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1. INTRODUCTION

In attempts to classify the family of all sets of naturals with respect to effective
computability, different kinds of reducibilities have been introduced. In [8] Post first
introduced the so-called ”strong” reducibilities (m-,tt-,...) and later on in [9] — the
Turing reducibility.

Every reducibility defines a pre-order. Thus in a natural way m-degrees, T-
degrees, etc. have been introduced. Enumeration reducibility was introduced in
1959 by Friedberg and Rogers [5]. In [7] embedding of the semi-lattice of Turing
degrees (T-degrees) into the semi-lattice of enumeration degrees (e-degrees) was
found.This fact showed that two semi-lattices are closely related and any result
or question about one of them triggered a question of validity for the other. In
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1966 Sacks [12] and in 1967 Rogers [11] stated the basic question about T-degrees,
namely whether there exist non-trivial automorphisms in the upper semi-lattice
of T-degrees. In case that such non-trivial automorphisms do not exist, we say
that the upper semi-lattice is rigid. The same question was stated for e-degrees,
m-degrees, etc. This question is important because it is connected with definability
in these semi-lattices. For m-degrees it was shown by Shore that there exist 22"
automorphisms.

In 1977 Jockusch and Solovay [6] and in 1979 Richter [10] and Epstein [4] proved
that for Turing degrees every automorphism is the identity on the cone above 0(3).
In 1986 Slaman and Woodin [13] improved the above result by showing that every
automorphism is the identity on the cone above 0. Using the connections between
both T- and e-jumps, Soskov and Ganchev [15] proved that for e-degrees every
automorphism is the identity on the cone above 04,

Since the upper semi-lattice of all e-degrees (e-degrees < a) is defined by
<. A, in this paper for any fixed set of natural numbers A the algebra M4 =
(P(w)?; Wo, W1, ...; Non) is considered. Here P(w)? = {B|B C w&B <. A} and
Wo, W1, ... is the standard sequence of all computably enumerable (c.e.) sets, con-
sidered as e-operators and Non is the predicate for "non-emptiness”. We would
like to mention that the empty set plays a special role and we distinguish it from
the other c.e. sets. We modify slightly the relation <, and show that the algebra
M4 has a least enumeration, admits equivalent representation with 3 operators ant
is finitely generated. We use unary partial structures without equality [3, 2].

In Section 2 we give all necessary definitions, notions and propositions con-
cerning normal and least enumerations of unary partial structures. Here we slightly
modify the definitions of e-reducibility and e-operators, concerning the empty set.
In Section 3 we prove our main result: The algebra M4 = (P(w)?; Wy, W1, ...; Non)
admits a least enumeration. Then we prove that this algebra is recursively equiv-
alent to an algebra with only 3 operators, and that the latter algebra is finitely
generated. At the end we see that among all algebras with different enumeration
of all e-operators the standard one has a least enumeration.

2. PRELIMINARIES

In this paper we denote by w the set of all natural numbers. By Dom(f),
Ran(f) and Gy we denote the domain, the range and the graph of a function f,
respectively; (f) or (Gy) stands for the set {(x1,...,zn, ¥)|(z1,...,2n,y) € Gr},
where (.,...,.) is some fixed coding function for all finite sequences of natural
numbers. We shall use f(z) | to denote that © € Dom(f); also we say that f(z)
is conditionally equal to g(x), or that the conditional equality f(z) = g(z) is true
if and only if

(f(2) L &g(z) L &f(x) = g(2)) V (=(f(2) })&=(g(z) 1))-
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Wo, Wi,... denotes the standard enumeration of all computably enumerable
(c.e.) sets; {E,}yew is an effective coding of the family of all finite subsets of w.

If W is c.e. set, then we write W,) = {z|(n,x) € W}.

If A is an arbitrary subset of w, then by W(A) we denote the set

W(A) = {z|Fv((z,v) € W&E, # 0&E, C A)}.

Notice that there is a slight deviation from the usual definition of the term
e-operator. It concerns (.

