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- RAMSEY MULTIPLICITY M(3,6) IS 2
Nikolay G. Khadshiivanov, Ivan Zh. Pashov
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ECTb 2
0503!;!;3“ uepes c,(G) UMCNO P-KAMK rpa.du G, » yepes G — ero gono:meuue Kepu

mncrpyuponaa l'!-nepuuuauﬁ rpa$ G’ AAK. m'roporo ca(G) + q;(G') On ,nonsu:, uro .

. mepasenctso c3(G) + cs(G) z 1 nmeeT mecTo Anx mioboro 18-BepmMnNOro rpaqu. G. He.

Namos yxasan 18-sepmmmunift rpw ‘G, ans xoroporo c3(G) + w(G)=2. B ua.c-roameﬁ .

cxaThe nokasano, uro cs(G) + q(&). £ 2 Ana nwboro 18-sepmnunoro rpada G

Nikolay G. Khadshiivanov, Ivan Zk. Paskov. RAMSEY MULTIPLICITY M(3,6) I8 2 =
Ictc,(ajhethemnnberdthepdupada‘uthdebethemmpkMofG Kéry.
vMalfomtex;nphcvithq(a)i-q(m==0andpmedformyl&vertexsrlPthhe.

inequality ¢3(G)+c¢(G) 2 1. L. Pashov constructed an 18-vertex graph G with ca(G)-l-c;(@) 2 L

,Inthhpmispmodthata(@)+u(a) 2 2foremy 18-vertex graph G.

t

31. mn;onvcnon .

R

A set of P verhces‘ of a graph will be called p—chque (p-antlchque) if every pmr,' g

v"ofvertxcesmthesetm(mnot) adjacent. e
F. Ramsey [1] proved that for every two natural numbers P q there emts a

natural number n such that each n-vertex graph has a p-clique or a ¢-anticlique.
The minimum n with this property is denoted by R(p,q) and is called Ramsey.

‘number. Olmously we have R(p,q) = R(q,p), R(l =1, R2¢ =14 Thus, S

R(p,q) is of interest when 3 < p S ¢. ‘There are known only seven such F o
\nunﬁ;ers, R(3, 3) 6 R(3 4) 9 R(3 5) = 14, R(4, 4) =18 (lL Greenwood md‘

v



A, Gleam 2 R(s 6) = 18 (G Kéry [31), R(3 7} 23 (J Graver and J. Yackel -
[4 ]), R(3,9) = 36 (C. Grinstead and S. Roberts.[5
We will denote with & (G) the number of p-chques of a graph G and with c,(G)

— the number of its q-antichqves, it is clear that 7, (G) = ¢,(G).

, The number ¢,(G) + &,(G) we will call (p, q)-multxphclty of the graph G. The
‘rmzunmm) (p, q)—multtphcxty in the set of the n-vertex graphs we wlll denote by
M(n;p,q

It(;s Slear that M(n,p,q)> 1 when n_2 R(p,q) and M(n,p,q) = 0 when

. n< R

. The number M(n;3,3) has been determined for every n by A. Goodman [6).
The number M (R(p, ;P q) is called Ramsey multiplicity and is denoted by

-M(p, g). Of course, this number is of interest only when 3 S p S gbecause M(p,q)
-M(M) and M(1,q) = M{2,¢)=1.

There are known only three Ramsey multiplicities: M(3, 3) =2 (A. Goodman

N [6]) M(3,4) =1 (N. Khadzhiivanov and N. Nenov [7]); M(3,5) = 4 (I. Pashov [8]).
\ It is known that every 18-vertex graph has a 3-cliqueor.a G-mtxchque (G. Kéry
[3]) In ‘this paper we will prove that there is not a graph without 3-cliques with

- just one 6-anticlique (see Theorem 1) and, similarly — there is not a graph without
- B-anticliques with just one 3-clique (see Theorem 2). Hence M(3,6) 2 2.

- On the other hand, the second author showed in [9] a 18-vertex graph without

G'antichques and mt;h exactly two 3—chquea Thus M(3, B) 2.

2. NOTATIQN 8j AN D‘ PREIJMINARY RESULTS
- We wxll wnte G € (n,a xp,ﬂ X i’) for an n-vertex g,raph G with c,(G) =a.
and §,(G)=p.
. The set of all nexghboum of the vertex v in the considered graph will be denoted
- by A(v); then |A(v)] = d(v) is the degree of v. The same notation A(v) will be useds
for the subgraph of G.generated by the set A(v). With N(v) we will denote the
~ set of the not adjacent to v(except v) vertices of the graph (and the correspondent
. generated subgraph). For the set of vertices not adjacent to either u and v (except -
uN ?nd ;;) and for-the correspondent generated subgraph we vnll used the notahon
u,v). .
| ~ Intheptoofsofthetheoremswewdlalaouse ,
exccpt a. part of the above mttoned résults the
. following propositions. .
‘ Proposition 1 (N. Nmov, L Pashov and
s N. Khadzhiivanov [10]). - Then is no gmph G

- €(13;0x 3,1 x.5).
Proposmon 2 (G Kéry [3]) Then isa
: umquemph@&(l:iﬁxS Oxg) tiwmutd .
/- in Fxg 1.
ORI xtion’:i (N. Khadzhlwa.nov,N ;Henov
C and I thw {11]).  There is a wnigue. greph G

e . 6(13 1x3 Oxﬁ) ﬁnm&us&ommﬁ 2.
' Fig. 1. The unique graph. Propm;tmné(N Nenov and N. Khadshnva-
. from (13,0x3,0x5). [12]) Tlam isa tmgtc gnph Ge(lz 0x3,



Fig. 2., The unique graph , Fig. 3 The ‘unique 20-edge |
from (13;1x3,0x5). - graph from (12;0 x 3,0x 5 ).

