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N lmportmt blems in the theory of recurmvely enumerable (m the aequel 1. . for
the sake of brevxty) models.
In section 2 of this paper, a charact-enzatxon of the unary structures whxch
adxmt effective enumerations is obtained. In the rest cases the question is open.

- Besides it is well known that every structure without predicates and with total - -

' functlons admits an effective enumeration; every structure without functions ard
. mth finitely many unary predicates admits an effective enumerations, as well. It
' is natural to ask whether these are all partial structiires which admit effective
enumerations independently of the concrete sort of the functions and predicates

" in the structures. It turns.out that there is only one sort structures more which

admit effective enumerations. These are the structures without predicates and with
only one partial function. In all another cases the structures admitting effective
| enumerutmns depend on the concrete sort of the functions and predicates.
. " In [4] Soskova and Soskov have defined a notion of effective enumeration and
. shown that a partial structure admits an effective enumeration in their sense iff
~ every-subset of N definable in this structure by means of REDS with finitely many
constants is r.e. Soskov has proved also that if a partial structure admits an effective
" enumeration then every definable in this structure subset -of N by means of SC
‘(search computability, ¢f. [3]) with finitely many constants is r.e. In connection
~ with this, I. Soskov stated the conjecture that ifin a partial structure every subset of
"N definable by means of SC with ﬁmtely many constants is .e., then the structure
 admits an effective enumeration. Soskov’s conjectute is an attempt to characterize
'via search computablﬁty the structures which admit an effective enumeration. Let-
“us remark that there is an example in [1] of a structure which has r.e. 3-theory,
- but does not admit eﬂ‘ecnve enumeration. In it, however, not all deﬁnable subsets
of Narere
1 In séction 3 we g:ve an uample ofa sunple structure, in whxch every aubset of
N deﬁnable by means of SC with ﬁnitely ‘many emtants is re., but the structnre
- does not a.drmt an eﬁ‘ectxve ennmeratxon . |

<

1 PB.ELIMINABIES

. In this paper N denotes the aet of aﬂ natu:al numbe:s {0 1 }, a,nd N,

»;denotesthesat{l' keEN&k<n} = »

" H F is a‘partial function Dom(,f) denotes the domam, and Ran(»{,) &enotes
Tt!xe range of values of the function f. Wé use W, to denote the e-th recursively

enumersble. (re) set.. We denote by (.,.) an effective codinig of all ordered:

. pairs of natural numbexs with wcnmive fm&;om M (z)g und Az. (z); such that '

‘7;;((3’0; £1))o = zo and ({zo,22)1 =21 .

JETERE Y% i 4 QN’ m&&beafmﬂyofwhnuofht '»EheaetUmmd"tobe

‘smversal for the family § iff for any n the set.{z : (n, :c) € ¥} is in the family §,

- and conversely, for any set A in § there emtsauchannthatA {x (n,z)elf}

o Letusrecaﬂsomedeﬁmtionsfmm{ﬂandm o

o Lot A e (B Oyya..,On} 21, HZp)y be a pattxal stmctnre, where B'is an.

. ar bxtrary dentmerable set, 8y,.. 0,. are partial uct;ons ‘of many arguments on:

B, By, .. ,,E; mpartxalpred;cateaofmmyargumention B and n 20andk 2 0.

: The reiatmna.l type of A is the otdered pair ((a;, ,cn) (51, iybx)) where each

‘,“;ﬂilsararyandmhﬁgmb;uy | N |



‘ Ifeveryﬂ; 1 § is n)andeveryz, (1 SJ <k)mtotallydeﬁned then
we say that the structure 9 is a total one. :

Effective enumeration (or r.e. presentatlon) of the structure il is every ordered
pair (o, B) where B = (N; Pl 1 Pni 0L, - ,0';;) isa pa.ttxal structure of the same
relational type as A and a is a pamai surjective mappmg of N onto B such that-
~ the following conditions hold:

(i) Dom(e) is recursxvely enumerable and P1y-- 21 Pn; Oy .- Ok are partlal
tecursive; - |

