}( is of class €x (0, A),
form (3.4) the result follows. O

Remark 3.4. When I = K the ideal of compact operators, v, (1") coincides
with the measures of non-compactness of T, so we recover well-known Lions’ and
Peetre’s compactness results [see [9], [4], [6], [10]).

Theorem 3.5. Let A = (Aq, Ay, Az, A3) be a Banach ~tuple, let A be a party
interpolation respect to A, and let B be another Banach space. Let I be a surjective
closed operator ideal and T € L(A, B) such that T € I(A;,B), i = 1,2,3. Then at
least one of the following conditions must hold

(i) T € I(A, B);

(ii) A — A.

Proof. Since v;(Ta, ) =0, (1 = 1,2,3) from (3.1) we have

v1(Ta,B) < ’YI(TAO,B)liH%ib(tl,tz,ts,A,Z)-
f—

Consequently, either 7' € I(A, B) (i.e. v71(Ta,5) = 0), or, alternatively, lim ¥(¢1, t2,
| t—0
t3, A, A) > 0, which, by Proposition 2.3, implies that A — A. O

4. ESTIMATES FOR THE INNER MEASURE §;(T)

In this section we establish an estimate for the measure §;(T) when one of the
Banach 4-tuples reduces to a single Banach space.

Theorem 4.1. Let B = (Bo_,_Bl,Bg,Bg) be a Banach 4-tuple, let B be an
intermediate space with respect to B and let A be an arbitrary Banach space. Let
I be an operator ideal. Then, for each T € L(A, B) we have

1

———————max {B1(Ta,B,), t151(Ta,B, ), t201(Ta,B, ) t301(Ta,B,)} (4.1)
p(tl ) t2a t3)

Bi(T) <
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Jorallty > 0.ty >0, t3 > 0.

Proof. By the definition of 3; (Ta,B,), for each £ > 0 there exist Banach spaces
Z; and operators S; € I(A, Z;) such that

”Ta“Bi S (6 + ﬁI(TIA,Bx))”a”A + ”SiG‘HZ.v for all ac Aa 1= 07 1) 2) 3. (42)

J(tly t2) t33 bs 1—3)

p(t1,t2,t3)
using (4.2) we obtain:

Since ||b]| g < for all b € A(B) and all ¢, > 0, t; > 0, t3 > 0 and

1
Tallp < ————max(||Tal|,, t:)|Tal| 5, t2|| Tal 5,, ts||T'al| 5,)

p(tla t21 t3)

1 .

max[e + Bl (TA|B())) t1 (5 + 161 (TA,BI ))v tQ(E + ﬁl (TA,Bz))a
p(t17t21t3)
ts(e + B1(Ta.z,))llall a + 1Spallz, + [|Siallz, + ||Shallz, + l|S3all z
where S = S0 S! = L (1=1,2,3)

p(tlat2)t3)’ : p(tlxt2at3),
Let Z be the Banach space Z = Z,&2,& 2, ©Z3 with the norm ||(z, y, z, w)|| =

Izl zo + llyllz, + |zllz, + ||lw]|z, and let the operator S : A — Z defined by Sa =
(Soa, Sja, Sha, S4a). Using the ideal properties of / and the canonical embeddings
of Z; into Z (i =0,1,2,3) we have S ¢ I(A, Z) and

ITalls < ;(U;Tta) max(e + B1(Ta,p,), t1(e + B1(Ta,p,)), ta2(e + B1(Ta.p, ),
ts(e + B1(Ta,B,))|llalla + ||Sal|z, for all ac€ A
This implies (4.1). O
C_orollary 4.2. If B is a Banach space of class €, (5, B) with constant C. for

some 0 = (91,92,93) € (0,1)3, 91 +02 +93 <1 and ﬁ](TA,B‘.) > 0, (i = 0,1,2,3)
then

B1(TaB) < CBi(Ta,p,) " 02=0 3, (T g, )* B1(Ta.8,)% 81 (Ta.p,)%. (4.3)

Proof. Since B € €,(6, B) and using (4.2) we obtain the inequality

ITallp < Ct7%¢;%¢5% max{B;(Ta,,), t181(Ta,B, ) t28:1(Ta.p,),
taB1(Ta.B;)}lalla + ||Sallz, for alla € Aand t; > 0, ta > 0,t3 > 0.
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; Bi(Ta,B,) |,
Taking t; = S22 ABo! (7 = 1,2,3), we get (4.3). O
" Bi(Tap,) (

Corollary 4.3. Ifi is an injective closed operator ideal and T € £(A, B) is
such that for some i, say T € I(A, Bo). T € I(A, By, ;).