0 x_g_) with 20 edges; ii ts pfesmteél 't’a' Fig. 3. |

3 EVERY IS-VERTBX GRAPH WITHQUT 3-CLIQUES
HAS AT LEAST TWO G-ANTICLIQUES ‘

. Lemma 1. Eet Ge (18;0 x 3,1 x 8) and let A be the unique G6-anticlique
in G If u and v are not adyaeeut uertsces of G and {u,v} ¢ A, then lA(u) n
A(v)] g d(u) +d(v) - 8. :

Proof. Clearly, N(u,v) does not contain 3—chques and 4—ant1chques because i

~if M is a 4-anticlique in N(u,v), then M U {u,v} is a 6-anticlique in G and is .

different from A. From R(3,4) = 9, we have |N(u,v)| S 8. But [IN(u,v)] = 16 -

.rlA(u)UA(v)j lﬁ-d(u)~d(v)+|A(u)ﬂA(v)) Hence |A(u)NA(v)] & d(u)+d(v)-8

Lemma 2. If G € (18;0 x.3,1 x §), then d(v) & 6for every vertez v and thc o

cquahty is achieved for at most one veriez. s
- Proof. For every vertex v the set A(v) is an antzchque because G has no
- 3-cliques. Since G has only one 6~ant1chque — A we have d(v) lA(v)! g 6 and
‘-A(v) A when d(v) = 6. :

If d(u) = d(v) = 6, then A(u)‘ = A(v) = A, Hence u and v are not adaacent (G" o

Has no 3-cliques) and lA(u) N A(v)] = 6. This contradicts Lemma 1).

Lerama 3. If G € (18;0 x 3, lxﬁ) thend(v)g4forevcryveﬂeztv - |
“Proof. Assume d(v) < 3, i.e. |N(v)| & 14. Remember M(3,5) > 1, but

ca(N(v)) = 0, so N(v) has at least two 5-anticliques Ky and K3. Then Ky u {v}

and K, U{v} are two dxﬁ‘erent G-antichques in G. This contradiction completes the’
proof of the lemma. o
Lemma 4. IfGe(lB 0x3 lxK) mdv is o verfez owa:tbd(v) 4 tken o
‘N(v)e(mcxsoxs)
, Proof. Obviously ]N(v)l =13, cs(N(u )= = 0 and any 5-:mt1ci1que m N (v)l |
| forms with v a 6-anticlique in G. Hence a(N(v)) sl .
The assumption &(N(v)) = 1 implies N (v) € (13;0x3,1x 5) w}nch c:ontradxcts‘
VProposntlon 1. Hence Z(N(v)) = 0, i.e: N(v) € (13;0 x 3,0x 5). )
 Lemma 5. IfG € (18;0 x 3,1 x -) and A is the umqw G-mtschgue in G |
' iheud(v)"SforcveryveA : A o o



e u¢A

P roof Assnme v E A a.nd d(v) 4 (see Lemma:!) Aceordxng to Lemma4
N (v) € (13; 0x3,0x% 5), which s impossible because N(v) contains the 5-antzchque |

Lemma 6. If G € (18;0 x 3 1 x 8) and A is the unique 6-¢nttchquc in G,

then d(v) 2 5 for each v ¢ A.
Proof. Let us assume vy € A and d(vo) = 4 (see lemma 3). By Lemma 4,

N(vg) € (13;0 x 3,0 x 5). Hence (see Proposltlon 2) N(vo) is isomorphic to the .

~ 4-regular graph in Flg 1.

, Denote by m the number of edges [u, v} with u € A(v), v € N(vo). Obviously,
‘m= Y (d(v) - 4). This equality and Lemma2y1eldsm o 12 1+1.2=14.

v€N(vo) ,

On the other hand, it is clear thatm= Y (d(v) 1). Hence
. L T S GGA(%) |
(1) o Y dwy's 18. |

o ﬂed("t)

. The set A(vo) contams at least two vertices from A because otherwise N(vo)
will have a 5-anticlique and vy will be in a 6-anticlique, different from A. Let
{uy, 42} C A(vo) N A and us, uyg be the other two vertices in A(vp). By Lemma 5,

: d(u) 2 10 + d(us) + d(uq). This mequa.hty and (1) yleld d(u;;) + d(u‘;) < 8.
‘ uGA(eo)

" Then Lemma 3 gives d(us) = d(u) =4. * ‘
N ~Apply Lemma 1 for vertices us and ug (uz ¢ A by Lemma 5) Thus we
» conclude |A(ug) N A(ug)] -0, which is absurdity because vo € A(ua)nA(wg) The
received contradiction completec the proof of the Lemma. - g
" Lemma 7. IfG € (18; 0x31x-), then G is 5-regular. |
~ * Proof. By Lemmas5 and 6 we know that d(v) 2 5 for every vertexvofGA
- and by Lemma 2 that d(v) € 6 with equality at most for one vertex v. Hence G |
has at least 17 vertices of degree 5. If the rest vertex has degree 6, then the number -
* of the vertices of an odd degree wxll be odd, which is unpomble Conaequently, all
vertices of G have degree 5. . ’
.Lemma 8. Let G € (18;0 X 3 1x 3) and A be the unigue &nnttckque in G.
cfu g A, then |A(u)N A| 2 2 Ifu ¢ A végA end A(u)UA(v) D A, then u and
v are not adjacent. '
" Proof. AnybverticesfromAwhxchmnotachacenttou¢4formthhu .
a(k+ l)-antlchque dlﬂexent from A. \Henee, kS 4,ie |A(u)NA| 2 2 for every

