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1. INTRODUCTION

Let s > 1 be a fixed integer, which will denote the dimension through the
paper. Let £ = (X,)n>0 be an arbitrary sequence in the unit cube [0,1)*. For
an arbitrary integer N > 1 and a subinterval J C [0,1)® let us denote A(J;N) =
#{n:0<n < N-1,x, € J}. Let A\; denote the Lebesgue measure on [0,1)*.
Following Kuipers and Niederreiter [15] we will remind that the sequence £ is called

A(J; N
uniformly distributed in [0, 1)* if the limit equality A}im % = As(J) holds for
—00
each subinterval J of [0,1)%.
To assess the quality of the distribution of the points of sequences and nets we

use special quantitative measures, called discrepancy and diaphony. Thus, to present
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the concepts of the extreme and the quadratic discrepancy, we will introduce some
notations. For this purpose, let J denote a family of subintervals of [0,1)® of the
S

form J = [ [u;,v;), where 0 < u; < v; <1 for 1< j<s. For an arbitrary vector
j=1
x = (21,...,25) €[0,1)° let us denote [0,x) = [0,21) X -+ x [0, z5).
Let én = {x0,...,Xn_1} be an arbitrary net composed by N points in [0, 1)®.
The extreme discrepancy D(€y) and the quadratic discrepancy T'(€n) of the net £y

are defined respectively as

-~ (J;iN)
Diew) = sup |57 )
and .
. 2 2
T(n) = </[071]S M—xl...% da:l...dxs> .

For each integer N > 1 the extreme and the quadratic discrepancy of the
sequence ¢ are defined as the corresponding discrepancies of the first IV its elements.

Some classes of orthonormal function systems with very big success are used
to solve many problems of the theory of the uniformly distributed sequences. Such
classes are the trigonometric function system and systems constructed in b-adic
number system as the Walsh function system and the Haar function system.

Also, function systems constructed in the so-called Cantor systems are used as
a tool for studying the uniformly distributed sequences. Let us remind the concept of
the Cantor systems, which are natural generalizations of the ordinary b-adic number
system. The algebraic basis of these systems is given by the following explanations:
Let B = {bg,b1,...: b; > 2 for i > 0} be an arbitrary sequence of integers, called
bases. By using the sequence B, the so-called generalized powers are defined by the
following recurrence manner: we put By = 1 and for i > 0 define B;1; = B;b;. The
number system, which corresponds to the sequence B of bases and the sequence
{By, B1, ...} of generalized powers usually is called B-adic Cantor system or system
with variable bases. We will stick to the terminology B-adic number system.

Let us denote Ny = NU {0}. An arbitrary integer k € Ny and a real = € [0,1)
in the B-adic system have representations of the form

0o
L

k:z’/:szz and x =

9
i=0 i=0 Bis

where k;,z; € {0,1,...,b; — 1} for ¢ > 0 and k, # 0. The representation of k is
unique. Under the additional assumption that for infinitely many values i we have
x; # b; — 1, than the B-adic representation of z is also unique.

The multidimensional version of the Cantor systems is given by the following
manner: Let Bs = (Bi,...,Bs) be an arbitrary set of sequences of bases, where

Bj = {b(()j)7b§j),...} for1 <j <sand {Béj),B§j)7...} be the corresponding to B;
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sequence of the generalized powers. The number system, which correspond to the
set Bs, we will call Bs-adic Cantor system.

Everywhere in the article we strictly will stick to the above concepts for B-adic
and Bs-adic Cantor systems.

A set of functions constructed in Cantor systems was first of all proposed by
Vilenkin [21] and independent of him was considered by Price [20]. The details are as

follows: For an arbitrary k € Ny and a real « € [0, 1) with the B-adic representations

k=> kiBiand x = ) B’_Cil,where ki,xz; € {0,1,...,b; — 1} for i > 0, k, # 0 and
i=0 i=0

for infinitely many values of ¢ we have x; # b; — 1, the function pvilg: [0,1) — C is
defined as

i

v
BVﬂk(,’E) = H€2m b
=0

For an arbitrary vector k = (ki,...,ks) € N§ the k-th multidimensional
Vilenkin function is defined as

S
B.Vilk(x) = H B, Vilg; (z;), x=(21,...,25) €[0,1)°.
j=1

The set Vilg, = {5, vilk(x): k € N§, x € [0,1)®} is called Vilenkin function
system. For the system Vilp usually the name multiplicative system is used, see
Agaev et al. [1].

Quite recently, Hellekalek and Niederraiter [13] introduced the so-called b-adic
function system I'y,, where b = (b1,...,bs) is a vector of not necessary distinct
integers b; > 2. Some applications of the system I'y, to the theory of the uniformly
distributed sequences were presented. Petrova [19] generalized the construction of
the functions of the system I'y, to functions considered in Bg-adic Cantor systems.
We will recall this constructive principle.

Definition 1.1. For an arbitrary integer £ > 0 and a real number z € [0, 1),
which in B-adic system have the representations of the form

v o0 xZ
k:;ki& and x:;BM,

where k;,x; € {0,1,...,b; — 1} for i > 0, k, # 0 and for infinitely many values of i
we have that z; # b; — 1, the k-th B-adic function gvi: [0,1) — C is defined as

B’Yk(l‘) :e2m(31+32+ +BU+1)(xoBo+I1Bl+ +:quV).

