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A MOTION OF A FAST SPINNING RIGID BODY
ABOUT A FIXED POINT IN A SINGULAR CASE
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In this paper the problem of motion of a rigid body about a fixed point under the
action of a Newtonian force field is studied for a singular value of the natural frequency
(w = 1/3). This singularity deals with different bodies being classified according to the
moments of inertia. Using Poincaré's small parameter method, the periodic solutions —
with non-zero basic amplitudes — of the quasi-linear autonomous system are obtained
in the form of power series expansions, up to the third approximation, containing
assumed small parameter. Also, the quasi-linear autonomous system is integrated
numerically using any of the numerical integration methods, such as the fourth order
Runge ~ Kutta method. At the end, a comparison between the analytical and the
numerical solutions is given aiming to get a small deviation between them.
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1. INTRODUCTION

In [1] the motion of a fast spinning rigid body about a fixed point in a cen-
tral Newtonian force field is considered. The nonlinear differential equations of
motion have been reduced to a quasi-linear autonomous system having one first
integral. In the case of the rational value of the natural frequency w (except
w=1/2, 1, 2, 1/3, 3) the periodic solutions of the initial system are obtained.
Here, the analytical and the numerical solutions for the case when w = 1/3 are
constructed. Let us consider a rigid body of mass (M) with one fixed point (O),
whose ellipsoid of inertia is arbitrary, and acted upon by a central Newtonian force
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field arising from attracting centre being located on a vertical downwards axis (Z)
passing through the fixed point. Let us assume (OXYZ) to be the fixed frame in
space and (Ozyz) to be the moving frame (fixed of the body). It is taken into
consideration that the principal axis (z) of the ellipsoid of inertia makes an angle
6, # mw/2 (m = 0,1,2,...) with Z-axis and that the body spins about z-axis
with a high angular velocity r,. Without a loss of generality we select the positive
branches of the z-axis and of the z-axis do not make an obtuse angle with the
direction of the Z-axis. According to the restriction on 8, and the selection of the
co-ordinate system one gets

Y% 20, 0<7y, <1,

the limiting case 4!/ & 0 has been studied in [2]. The following system of equations
of motion and its first integral can be deduced:

P2+ 5p2 = 12 F(p2, P2, 12, Y2, 1), Y2 + 72 = 2 ®(p2,p2,72, 72, ), (1)

Y72 -1 =93 + 9% + 2u(vpaya + vap2ya + s21) + 1 [u%i)% — 292(e247 2

-1 1. 1 4= 1
FAT Basar + oo — voa T ATY) + 02pE 4 s+ 2(s22 - 5eu ) | + 470, (2)

where
F = Fy4pFs3+---, ® =0y + pbs+---,
8 8
Fy = fa-—- gvep2, Py = ¢y + §v(e + e172),
8 8
F3 = fa—e¢y— §V61(6 + €e172), D3 =3 —vfo+ §V261P2.
-1 7 1 -1 <2 /-1 .
fo = Ab" x50 — gP2su + C1A] "p2p; — Y0~ " P272

+zipave — zpa” ' p2 — Yo AT (AL + a7 )yapy
—-k[(l - Cy)v2p272 + A1(1+ By)y2s21 — A1pa(1 = 73)]’

¢2 = —7y2511 + (14 B1)p2sar — (1 = C1)A7 'papaa + 2472 — Y1272
—z,b™yy + b — AT yaph + k(C173 — Bi)re,

fa = CiAT'Paleps + e172p2 — 2p2(y,a™" — e2y2)] — é(esu + e172511 + 2p2s12)
+A1b™ 2l 500 + 2, (vaps — T2(vha”! — e272)] — vha T [12(e + e172) + vapapo)
+,(1+ AT a™ ) [ra(ypa™" — e272) — vpapa] + %Zf,(a"l — A rasy
—z,a” (e +e1ys +pasm) +k [(1 - C)(Ha™" = e2t2) 1272
—v(1 = C1)papaye — 2v2A1papaye — va(1 = C1)v2p3 — vAi(1 + By)p2sa
+2A1p2sa + (% - A1)72822 + Ai(e +e1y2)(1 - ’3’3) )
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25”;”21'72‘5’2 — 272512 — vpasyy + (1 + Bi)[pasaz + (e + e172)s21]