We shall say that A is e-reducible to B (A <. B) if there exists a c.e. set
W such that A = W(B); A is e-equivalent to B (A =. B) if A <. B&B <. A;
d.(A4) = {B|A =, B}. Thus we obtain 0, — the family of all non-empty c.e. sets
and -1, = {0}.

For two arbitrary sets A and B of naturals, set
A® B :={2zjx € A}U{2z + 1|z € B}.

If Ay, Aq,...1s a sequence of sets of naturals, the notation @;c, A; stands for the
set {(i,z)|z € A;}.
We recall some definitions from [14, 1.

Let A = (B;601,...,0,; R1,..., Rg) be a partial structure, where B is an arbi-
trary denumerable set, 61, ..., 0, are partial unary functions in B and Ry, ..., Rk
are unary partial predicates on B. We allow any of the sequences 64, ...,0, and
Ry, ..., Ry to be infinite, as well. We call such structures unary. We identify the
partial predicates with partial mapping taking values in {0, 1}, writing 0 for true
and 1 for false.

Let B = (w;1,...,9n;01,...,0%) be a partial structure over the set w. By
(B) we denote the set (p1) @ -+ D (n) ® (01) D -+ D (o)) (in the case the when
the set of functions or predicates is infinite we shall use the corresponding infinite
version of €P).

Definition 1. An enumeration of a structure 2 is any ordered pair {a,‘B),
where B = (W;P1, ..., Pn;01,...,0k) s a partial unary structure on w and « is a
partial surjective mapping of w onto B such that the following conditions hold:

(i) Dom(a) <. (B);
(i)  a(pi(x)) Z0;(a(x)) for every x € w, 1 <i<n;
(ili) oj(z) = Rj(a(z)) for everyz € w, 1 < j < k.

An enumeration (o, B) is said to be total if Dom(a) = w.

Let A C B. The set A is called admissible in the enumeration {(a,B) if and
only if there exists a set W of naturals such that W <. (%) and for every z € w,
reW <= ax) € A
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A partial multiple-valued (p.m.v) function 6 is called admissible in the enu-
meration («,B) if there exists a set W C w? such that W <. (%) and for every
r € wand t € B, the following equivalence is true:

teb(ale) < Ty((a,y) € Waly) = t).

The above definition can be reformulated as follows: A p.m.v function 6 is
called admissible in the enumeration («, B) if there exists a p.m.v function ¢ in w
such that (G,) <. (®B) and for every z € w, a(¢(z)) = 0(a(z)).

A set A or p.m.v function 6 is called V-admissible in 2L if it is admissible in
every enumeration («a, B) of 2.

Let {ap,Bo) be an enumeration of the structure A. We say that (ag, Bo) is a
least enumeration of 2 if for every enumeration (o, B) of A, (By) <. (B).

Let £ be the first order language corresponding to the structure 2, ie. L

consists of n unary functional symbols fy,...,f, and k£ unary predicate symbols
Tq,...,Tx. We admit any of the sequences f1, ..., f, and Ty, ..., Tk to be infinite.
Let us fix some denumerable set X7, Xo,... of variables. We use capital letters

X,Y, Z and the same letters indexed to denote variables.

We use the standard definition of a term in the language £: Every variable is
a term; if 7 is a term, then fi(7) is a term. If 7 is a term in the language £, then
we write 7(Y1,...,Y%) to denote that all variables which occur in the term 7 are
among Y7,..., Y.

Termal predicate in the language L is defined by the following inductive clauses:

1) If T € {To,..., Tk} and 7 is a term, then T(7) and —T(7) are termal
predicates.

2) If TI; and II; are termal predicates, then (II;&II2) is a termal predicate.

Suppose that B is a structure, ay,...,a; are elements of B and 7(Y1,...,Y%)
is a term. By (Y1 /aq,...,Yr/ar) we denote the value of the term 7 in 2 over the
elements aq,...,ag, if it exists.