The multidimensional functions constructed in Bs-adic Cantor systems are de-
fined in the following definition.

Definition 1.2. For an arbitrary vector k = (k1, ..., ks) € N§ the k-th multi-
dimensional B,-adic function g yk: [0,1)® — C is defined as

BS’Yk(X): HBj’ij(ﬂfj)7 X:<£L'1,...,1's) S [0,1)8
j=1
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The set I'n, = {5, (x): k € N§, x € [0,1)%} is called Bs-adic function system
and is proved that it is a complete orthonormal basis of the space L2([0,1)%).

The inequality of LeVeque [17] is an upper bound of the extreme discrepancy of
an arbitrary one-dimensional net in the terms of the functions of the trigonometric
function system. This is one-dimensional result and to the authors is unknown
multidimensional version of this inequality.

The Erddés-Turdn-Koksma’s inequality, which has a long history, gives upper
bounds of the extreme discrepancy in the terms of the functions of some classes
of orthonormal function systems. First, Erdss and Turdn [3] and Koksma [14]
presented this inequality in the terms of the functions of the trigonometric func-
tion system. Niederreiter [18] in its monograph “Random Number Generator and
Quasi-Monte Carlo Methods” systematizes and generalizes the results related to the
Erdés-Turdan-Koksma’s inequality, which are based on the trigonometric function
system. The form of the Erdds-Turdn-Koksma’s inequality for the extreme discrep-
ancy, which is based on the Walsh and the Haar functions in base b have been given
by Hellekalek [10-12]. Grozdanov and Stoilova [8] presented the form of this in-
equality in the terms of the functions of an arbitrary complete orthonormal function
system constructed in Cantor systems.

Grozdanov [6] presented the form of the LeVeque’s inequality, the Koksma’s
formula, the Erdgs-Turdn-Koksma’ inequality and the integral Weyl criterion in
the terms of the modified integrals from the Vilenkin functions. Also, the form of
the LeVeque’s inequality, the Koksma’s formula and the integral Weyl criterion in
the terms of the modified integrals from the Haar functions constructed in Cantor
systems, were presented.

There are examples of sequences constructed in b-adic number system, see
Faure [4], which are generalizations of the classical multidimensional Halton’s se-
quence. The next step of a generalization of the Halton’s sequence was developed
by Bednaiik, Lertchoosakul, Markes and Trojovsky [2]. They consider sequences
constructed in Cantor systems, which are natural generalization of the Halton’s and
Faure’s sequences.

Bednaiik et al. [2] studied the extreme discrepancy of this sequence. Also,
Lertchoosakul and Nair [16] realized investigations related to the generalized se-
quence of Halton. Grozdanov and Sevdinova [7] studied the (I'y; «; v)-diaphony of
the Van der Corput sequence constructed in Cantor systems.

In such a way, we have objects constructed in Cantor systems. To study of these
sequences and nets, we need appropriate analytical tools, usually some complete
orthonormal function systems constructed in the same Cantor systems. It is clear
that two such systems are these of the Vilenkin and the Haar functions.

The purpose of our investigation is to show some applications of the functions of
the system I', to the theory of the uniformly distributed sequences. Some classical
results of the quantitative theory of the uniformly distributed sequences, as the LeV-
eque’s inequality, the Koksma’s formula, the Erd6s-Turdan-Koksma’s inequality and
the integral Weyl’s criterion in the terms of the modified integrals of the functions
of the system I's_, will be shown.
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The rest of the article is organized as following. In Section 2 the notions of
multidimensional modified integrals from the functions of the system I's, are intro-
duced. In Section 3 some useful preliminary statements are given. In Section 4 the
main results of the article are presented and proved.

2. MULTIDIMENSIONAL MODIFIED INTEGRALS OF THE FUNCTIONS
OF THE SYSTEM I's,

We will introduce the following useful symbol. For arbitrary and fixed integers
b—1 )
b>2and 8 € {1,2,...,b — 1} let us denote A(b;3) = > he?™i%h . Then, the
h=0
following equality holds

A@ﬁ)z—g@+ﬁmm%ﬁ)

Following Fine [5], for an arbitrary integer £ > 0 and a real z € [0,1) we will
consider the integral from the function gy (), thus let us denote

BJk(iE) = /Ox B’Yk(t) dt.

We will introduce the concept of the multidimensional modified integrals from
the functions of the Bs-adic system. For this purpose, let us denote S = {1,2,...,s}.
For an arbitrary integer 0 < u < s let

Ay ={a1,...,ay: 1 <ag <+ <ay < s}

|
be an arbitrary subset of S. Obviously we have C¥ = ﬁ choices of the
ul(s —u)!

subsets A,. Let us define Cs_,, = S\ A, and to denote

Os—u:{ﬁlw-'yﬁs—u: IS/61<</85—USS}

In the case when v = 0 we will think that A9 = @ and Cy = S. When u = s we
have that A, =S and Cy = @.