+(1 = C1)AT P22 (yha™" — e272) — vapap3 — (e + e172)P22)
—z2pb" N (vp2 + Yas21) + 22507 s21 + AT [272p2(ypa ! — €2¥2) — vp2p3)
—yo(vD2¥2 + vav2p2) + k[vp2(C175 — By) + 272(v2Cipa¥e — Bisar)];  (3)

,P1 — H€ — j€172, Y2 = 71 — HBVp2,

-1 . _ - ) _ 1, ;. )
— A7 Py + pAT (et = eata) + 4 [(aAl) Yyl 591 + = AT Pas11 + k282

2

: =1 4—-1_/ 3 -1, 1 -1, -1
—Vapa(a” A7 'z, — k)] +u [(GAI) YoS22 + —Al e172511 + A} "P2si2
+a~ AT erzpq2 + a7 AT s (2072 - yo)+(k—a—1Al z)(a ' ATy,
—a " AT 22 + ki) + a7 AT 20 pasar + k(vpasar + Y2522

) 3. -1.
-—-Al"lerrz - 572511 - 2A1 1172321)] +

1
1+ 5#2811 +ulsia+ -,

. . - - . ) 1,
Y2 + pv2p2 + ﬂ2 [(aAl) ly:, - A} 1(<‘32‘>'2 + stzx) - 572811]

S , 1 | _
+u [_Al '(e1¥2521 + p2saz) + 5(3/11 L v)pysiy — Y2812
+V2(k —a lAl Zo P2 + QG'IAI'Iy;sQ] + (2k - a_lAl_lz:))-')'zszl] 4+,

N 1 1
A4 psa +p (822 - 5811) - #3(812 + 5811821) + (4)

pr = plevy!,  a=qle,  rni=r/re, m=7/7),
i = Y/, =71, T = 7ot, ("=d/dr); ()

= a(p3, — P3) + b(P3, — P3)/ AT — 2[z5(v20 — 12) + Yo(F20 — 72)]
+k{a(73, = 13) + b(43, — 13)],

= ale(p2o = P2) + €1(P20720 — P272)] — bAT (W07 (P20 — P2)
—e2(P20Y20 — P272)] — v, (P20 — P2) — Va¥, (P20 — P2) + (2, — k)52
+k[va(p2o720 — P272) + v2b(P20Y20 — P272)],

= a(p20720 — P272) — bAT  (P20720 — P272),

= a[v(p}, - P3) + (120 — 72) + e1(73, = 13)] + VAT [~v2(B3, — P3)
+a7 Y, (Y20 — 72) — €2(¥30 — 12)); (6)
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C-B A-C B-4A A B
AA = —=, B =—=, =—— a=%=, b==
! A =g G a=F b=g5
Mgt A
2 = —C‘?-, y:cr:, z, =1Lz, Y=Ly, z,=14Lz,
1
2 = 2l4y’4 22 A131=-§, e =9z  A1b~?, u=§(1+31),
9 1 R -
e = §[k(A1*§)+23(A1b t—ah), ez =e1+a” 2 — kdy,
vi = v—A{',  k=Nyl/¢t,  N=3g/R,  g¢g=MR%  (7)

here X is the constant of gravity of the attracting centre, R is the distance from
the fixed point to such centre, (p,, o, 7o) and (7, v, 72) are the initial values of
projections of the angular velocity vector (p, ¢, r) of the body on the principal axes
of inertia and the direction cosines (7, 7', ¥") of Z-axis, respectively, A, B and C
are the principal moments of inertia and z,, y, and z, are the co-ordinates of the
centre of mass in the moving co-ordinate system.

2. PROPOSED METHOD

In this section Poincaré’s small parameter method is applied to investigate the
non-zero basic amplitude periodic solutions of system (1). The generating system

(1= 0) of (1) is

B+ =0, B0 =0, (®)
which admits periodic solutions in the forms
1 1
p(20) = M, cos §T 4+ My sin §T’ 7§ ) = = MscosT (9)

with period T, = 67, and M;, My and M3 are constants which have to be deter-
mined. Since the system (1) is autonomous, the condition

2(0,) = 0 (10)
does not restrict the generality of the required solutions [3].