Let II(Y7, ..., Y,,) be a termal predicate whose variables are among Y7, ..., Y,

and ai,...,a;, be elements of B. The value Ty (Y1/a1,...,Ym/am) of II over
ai,...,a, in 2 is defined as follows:

fII=T;(7),0<j <k, then o (Y1 /a1, ..., Yin/am) = Rj(ra(Y1 /a1, ..., Y /am)).
If IT = —II', where II! is a termal predicate, then

12

1, lf Ha(Yl/al,...,Ym/am)
Hg[(Yl/al,...,Ym/am)% O, lf Hg(Yl/al,...,Ym/am)

undefined, otherwise.

0,
1

R

bl

If I = (T1*&11?), where IT' and T1? are termal predicates, then

I (Yi/a1, ..., Y /am), i1y (Yi/a1,...,Ym/am) =0,
My (Yi/ar, ..., Y/ am) =S 1, T (Y1 /a1, ..., Yo /am) =1,
undefined, otherwise.
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Formulae of the kind 3Y7 ...3Y/(II), where II is a termal predicate, are called
conditions. Every variable which occurs in IT and is different from Y7,...,Y] is
called free in the condition 3Y7 ... 3Y/(II).

Let 3Y{ ... 3Y/(II) be a condition, let all free variables in C' be among Y7, ..., Yy,
and ay,...,a, be elements of B. The value Cy(Y1/a1,...,Ym/am) is defined by
the equivalence:

Ca(Y1/a1,.... Y /am) 20 <—
Elt1...Eltl(Hm(Yl’/tl,...,Y}’/tl,Yl/al,...,Ym/am) = 0)

We assume that some effective codding of all terms, termal predicates and
conditions of the language £ is fixed. We shall use superscripts to denote the
corresponding codes.

Let A C w" x B™. The set A is said to be 3-definable (or just definable) in
the structure 2l if and only if there exists a recursive function v of r + 1 vari-
ables such that for all n,z1,...,z,, C7("%1%r) is a condition with free variables
among Z1,...,4;,Y1,..., Yy, and for some fixed elements t1,...,t; of B the follow-
ing equivalence is true:

(T1,. Ty Q1o s ) €A <=
In € w(CQU TN Zy Jt, L 2t Ya an, - Yo fam) 22 0).

If IT is a termal predicate and 7 is a term, then 3Y{...3Y/(II D 7) is called a
conditional expression.

Let @ = 3Y{...3Y/(Il D 7) be a conditional expression with free variables
among Xi,...,X,, and s1,...,8, € B. Then the value Qu(X1/51,...,Xa/Sa) of
Q is the following subset of B:

{Tm(yll/plv . '7Y2l/ple1/817 A 7Xa/8a)|HQ[(Y1l/p17 LR} 1/'ll/ph)(l/slv e 7XC'«/SC'«) = 0}

Let 6 be a p.m.v. function in B. Then the function € is called definable
in 2 if and only if for some c.e. set {Q"}yev of conditional expressions with
free variables among X, 71, ..., Z, and for some fixed elements t¢1,...,t,. of B the
following equivalence is true:

teb(s) < FwweV&teQy(Zi/ti,...,Z/tr, X]s)).
In [14] Soskov has proved the following result.

Theorem 1. (Soskov [14]) Let 6 be a unary p.m.v. function in B. Then 6 is
V-admissible in A if and only if 0 is definable in .

Define fi(p) = (i —1,p),i=1,...,nand Ng = w \ (Ran(f1)U---U Ran(f)).
It is obvious that Ny is an infinite recursive set and let {po, p1,...} = No, where
pi < pj if i < j. In the case when the sequence f; is infinite (i € w) we can ensure
Ny to be infinite by taking for example f;(p) = (i — 1, p,0).
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Next we recall the definition and some properties of normal enumerations [14]
for the case of total enumerations. For every surjective mapping o of Ny onto B
(called basis) we define a mapping « of w onto B by the following inductive clauses:

(i) If p € No, then a(p) = a®(p);
(ii) If p = fi(q), then a(q) = a and 6;(a) = b, then a(p) = 0.