Nowletqu v¢AandA(u A{}DA Ammethatuandvare-'
f;ad;acent We may regard that |A N A(v)] £ |AN A(u)].” Because of c3(G) = 0,
A{u) N Ay) = @ Hence JANA(v)} § 3,i.e. v has at least ¢ wone:ghbomout f

of A (see Lemma 7) Comequently, there is a neighbour w of v, w # u, w € A.
. The adjacent vertices w, v cannot have common neighbours. ‘From the relations
 |A(w)nA] 2 2 and A(u)UA(v) D A follows {A(w)NANA(u)] 2 2. The vertices w .

B anduhavealsothe vertex v € A a3 a common neighbour. Thus |A(u)NA(w)| 2 3.
-~ -On the other hand, applying Lemma 1 for the vertices » and w umcexw
iA(u)nA(w)|<d(u)+d(w) ~8=54+5-8=2. S L

" The obtained contradiction completes the proof of the Lemma. = s
' ‘Lemma 9. IfG € (18;0 x 3,1 x 8) and A is. the tmgte 6-¢nttcbque in G
L ‘_tlm; lA(v)nAl g 3 for evcry vertez v ¢A « ‘

Cw



Proof Assume |A(v)nA|>4 ) -
It is easy to see that |A(v) N A] = 4. R.eally, othcrmae all five nenghboura ofv
are in A and if w is the rest vertex of A, then A(w) Uv is a 6-anticlique, different
from A, which is impossible. = .
~ Thus, |A(v) N A] = 4 and there is a vertex u ¢ A which is.adjacent to v. By -
Lemma 8, |A(u)NA| 2 2 and-because of A(u)NA(v) = @ we have A(u)UA(v) D 4.
Again Lemma 8 yields that u and v are not ad]acent Thu contradlctxon completes
 the proof of the Lemma.

- Theorem 1. Every 18-vertez gmph wtilwst 3»cltqses coattmxs al Ieasﬁtwo o

6-mt:clzqucs \
Proof Let G be an 18-vertex graph and c3(G) = 0. Assume co(G) S | A

By R(3,6) = 18 we have %(G) # 0. Henceﬁg(G)-l ie. Ge(ls&x3 le')
Denote by A the unique 8-anticlique in G.

: 'LetBbet-hesetofvertlcavforwhxch|A(v)nAl 3and|Bl—u LetV
be the set of the vertices of G and C = V\(AU B). Obviously BNA =@ and
lCl”l? n. By Lemmas 8 and 9 follows |A(v) N A| =2foreachveC.

Let [ be the number of the edges [u,v] withu€ Aand v ¢ A. Everyveriexm

" A is an end point for five such edges; hence | = 6.5 = 30.

On the other handy clearly, [ = z; |A(v) N Al + ): M(o) nAl = n. 3+ (12 o

;—n)2 24+n Hence 24+ n = 30andn 6. ~ ’
We will prove that B is an anticlique. Assume the opposite and let u, v be ,

adjacent vertices from B. Since A(u)nA(v) 2, lA(u)nAl 3 and JA(v) nA(

we have A(u)U A(v) D A. From Lemma 8 follows that u and v ate not uhaeent
The received contradiction shows that B is an 6—ant1clxque But BNA =@,

thus we obtain a contradiction with equality G(G) = l . »
’I‘he Theorem is pmved :

4 EVERY 18- VERTEX GRAPH WITHOUT o-m'rxcnquxs R
| HAS AT LEAST TWO a-cnqrms S .

Lemma 10. IffG 6(181x30x€) mrumumma.cam mGV

' tbea d(v) § 6 for evcry vertez v. Tlae eqsclstg may be attained only for s mm :

mT
Proof. Ifv¢gT, then A(v) is an antxchque, hence d(v) = [A(t:)l $ 6
When v € T, the subgraph A(v) has only one edge; thus d(v) = lA(v)I s 8

Lemma 11. IfG € (18;1x 3,0 x 8), then d(v) 2 4 for cvery vertez v. - ..
Proof. Ifd(v) § 3, then IN(v)l 2 14. Since Z5(N(v)) =0 and M(3, 5) > 1’ o

A(see the Introductxon), thc mbgraph N(v) will have at kutfmo qutm,
| impossible.

‘Lemma 12. LetG € (18;1x 3,0x8) and T is the 3-clique of G. If the mm,; o
vo be adjacent to at least one vertez from T and d(m) = 4, then every oerta: Jrom

N (vg)\T is adjacent to ot most one vertez from A(vo). - R
. . Proof. Obviously |N(v)| = 13 qnd c;(N(vo)) 0 Smce 'Dc is ad)acent to o

a vertex from T, we have es(N(vg)) = .

.- Proposition 2 implies that the gmph N '(ve) is mmorphtc o the graph in Fxg
L We will use only the fact that N(vu) must be a 4—!051113: graph (soe I"ls. 1)



If v ¢ T by Icmms 10 we will have d(v) 5 5. Then every v € N(vp \T hamng .
4mxghboursm (vo),uadgmtto;tmmtonevertexoutofN , Le. to at
- most one vertex from A(v). .