Applying Poincaré’s method, the periodic solutions for system (1) are consid-
ered in the forms [4]

y 1 - 1 >
p2(m, ) = Micos—7+ Mysin -7+ Z“kc"(r)’
3 3 k=2
k=2

with period T' = 67 + a(x) and initial conditions
~ 1~ ~ .
P2(0,Il) . Ml: p2(0 ﬂ) M2, 72(0)11) = M3; 72(0)#) = 0) (12)

152



where a(p) = 0 at 4 = 0 and “~” denotes the result of substitution
M; - M; = M+ 8 (i=1,2,3), (13)

1
here 3, gﬂz and {3 denote the deviations of the initial values of ps, p» and v, of

system (1) from their initial values of the generating system (8), these deviations
are functions of ;1 and equal zero when p = 0. Let us define the functions Gi(7)
and Hy(r) by the operator [5]

du Ou 1 8%u U = G, Hi }
_ ’ . (14
U=u M 6M3 26M2B1 { u = g, hi (14)
The functions gk(‘r) and hi(r) take the forms
h 1
g(r) = 3/F,§°>(t1)sin 31— t)du,
0
hi(t) = /ng)(tl)sin(r —t)dty, k=23. (15)
0
The solutions (9) are written as follows:
( ) = E cos (%1’ - c) , 75,0) = MszcosT, (16)

where E = /M2 + M2, M, = E cos¢ and M, = Esine.

Substituting (16) into (6), one obtains

s = s (587,557, 487,487), ig=1,2 (17)

Making use of (16), (17) and (3), the functions F,Eo) and @&0) are obtained, then

using (15), one gets gi(67), hi(67), gx(67) and hx(67). Substituting the initial con-
ditions (12) into the integral (2), evaluated at 7 = 0, the quantity M3 is determined
as follows:

My = (7)) (1= 2 — pa My —9p®vi M3 [2M3 =313y, vo My [a Ay M3+ - -, (18)

where v, = 95/(9 — 8b) and 0 < b < 1 or b > 9/8. The independent conditions [6]
for periodicity of the solutions p2(, i), p2(, 1), 2(7, 1t) and 72(7, 1) are reduced
to the forms

(L= 5N )0ty = —utty{(Eas = 5 ¥ar) = #1 [2Las
+%N33M;‘(M$ - 31(43)] } F

(Lo = 3 its = —{ W (Lon = 5 a1 + | Eaa(O0F - B3)
-%NsaMf(Mf-3M3)M§l]}+---; (19)
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a(p) = p* M3 [Ha(67) + pHs(67) + - - ], (20)

where
Ly - %Nm = ay(M}+ M) — [ag + ka3(2M3fs + g3)),
Lo~ 5N = auliyl,
a; = (a—1)(a+b-2)/2b,
a4y = 2(ab)\[3(a+b) - 2(2ab + 1)] + gk [1-(a+b)+ %ng],
az = %b, ag = —1-[200 — 951 + ak(b — 1)(32a — 41)],
faa = -13—41t713z(’,b“(b 1)= (86 - 9)" (b - -) (- -) (- _)

—%kMs(b —1)(8b - 9)"{(2b — 3)[(9 — 4b) + (86 — 15)(8b — 9)~1]

+%(4b - 3)(46 - 5)(9 ~ 78)(6 ~ 1)~ (86— 9)"'},

_ 1 1 -1 -1 8 1 -2
N33 = 4—{§A1 [v(A] +Cl)+U2(1-Cl)]-§V(§bA1 —a)

1,  _
-(1+ Bl)(ua + §bAl ll/g) } (21)
Equating to zero the terms of zero power of u for equations (19), one gets two equa-

tions for determining M; and M2 Solving the resulting equations, when M; M, = 0,
we obtain

i) My = M;=0,

@) My = 0, Mp=+,/2,
ap
(i) My = =+ g-f. My =0. (22)

If My M; # 0, subtracting from the first equation of (19), multiplied by M;, the
second equation, multiplied by M,, and dividing by u, we get a new form for the
periodicity conditions

" 1 -
3MZ — M2 4+ pu[--]=0, La - §N21 +ul--]=0. (23)
The equations of the basic amplitudes of (23) are
IME - M2 =0, ay(ME+ M?) —ay =0, (24)
the following solutions for M; and M, are obtained:
_, 1 Jaz V3
Ml_i2 a Mg-:!:-2- ; (25)
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where M; and M, are real under the condition
az; > 0; (26)

this condition can be satisfied by choice of M3, while a; > 0 is satisfied at all, since
the initial fast spin r, is assumed to be given about the major or the minor axis of
the ellipsoid of inertia (a > 1, 5> 1 or a < 1, b < 1). For this case 8, and 8, are
assumed in the forms