(n) a(pi(zy, .. ,z,i)) = Oi(a(zy),.. ,a(z,‘)) for every natura] ::1, o Zaiy

1£isn;
' 5112 a,(z;, ,z;,) o Zj(a(z1), ,a(z;,)) for every natural z;, ey z;,,‘

 effective enumeration of the structure 9. ‘

- “Remark 1. If the structure % admits an effective enumeratmn (a, B) t.hen it

admits an effective enumeration {@, B*) which satisfies the addxtmnal condition -
(iv) Dom(a) is closed with respect to the partial operations ¢f, ..., go,, ’
‘Indeed, let the structure A admit an effective enumeratlon (a, ‘g) and ¢ be the .

| reatnictlon of the function @i to the set (2 "(Dom(a:)), i=1,..,, n, and a‘ = u;,

=1,..., k Thenitis easy to venfy that {a, ‘3‘) is an. dfectwe enumeratlon .
whlch satxsﬁes (iv).

~ Remark 2. If the structure 2A adrnits an effective ennmeratwn (o, ‘B), then

it admits a totally defined effective enumeration (a, B*).
. Indeed, let: us suppose that the structure A admits an effective enumers- |
tion {a, ?B) We may assume that {a, B) satisfies condition (xg Let f be a
total recursive function auch that Ran(f) = Dom(a) We deﬁne the

We say that the strugture 2 adlmts an eﬁectwe enumeratlon iff there emsts an «

enumeratxon :'

(- ,Q‘)asfollaws o | B

- a® = Adz.a(f(z)); R
o= .\21 AZg fT 1(50,(f(321), sf(taa)))s i= 1) N “’« B
ej = Az; )\z;, l(ﬂj(f(m), . (z;,j))), i=1 ..,k » ~ v
 Again, it is easy to verify - that (a*,B")isa totally deﬁned eifecttve enumer&
tion. .
. We shall 1dent1fy the partml predlcatea with the pattial mappmy whu:h obtam
values in {0, 1}, taking O for true and 1 for false.
.- Let £ be the first order language corresponding to the stmcture ﬁ ie. E |
consists of n functional cymbols Sisoo foandk predxcate symbols T}, .. T,, where .
each f; is ai-ary and each Tj is b;-ary Let Ty be a new unary ptedlcat.e symbol
which is intended to tep:esem‘. the unary total predicate Lo = As.0.
Let {X;, X, .. .} bea denmréble set of vmables We nse capttai letters
X Y, 2 to denote vmables |

If 7 is a term i in the language 2 then we vmte (Xi,.. X.) to denote that o

. all A‘“ofthe variables in T are among X;, vy Xao B 7(Xy,..:,X,) is & term and
81,... ,8¢ are arbitrary elements of B, tben by ra(X1/81,. ., Xa/8s) We ﬁenote

the value, if it exists, ofthetermrmthestmctuzeﬁqvertheelemntss;, Y

clauses: W

. HTEe {To, e ,fl}} T is b-ary,and 1‘1 .. are terms, then T(r*, ves ,r‘)
and ~T(r!,.. ,r‘*)matomxctemal redicates e |

If II; and H3 are’ temml predxcates then (Iig&llz) is a terma& predwate

-

Tel:mal prechcates in the langnage 2 m deﬁned by the foll m ductive



Let H(Xx, X,) be a termal pred:cg.te mth,«mmblea mong X,, vory Xa
and let sy, ..., 3. be arbitrary elements of B. The value la(X;/s4,.. .,X,/:,) of
HMover s, ..., in¥% in defined by the inductive clauses:
N IfII ‘Il}(r‘ 3),0<3<k then

, nﬁ(xl/31: 6/36) Ej(rﬁ(xllslr 6/34)3 ,1" (Xllsh :Xd/’d));
. XI= --113[1 where II' is a termal predlcate then |

Da(Xi /1, ., Xef8s) & (Th(X /o1, .., Xaf3s) =0 1, L 0)

“ iilere each expreasmns of the form "II' = 0 ‘:) nz, II’” should be read as 1f
- ! = 0.then II else 13", |
- KO=(I &.II’), where II! a.nd II’ are termal predlcates then

ﬁﬂ(xllaln X¢/8¢) o , ' -
“ | (g (Xx/’x, Xa/'.) 0> 0} (X1/81, s Xa/8a),1).

