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B nouTu spMuTOBOl reoMeTpun BMecTe ¢ Kaaccuueckum onepaTopom Hkobu ME BBO-
MM B PacCMOTPEHMM Taxke AnHeHHLd cumMeTpuuecknit onepaTop Ax sx, rie X Kaca-
TenbHbLIM BeKTOP B Touke p € M. [oxasnisaem cleaywouman teopeMa: Keneposoe Muoroob-
pa3ue pasMepHOCTH 2n 2 4 eCTh KOMIJIEKCHAA NPOCTPAHCTBEHHAR POpPMa TOrAa U TONLKO
Toraa, koraa Ana miobGoro X B mobolt Touku p € M oneparop Ax,sx MmeeT cobcTBEHHMIE
BeKTOPH B nnockocT X AJX.

Grozio Stanilov, Veselin Videv. A CHARACTERIZATION OF THE COMPLEX SPACE
FORMS

In the almost Hermitian geometry together with the classical Jacobi operator A x we define
also the linear symmetric operator Ax, yx, where X is a tangent vector at a point p € M. Then
we prove the following theorem: A Kaehlerian manifold of dimension 2n 2 4 is a complex space
form iff for every X at any point p the operator A x sx has eigen vectors in the plane X A JX.

Let (M, g,J) be an almost Hermitian manifold with curvature tensor R. If X
is a tangent (unit) vector at a point p of M, the well-known Jacobi operator Ax is
defined as linear mapping Ax : My, — M, by the equality

AX(u)zR(u:XsX): uGMp'
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In the same way we define the linear operator
Axox(w) = 5(R(w, X, 7X) + B, 7, X)),

which is also a symmetric operator.

Now we state the following problem: to describe the manifolds for which at
every point p € M and for any vector X € M, the linear operator Ax, sx has eigen
vectors u belonging to the holomorphic plane E?(p; X A JX). If we take

v=aX+8JX, ot+p2=1,

from the condition
/\anx(u) = cu,
%(R(u,X, JX)+ R(u,J X, X)) = cu,
by multiplication with X and JX we get the result: the vectors

1 1
= —(X + JX), = —(X-JX
Ui \/'2'( + ) Uz '\/ﬁ( )

are eigen vectors with corresponding eigen values

1 1
:“§H(X), Cp = §H(X)

Here H(X) is the holomorphic sectional curvature of X.

Now we express that the vectors :\h/g are eigen vectors of the operator
AxIx:

1 X+JX XtJX HX)X+JX

{\R{ —,X,JX +R(—-—-———,JX,X))= .

2 (R(%5 ) Vi R
Using the properties of R we see that these equalities are equivalent to the relations
(1) R(X,JX,JX)=H(X)X, RUX,X,X)=H(X)JX.

~ Thus we can formulate the following
Theorem 1. If the operator Ax 1x has eigen vectors in the plane E*p, X A
JX) then the Jacobi operator Ax has as eigen vector JX and tke Jacobi operator
Asx has as eigen vector X.
Now we try to prove the converse of this assertion. Namely, using (1) we get
immediately:

X
Axx (—i‘\/—;—’-‘—) 2(5_\’:7__&3(];;, X, JX) + R(X,JX, X))

—=(FH(X)X ~ H(X)TX) = F5H( X)X +JX

V2

2f

Thus we have the following
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Theorem 2. If the operator Ax has as eigen vector JX and the operator A;x

+J
V2
AX,JX-

Example. Let us consider the complex space form that is the Kaehlerian
manifold of constant holomorphic sectional curvature u. In this case the curvature
tensor is of the form

R(X,Y,2,0) = £(s(Y, 2)9(X,U) - o(X, 2)3(¥,U) + g(JY, 2)a(I X, V)

has as eigen vector X then the vectors are eigen vectors of the operator

—9(JX, Z)g(JY,U) - 29(J X, Y)g(J 2,V)).
Then the Jacobi operator is represented by

Ax(u) = %(u - g(u,X")X + 3g(u, JX)JX).

We can see immediately Ax has as eigen vector JX and A;x has as eigen
vector X v

We shall prove the converse of this assertion. Namely, the main result of this
paper is the following characterization of the complex space forms:

Theorem 3. Let (M,g,J) be a Kaehlerian manifold of dimension 2n 2 4.
Then it is a complez space form iff for any unit vector X € M, at every point
p € M the operator Ax, sx has eigen vectors in the plane E*(p; X A J X).

Proof. Let X,Y, JX, JY is an orthonormal quadruple. Using (1) we get
the relation R(X,JX,JX,Y) = 0. We apply this relation for the vectors X + Y,
X-Y,JX+JY,JX — JY and after some calculations we have

RX,JX +JY,JX+JY,X)=R(Y,JX+JY,JX +JY,Y).
Since the manifold is a Kaehlerian one, the last equality is equivalent to the relation
H(X)=H(Y).

We take now the vector u = cosaX + sinaY in the plane E?(p; X A Y).
Following (1) we can write the relation R(Ju,u,u) = H(u)Ju and after some long
calculations we get the equality

cos® aR(JX, X, X) + cos?asinaR(J X, X,Y) + cos® asinaR(J X, Y, X)
+ cosasin? aR(JX,Y,Y) + cos® asin aR(JY, X, X) +sin® aR(JY,Y,Y)
+cosasin’ aR(JY, X,Y) + cosasin? aR(JY, Y, X) = H(u)(cosaJ X +sinaJY).

If we multiply by JX we get the relation

cos’ aH(X) + 2sin’ aR(JX,Y,Y,J X) + sin? aR(JY, Y, X, JX) = H(u)
and after multiplying by JY we have

cos’ aR(JX,X,Y,JY)+ 2cos’ aR(JX,Y,Y, JX) + sin? aH(Y) = H(u).
From the last two equalities we can get

cos* aH(X) —sin* aH(Y) = H(u)(cos® « — sin? a)

and since H(X) = H(Y) then H(u) = H(X) = H(Y). |
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To finish the proof we must show that the relation
H(v) = H(X) = H(Y)
holds good for any vector
| v=aX +bY +cJX +dJY (a2 +2+c+d>=1)
in the 4-dimensional space spaned by vectors X, Y, JX, JY.
If we put
aX +eJX =cosaX', cosa= m,
bY +dJY =sinaY’, sina= m, |
we reach to v = cos X’ +sin Y’ and since XAJX = X'AJX', YAJY =Y'AJY’,
then H(v)=H(X"Y= H(Y') = H(X) = H(Y).
If the dimension 2n > 4, we take vector Z orthogonal to X, Y, JX, JY and
apply the same considerations for the orthonormal quadruple X, Z, JX, JZ.
Evidently, the main result can be expressed also in the following way: A Kaehle-

rian manifold of dimension 2n 2 4 is a complex space form iff for every X € M, at
every point p € M the Jacobi operator Ax has as eigen vector JX.
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