3 3
Br=> p+0(u), By =) pkmi + O(u*). (27)

k=1 k=1

Considering (27), (23) and the substitution (13), one gets

fl = —aaakM3/4a1, m1=3£1M1/M2,
& = %Ml“ (—46 + kasa] (@®M? — IMZLE))
my = %M{1(6M1£2+3£f—mf),

b3 = %Ml’l [-42122 + aai'laaMlk(all + -gM;lugMg)
—ay tagk(aM3zly + IMavimy + 3M2yf,uza'1Al_l)] ,
mg = M;! [aa]’la;;Mlk(afl + guszzM;l) — ay 'agk(aly M3 + 9vim M,
+3y,vaMaa ™ ATY) = mymy — £1£5 — lea]- (28)

The equations (14) and (15) give the functions Gi(7) and Hi(7), then the periodic
solutions (11) are obtained up to the third approximation of . Making use of (4)
and (5), we get the required periodic solutions as follows:

1 ! 1 1
p = c\Jv/ M1cos§1'+Mgsm§r+p(e+£1cos§r+mlsm§r+61M3cosr

7 . .
i ;(Xl,- cos %r + X1, sin %1‘)

7 . .
+u® [g(}ﬁj cos %‘r+ Yl'j sin %‘r) + Yio cos3r1 +-- -}, i #£6,

1 .
g = ¢ 7{,’{%AII(Mlsin%'r—Mgcosgr)+yA1'1[yﬁ,a'1+egM3smr

7 _ .
_% (51 sin %'r + m, cos %‘r)] + Z(Xzi cos %7’ + X sin %"')
©i=0
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7 : .
u? [Z(ng cos %T-{- Yy; sin %‘r) + Yy, sin 37] + - -}, i # 6,

=0

.

3 . )
r = r0{1+_21_52#2[2(X3;cos %r+X;’,,-sin%'r)+X36 cos?r]

1=

4 j )
[Z(Y;;] cos = r+Y3J sm‘;r) + Y35cos2r] +~-}, i #£ 1,

=0

<
I

1
7;'{M3 cos T + pa [(M; cos =1 + M5 sin —l~r) — M, cos r]

3 3
+u? [Y; (Xai cos %1‘ + X, sin %‘r) + Xag cos 37]
443 [,z:; (x,,- cos %‘r +Y{; sin %1’) + Y}y sin 3r] +. } i 49,4,
Y = »,:,'{—M3 sin T+ [-%UQ (Mysin %r — M, cos %r) + aM, sin r]
+p? g(xs. cos §'r + XL sin ;‘r) + XLy sin 3r]
4y :j; (¥ cos ‘—;-T +Y{; sin 23-1') + Ygosin3r] + - } i494,
= 7;'{1 +uM3E [a cose + = (;bA‘ )(cosccos%r—sincsin%r)

_%(%b/&l’l + a) (cosecosgr + sin esin %T)]

r 4 . .
4p? Z (Xs,- cos %T + X§; sin %T) + Xeg cos 21']
=0

10 : .
+u? DZ(YSJ- cos§r+ng sinlr)] +"'}, i#£ 1, J#9,

J=0 S
the correction of the period a(u) becomes

bM? 1 1
a(p) = 3mp*d —(aM?+ —2) - Z(M? + M2)|=AT*(1 - b) + aB
() { ( 1 gA%) 2( 1 2)[9 1 ( ) 1}

8 1
+2M, + saer + H(MFCy — By) — (aMyty + §bAl"2M2ml)
1,
— (M4, + my M) [§A1_2(1 - b)+ aBl] - 220071 4 -g-ael
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2
3 May,(ve + ba ' AT?) 4+ aMy Maley(1+ By) — 24671

-—2(1M1M3(61 -+ Z; + ak — k) -+ akM1M3[aA](1 + Bl) — 2B — 201]

1
—kBy + 22 My M3 (MP = 3MF) [aAT (AT + C) - 8“(%’”*?2 ~a)

36

—2aMie +

+A;‘u2(1-Cl)-(l+Bl)(9a2+bA;lu2)]}+..., (30)

where the constants X'’s, X”’s, Y’s and Y"’s are determined in terms of the rigid
body motion parameters and are written in about twenty pages. The symbol (- - )
means terms of order higher than O(u?).