Let us assume that © = 0. To the value u = 0 we can think that corresponds
the s-dimensional vector k = 0. Let us introduce the notion of modified integral
from the function p,vo(x) as

S

]' S
&LMM@:IyLwﬁ—g,X:@MHJQGWD.
i

Now, let us assume that 1 < u < s is a fixed index. For an arbitrary vector
k = (k1,...,ks) € N§ let us introduce the following assumption:

(C) Ezactly uw of number coordinates of k are nonzero and let they be ko, ..., kq, -
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In addition, for 1 < j < u the coordinate k,, = ké?j)Bé?j) + k;j, where g; > 0,
0<k, <B —1andky € {1,....05" 1}

Now, we are able to introduce the notlon of modified integral of rang u from
the function g vk (x) as

B (g1 g (KD KE) (R ) HB o, (Ta) H 1—xg))

u
1 e 95 —1 1
_ . . aj). (0‘
I —= ,<k<°‘1> ) ) A (b3k) | 3

Gt Tt op @p
. )
S—u
x = (21,...,25) € [0,1)%. In the case when u = s, we assume that [] (1 —xz3,) = 1.
j=1

3. PRELIMINARY STATEMENTS

To prove the main results of our investigation we need of some useful preliminary
statements. For this purpose, in Lemmas 3.1, 3.2, 3.3 and 3.4 we will use an arbitrary
one-dimensional B-adic Cantor system, thus let B = {bg, b1,...: b; > 2 for i > 0} be
an arbitrary sequence of bases and {By, By, ... } be the corresponding to B sequence
of generalized powers. Let us start with the following lemma, where we will present
some properties of the functions of the system I'p.

Lemma 3.1. Let k > 1 be an arbitrary integer with the B-adic representation
k= ngBg + kg—lBg—l + -+ k1 B1 + ko,

where g > 0 for 0 <i < g, k; € {0,1,...,b; — 1} and kg # 0. Then the following
holds:

(i) For each integers h and p, and a real x such that 0 < h < By —

1
Ogugbg—landxe[h+ £ i_’_lﬁ‘i‘ )theequalityholds

By By ) By By

_ h 27”17 .
BY(T) = Bk (Bg) e ;

ii) For each integer p such that 0 < p < B, — 1 the equality holds
g

BL;
/ BYk(z) dz = 0;
0

(ili) Additionally let us denote k' = kg_1Bg—1 + ---+ k1By + ko. Then, the
equality holds

BYk(2) = BV, B, () B Yk (@) for all z € [0,1).
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h
Proof. (i) Let us use the B-adic representation 5= 0.hohi ... hg—1, where for 0 <

g
, . h wh o op+ 1>
1<g—1,h; €{0,1,...,b; —1}. Then, an arbitrary x € | — + y 5

7 t J g {Bg Bgy1 By Bgia
has the B-adic representation of the form « = 0.hohi ... hg—1pxg41 . ... According

to Definition 1.1 we have that

sye(z) = 2m(31+ +gls )(ho+h1B1+ +hy_1By_1+pBy)

262771(Bl+ +

Bi+-thy_1B,_ o2 h orika
1 g—1Dg 1) 7le M—B')/lg .€7r1bg;L.
B!]

(ii) If p = 0, then the statement obviously is true. Now, let us assume that

p > 1. In this case, we will use the presentation

P p—1 bg u+1

/07 By de =" /h Mgﬂ Byk(z) dr.

h=0 p=0 Bg+Bq+1

We will use the part (i) of the Lemma and the above equality to obtain that

BL 1 p—1 h by—1 R
g 2mi L
Bk (x) der = Bk <) e b =0.

(iii) For an arbitrary real = € [0,1) we will use the B-adic representation z =
0.zgx1 ..., where for infinitely many values of i we have that z; # b; — 1. Then,
according to Definition 1.1, we consecutively obtain that

Sk kg1, _k
62771(3—?—&-“'-"- ng +52 )(mO""lel"'“""'mng)

BYk(T) = Dot
_ 2 Bf,‘il (wo+a1Bit 424 By) 2771(3 )(xo+x1B1+ Aag_1Bg_1)
= Bk, B, (T) 57w (2).
The lemma is finally proved. O

Lemma 3.2. For arbitrary integers g > 0 and kg € {1,...,by — 1}, and a real
x € [0,1) with the B-adic representation x = 0.x0x122 . .., where for infinitely many
values of i we have that x; # b; — 1, let us define the function

Tg—

271'1 1 .
e fx 0,
5}{9 (x) _ ZO g #

o
0, if xg = 0.

Let k > 1 be an arbitrary integer of the form k = kyBy + k', where g > 0,
0<k <By—1and ks €{1,...,by — 1}. Then, the modified integral gJx(x) from
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the function gy (z) satisfies the equality

1 2mi g (xo+z1B1+-+xg-_1Bg—1)
e Pott T ok, () By () + Bk (T Z

BJk(7) =
Bg+l h=g+1

Bh+1

for all z € ]0,1).
Proof. We will use the statements of Lemma 3.1 to obtain that for an arbitrary and
fixed real x € [0,1) the presentations hold

—1

T %+...+m%g T
BJk(:L') :/ B'Yk(t) dt :/ B’Yk(t) dtJr/ _— B”yk(t) dt
0 0 Zg

vo g
3+ 2

z xT
:/x vy BB, (D Bk (1) dt = Bw(m)/x L Bk,B, (1) dt
B*?-F-A-"r ‘(Z_g; Biq""“""' EZ_?;
By x
= g (2) BV, B, (1) d“‘/ Bk, B, (t) dt
0 %fi+..4+ ]93;

x
= B (95)/ Bk, B, (t) dt = pyw (2) B Ik, B, (2).
0
Hence, the equality holds

BJk(x) = pw (x) Ik, B, (x) for all z € [0, 1). (3.1)