If H is a termal predxcate and n is a natural number, then 3Y1 HY,.(II ) n)
. is called conditional expression.

 Let Q@ = 3Y;...3Y,(Il D n) be a condmona.l expression ‘with free vmablew
- among X1, ..., Xs and let 81, ..., 84 be arbitrary elements of B. Then the value ‘
Qal(X1/s4,.. X. /s,) of Qis defined by the equxva.lence ‘

QQ(X{/*:L, v Xaf8a) 21 &= there exist py, ..., pr in B such that K

i

*

nﬁ(Yllpla Y/Praxll‘ls X¢/8¢) 0 and I“"" n.

o We assume fixed an effective coding of the atomic predicates, the termal .
| ,ﬁpredxcates and the conditional expressions of the language £. o
- Let A CN: Thewet A is said to be definable in the structure 2 :ﬂ'for some

" r.e. set of conditional expressions {Q“ }oev With free variables among X, ..., Xq -

) and for some fixed elements ¢, .. ake B the following eqmvalence is true.

led &= Bv(v € V & Qu(X1/tyy.. . Xafta) 21). ) |

If s is an element of B, then Tals) (the type of 8) is the set of natural numbers .

- . {v: 11, is an atomic terma} predxca.te mth a smg!e variable X.x dccurmg in II
and H,;(.X,;/s) “ﬁ} R S

P

2 2 TIIE CONNBCTION BETWEEN THE EI‘FBCTIVE w WEMTION 0!'
- - A GIVBN srnuc'rm AND TI!E EXISTENCS 0!‘ AN R.E. SET
UNWE’RSKL !OB THE I‘AMILY OF ‘I‘HE TYPES 0!‘ THE STB.UCTURE

Suppose a partxal‘structm A= (B 0;, .,,ﬂ.‘,Ex, ,E},) be gwen, where all
mnctmns and predxcatea are unary and B isa dgnumerab e set Then the folbwmg
' theorem bolds

" Theorem. A partial otnctun ﬁ ccfmts an cﬂeciwe entmeration :ﬂ’ the famdy ,
'Qf all types of the elements of the structure A has an universal r.e. sel.
~Proof. Snppose that the partial st.mcthre A admits an effective enumerahon
| V(a,%), where B = (N; ¢1,-..,¢n; 01,...,03). Clearly, we can consider that o is
totally defmed over A routme constmcﬁﬁn shows that there exists a pmmtwe

e N



recursive in {@1,...,¥n; 01, - a';} functxon v, auch tbat for each ta‘mal pmdxcate e
I with code v, \F(v z) Rg(&, /a(z)) for all z of N. Then, it is obWOm that the
set . .
U= {(z,v)_. ¥(v,z)=0&visa code ofan atomic predncate,}
is r.e. and universal for the family of all types of the elements of the structure .
Suppose now that all types of the elements of the structure % are r.e. and that
the family of all these types has an universal r.e. set U'.. Denote by U? the set
{(z,v) : ((2)o, v) € U1} and by U7 the set {v: (z,v) € U?). 1t is obvious that U?
is r.e. and also universal for the famlly of all types.of the elements of the structure
2. For any natural z, U2 is a type of some element of B. ‘Moreover, for every z -
~ there exist infinitely many y such that U2 = U2.
~ Let ¢; be the function: Az.{i, z), i=1...,n N = N\(Ran <p1) U
» Ran(ip,))-and g be monotonically increasin g function such that Ran(g) = We
denote by. U the'set {(g(z),v) : (z,v) € U*} and by U, the set {v : (, v) e vy, -
For any natural number z, let B, be the set {s: s € B& Ty[s] = U,} and a® be .
~ arbitrary mapping of No onto B, satisfying the equalities o°({y : U = Uy}) = B,, -
z €N. Evidently, o 0 is surjective and Dom(a®) = {z : 3z((z,v) € U{} = No.
. We define the partial ma Epmg a of N onto B by the 1nduct1ve ¢ auses
. If z € Np, then a(z) a’(
Hz=(ipy),18isn a(y)..sa.nd 8‘(3) = {, then a(z)—t
The following simple lemmas are proved in [6].
Lemma 1. ForcveryzeN cad i, 1€ign, .