Proof. Since 8;(T) = 0 if and only if 7" € I and Eg‘p, ; is of class €,(, A), the
result follows from (4.3). O

Theorem 4.4. Let B = (Bg,B1, By, B3) be a Banach j-tuple, let B be a
party interpolation space with respect to B and let A be another Banach space. Let
I be an injective closed operator ideal and T € L(A, B) such that T' € I(A, B;).
(i=1,2,3). Then at least one of the following conditions must hold:

() T € I(A, B) |

(ii) B < B,.

Proof. Since 3;(Ta.p,) =0, (i =1,2,3) from (4.1) we have

1
T < Br(Ty.g,) lim ———.
Bi(Ta.B) < B1(Ta,p, )z_.-go-p(tz,tz,ts)

Consequently, either 7" € I(A4, B) (i.e. 3;(T4,8) =0), or, alternatively

1 - .. ~
lim —————— > 0, which, by Proposition 2.2, implies B — By. 0O
t-»C p(tl ) t2) t3)

5. THE STRONG INTERPOLATION PROPERTY

In this section we show that many classes of operators ideals possess the strong
interpolation property with respect to Sparr’s interpolation method. To obtain the
strong interpolation property for the ideal I (without assuming any condition on
the Banach 4-tuples), we require the operator ideal I to satisfy the so-called > p-
condition (which was introduced by Heinrich [8]).

Given any sequence of Banach spaces (Em)mezs we denote by 1,(Esm) the
vector-valued [, space defined by

lp(Em) = o = (zm) : o € Emrand [z, 5 = ( D (lomllen)?)"/? < o0
meZ?

Denote by Qg : I,(Es) — Ex the projection Qr(zm) = zg and by Iy : Ex — [,(Em)
the natural (isometric) embedding Iy = (6%y), where 0 is the Kronecker symbol.

The operator ideal I satisfies the ) p-condition if for any two sequences
(B )mez? and (Fip)mezs of Banach spaces the following holds:
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it T € LUy(Bm). lp(F)) and QzTIx € I(Eq, Fy) for any 7,k € Z°, then
T € I{lp(Em), bp(Frm)).

Theorem 5.1. Let 1 < p < oc, 0 = (0;,02,03) € (0,1)%, 6 +02+603 < 1
and let I be a closed injective and surjective operator ideal which satisfies the Y p-
condition. Suppose that A, B are Banach 4-tuples and T € ‘C(z B). _Let Tys
be the induced operator from A(A) into S2(B). If Tis € I(A(A), Z )} then
T € ](Ae J*Bé,p.K)-

Proof. Define on A(A) and 5"(B) the following equivalent norms
[la||me=2=01m1 —0ama=bsms Jomi gmz gms o AY qe A(A), =(m,, ma, m3)E Z°
lb“m_:___z—OIml —927n2—03m31((2m1 QM2 9ms p B), be Z(B), *-,ﬁz(mh ma, m3)€ ) A

Denote by Am the space (A(A), || - |lw) and by Bs the space (S(B), |l - ). In
view of the definition of the space A?,p, ; there is a surjection @ from I, (A7) onto
Az, ; defined by

Q((zw)m) = Y_ am (convergence in Z(E)).
meZz?

By the definition of the space _B}‘ p.x there is an (isomorphic) embedding J from
E-é,p' « into [,(Bz;) defined by

Jy)=(--v.9y,...)

Then the operator QpJT'QJx is the operator T;s from An = A(A) into By =
S(B). So, it is an operator of the class I. Since I satisfies the ) p-condition the
operator JT'Q belongs to I(l,(Aw),l(Bw)). Now, the injectivity and surjectivity
of I implies T € I(A; pJ’BOpK) O

Corollary 5.2. Let T € L(A, B) such that for some i, say i = 0, T €
I(Ao, Bo), then T € I(Ag, ;. Bj , x)-

Proof. Using the commutative diagram

A(A) > Y(B)
l T
A4 — B
and the ideal properties of I, we obtain Tjs € I(A(A 4),5.(B)). Consequently
Tel(45,,,B;,k) O

Remark 5.3. For the case of Banach couples Heinrich [8] has proved rezults
like those from theorem 5.1. He has also shown that weakly compact operators,
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Rosenthal operators, Banach-Saks operators and dual Radon-Nikodym operator
satisfy the )~ p-condition, for 1 < p < oo (these operators ideals are also injective,
surjective and closed) but the above condition is not satisfied by the compact
operators. So, Theorem 5.1 does not apply to compact operators, though we have
a similar result as in Corollary 5.2 for compact operators (see [4], [6]).

10.

11.
12.

13.
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