Now, we will calculate the integral pJ,p, (). Lemma 3.1 (ii) gives us that

xT
BJk, B, (7) Z[r . BVk, B, (1) dt.
et B

First of all, let us assume that x4, # 0. Then, from the above equality we obtain
that

e r
BJk,B,(T) = Z i _ BV B, (1) dt + [ _ BYk,B,(t)dl
p=0 S Bt TR e BttE

by

ry—1 + + + u+1
2mB e (zot+z1B1++xg_1Bg_1) Z eQﬂlkgu/ Bg Bgt1 dt

=e
z9
n=0 By T += Bg -+ gl g+1
z
ey at
Zo 4 ... g
ittt
—1
1 277in9 (zo+z1B1++xg_1Bg_1) 3 27rib
= Bie g+1 g (& 9 + B’Yk: By E B
g+1 =0 h=g+1 h+1

(3.2)
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Now, let us assume that x4 = 0. In this case, the equalities hold

x oo

BJk,B, () = Bk, B, (90)/ _dt=pw,s,(@) Z

Zo ... 9
B1 +ot Bgt1 h=g+1

Th

. 3.3
Bp11 (3:3)

By using the introduced function d,, (), equalities (3.2) and (3.3) can be rewrit-
ten as

1 il (zo+x R _
BJkng(.’E) _ = - 62 Bg+1( o+x1Bi++xy_18y 1)5]69(‘7;)
g
=z
h
+ BVk, B, (T) Z - (34)
gBg hegil Bh+1
Equalities (3.1) and (3.4) give us that the equality
1 omi 8 +x1Bi14++xg_1Bg_1 = x
pJi(z) = 376 B4y (w0t zg-1By )5kg($)37k’($) + k() Z 3 h
g+1 h=g+1 h+1
holds for all z € [0,1). The Lemma is finally proved. O

Lemma 3.3. For each integer k > 1 with the B-adic representation k =
g
> k;B;, where g > 0 for 0 < i < g, k; € {0,...,b; — 1} and kg # 0, the equal-
i=0
ity holds

1 27rik—g
1 et —1
S 1 — - Albyi k)
/0 B2, eQﬂ'i(%‘f’""‘rﬁ) 1 7
with the introduced in Section 2 symbol A(bg; kg).
Proof. By using the result of Lemma 3.2 we obtain that
! 1 ! 25l (zo+z1B1++x3_1Bg_1)
/ pJi(z) dz = / e P T ok, () By (@) da
0 Bgi1 Jo ‘
+ / xppYe(z) dx.  (3.5)
it Br+1 Jo

We will calculate the integrals in the right side of equality (3.5). For this
g—1
purpose, let us denote k' = > k;B;. Hence, we consecutively have that
i=0

1 k
29— (xg+x1 B14+FT4_1By—
/ "M Egr (ot B o 1)5kq(x)37k'($)d$
0 ¢
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bo—1 byl 0 g.g

Z Z Bq+1 27rinq
= e (& g+1

t
to=0 ty=0 Bl+ +B:_1

(wo+$1Bl+"'+$g*139*1)6k (l’)B’Yk/(x) dx

bg—l blfl
1 i(ko ...y Fa (kg _Fa
627”(b0+ +b0.,.bg)t0§ 62”‘(b1+ +b1...bg)t1,,,
9+l 1 "o t1=0
by_1—1 . by—1
omi( Fa=1
E em(bg—lﬂg lbg to1 E 5k . (3.6)
tg71:O tg—o
It is easy to calculate that
bo— k bl—l k k bg—l_1 1
2627” +"'+b0--!{bg)t0 E eQﬂl(ﬁ—Fm—i_ﬁ)tl... E 627”( = +” 1”9)%’71
to=0 t1=0 tg—1=0
ika
627r1bg -1

- (37
JET (T ———

By using the definition of the function dx, (), we consecutively have that

by—1 bg—1ty—1 by—1 n
> ok, () Z Z g Z (by — 1 — h)e*™os"
ty=0 tg=1 pu=0 h=0
by—1 by—1 by—1
= (b —1) Y " Z BT = 2N R 2 A(byiky). (3.8)
h=0 h=0

From equalities (3.6), (3.7) and (3.8) we obtain that

1
/ e2‘I'l’lB (rngfElBlJr S 1Bq 1)5k ( )nyk,(x) daj
0

2mite
1 ety —1
- : : Alby: ky).  (3.9)
B (),

Now, we will calculate the second integral in the right hand side of equality (3.5).
Thus, let h > g + 1 be a fixed index. We will use the presentations

bo— g—1 bp— to ... 4 thtl
1 0 n BT Bhi1
zhpYe(2) doe = k() dz
0 e
to=0 g tp=0 Bht1
bo—1 b1—1
1 i(ko ...y ko (kL ke
_ Z 627”(bo+ +b0...bg)t0 Z 627”(b1+ +b1...bg)t1
B
htl 4 2o t1=0
bg—1 b —1

ZQm*t Zthfo (3.10)

ty=0 th=
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The equalities (3.5), (3.9) and (3.10) finally prove the statement of the lemma.
O