" Lemma 13. If G € (18; 1 x 3,0 X 3) and T = {vl,vg,va} is the 3-cligue of
\ thzead(u;)>5 :-‘1,23 :
¥ Pro}of Assume d(v;) < 5. Then (see Lemma 11) d(v;) 4. Let A(v;)\T
=19, 8 .
We will prove that d(m) d(vs) = 4. ‘
- Assume d(v4) # 4. By Lemma 11, d(vs) 2 5. Since A(m) nA(vl) = Q we
have lA(v.;e N N(v1)| 2 4. The.set A(v;) is an a.nt.lclxque because vy ¢ T. Hence
- A(va) N N(v1) is an anticlique
Applying Lemma 12 for the vertex v we have that every vertex v ffom N (vl)\T
=N (v1) is adjacent to at most one vertex from A(ul), in particular, the same is
valid for each vertex v € A(vs) N N(vi). But such a v is adjacent to v4 € A(n);
hence v is not uhaoent to the vertices vy and vs from A(v;) :
~_ Thus we receive that the set (A(v4) N N(v))U {v2, vg} is an anticlique, whxch
is & contradiction because this set has at least 6 vertices.
In this way we have that d(vy) = d(vs) = 4 The non-adjacent vertices vg and -
" g have a common neighbour (the vertex v; ). Hence ]‘(m,vg)l 2 9. Moreover,
| cs(N(m, vs)) = 0, because vy & N(vq,vs). Note also th&t (N 04,1;5;) 0. The
' obtained results for the graph N(v4,.vs) contradict. the equality R(3,4

Lemma 14, Let G € (18;1x 3,0 x 8) and T = {vl, va, v} be the 3-chque of
G Ifvy ¢ T and vo is adjacent to a verjez from T, then d(vo) = 5.

Proof. Assume d(v5) < 5. Then (see Lemma 11) d(vw) = 4. Let vo be
adta.cent to vy from T and the rest three neighbours of v be V4, 5, nnd vs ‘

“We will prove that d(ve) = 4 and A()NT # . '

Let ‘A= A(v4) V(N (vo)\T). Since the set A(vy) is an a.ntxclxque, then A is-an
“anticlique, too. By Lemma 12 we know that every vertex from N(v)\T is adjacent
'to at most one vertex from A(vg). The vertices of A are adjacent to vy € A(ve)
" ‘and belongto N (vg)\T Hence each of thae vertices is not ad;acent to the other

vertices vy, vy, vg from A(vg). ~

Consequently, Au{vl,vg, ve}. is an anticlique, so that l l < 2. Therefore veis
* adjacent to at most two vertices from N(vo)\T. Besides vy is "adjacent to vp and
‘not adjacent to vy, vs, vs. According to Lemma 11, d(vs) 2 4. Hence v4 must be
adjacent to at least one of the vertices v, 93 On the other hand 04 can not be
ad)acenttobothvg, , o e
. nsequently, d(v;) 4 and A(ﬂ4) ﬂT :é E _ :
~ Sxxmhtly, d(vs) = 4. The vertices vy and vg have a mmn nenghbonr (the
vertex*vo ); hence |[N(vq,vs5)] 2 9. It is clear, that (N (vq, ¥s)) = 0 because vy and
. vg are not ad;aoent and G has no 6-anticliques, Then from R(3,4) = 9 follows that
N(m,vs) a 3-clique. But this is i e because A{vg) NT £D. -
d( ;I‘heso axned contra.dxctxon shows that d(oa) 2 5 Frmn Lemma 10 xt folhws

vg = S

Leuimals. MGE(IS«Ixaoxa) cudTbe i&e 3-clsqse mG E’uo i
noi adjacent to vertices from T, then d(vg) = 5.

“Proof. By Lemma 10 we, know that d{vo) £ 5. Assume d(ﬂo} < '5 Then
Lemma 11 yields d(vo) 4.
| Obviously, |N(vo)} =18, ca(N (w)) = 1 and cs(N(tzo)) = 0. Acwrdmg to
» Pmpoc:tion 3 thmap (vo) is isomorp graph in Fxg 2 Every vert.ex |

o




r'v from' N(vg)\:’[‘ has degme 4 in N{v) (aee Fig. 2) Cbmequently, vis adjacent

" to at most one vertex out of N(vp) (because d(v) S B, see Lemma 10). We will

~ essentially use the just proved proposition in the end of the
Every vertex u from A(vg) has at most one neighbour in T ‘hence it has at

 least two neighbours in N(vo)\T (according to Lemma 11, d(u) 2 4). Moreover, if *

- uis not adjacent to the vertices from T or d(u) 2 5, then u will have at least three
neighbours in N(vo)\T. |
We will prove that A(vg) eontuns at least three vertnces, each mth at least
~ three neighbours in N(vo)\T.
This is clear, if three vertices from A(uo) have degree 2 5.. Thus we will
assume that there are uj, us € A(vod both of degree 4 (see Lemma 11). Then

IN(ug,u3)] 2 9 (u; and uz have a common neighbour). The vertices u; and uj are
not adjacent(vo & T), s0 that E(N(uy,u3)) = 0. The equality R(3,4) = 9 implies

that N(uy,uz) has a 3-clique, i.e. N(uy,u3) D T. So u; is not adjacent to the
vertices from T. Then, as we now, u, three neighbours in N(vp)\T. .

Thus A(vo) contains at least three vertices, each with at least three neighbours
in N(vp)\T. The fourth vertex from A(vp) has at least two neighbours in N(vg)\T".