Let o1,...,0% be the partial predicates, defined by o;(z) = R;(a(z)), j =
1,...,k. Denote by B the partial structure (w; f1,..., fn;01,...,0%). It is well
known [1, 14] that « is well defined and that the basis a” completely determines
the normal enumeration (o, 9B).

Let (o, B) be a normal enumeration. We recall some obvious propositions for
normal enumerations. Their proofs are the same as in [14].

Proposition 1. For every 1 <i<mn andy € w, a(fi(y)) = 0i(a(y)).

Corollary 1. Let 7(Y) be a term and y € w. Then

a(rs (Y/y)) = ma(Y/a(y))-

Proposition 2. There exists an effective way for every x of w to find y € Ny
and a term 7(Y'), such that x = 75 (Y/y).

If (a,) is a normal enumeration, we denote the set Ui_,{(j, z, z)|o;(x) = 2}
by R,. In the general case we have to add some additional members, but in our
situation the functions f; are totally defined and no additional terms are needed.
It is clear that for every W C w, W <. R,, if and only if W <. (B).

Proposition 3. There exists an effective way for every natural u to find ele-
ments y1,...,Yym € No and a termal predicate II(Y1,...,Y,,) such that for every
normal enumeration (o, B),

u € Ry < Hy(Y1i/a(y1),...,Ym/alym)) =0.

Proposition 4. There exists an effective way for every code v of a finite set
E, to find elements y7,...,yy, € No and a termal predicate IV(Y1,...,Y:,,) such
that for every normal enumeration (o, B),

E, C R, <— Hgl(Yl/a(yf),...,Ymv/a(yfn“)) =~ 0.

To be precise, we have to mention that, for the sake of simplicity, in the above
proposition we have used just II? instead of II"(*) with some recursive function ~.

Let 2 = (B;601,...,0,;Ry,...,R;) be a unary partial structure. Type of the
sequence by, ..., b, of elements of B is called the set

{0y (X1/b1, ..., X /bm) 20 &1V is a termal predicate with variables € {X;},}.
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The type of the sequence by,..., b, is denoted by [b1,...,bnle. The type of an
element a of B is the type of the sequence a.

A condition is called simple if it does not contain free variables and it is in the
form 3X41I, where II is a termal predicate. Let Vi = {v|Cy = 0 & C* be a simple
condition}.

Definition 2. Let A be a family of subsets of w. A set U C w? is said to be
universal for the family A, if the following conditions hold:

a) For every fized e € w, {x1](e,x1) € U} € A;
b) If A € A, then there exists e such that A = {z1|(e,z1) € U}.

Theorem 2. ([3]) Let A be a unary partial structure. Then 2 admits a least
partial enumeration (ag,Bo) if and only if there exist elements by, ..., by, of B such
that dege([b1]a @ - @ [bm]a VG is the least upper bound of e-degrees of all 3-types
of sequences of elements of B and there exists a universal set U of all types, such
that dege(U) = dege([b1]a @ - @ [bm)a & V).

3. THE MAIN RESULT

We shall consider the standard structure M = (P (w); Wo, W1, ...; Non), where
P(w) is the family of all subsets of w, Wy, W1,... is a fixed sequence of all c.e.
sets considered as functions (e-operators) and Non is the family of all non-empty
sets of naturals. To be more precise, Non is a partial unary predicate defined as
follows: Non(A) =0, if A # () and Non(0) 1.

First we shall consider the structure M4 = (P(w)?; Wy, W1,...; Non), where
P(w)? = {B|B C w&B <. A}, which we call standard as well. Let us mention
that the functions Wy, W1, ... are totally defined as e-operators and we do not use
the equality among the predicates. Let in addition W be the family of all c.e. sets
considered as e-operators.

Let L£* be the first order language (fo, f1,...; T), containing a countable set
of unary functional symbols fg, fy,... and a unary predicate symbol T. We call
A a generalized structure if A = (B; ©; R), where B is a denumerable set, ® —
denumerable set of unary functions on B and R is a unary predicate on B. When
we consider structures with finite functions and finite predicates, the considerations
do not depend on the enumerations of the functions and the predicates. In the case
when we consider denumerable set of functions the situation is different.