Lemma 3.4. For each integer k > 1 with the B-adic representation k
Z k;B;, where g >0 for 0 <i<g, k; € {0,1,...,b; — 1} and k4 # 0, the equality

holds
ike
1 1 e27r1 | A
rpyk(z)de = 5 P T w—— (bg; k)
0 g+l ¢ bo bo-bg) — 1
with the introduced in Section 2 symbol A(bg; ky).
Proof. We will use the following presentations:
bo—1by—1 bg_1—1by—1 o gt
Bg+1
xB'yk z)dx = E E g E ) xpyk(x) dx
0 to=011=0  t, 1=01t,=0" By T BT
bi—1 )
_ Z 271'1 + +b0b1 )to Z 62711( i+”'+b1 )751
to=0 t1=0
by_1—1 . by—1
(kg1 kg g e+t gt gt
Z 627”(!’9*1 +7bg71bg)t971 Z 62‘”1%% g+1 g+1 v da
t t
tg—1=0 ty=0 PRI
b(]* blfl bg7171 . 1
_ 27r1( +-- +b0b1 - )to Z 27r1( i+.--+b )tl Z e271'1( 9= +b 71bq)t>_1
to=1 t1=0 ty—1=0
by—1
k
27mi gt 1 to 11 t 1
x Y el (+ R e I
by’ Byyi \B1 B By 2Bg+1
bo—1 bg—1—1 - by—1 ®
= 1 ! E to: 27”( - +b0b1 b )t E 627”( = +b —1bg)t -t E ezﬂiﬁtg
Bgy1| Br
- to=0 tg—1=0 tg=0
bo—l _—1_ k b_q_l
1 2mi +ot L tg—1 2miz 2t
++§ E e ( bobl E tg 16 "9 it bg— 1”9) 9= E e b
9 to=0 tg—1=0 ty=0
bo—1 bg,171 b —1
f k k
+ j :62W1(%+..'+7b0b1?«-bg)t0 2 : 27"1( er 71bg g—1 j :t 27r1
By
to=0 tg—1=0 ty=0
bo—1 bg—1—1 kg bg—1
<k k <k
+ # 2 : 62771(%+"'+7b0b1?__bg)t0 L 2 : 627”( +b _1bg)tg—1 eQﬂ"lﬁtQ
232+1 Z
g+1 =0 tg_1=0 tg=0
bo—1 bg_1—1 by—1

1 (’LO "79) (q—l
= — § :6271'1 oo Tt ooty 5 )0 L, j: e?m bg—l+bg 1bg tg—1 Zt 62mb

9+1 ¢,=0 ty—1=0 ty=0
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1 27'ri]Z—g 1
ety —
= . : “A(by; ky).
BZ-H ezﬂi(%Jr...Jrﬁ) . g5 g
The lemma is finally proved. 0

In the next lemma we will use an arbitrary stadicl Cantor system. Thus, let
B, = (Bi,...,B,), where for 1 < j < s B; = {p{’, 6% .. : %) > 2 fori > 0}

be a sequence of bases and {B () B(J ..} be the correspondlng to B; sequence of
generalized powers.
Lemma 3.5. Let {n = {xo,...,Xn-1} be an arbitrary net composed by N > 1

. For an

)

points in [0,1)° and for 0 < n < N —1 let us denote x,, = (acsll), .. :rgf))

1
arbitrary vector x = (x1,...,x5) € [0,1)° let g(én;x) = NA([(),X);fN) —21...T

be the so-called local discrepancy of the net En .
Then, for an arbitrary vector k € N§j the Fourier’s coefficient

Aot = [ glewx)n i) dx

of the function g({n;x) with respect to the functions of the system T, satisfies the
following presentations:

_ ) 1
(i) Ifk = 0, then the equality g(&n;0) = E lH (1—2,9)) - 25] holds;
J

=1

(ii) Let k # 0 and for some u, such that 1 < u < s, the vector k satisfies the
presented in Section 2 assumption (C). Then, the equality holds

N— u
ek = & 32 1 07T, o, o Tl -ot2)
n=0 j=1 j=1
(o)
27rik?i)
u by
11 L e v —1 A k)| L
12 (aj) (aj) g; 795 s—u
- B(a]) NN kg, 2
= gi+1 i B G RN G I G
e ’0 o~ g -1

with the additional condition, that in the case when u = s, we have

[Ja-zf)) =1
j=1
Proof. For an arbitrary vector x = (x1,...,25) € [0,1)® the local discrepancy

g9(€n;x) of the net &y satisfies the presentation

g(én;x NZ Hl 29 1) () —x1...2s | ,

n=0 |[j=1
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where 1[m(j) 1)(xj), 0<n<N-—-1,1<j<s,is the characteristic function over the

interval [z,,(),1).

For an arbitrary vector k = (kq,...,ks) € N° the Fourier’s coefficient of the
function g(&n;x) satisfies the equality
9(Ensi k)

N—-1
1
= N Z H/ n()1) ij B; Vk; (l’j dl’] H/ X5 B;Vk; (xj)dx] . (3'11)
n=0

(i) Let us assume that k = 0. Then, by using equality (3.11) we obtain that

1 N—
9(én;0) =N Z H/ ) xj)dxj—H/ z; dz;
N-— s 1
Z H(l_xn(J)) ~ 5
n=0 |[j=1

(ii) Let us assume that u = s, thus for each 1 < j < s we have that k; # 0.
Lemma 3.1 (ii) gives us the following

1 1
/0 1[%53),1)($j)3.f7kj (z;) dzj = /(j) B; W, (%) dz;
:
=/ Bﬂk,-(afj)dﬂfj—/ B,k (%) de;
0 0
2

