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1. INTRODUCTION

Let ¥ denote the class of functions of the form

fz) == + > an2" (1.1)
n=1

z

which are analytic in the punctured unit disk
U*={z:2zeCand 0 < |z| <1}

with a simple pole at the origin and with residue 1 there. Let £* denote the subclass
of ¥ consisting of functions f(z), which are convex with respect to the origin, that
is, satisfying the condition

§R{— (1 + }{(S))} >0, zeU". (1.2)
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Let £*(a) denote the subclass of ¥ consisting of functions f(z) which are convex

of order «, that is, satisfying the condition

%{—(L+d(”>}>m celU*, 0<a<l.
f'(2)

Let ¥*(a, A) denote the class of functions f(z) € ¥ such that

2f"(z) _ _1+(A-ad+aju(z)
fr(zy 1+w(z)

Here w(z) is analytic in U = {z : [z| < 1} and satisfies the conditions

w(0) =0 and |w(z)| <1, 2zel.

The condition (1.4) is equivalent to
zf"(z)
f'(z)

zf"(2)
f'(z)

+2

<1, zeU™.

1+ +(A-ad+a)

We note also that
Y a, 1) = ¥(a).

Let T denote the subclass of ¥ consisting of functions of the form

1 ocC
f(z)= e Z laniz".
1

n=

A function f(z) € ¥ is in the class ¥*(«, 3, A) if it satisfies the condition

2f"(z)
e s
zf"(z) '

f'(2)

26U 0<a<1,0<f<],-1<A<L
Let us write

1+

+ (A — A+ a)

T*(a, 8,A) = £ (a, 3, A)NT .

We note that
T (a,1,-1) = T"(a)

(1.3)

(1.4)

(1.6)

(1.7)

is the class of meromorphically convex functions of order a with negative coeffi-

cients, which was studied by Uralegaddi and Ganigi [1].

In this paper we obtain coefficient inequalities and distortion theorems for the
class T*(a, 3, 4). We employ techniques similar to those used earlier by Silver-

man [2].
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2. COEFFICIENT INEQUALITIES

Theorem 2.1. Let the function f(z) defined by (1.1) be analytic in U*. If

i{(n + 1)+ Bn + (1 — A)a + A]}nja,] < (1 - 4)3(1 — a) (2.1)

n=1

0<a<l,0< <1, —-1< A<, then f(z) € ¥*(a, 3, A).

Proof. Let (2.1) hold true for all admissible values of a, 3, A. Let us consider
the expression

F(f. 1) = [f"(2) + 2f' ()| = BIf'(2) + 2f"(2) + (A = Aa + ) f'(2)].  (22)

Replacing f and f' by their series expansions, for 0 < |z| =7 < 1 we have

F(f,f)= D> (n+ nazz"""
n=1
1— A)(1 - =
-3 ( 439 @) + Z[n + (1 - A)a + A}nanz"”‘ :
o n=1
Now
r’F(f, ) <Y (n+ Dnjay|r™H!
n=1

-8 {(1 ~4)(1-a)- Z[n + (1 = A)a + Anja,|r"™*! }

n=1

=> A +1)+8n+ (1 - Aa+ Anjan[r™1} - (1 - 4)5(1 - a).
n=1
Since the above inequality holds true for all 7 (0 < r < 1), letting r = 1—, we have

FULF) < S {(n+ 1)+ Bn+ (1= Ao+ Al nfan] - (1 - (1 - ) <0
n=1

by (2.1).
Hence it follows that
zf"(z) ’ zf"(2)
+21 < B+ =+ A - Aa + af,
f'(z) f'(z)

so that f(z) € £*(a,3,4). O

Theorem 2.2. Let the function f(z) defined by (1.6) be abalytic in U*. Then
f(z)e T*{a, 3, A) iff (2.1) is satisfied.

-1
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Proof. In view of Theorem 2.1, let us assume that the function f(z) defined
bv (1.6) 1s in the class T*(a, 3, A). Then

zf"(z)
f'(z)
"J{ (S) + (4 - Aa + B)
- Z(n + Dn|a,|z"
= : n=l <8, zeU*.
(1—-A4)(1-a) _ Z[n +(1-Aa+ Alnlanlzn—l

2
z
n=1

+ 2

1+

But R(z) < |z| for all z. Thus we have

( o0 \
Z(n + Dnla,|z"!
§R< n=1 - > < ,8, 7€ (."y‘. (23)
1-A)(l —a -
( Z)E) ) _ Z[n + (1 - A)a + Alnla,|z" 1
\ n=1 )
zf"(z)

Now we choose the values of z on the real axis, so that 1 + is real. Upon

f'(z)

clearing the denominator in (2.3) and letting z — 1- through real values, we obtain

i(n + 1)nla,| < 3 {(1 —A)(1-a)— i[n + (1 -A)a+ A]n]an|}
n=1

n=1
or -
S {(n+1)+B[n + (1 - A)a+ Al} njan| < (1= A)B(1 - a), (2.4)

which proves the theorem. [O

3. A DISTORTION THEOREM

Theorem 3.1. Let the function f(z) defined by (1.6) be in the class T*(a, 3, A).
Then for 0 < |z} =71 <1

1 (1- A)B(1 - a)
r 2+l +A+(1- Al <G

1-A)Fl-a)
24+ 81+ A+ (1—-A)a] ’

(3.1)

1
r



L 0-480-a) 0

2 24 81+A+(1—-A)] ~
5;+

(1—-A4)3(1 — ) (3.2)
2481+ A+(1-A)|

The result is sharp. The equality holds true for the function f(z) given by

RO (1-A4)5(1 - a)
& =~ giv Ar A= Aal’ (3-3)
at z = .
Proof. In view of Theorem 2.2, we have

- 4)8(1 - a)
Zl nt— 2+ﬂ[1+ 4+(1_ 4)01

n=1

Thusfor 0 < |z} =r < 1

) (1-4)8(1 - a)
2) < = +Zlan|7‘ < = +’"nz_:|“"|— 2+ A1+ A+ (1-A)a]
and
0o o 1 (1-A4)8(1 - a)

Z janir™ 2 - —Tzla"l 25T 2+ A1+ A+ (1-A)a]

n=1

~N |-

Furthermore, it follows from Theorem 2.2 that

oc ( )6(1 _a)
ananl =924 ﬁ[l + A+ (1 — _»-1)(!] '

n=1

Hence
 Q— 1 1 (1-A4)8(1 - a)
! )| < — n n-1 < e n <
[f(”—r-*,;"'“ " +;"'“' +2+ﬂ[1+4+(1—4)]
and
,  Q— I T 1 (1-4)3(1-a)
» - (1 > n > — - :
7@l 2 r? n;nlanl'r = 72 ;nla |2 r2 24814+ A+ (1- A)]

It can easily be seen that the function f(z) defined by (3.3) is extremal for Theo-

rem3. [0
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