- But |N(vo)\T| = 10. Consequently, there is a vertex from N(vo)\T with at least

two neighbours in A(vo), which is impossible (see the beginning of the proof).

- Lemma 16. Let G be not mgtlar graph and G € (18;1 x 3,0 x 8). Then two{ .  t
vertices, say vz and v, from the unique 3-cliqgueT = {v;,vz,oa} have degree 6 and

all the rest vertices of G have degree 5. Moreover N(vy) contains a asmp!e S-cyck'
B which is an induced subgraph of G and has the properties: '

A(w).
2. E’very ecrtgs from B is ad;«ceut escctly o two vertwes from A(v;) SR
" Proof. By Lemmas 14 and 15 we have d(v) = 5 for every v ¢ T'and Lemmas. .

| 3 E“"U Wﬂ“ from A N(vl)\B is ad;aceut e:cacﬂy to one vertez fmm e

10 and 13 give 5 < d(v;) < 6, i=1,2, 3. Since the number of the vertices of odd -
must be even, T contains one or.three vertices of degree 5. But Gisnot

regular. Hence T contains-only one vertex of degree § — assume d(v;) =5 and:

,d(vz) d(vs) - 6. SR
bethenumberoftheedgesdfthe 12-vertex aph N(v;) andmbetheg,g.

| number ofthe edges ofthe type [u, v withu € N(vx), v € A(v;)

(2); conss"Y d(u) 2e+m
A | uEN(n:) |

Smee Wﬂ? ve A(ul) has4 neighboursm N(v;), we hm m= 54 = 20 md e= 20

Thus N(v;) has 20 edges. Obvmly N(v) € (12 0 x 3,0 x B). According

Proposition 4, N (z) is isomorphic to the grap Fio3 Lot B be the st of che

vertices of N(v;) of degree 3 in N(vy). Clearly B isa mnple 8-cycle which is an: -

induced subgraph of G. Every vertex from the set A = N(v)\B has degres 4in"

N(vy). The vertices of N(v;) have degree 5 in G. Therefore the pmpemes l and, ,
2 are obviously fulfilled and the lemma is proved. |
-The next lemma will be provedmmnmptxonsand notatxonsfromemalﬁ o
‘We know that d(v) = 5 when v &€ T. The neighbours of the vertex v, Swhxch also
has degree 5) we will denote by v3, vs, v4, vs, vs. By Lemma 16, N(v;) = AU B,

where ANB = @ A= 4 Bmaslmple&cxclemdAmdBhwethepropertxel_‘

land 2. P
%mlldenotebyBg,‘}sksﬁ theaetofthcvemceafmm.awhichml#
a&hacenttovg Clearly By mannchquu and lBng«t E h e



Lemma 17. Thc mumptwus of Lcmma 16 and t&c lul aotaitom mply the
3 ympertscs o ,
1. BN By = @. :
2. |Bi| 2 3 wheni€ {2 3}.
3. B;ﬂB, #Qwﬁeuse& 3} an83€{4 5,6}.
4. B# B3UB;s. . _
5|B,{—3when:e{23} '
8. |B;NB;| =1 when i € {2,3} and:€{4 5,6}.
. 7. There is jo € {4,5 6} with |B;,| = 4.
8. Let jo (see the previous property) be, Jar instance, 6. Then B\(BgUBa) C Bs
aud one of the vertices from B\(B3 U Bg) is in B‘\Bs and the other in Bg\By.
"Proof. 1. fve B ﬂB;, then {v,vg,va} is a 3-clique different from T,
which is impoesible.
2. The set A(v3)NN(vy)isa &wtxchque, since d(vz) 6 a.nd é’:‘ has no other -
_ 3—chque except T. B
| Assume |B;| 2. Then lA(v:) nAl2 2 Let a,b € A(')g) nA. Accordmg
to the roperty 1 in Lemma 16, a and b are not adjacent to the vertices from
A(v)\ } The set A(m \{v2} is a 4-anticlique because d(v;) = 5 and G has not -
a 3-clique, different from T'. Since a and b are not adjacent, a,b} U (A(v1)\{v2})

. isa G-a.ntxchque, which is a contradlctxm

| 3..1t is sufficient to prove A(v2)NA(v; NN (v;) # 2 because ifve A(”))M(Uj)
NN (91), then property 1 from Lemma 16 implies v € B.
A Assume A(vg) N A( )N'N(vy) = @. The set A(v,)\{v;} is a s-mtxchque
because d(vq 2 é has no other 3-clique except 7. We have A(vg)\{uv1}
- = {vs} U(A(v3) N N(v;)) Our assumption yields that v; is not adjacent to the
 vertices from A(v3) NN (vy). On the other hand, v; is obviously not adjacent to vs.

" Hence {v;}U(A(vz)\{n})is a 6-anticlique, whxch is a contradiction.