= */ B,y (x) dzy = —p, Jp, (z1)).  (3.12)
0

By using the statement of Lemma 3.4, for 1 < j < s we have that

AWM E). (3.13)

1 N-—-1 s
(&nsk) N (—1)SHBij,(331(f))
n=0 j=1
e
s ) 27Tib(;) .
e [ —
_ — - : _ ~A(b§7),k§i))
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Let us assume that 1 < u < s— 1. By using equality (3.11) and the statements
of Lemma 3.1 (ii) and Lemma 3.4 we obtain that

N-1

1
9(énsk Z: H/ 1[$5La,>1) an)B Yk (:caj duq, H/ 1 L )(:L‘g])dxg]
u 1 S—u 1
_H/ Loy Ba, Vha, (ma].)dxa]. H/ xg; drg,
j=1"0 j=170

N-1 u u
1 u
Z { 1) H Baj Jk x("‘g ) H(l _ x(ﬁj))
n=0 j=1 j=1
’(0‘_7’)
2rri—d
w @)
1 e " 1 1
_ (). p(cj)
H (Oé]) k(aj) éu]) A(bgjj 7kgjj )‘| 25_” }
j=1 {Bgﬁl} 2mi b?"ﬂ + NN
e 0 [¢] U9 —1
The last finally proves the lemma. O

4. THE MAIN RESULTS

Now, we are able to present the main results of our article. In Theorem 4.1 we
will use an arbitrary B-adic Cantor system. Thus, let B = {bg, b1,...: b; > 2 for ¢ >
0} be a sequence of bases and {By, B1, ...} be the corresponding to B sequence of
generalized powers. The following theorem holds.

Theorem 4.1 (The LeVeque’s inequality). Let éy = {zg,...,2n-1} be an
arbitrary net composed by N points in [0,1). Then the extreme discrepancy D(En)
of the net £ satisfies the inequality

2

00 by=1 (kg +1)By=1| | N-1
3
Dien) =12} >0 3 | D Bak,r(@n)
g=0ky=1 k=k,B, k=0

Proof. Following Kuipers and Niederreiter [15, Ch. 2, Theorem 2.4], let us denote
N1
S(¢n)= Y (@n — 3). The following inequality
0

n=

D(en) < 2 / [R(€n:z) + S(en) da (4.1)

N
is proved, where R({n;x) = > [1[%71) — x]

For the integral in inequality (4.1) we will use the following presentations
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1 1 N-1 .1
/0 R(én:z) + S(n)]? dar = / (g o+ 25(6x) 3 / [Loy(@) — 2] da

1 S2(en) = / R () dr — S%(€x).  (4.2)

From (4.1) and (4.2) we obtain the inequality

D*(én) < [/ R*(én; )dﬂC—SQ(EN)]

To the integral of the above inequality, we will apply the Parseval’s formula.
For this purpose, the Fourier’s coefficients of the function R({x;x) were calculated
in Lemma 3.5. In this way, we obtain that

oo bg—1(kg+1)Bg—1 1 N-1 2
D(en) <12) >0 D |3 D BJak, k()
g=0ky=1 k=kyB, n=0
Theorem 4.1 is finally proved. O

In Theorems 4.2, 4.3 and 4.4 we will use an arbitrary Bs-adic Cantor system.
Thus, let B, = (By,...,B,), where for 1 < j < s B; = {b9 8% .. :p") >
2 for ¢ > 0} be a sequence of bases and {B((Jj), B;j), ...} be the corresponding to B
sequence of generalized powers.

Theorem 4.2 (The Koksma’s formula). Let £y = {xq,...,Xny—1} be an ar-
bitrary net composed by N > 1 points in [0,1)°. Then, the quadratic discrepancy
T(En) of the net En satisfies the equality

<aj) (o) _

o bo —l(k +1)B

+ZZHZZ 2

(aj>

1N
NZ modOXn

(aj)

u=Hoan }ES I=105=0 (000 g g, k(29 By
J J
N—1 2
LN s (%)
<= ; x
N OBS (915ee39)s (BT 1ok S20) (R sk )
—

Proof. By using the Parseval’s formula, the quadratic discrepancy T'({x) of the net
&n satisfies the presentation

() = / Flevix)dx=GEni0+ S [Enk)P.
(0,1 keNg\{0}

In Lemma 3.5 the Fourier’s coefficients of the local discrepancy g(£n;x) were
calculated. We put the obtained results in the above equality and obtain that
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) B 1 () 41 B
T*(ew) = NZBJmodoXn Y 0T Y >
u=1{a,...,an,}CS j=19;=0 k(a >_1 k k;a )B;aj)
j @395 j
| N1 2
X | — E B.J, (a1) (o) (xn)
N S (917---19n)7(kg1 7---1kgu )1(ka11~v-»kau)
n=0
Theorem 4.2 is finally proved. O

Theorem 4.3 (The Erdgs-Turan-Koksma’s inequality). Let us assume that the
coordinate sequences of the Bs-adic system are bounded from abowve, i.e., there exists
an absolute integer constant C, such that for 1 < j < s and each i > 0, the inequality
b(]) < C holds. Let us denote b = min min b(j), and let us define the constant

1<j<s >0
L J9/4, if C =2,
K@) = {[1 +(c2/8)°?, ifc>s.