3. GEOMETRIC INTERPRETATION OF MOTION

In this section the motion of the rigid body is investigated by introducing
Euler’s angles 0, ¥ and ¢, which can be determined through the obtained periodic
solutions. Since the initial system is autonomous, then the periodic solutions still
remain such if (¢) is replaced by (¢t +1,), where (t,) is an arbitrary interval of time.
Euler’s angles, in terms of time (t), take the forms (7]

/
9 = cos™ ", 1/)=p7+q7, ¢=r1—1)cosb,
1_,7//2
-1 7o . du
o =1t i—, = -—). 31
¢ an ¥ (u 7 (31)

Assuming the initial instant of time corresponds to the instant t = 1, substituting
the solutions (29) into the equations (31), one gets

¢ = %+roto+~-, 0, = tan™! M3,
8 = 0,—pB[0(t+1t,) —01(to)] — p® cot 8o[02(t + t,) — b2(to))

— P05t +to) — Oa(to)] + -+ -,
v = Yo+ MglC'r; cosecd, (%el + v, cot? Ho)t

1
+§yrocosec 0,[01(t +to) — ¥1(to)]
+p?r, cot B,cosec 20,[wa(t +10) — Ya(to)] + -+ -,
¢ = do+ {ro — %elMglC"r;l(cotGO + aEr; ccosey/cosb,)

+%Mg£C'1r;'lE2X30 cos B, — v} \/cosB,o[r, + acE cosetanf,/cos b,
1/1
+MglC r; X, cos 0] — %EMg(?C"l\/coseo [-2— (gbA'{l - a) (X7, cos e
: 1, - :
+X7ysine€) — (ﬁbAl 14 a)(X-’,»‘1 cos € — X74 sin 6)] }t
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+%p\/cos Oo[1(t +10) — d1(to)] + 12 [Pa(t + to) — ba(to)] + - - -, (32)

where 11 5 9
6,(t) = acose+ 3 (gbAl‘l - a) (cos € cos -3-rot — sin€sin grot)
1/1
—3 (§I>Al'1 + a) (cos € Cos grot + sin € sin %rot) ,
4 i .
By(t) = ;(xs.- cos %rot + X, sin %rot) + Xes cos2rot, i# 1,
2 i i
0s(t) = Z(Ys,- cos §rot + Y{; sin -3-rot), 1 #£9,
i=0
! i i
Yi(t) = Z(X—,-,' cos grot + X37; sin §r°t)’ i £ 3,
i=2
2 i i
Pa(t) = ;(Yn cos §rot + Y7, sin §rot), 1 #5,7,

:

sty = )
=2

: (Xg; cos 3r,,t + X§; sin %rot), 1 #£ 3,
3 i i
$2(t) = ;(Ygi cos §rot + Yy, sin grot), 1 #5,7,
1. 2 1 2 2
Vo = _§Al [C tan 00 + EVQ(MI + Mz)
1
+§E(a + b)(M; cos € + M;sin c)] ;
vy = MglC~'r>%y,cosec b, cot?d,, (33)

the constants Y’s, Y"’s, X’s and X"’s are determined in terms of the motion pa-
rameters and are written in about three pages. The formula (32) shows that the
expressions of Eulerian angles depend on four arbitrary constants 6,, Yo, ¢, and
ro (sufficiently large).

4. ANALYTICAL AND NUMERICAL SOLUTIONS

This section is devoted to ascertain the accuracy of the obtained analytical
solutions of the previous sections. That is the quasi-linear system (1) is integrated
numerically using fourth order Runge - Kutta method (8] and the obtained results
are compared with the analytical ones.

4.1. THE ANALYTICAL SOLUTIONS

In this case the analytical solutions ps, 4, and their derivatives with respect
to (t) are written in the following forms:
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B h . h h . hy 9 : h
p2 = M, cos§+Mzsln§+;1[£1cos§+m,sm§] +-2-p2[2L20+zlacos§
s . h 2h . 2h
+z’105m§+i2cos-3—+i'251n-3—+i3cosh+i§sinh+i4cos£3’l
. . 4h 5h ., . Sh Th , . Th
+zf,sm-73-+15cos-3—+1’55m§-+16cos?+zgsm?],
dpz h

_ . h h 1 h . h 3 )
r = W:M;,,sm§+M20cos-§+gu[mlcosi—llsm-g]+-2-p2[z'locos§
. . h . 2n 2h ..
—i108IN = — 190 8N —— + 19, COS — — 13, Sin h + 15, c0s h — 14, 8in ﬁ