‘4, Assume the opposite, i.e. B = B, UBa Then'|B3| = |Bs| = 4, since
'|Bs} § 4. Rence v; and vs have no neighbours in A. Then every vertex from A is
‘adjacent exactly to one vertex from A(v;)\ {v2, vs} = {vq,vs, ve}. Therefore, there

~ are vertices g and b from A with a common neighbour from {v;, Vs, Vg}; We may
. ‘regard that a and b are adjacent to 4. ,

' “According to property 3, v, and v;, =2, 3 have a common. nelghbour in B;
we will denote it by b;. Olmoual by # bs beca.nse otherwise B, N Bs # @. 'I‘he

st {a,b,b3,bs} is a 4-anticlique because A(vy) contains this set and vy ¢ T. From

N lmhmmalﬁ:tfoﬂmathucmdbmmtadamnttov;md%mdfmmflm
: fthesamelemamb:mdbamnotad)mttov;wdva

~ We comé to the contradiction’ that {a,, b3, ba, vs, ve} is.a. G-antlchqne |

~'B. Assume the opposite. Then we ma.ymd (see property 2) that |Ba] =

. ‘,Let ¢ € B\(B3\)Bs) (see property 4). Since Bj is a 4-anticlique in the simple S-cy

 B.and ¢ € B, , then ¢ is adjacent to two vertices u; and uy from B;. Accordmg"

x :-ftopro ty 2mlemma16 thevertucwmtencﬂytotmvemmﬁomr

| A(t,,)\{vz, v3} = {vq, v5,vs}; we may assume that ¢ is adjacent to vy and vy. The

vertices u mdﬁgmnatnd;mttouandvsbecauaeo&hemsemllbeaanue,
;;;.j'@whlchcontmmthevertexc %emmu1MugmmBgmd&n& [,
> . Hence u; and uy are not adjacent to vs. From property 2 in Lemma 18 it:follows

" that u; has another (different from 93) nenghbour from A(v,) and we have the same
SR ,fo:thcvmug But u sndﬁgarenotndiwenttova, Vs and vs. Henoe u; and .

: 02 are achmnt to ve.
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Thus A(ul) n A(ug) D {va,vs,c} Morewer d(m) d(ng) = 5. Hence»'

EN(ul,ug)l 2 9. The vertices u; and u; are not adjacent (otherwise {c, u1,uz}
will be a 3-chque) Hence T¢(N(uy,u3)) = 0. Then from R(3,4) = 9 we have
cs(N(uz,uz) > 0, i.e. N(ul,ug) D T. But this is nmpomble because vy

€ N(ug,ua).

6. The sets By N-By, BgnBs and Bgntaxedns}mnt (aeeproperty2m o

Lemma 16) and not empty (see property 3), and QB,[ =3 (aee property 5). Hence
|BanBjl=1,7=4,5,86.

7. S;nce |A(v) N N(v;)l =4 a,nd [A(w)NB] =3 (aee property 5) we e have
[A(vi)N Al =1,i=2,3. Let a; = A(v;) N A. The vertices a have no neighbours -~
in {vq, vs, v6} (see property 1 in Lemma 16) Each of the rest two vertices from A |
has one neighbour in A(v;). Hence there is a certain vertex from {v4,v5, v} which

B.
8. From properties 1 and 5 it follows \B\(B,.U By)| = 2. Let B\(B3 U By)

has no nelghbours in A, s0 all the four netghbours from N(v1) of this vertex are in

= {a,b}. Every set B,, Bs, Bs has exactly one element in B; and Bs (see property‘

6). According to the condition |Bg| = 4. Hence {a,0} C Bs. .
The vertex a has another (dlﬁ'erent from vg ) neighbour in A(v;) ance ais
not adjacent to va and vs, then a is adjacent to vy or vs; we will assume that a
is adjacent to vs. The vertex b is also adjacent to a certain vertex from {vy,vs}.
- But b can not be adjacent to vy. Indeed, otherwise A(v4) N A(ve) D -{a,5,v;} and
since d(vy) = d(veg) = 5, we obtain |N(v4,vg)i 9. This is unpowble because
R(3 4) = 9, c.;(N(m,vs)) = 0 and ca(N(v.;,vo) =0 (T ¢ N(tﬁg, va), because ‘
vy ¢ N(va, ve)).
| Thus,bxsnota.d;aeenttov; Hencebmad)aoe{;ttovhxe 5635\34_‘
Similarly, a € By\Bs. | |
The lemma is proved | | | -
- Let'us summarigze the results from Lemma. 17. Replace B. n B b‘ when
i€ {2,3}, j € {4,5,6} (see property 6 in Lemma 17). Since iBgf Bls
see property 5 in Lemma 17).and every vertex from B belongs exactly to two B -
see property 2 in Lemma 16), then Bz = {b: 4,028, ,g} and Bs = {bs ™ 53,8, ba a} :
where all these b;; are different. - |

; Accord topropert:es?andBm Lemma 17 the Memntnt&mtum-.

(except the vertices by ¢ and b3 ¢) the two vertices of B\(Bz U Bs). One of these ~ .

. two vertices belongs to By\By — we will denote it by bys. The other belongs to

‘Bs\ By — denote it by b ¢. So Bg = {bs6,b34,bs6, 056},

' Thus B = {by,b; s,b: c,ba«bu: 161 b6, by c} and 34 = {bz 4;68,4:64,6} ’;

352{525)635; Bj
Lemma 18. IfG € (18; 1x30x§) ihenGu 5-regul¢r

Proof. Assume the opposite. We will use Lemmas 16 and 17 and thef_
introduced notations. So the simple 8-cycle B contains the anticliques By, k=23,

~ 4,5, 6. Hence the two neighbours from B of b; ¢ are by, where m € {2,3,4, 5}\{:}«, R
and n € {4,5}\{i}. Thus B is the simple" 8-cycle (b, by, a&: 5 04,6 ba s, 52 Bdse,
note by a;, i = 2, 3, the unique neighbo bour of v; in A. The vertex a; have

ino other (different from n,) nexghbour in A(vy) (see property l in Lepma 16).
" We will prove that a;, i = 2, 3, is adjacent to byg. : First of all, the set: M