Let M > 1 be an arbitrary integer. Let En = {Xo,...,Xn—_1} be an arbitrary
net composed by N points in [0,1)°. Then, the quadratic discrepancy T({n) of the
net £ satisfies the inequality

s N— 2
T?(¢n) < K(Css) [1 + (C - l)bfl] . bi/f <Jif Z Jmod.0 Xn)>

(eez) i)

(
w M1t =1 (ke 11)-BS)

Y Y % Z

u= 1{0(17 70411,}QSJ 19]_0 k);jj):l ko k<aJ) (aj)

By

N z% Bo (g1, G oK) ey ) )
n—=
Proof. Let M be as in the condition of the theorem and let us denote

b(a]>_1 (km])“)B(a]) L

A=Y Y SN IS Z

u=1l{ay,...,au}CS (g1,...,.9u)ENy J=1 (a) (aj) play)
there is at least kg;" =1 ka k B!}j
one index ¢,
1<6<u,

such that gs>M

— J o ou X
N ZO Bs (g1 ,esgu) (RS 1 RS ’>,(k01,.,.,kau)( n)
n=

The result of Theorem 4.2 gives us that the quadratic discrepancy T'({x) of the
net £y satisfies the presentation
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o 1b( 5 1(k(a]>+1) <aj> .

T%( ( ZBJmod0xn>+Z > 11> > 2

u=l o }ES T 00 o)y e o)
J J J

2

N—1
1
N Z; BT (g 50 ) ) ()| AL 836 (4:3)
n=
We will obtain un upper bound of the quantity A(M;s;En). Without loss of
the community of our consideration, let us assume that g1 > M, go >0,...,g, > 0.
In this way, we obtain that

.....

(a7) (ej) ()
o boy =1 (kg +1)Bg 7 1

FEYETSED S SRED DD SHD 30 | (D SEND S

u=1{ay,..,au}CS G1=M g2=0  g,=0j=1 (a;)_ (aj) (ej)

kg? =1 ka;=kg," By’
| Nl 2
X | — E J o au X 4.4
N 5 B. (917---1911,)7(]9;11) ----- kéu ))»(kal ~~~~~ k(xu)( n) ( )
n=

We will prove that for each parameters (gi,...,gu), (ké?l), e kéﬁ“)) and
(kays- -y ka,) the inequality holds

CP\"T+ 1
BSJ(gl ..... 9u)s (RS k2 (K yeees k%)(x)‘ < [1+ <8) ] H B(aJ) (4.5)

Jj=1

u S—u
‘Bs‘](gl,...,gu) (RS k), (kal,“.,kau)(x)’ < H Bo Jka, (Ta,)| % H(l - zg;)
j=1 j=1
()
27i (ggj)
u P
1 e 9j —1 1
A(ples): plan) ’ .
+1:[1 gl ]? () kg ' ( N 2=
Jj= [ g+l] 627” bff”) + @) bg';f)
(4.6)

We will estimate the expressions in the above inequality. For this purpose, let
k > 1 be an arbitrary integer and By < k < Bgy1 — 1 for some g > 0. Let z € [0,1)
be an arbitrary and fixed real and let ¢ be the integer such that 0 < ¢ < By, —1 and

1
i§x<q+

. Then, by using Lemma 3.1 (ii) we obtain that

q

/0?9 B%(t)dt‘*‘/ac BYk(t)dt| =

By

g
|BJk(7)| = ‘/ Bk (1) dt‘ =
0 By

xT T 1
g/i |nyk(t)|dt:/i dt:xfBi < —,

By By 9 9
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i.e., the inequality holds

|BJk(2)] < €[0,1). (4.7)

L

By’
For arbitrary integers b > 2 and g € {1,...,b — 1} we have that |A(b; 8)| =

b 1

— . ———. We will use the facts that for ¢ € [O, Z] and t € [zm}, respectively

2 gin 77% 2 2

2 2
the inequalities sint > —t and sint > 2 — —¢ hold. In this way, we obtain that
™ T

2
sinw% > 5 and hence,

|A(b; B)] < g. (4.8)

For an arbitrary real t the equality |e?™

1 < 7 < u we have that

— 1| = 2| sin7t| holds. Hence, for each

The inequalities

1 - k(()o(}) N N k(a7) o1 1
bé‘lj) o b_g(:]) - béaj) b(()‘lj) b(O‘J) b((JO‘j) o bg‘j‘J)

give us that the lower bound

sin k(()aj) + + ké?j) > 2
bl i) i) ) T plea) )

holds. In this way, we obtain that

o)

27i -(‘lj)
e Y9t 1 bgaj)...bg?])
< . (4.9)
(o)) k23 - 2
| ey Tt ey @)
e -1

From (4.6)—(4.9) we obtain that

J o o X ’
Bs(g1,9u), (k5D ,k;u“>),<kal,...,k%>( )

" u v v ()12 "
H - B e I (Y =

. B 2 4 - 8 a;g)’
]:

a (
j=1 {Béjj } j=1 By,
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In this way, inequality (4.5) is finally proved.
From (4.4) and (4.5) we obtain that

A(M;s5€n)

(5] = % Sy b

2
{a1,...,04,}CS g1=M |:B( 1):| g2= 0|: :| gu=0 [Bé?fu)}

(@) (o)
u Yo, 1(k +1)ng] -1
x H > > 1
j=1, (aj)_ <a3> (o))
ko' =1 ka =ky " By,

2

b 1 ple)

