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1. INTRODUCTION

A group G is said to be (2, 3)-generated if G = (x,y) for some elements z and
y of orders 2 and 3, respectively. This generation property has been proved for a
number of series of finite simple groups. Concerning the projective special linear
groups PSLy(q), (2, 3)-generation is known in the cases n = 2, ¢ # 9 ([4]), n = 3,
q # 4 (see [1]), n =4, ¢ # 2 ([7], [8]; for even ¢ also proved independently and later
in {5]), n > 5, g odd, ¢ # 9 ([2], [3]), and n > 13, any ¢ ([6]). The present paper is
another contribution to the problem. We prove the following

Theorem. The group PSLs(q) is (2, 3)-generated for any q.

We note that our approach is quite different from that in [2].

2. PROOF OF THE THEOREM

Let G = SLs(g) and G = G/Z(G) = PSLs(q), where ¢ = p™ and p is a prime.
Set Q =(¢°—1)/(g—1) and d = (5,¢ 1) = (5, Q).
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We first look for elements z and y of G of respective orders 2 and 3 such that
the element z = zy has order Q. Choose z in the form

i1 0 -1 0 0
0 -1 0 0 0
z=|0 0 -1 0 0 (z € G, |z| =2 for any A, u,v,€ € GF(q))
0 X u 10
0 v ¢ 01
and
010 0 1
0 61 0 1
y=1]1 00 0 1 (y € G, ly] =3).
0 00 -1 -1
0 00 1 O
Then
-11 0 O 0
0 0 -1 0 -1
z=zy=}-1 0 0 O -1
g 0 A =1 A+pu-1
E 0 v 1 v+§

The characteristic polynomial of 2 is
f0) =t 4+@2-v-t*+ Q- A—p—v=20+w—p)tP+ A+ pu+v+£E-1)t -1
Let w be an element of order @ in the group GF(¢°)* and
F(t) = (t = w)(t =Wt —w? )t~ w®)(t - ) =
2 —att + B3 — 4t + 6t — 1.

Then f(t) € GF(q)[t] and the roots of f(t) are pairwise distinct (in fact, the poly-
nomial f(¢) is irreducible over GF(q)). Now choose A, u, v, £ so that

2—~py—€=—-q,2-A—pu—-v-2=03,v—pu=~—-y, A+pt+v+€—-1=4,
Le.
A=-2a-B8-7-2, p=a+B+y+d0+1l, v=a+f+d+1, E=-P-6+1.

This implies f,(t) = f(t). Then, in GL5(g®), z is conjugate to diag(w,wq,qu,wqa,wq4)
and hence z is an element of G of order Q.

Now, in G, 7, 7 and Z = T7 are elements of orders 2, 3 and Q/d, respectively,
and H = (%,7) is a subgroup of order divisible by GQ/d We claim that H = G.
To prove this, we make use of the subgroup structure of G.

The irreducible subgroups of PSLs(g) are classified in (9] and {10]. This readily
implies that if M is a maximal subgroup of G then one of the following holds.

106 Ann. Univ. Sofia, Fac. Math. Inf., 97, 2005, 105-108.



that

1) |M] = ¢'°(g — 1)(g% — 1)(¢* - 1)(¢* — 1)/d.

2) IM| = q'%g - 1)(¢* - 1)*(¢® — 1)/d.

3) |M| = 120(q — 1)*/d if ¢ > 5.

4) M= Zg,q4.25.

5) M = PSLs(qo) . Za,» if g =qp and 7 is a prime.
6) M = PSUs(qo) if ¢ = ¢

7) M = PSOs(q) if ¢ is odd.

8) M = Es2.SLy(5) if ¢ = p = 1 (mod 5).

9) M = PSU4(2) if ¢ = p = 1 (mod 3).

10) M_ = PSLy(11) ifg=p>3,p=1,3,4,5,9(mod 11).
11) M = My, if ¢ = 3.

It can be easily checked (directly or using Zsigmondy’s well-known theorem)
the only maximal subgroup of G whose order is a multiple of Q/d is that in

4), of order 5Q/d. This implies that no proper subgroup of G has order divisible
by 6Q/d. Hence H =G and G = (Z,7) is a (2, 3)-generated group.

Ann
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