Enumeration of a family © of functions is any sequence 6y, 61,... such that
® = {fp,b01,...}. We do not require all members of the sequence 6,01, ... to be
different.

Let us fix some enumeration 69,09, ... of the family © and consider the struc-
ture Ay = (B;69,607,...; R).
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We say that {ag,Bo) is a least enumeration of the generalized structure 2A
if for every enumeration 6y, 61, ... of ©® and every enumeration (a,B) of
A = (B;0p,01,...;R) the inequality (Bo) <. (B) holds.

Let us consider the structure M4 = (P(w)?; Wy, W1, . ..; Non) for the language
L£* and define the m.v.f. ®4 : P(w)?\ {0} — P(w)?\ {0} as follows: ®4(B) =
{C|C <. B&C # ()} for nonempty B.

Proposition 5. The m.v.f. ®4 is definable in the structure M.

Proof. Let Q™ be the conditional expression T(X)&T(f, (X)) D fu(X). Notice
that the sequence {Q™},cw is c.e. and

C € Qua(X/B) < Non(B)&Non(W,(B)&C = W, (B).

Then

Ced?B) < C<,B&C #0&B # () —

In(Wn(B) = C&C # 0&B # 0) <= In(C € Q§a(X/B)).
Proposition 5 is proved. (|

Let La = {(n,z)|z € W,(A)}. The following lemma is well-known, its proof
is a simple application of the S)*-theorem.

Lemma 1. There exists a recursive function § of two variables such that for all
naturals m,n and a set C of naturals the following equality is true:

Wi (Wi (C)) = Wsm,n) (C).

Let us fix a function ¢ in Lemma 1 and define the pair (ag, Bo) as follows:
ap(n) = Wy(4), By = (w; Y, Y, ...;0%), where ©{(z) = 6(i, ), i,z € w,
o0(x) 20 < W,(A) #0 and 0% (z) 1 if W,(A) = 0.

Lemma 2. The pair (ag,Bo) is an enumeration of the structure NA.

Proof. Wi(ao(z)) = ( =(A)) =W, zz)(A)=a0(5(i,w))=Oéo(<P?(33))~
Non(ag(z)) 20 <= Wi(4) #0 < o°(x) =0. O

Let Wa = {n|3z({n,x) € La)} = {n|W,(A) # 0} = {n|c®(n) = 0}.
Proposition 6. W, =, A.

Proof. Let ng be a fixed element of w and define the set B by the following
equivalence: ((n,z),m) € B <= (n,xz) € La&m = ng. Obviously, B <. L4 =, A.
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Therefore, using the S)*-theorem we obtain

{({nyz),m) € B <= Fw({{{n,z),m),v) € W, &0 # E, C A)
(for some fixed natural a)
<~ FJo(((m,v), (n,x)) € Wp&l # E, C A)
(for some fixed natural b)
> Fv((m,v) € Wy((na2)&0 # E, C A)
(for some fixed recursive function )

— mec Wny«n@))(A).

We will show that L4 <,, W4 by recursive function ~.

Let us assume (n,x) € La. Then ((n,z),no) € B, thus ng € W, (1, 2y)(A), i.e.
W’y((n,x})(A) # 0, hence Y((n,z)) € Wa.

Let us suppose that y((n,z)) € Wa. Then Im(m € W, ((, 2)(A)), thus ng €
W, ((n,2))(A). Therefore ({n,z),no) € B and (n,z) € La.

We proved the equivalence (n,z) € Ly <= y((n,z)) € Wy, ie. La <, Way.
Therefore, L4 <. Wa4.

Conversely,

neWy <= Jx((n,x) € Ly) < Jz(x € W,(A))
< JzFo((z,v) € WL,&0 # E, C A)
— Fu(3Fz((n,v) € Wy, ())&0 # E, C A)
— Jo((n,v) € Wo)&l # E, C A) < n € W,(A)

for some fixed recursive function ~; and a fixed natural a. Hence, W4 <. A. [l

Lemma 3. Let 7¥ be the term with a code v. There exists a recursive function
Yo such that for any term 7V (X) in the language L* with variable X and code v the
equality T34 (X/A) = W, () (A) holds.