> oy zbﬁ”‘l---zfgu 1

[+ (5)]
1 8 {a1,...,a,}CS g1=M BE(I(IXI g2=0 B!(J;xz) 9u=0 Béf'“)

< 81[1+<(’:)u]2(0—1)“{ > Z (m Z (1>" i <1au)

u= Qi,..., ay,}CS g1=M B g2=0 B gu=0 Bgu
(4.10)
We will use the following estimations
i iizi-iandfor2<‘y<uz Z :7.
< plow = b9 b—1 bM Baﬂ by b—1
g1= g1 g=M g9;=0

Then, from inequality (4.10) we obtain that

SR T[]

{a1,...,0, }CS

gcs. [(c_ 1)bb1r {1+ (082)“} 2] biM (4.11)

2
Let us assume that C' = 2. Then, for 1 < u < s we have that [ + <08> } <
572

u12
In the case, when C > 3 we have that [1 + ( ) } < [1 + (%) } . In this
ay, from inequality (4.11) we obtain that

A(M;s;€n)

IN

9
4’
w

A(M;s3€N)
< K(Cis) [Zc: [(c—nbj‘l} ] o = K(C35) [H(c_l)b_bJ e
u=0

with the defined in the condition of the theorem constant K(C;s). Equality (4.3)
and the above estimation finally prove the statement of the theorem. O
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Theorem 4.4 (The Integral Weyl’s criterion). Let & = (x,,)n>0 be an arbitrary
sequence of points in [0,1)°. The sequence £ is uniformly distributed in [0,1)* if and
only if the following conditions hold:

1 N-1
(i) The limit equality lim — > g.Jmod,0(Xn) = 0 holds;
N—oco N n—=0 : ’
(ii) The limit equality
N-1
NN Z,‘g Bl g G50 )y ) ) = O
holds for each choice of the parameters 1 < u < s, {ay,...,a,} C S,
(g15---59u) €N, for1 <j<u ké?j) € {1,...,b§?j)fl} and ké?j)Bé?j) <

ko, < (K09 +1)BY) — 1.

Proof. To prove the theorem we will use the so-called integral criterion of Weyl [22].
Thus, the sequence & = (x,,)n>0 of points in [0,1)* is uniformly distributed if and
only if for each Riemann integrable over [0, 1]* function, the limit equality holds

1 N—-1
Jin 2 S = /H F(x) dx.

In this way, we must prove that the equality / B.Jmod,0(X) dx = 0 holds,
[0,1]¢

and for each choice of the parameters 1 < u < s, {a1,...,a,} C S, (g1,...,94) € NY,
1< <u k&7 € {1,057 =1} and kS B <k, < (K9 + 1B 1,
the equality / B (g1 ) (D K)oy ) () € = O hi0lds.

[0,1]
By using the definition of the modified integral g, Jmod,0(x), we directly obtain

that
/ B. Jmod,o (x)dx = 0.
[0,1]*

Now, let the above parameters be fixed. By using the definition of the modified

integral g, J(gl,...,gu).,(kﬁ,‘f”,...,kﬁ“)),(kal,...,km,)(X) and the statement of Lemma 3.3 we

consecutively obtain that

(aj)
kg .
27i fi_)
“ 1 bay’ 1 1
9 _
_ . € CADBED; kDY | x
() 2 (e (eez) 9i 7795 2s—u
=1 il Zo
J [Bgﬁl} | Tep @) @y
e 0 J —1
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(ej)
27rikfij>
g
- H ! c ! CAD); Loy | x 1
(o) (o) g; 795 s—u
-1 B(O‘7) kg ? k 2
I= g;+1 il eyttt ey wp
e 0 e -1
(aj)
27i gj‘
“ e " 1 1
H A(b(o‘f) k)| x -0
() () 7795 s—u .
1 B(aJ NN kg 2
J= g]—‘rl 27mi b(aj) +"'+b(uj) b(aj)
e 0 o " Pgj _
In this way, the proof of the theorem is finally completed. O

5. CONCLUSION

The application of the functions of some classes of complete orthonormal func-
tion systems to the theory of the uniformly distributed sequences is realized as two
main approaches.

The first approach is their direct applications. The main results in this direction
are the exponential Weyl’s criterion, which is a necessary and sufficient condition that
a sequence to be uniformly distributed and the Erdés-Turdn-Koksma’s inequality,
which gives an upper bound of the extreme discrepancy. Both results are presented
in the terms of the trigonometric sum of these functions. Also, an important result
here, is to define the notion of diaphony, which is based on using some classes of
complete orthonormal function systems.

The second approach is to introduce the notions of modified integrals from
these functions and to show some their applications for an investigation of the uni-
formly distributed sequences. Grozdanov and Stoilova [8] realized this approach
with respect to the functions of the system Vilg, of the Vilenkin functions.

As it was shown, as an appropriate tool for investigation of sequences and nets
constructed in Cantor systems, the functions of some complete orthonormal systems
constructed over these number systems, are used.

In this article, we realized our main purpose — to use the function system I's,
and to show some of its applications to the quantitative and qualitative theory
of the uniformly distributed sequences. The LeVeque’s inequality, the Koksma’s
formula, the Erds-Turdn-Koksma’s inequality and the integral Weyl’s criterion were
presented in the terms of these integrals. We consider that the obtained results
are related to a wide aspect of the quantitative and the qualitative theory of the
uniformly distributed sequences.
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