= {a3,b3,4,b2,6,vs,05} is a 5~ant1ch ue. Indeed, the set {ag,b:,mhs&a oontama«{j{ f

(in the ‘anticlique A(v;)\{v;} and vg is not acbacent to all vertices from this set. -

- The set {b4,6,2,4,b2,6,v3,v8} is & S-anticlique, too. Indeed, as we nlready
:know, {52 4,523,93,05} is an antlcbque On the other hand b“ is not adjacent



to 62’4 (otherw:ae {54,3,524, v w:ll be a 3—¢hque), 546 is not Wmt to bzs (by
ofmmﬂarreasom)and “mnotuhacenttoesandvs, ‘
, If we assume that bse¢ is not adjacent to dy, then {bye} UM will be a

- 6;ant1chque, which is 1mposs1ble

We proved that a, is adjacent to b46. In the same way we can prove that as is

( ~ adjacent to by6. For this purpose it is sufficient to note that {03,53’(, bs s, vy, v5}

and {b‘t 65 63 4, b3 6y 1-’3: 05} are Mtlchques '
’ Thereby we arrive at the conclusion that A(h 6D {az, ag, by 5,535, Va,V6},

- which is a contradiction because d(b ¢) = 5 (see Lemmia 16).

, ‘The obtained contradiction completes the proof of the lemma.
" Lemma 19. Let G € (18;1 x 3,0 x 8) and T be the unigue 3-clique in G.

B . As we know by Lemma 18, G is a 5-mgul¢r graph. Denote by vo a vertez of G,

vo ¢ T and let vy be ad)aceat foa vertez from T. Then N (vn) has a simple 8-cycle ]

| ;B ‘which is an induced nibgmyk in G and has the properties:

o A( 1) Every oerter fmm’ A= N(vo)\B is cl;acenf ezactly to one vertez from
AV
2 Euery vericz fmm B is cd)aceut excctly to two vertices from A(va)
: " The proof of thxs lemma is smnla.r to t.he proof of Lemma 16 and we will not
. :present it « ‘
- In relation- vnth Lemma 19 we will mttoduce some notatlons ‘ ’
* Denote by v, 1. i <5 thenexghboursofvo Let v; € T and A; _A(w)

Ny B ,_ nN (vo)- Clearly, lA;l = A; contains a unique edge and the other Ay aze antx-

dliques.

| Lemma 20. Let G € (18; 1 x'8, 0 X 3) In ibe notaiwm fmm (tml aﬁcr)

| 'Lemma 19 we may affirm that: o t

L AN A S 1 whenid <j. - , }»". 4

2 Ay C B for a certain k. . T ‘
iAant 3wheas#k S

4 1 |

e Proof. 1. Aasuma the opposxte and Iet {c,b} ¢ A;nA, First m& wlll ~‘
" ‘prove that i > 1. Assume i = 1. Then T'¢ N(vy,v;); hence ca N(m, €V ~
ave

"~ . The vertices v; and v; are not adjacent and therefore Z4(N(vy, v;

. A(vi) N A(vj) O {vo, 8,8} and d(vy) = d(v;) = 5 80 that !N(vm )I Z 9. The
e ai)n ed result wntr;dlc& the equality: R(&j 4) = g , ‘

“ Thus, ¥ 1.-Hence A; and Ajare &snﬁclsqueo\ D o
It is easy to see that A;UA; ¢ B. Indeed, fo;UA CB thcnaineest

Cw simple 8-cycle'and the: 4-antnchqu« Ay Ay ‘have a common vertex, certainly A; .

{aibsﬁ} C. A(W)t ma {a' b,c} is an anticli

- =Ay. Thus, the vertices'of A; have no other (dxﬂ'erent from v;-and n;) ‘aeighbours
" ;m Afvo) (mtl}emm 19), thereby MU(A(W)\{% v;})isa 7-anh¢hque in G, which .

wemaymmthatm¢8 ’I‘hmAgn&g:deletceAgﬂA
»:We mllﬂ rove that M = {a,},c} U (A(m)\{u;, }) is an anticligue. Indeed,

i 6!\ he other hand, ¢ is not
tylf:nl.emnlaw),aﬂ-qmd,

ent to the vertices from A(vo)\{v;} {see proy

b ave not. adjacent to the vertices from A(vo)\{ss, v;} (see property 2 i m :

. f‘i{;lﬁ) Since A(vg) is an anticlique, then M is e

ya B-anhc que..
- .z The obtained contradiction shows that l& na;lgl. .

f . 2. ‘Remind. that every vertex from A is adjacent to exactiy one vmex “from
,A{W) Since |A] = 4.and lA(uo)l 5 mtamly thm is 8 vertex v wiueh has no -
~5-*'nelshboursmA Heace AgCB , ‘ o v ‘
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3. Fustwewxlipwvethatxf: :ﬁ k, thenAf ¢ B Aasmtheopponte,w f.hat o
there is an i # k with A; C B. Since A;.UA; C B, then the vertices from A are not
adjacent to the vertices' v} and v;, so that every vertex from A is adjacent to exactly '
one vertex from A(vo)\{vi, v;}. We have lA[ 4 and lAg) )\{vg,v;}l 3 Hence,
there are two vertices a and b in A with a common neighbour v, € A(vo)\{vz,%}.