Proof. Decode 7%(X) as a sequence of f;,, fi,,..., fi, and variable X. Then
consider the composition of the operators Wj, ,W;,,...,W; over A and use the
recursive function d. Thus there exists an effective way for any term 79(X) in the
language L£* with variable X and code v to find a natural number n such that
Toa (X/A) = W, (A). O

Lemma 4. [Alps =, Wa.

Proof. Recall that [Alpa = {v|t54(X/A) # 0}. Let v be the recursive
function from the previous lemma, then v € [A]ya <= 7HA(X/A) # 0 —
W) (A) #0 <= 0(70(v)) 20 <= y(v) € Wa. Thus, [Alna <pm Wa.

Conversely, n € Wa <= W,(A) #0 <= the term f,(X) with code v(n)
satisfies (£,(X))9% (X/A) # 0, ie. Wa <, [Alja. O
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Theorem 3. The enumeration (ag, Bo) is the least enumeration of the structure
nA.

Proof. According to Theorem 2, having in mind W4 = VomA, we need to show
that all types of elements B such that B is a set of naturals and B <. A satisfy
the condition [B]ya <. [A]na and that there exists a universal set with e-degree
deg.(A) for all types [B]pa.

Let B <. A. Then there exists an e-operator W,, such that W, (4) = B.
Therefore, v € [Bljpa <= the code vy of the term f,(7") belongs to [A]ypa, thus
[Blgta <m [A];a. Further, using the type [A]na, we define the set U4 by the
equivalence: (n,v) € U4 <= Ju1 (7% = £u(7") &1 € [A];a). Actually, we could
define U4 by the equivalence: (n,v) € U4 <= (n,v) € La, as well. It is obvious
that U4 is universal for the family of all types of the structure 4. ]

Let us consider the structure D4 = (P(w)#; ®4). The following definition is
natural, although it is not used because normally we do not consider structures
with p.m.v. functions.

Definition 3. Enumeration of the structure ©4 is called the pair (o, B), where
a:w—Pw)?, B = (w;¢) and ¢ is a partial m.v.f. in w, such that for all natural
n the equality a(p(n)) = ®4(a(n)) holds (here, we mean equality between sets).

Proposition 7. There exists an enumeration {ag,B') of the structure D4 such
that (B') =, A.

Proof. Let us recall that ag(n) = W, (A) and define the partial m.v.f. ¢° as
follows: m € ¢%(n) <= 3Fk(c®(m) = 0&0c°(n) = 0&4(k,n) = m). It is clear that
(Gy) <c A. Then
C € ap(¢®(n)) <= Im(m € p(n)&ap(m) = C) +—=
Im(3k(0%(m) = 0&0°(n) = 0&6(k, n) = m)&W,,(A) = ) <=
ImIL(W,, (A) = Wi, (W, (A)&C = W, (A) # 0&W,,(A) # () —
IM(Wn(A) < Wo(A)&C = W, (A) # 0&W,(A) £ 0) <~
I (C = Wy, (A) € YW, (A)) <= C € d*(ap(n)).
Therefore (ag,B’) is an enumeration of D4.

Further, let us fix some a such that ag(a) = A. Then W, (A) = W,,(W,(A)) =
Ws(n,a)(A) and hence

Wa = {n|Wn(A) # 0} = {6(n, a)|Ws(,a)(A) # 0}
= {6(n,a)|0°(8(n, a)) = 0} = {6(n,a)|d(n,a) € ¢"(a)} <c (Gy) = (B').
Proposition 7 is proved. U

Lemma 5. There exist c.e. sets VI n e N, V' VISl such that the effective
sequence of compositions {VIOW(VISHPV'Y, . is recursively isomorphic to the se-
quence {Wy }new-
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Proof. Let us notice first that VI (VIS)?V’ means the following:
V[O](V[S])OV/ — V[O]V’; V[O](V[S])nﬂvl — ((V[O](V[S])n)v[s])vﬁ
Let us denote
VI ={(z,v)]e € w&B, ={(n.2)}}, VIEI={({n,2),0)|n, 2 € w&E,={(n+1,2)}}.

