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Apostol Obretenov. BOUNDS OF DEVIATION FROM EXPONENTIALITY FOR A PROBA-
BILITY DENSITY CLASS

In the present paper the estlmate of deviation between a probability density functlon and
an exponential one is given.

Let X be a positive random variable with a probability density f(z) with mean
EX = p < 0o. We assume f(0) # 0 and f(co) = 0. Let the derivative f'(z) exist
for every z > 0 and ‘
(1) | f(z) < —f(z)p™!
Denote f(0) = a. We shall prove the following

Theorem. For every probabzlzty denszty function f(z), satisfying (1), the
inequalities

(2) 0< f(a) —p e ™ # <a—p!
hold.
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Proof. Let , »
(3) Afz) = =p~" f(z) - f'(2).
Since f(z) satisfies (1), we have A(z) > 0, so that the function

o

(4) @) = [ AG)dy

r

is a non-negative and non-increasing function. ‘Putting
A(z) = f(z) — p~le™/H,
we easily get
(®) ‘ CA@@) +p7 A (@) = - Aw).
Solving the differential equation (1), according to A(z) we find

(6) A(z) = e/ {A(m) - / A(y)ey/* dy:| .

Now, taking the derivative of (6), we get

(1) Al(z) = —eo/H [A(O)—-/A(y)ey/" dy} + e~ %P A(x)e"

T

—u~ e BA0) + pm e/ /A(y)ey/“ dy — A(z)
0 :

IA

- ,u‘le_z/"A(O) +/t‘le_”/"H(0) - /fl/A(y)ey/“ dye~*/#.

We can see from (4) and the definition of A(x) that
8 HO)=A(0)=a—pu".
Then from (7) we find consequently

o

AT < —p~temolH / A(y)e?/* dy,

z

le. A’'(z) < 0. Therefore, A(z) is a non-increasing function. Since A(oco0) = 0 and
A(0) = a — 1, we conclude that 0 < A(z) < a— p~!, which is (2). Obviously,

the bounds in (2) are sharp.

Let fo(z) be a sequence of densities, satisfying (1), and f,(0) = a,. Let u, be
the corresponding means of f,(z). Then from (2) we see that f,(z) — p~le=/#

when p, — p and a, — ;! — 0.

326



Remark. If we change the direction of the inequality (1) and keep the other
conditions, then the inequalities, similar to (2), hold for —A(z). The prove is the
same as above.

Further, let us integrate (1) over the interval (y, c0). We get

(9) ' fy) 2 p™' 1= F(y)),
where F(z) = jf(y) dy, and integrating (9) over (z,00) we find
0

(10) 1-F@)2 [u(0-Fa)dy.

The inequality (10) shows that the distribution function

T

lfl/(l — F(y))dy

0

belongs to the so-called NBU-class (seé [1]). Definition of this distribution class
(and other classes) and certain bounds of deviation from exponentiality for it are
given in [1].
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