3 3 3 3

y 4h . . S5h 5h . . Th Th
+14, COS — — 15, 5IN —— + 15, COS — — 16, SIN — + 15, COS — |,

3 3 3 3

h . h
M3 cosh — paM, cos h + u? [N2o+ U1y cos§ + v}, sin 3 4 (vm — af,
9

—§V2M22M3-1) cos h + vi,sin b + v13 cos 2k + vizsin 2k + vy4 cos %

T2

S5h
+vj4sin 5 T vis cos Sh] ,

_ d‘72 _ . . 2 1 ’ h . h
y = —dt—_—M381nh+paMlsmh+y [g(v“cosé-—vusm-s-)

_ (vu - al; - %u%MgMa'l) sin h + v}, cos h — 2v13sin 2h + 2vj5 cos 2h

3 . oh 5, Sh :
—5014 sin Kl + §v14 cos —3-' — 3vys sin 3h] ) (34)

where
h = iT/300 for i = 0 to 300 step 5 and T =max value of t-variable.

Let us assume

A=B=12 C=16, z,=5 u =6
z,=1, R=1500, A=.6, M =300,
V=5, 1,=1100, T =18.78775142. (35)

In this case the following parameters are determined:

A =-B; =w =.3333333, C;=0, £=10.48809,
o = AT67313, o, = 5720776, z, = 6674238,
= 2.66667TE — 07, c=2.28999F — 02, pu = 1.47206E — 05,
a=b=.75, k=508513E—07, e=1.906925,
ey = —.667424, ey = .222474, v =75, vy =-2.25. (36)

Consider that pa, 724, - .. denote the analytical solutions py, 72, . . ., the graphical
representations and the corresponding phase plane diagrams for these solutions are
given in figures 1, 4, 7, 10, 13 and 16.
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4.2. THE NUMERICAL SOLUTIONS

For this case the system of differential equations can be rewritten as follows:

%=r, %zy, fi_fz_ép2+p2fl, %=—72+#291, (37)
where
fi = cnaysa + py (Cﬂaz - %Sn ~Yoya~l + Cll'zAl_l)
+72 (cnaaz‘ + cnaszry + cnasszl) + x;zy,
g1 = cnby +72(cnby — 511 + cnbsy® + cnbaz? — y,y)
+1;'0y2 -+ pg(cnb5821 + CanIy)- (38)

The constants cna; — cnas and cnb; — cnbg are determined by the correspondence
between the above system and the system (1). Assuming the same data (35) and
(36) with the initial values of the analytical solutions, the numerical solutions are
obtained by using the fourth order Runge - Kutta method. Supposing pa,, Y2n, - . .,
denote the numerical solutions pj, v2, ..., and using the computer, the numerical
solutions and their phase trajectories are obtained in figures 2, 5, 8, 11, 14 and 17.

The comparison between the analytical and the numerical solutions is given in
figures 3, 6, 9, 12, 15 and 18. This comparison shows that the deviation between
the analytical and the numerical solutions is very small and can be neglected, that
is the numerical solutions are in full agreement with the analytical ones.

5. CONCLUSIONS

Poincaré’s small parameter method is applied to investigate the periodic solu-
tions, with non-zero basic amplitudes, for the singular case of the natural frequency
(w = 1/3). This problem deals with the following bodies being classified according
to the moments of inertia:

1. C>A> B, B<4§C, A>§C;
3 3
2.C>B>A,A<ZC,B>ZC;

3. A=B = gC, which represents rapidly spinning Lagrange’s gyroscope

about the axis of symmetry (z!, = y,, = 0);

4. A=B = EC’ , another Lagrange’s gyroscope;

2
9 3 3
5. §C<B<A, A>§C, B<§C,
9 3 3
6. §C<A<B,B>§C,A<§C.

160



This problem is a generalization of the corresponding one in the uniform gravity
field, that is the solution of the latter problem is deduced from the solution of
the considered one by putting £ = 0. The geometric interpretation of motion is
considered to describe the orientation of the body at any instant (t) of time. A
computer program is carried out to obtain the graphical representations for the
analytical solutions. Starting the initial values of the analytical solutions, the
autonomous system is solved, using the fourth order Runge — Kutta method, to
obtain the numerical solutions through another program. The obtained analytical
and numerical solutions are represented graphically, using the computer, to show
the difference between them. The deviations between both solutions are very small,
which give powerful agreement of the obtained solutions.
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