Further, let V = {(n,z)|xz € W,,} and V' = {{{k, z), v)|(k, (z,v)) € V}. Then

reVhV(X) — E|v1(<:c,v1> e VINGE,, = {(n,z)} CV'(X))

— o ((z,01) € VII&E,, = {(n,2)}&(n,z) € V'(X))
<~ Fo(({n,z),v) € V'&D # E, C X)
—= J((z,v) € V&b # E, C X) = z € V,(X),

z e VIVEI(X) = Ju((x,0) € VIN&E,, = {(n,2)} C V¥ (X))
— 1((3:,111) e VINGE,, = {(n,2)}&(n, z) € VISI(X))
— Jo({(n,z),v) € VIEI&E, = {{(n+1,2)} C X)
— Fo((z,v) e VI"ULE, = {(n+1,2)} C X)
— zeVhti(x).

We shall prove by induction the equivalence
z e VIOVE"V(X) <= 2 €V, (X). (%)

Indeed, z € VO(VINV'(X) = 2 € VIIV/(X) < =z € Vjg(X). Let us
assume the equivalence (%) is true. Then
z e VOVEYnHIV/(X) <= 2 e VIHIV(X) <= 2 € V. (X). O

The next two corollaries are obvious.

Corollary 2. The structure M4 = (P(w)?; Wo, Wi, ...; Non) is equivalent to
the structure WA = (P(w)4; VIO VISL VY where VIO, VISL V7 is the c.e. sets from
the previous lemma.

Corollary 3. For any set A of naturals the set P(w)? is finitely generated in
the structure WA = (P(w)*; VI, VISL VY by the single element A.

Proposition 8. For any enumeration {Vy,V1,...} of the family W the struc-
ture MA = (P(w)?; Vo, Vi,...; Non) admits a least enumeration (o, B) such that
A<, (B).

Proof. Let o' : Ny — P(w)? be defined as follows: a’(pn) = V,(A). Take
a as a basis of a normal enumeration (a,B), where B = (w; o, ¥1,...;0) and

vi(z) is a computable function of both variables ¢,z. According to Proposition 2,
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there exists an effective way for any x to find y = pn € Ny and a term 7 such that
z = (Y/y); thus a(z) =7 (Y/a(y) = 7a(Y/a(pa)) = ra(¥/ Vi (A)) = 74 (Y/A),
where 7/ = 7(£,(Y)).

Let us denote V4 = {n|o(n) = 0}. Then, using the term 7’ obtained above,
zeVy <= 0(2) =20 <= a(z) #0 < 7H(Y/A) #0 < v' € [Algna for the
code v’ of the term 7/. Thus, having in mind that we can find v’ effectively from
x, we have proved that V4 <,,, [A]opa.

Analogously, let v € [A]gna, 7¥° = 7% (Y) and n be a fixed natural, such that
a®(pn) = Va(A) = A, where y = pn, € No. Then 3 (Y/A) = a7y (Y/y)) # 0 and
let x = 73 (Y/y). Then o(x) = 0 and = € V4. Therefore, [Algna <, Va.

Hence, [Alogna =m Va and (B) = [A]gma = Va. O

Corollary 4. WA Se VA.

Proof. Let Vi, = VIO V; = VISl and Vj, = V' and consider the sequence of
terms 7°(") | where 79(") = f; o £l o f;,(X). Here, f] means n times the term f;, .
Then it is easy to check that n € [A]lpa <= v(n) € [A]gna. Thus we have proved
that [Alpa <, [A]opa, hence Wy <, Vj4. O

__ Corollary 5. The enumeration (o, Bo) is the least for the generalized structure
NA = (P(w)?; W, Non).
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