The vertices a and b must be adjacent because otherwise {a,b} U (A(vo)\{vn})
will be a 6-anticlique (see property 1 in Lemma 19). Thus {a,b,v,} is a 3-clique.
But v; is the unique vertex from A{vo) which is a vertex from a 3—chque, son=1

/  Consequently k # 1 and i # 1. Then A; and A; are 4-anticliques. From
[AeNA;| S 1 (see property 1) it follows that A and A, are dnﬂ'erent &mtlcllques“ |
in the slmple 8-cycle B, so that Ay NA; = D. o

This shows that B = A; U A;. From property 1 it follows that Am (m ;é ki)
. has at most two elements in B, so that |A,, N A] 2 2 The subscript m takes three _ -
‘values and |A| = 4 <6. Consequently, there are such my, m; that Am, ﬂAm, nA[ '
# 2. This contradicts to property 1in Lemma 19. - o
- Thus A; ¢ B when i £ k, i.e. A;NA# . Since A; nA; nA 9 when

i1 # i3, then the four sets A, nA i# k are lelement sets, i.e. lA;ﬂBt =3 when

ik ‘
4, Assume the oppoelte We may suppose that k = 2 (see property 2)

: Then A3 is a 4-anticlique in B. Number the vertices of B consecutlvely B

= (e1,¢3,...,¢7,¢8). By property 1, |A; NA;] S 1, i # j; say i < j. If the .
set BnA; n A;-is not empty, then we denote by b; the unique element of this set.
In this way (see property 2 in Lemma 19) every vertex of B has a single notation.
~ Without loss of generahty we may assume that the 4-anticlique Aj consists of
vertices ¢y = b2,3, €3 = b4, cs = bas and e7 = b; 2. Since no one of the vertwes vy,
vg, g, Us is a vertex from a ‘3-clique, then ¢3 = 51 sandes =hys A
According to property. 3 AyNB = {62,04,('.‘7} Then e, s ¢ A;, hencc
'_‘c¢-534 andcg-bu
From property 3 it follows |A; nAl =1 when i ;é 2 Let a; = A,nA It xs‘
clear,that the vertices a; are different (see property 1 in Lemma 19). - - o

a0 Ob\nously, the sets {bzﬁsh'hb? 3, V1, ”S} and M {a& 53,4;62,82 ”l:vs} are 5“
anticliques (vo and ‘vs do not belong to 3-cliques). The vertex as is ad)acent to
by 4 because otherwise M U {by 4} mll be a 6-anticlique. The vertex ag is adjacent
to bu, too.  Indeed, the sets {bs4,ba s, bes,v1,v3} and {as, by 5, b4 s,vms} are
anticliques; so if ag is not. ad)acent to b2 4, we have 3 G-antmhque inG.

. 'Thus A(cs) D {e2, ¢4, v2,v4, 03,05}, \\'hldl contradncta the cquahty d(ea) :.-.: 5
The pro/of of the lemma is completed. -

" Theorem 2. Every ls-vcrtez grcph mﬂw«t 6-antachques miam& ai Ieast
two 3-cligues. -

Proof. Let G be an 18-vertex graph and co(G) 0 Assume cs(G) § 1

From the equality R(3 6) = 18 it follows cs(G) =1ihence G€ (18 1x3, 0 x 6)
'We will use the notations introduced in Lemmas 19and 20, -

- We know that A; C B (see properties 2 and 4 in Lemma 20) and A; contamsﬁ* -
a umqug edge. We may sippose that this edge is [c, c5] (the set B'induces asimple
-8-cycle in'G). Then T = A, e,e2) is the unique 3-clique of G and cs, s & Ay
At least one of the vertices ¢y, ¢7 is in A; (because 1] = 4 and T is the ‘unique -
| 3—chq§e of G) By the symmetry we may suppose that cq € A; Then cs e A; or
¢r € | o
o We wxll prove that c7 e A; Assume the opposxte i.e. ce G Al. '

L



: Withmit lm of generahty we assume c; = b; 2, C2 b; 3, €4 = 61,4, ce = 61 5-
. It xseaay to see that cg = b3 5 and c5 = b3 3. fi‘hen A;NB = {c1, cs, cs} (see
property 3 in Lemma 20) and c7 € Ag. Moreover c; gA, er g As (since cg € Ag).
This shows that ¢y = b3 4. ItmeasytosecthatcsiA,,swl » 3, 4 and hence, -
ca ¢an not have two nexghbours in A(vg). .
The obtained contradiction shows tha.t cr € A;. Therefore Ay = {1, €2, ¢4, ¢7}.

We may suppose that ¢; = by 3, c3 = by 3, ¢4 = b1 4, 7 = by 5. Then cs = bas and
¢cs = b3 4. Consequently, the 3-anticlique A;N B = {es, e7, c;} On the other hand
s € A; U Ay); hence ¢y = by 5 or cx = b3 5. But we have already c3 = bgs, hence
cs = Finally, wé have ¢g € (A; U AsU As) and hence g =834
. Leta; AiNA i=23,4, 5(seeproperty3mLenuna20) The vertices a;
are different (see property 1 in Lemma 19). ‘.
It is clear that M = {e4, 3, ¢s,v2,v5} and {aa,cz,cs,vz, are antmhques If
'we assume that as and c, are not adjacent, then {as} UM will be a 6-anticlique.
- Consequently, ag is adjacent to C4. In order to prove in this way that ay is
: adjaeent to eq , it is sufficient to keep in mind that {c;,ca,cl,v;,vgl and {aa,cs,c1,
vs, vs} are anticliques. Fmally, ‘Aes) D {CS,Cs,ag,aa, v;,m , Which contradxcts.
o the equalxty d(eq) = 5. ,
 The theorem is proved.
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