alpi(=)) 2 alli 2) = Bi(a(z)).
Let us denote by B* the pamal structure (N; ¢1,.. ,fp,,) '
g Corollary Let -r(Y) be a term ami V€ N Tbeu,

| a(re-(Y/y) & m(Y/&(v)) |
oo Lamma 2. There mm an effective way to define for every z of N en elcmcut ,
y of No and a term 7(X,) such that z = re-(X,/y). :
Lemma 3. There crists an effective way o define for every z of N an elemeni

'y of No and a term 7(X,) such that a(z) o m(Xl/a(y))
We need also the following auxiliary lemma.
- Lemma 4. Dom(a) is recursively enumerable. ' R
- Proof. Let for an' arbitrary natural number z;, y = u(z) e No and the t.erm
(Xy) be such that z = g+ (X, /y). Let in addition v = u(z) be the code of the-
atomic predicate To((X,))- ‘Then it is clear that A

z€ Dom(a:) - m(&/a(y)) is deﬁned 4=¢ v e Tu[ao(y)]

= (v(z) w(z)) € V.

- -Therefore, Dom(a) isre. - : 3 o ey

- Finally, let us define the pa.rtml predxcates 61, .y O OD N using the condmonal )

. equalities 0;(z) ¥ Z;(a(z)), j = +k. Again, for arbitrary z let y=y(z) eN
- and the term 7(X,) l‘;e such that z = m‘(x_, 2 Let in addition v;. = v1(z) ('vg =,
- v3(2)) be the code of the atomic- ;predxcate T} r(X,,)) (--!} (*r(x_,))) Then 3t

obvmua that
o5 =0 Gia(E) 20 < G uENEs;
- oj(@) =  1 @ Ei(a(z)) =1 @ﬂ(y{z) vg(z))eU e



| Thesefore, the predmtea m, . ; -y «5 are putxal recursive. So we have pmved tha.t»
(a, (N; @154 ,0n; 01, - ,cg)) is an effective enumeration of the structure X, .

. Corollary 1. Let A = (B; 0) be a partial siructure, where B is a dcmmemblc
set and @ is a partial unary fanction such that Dom(6) C B and Ran(d).C B.
Then the structure A admits an effective enumeration.

" Proof If s'is an arbitrary element of B then we use [s] to denote the type
{k : 0% (s) is defined } of the element s. So, if s € B, then elther {s] N,, for some
~ natural number n or [s] = N. |
"~ Let us note that ﬂforaomeelementaeB [&] = N,. and k < n then there'
" exists such an element ¢ € B that [t] = Nj. Indeed, let ¢ be the element ”~%(s). -

: Therefore, for any structure ¥ we have the followmg possxbzhtxes for the famnhes
; {[s} seB}ofalltypesofthseelementaofB .
(@) AN )
(i) {Np ik < n} for some na.tnral number n,
N 1)) {N} U {Na : k < n} for some natural number n;
(i) {Ne : k eN); .
(v) {N}u {Ni:ke N}, |
| It is obvious that everyone of these famihes ‘have an umversal r.e. set. Thus, ,
;we ‘obtain that the structure A admits an effective enumeration.
DY =NOn&... &0 is a termal predicate where II*1, I["* are atormc‘ ‘
‘predicates, then we use {II"} to denote the set {v1,.-. v}
| If all types of the structure 2 are finite, then using Fheorem 1 and ’I‘heorem 2
from [2] one can obtain more sophxstlcated necessary and sufficient conditions for
- the existence of an effective enumeratxon of the stmcture A. Namely, ! the folbwmg
two theorems hold.
. Corollary. 2. Let all funciwa and pred:cain of the partial stricture: X be
~ ‘unary and all types of the structure A de finite.| Then the structure A admits an
' icﬁcctwe enumeration iff the following three conditions hold: o
(i) The set V = {v 3s € B(II§ (:) - 0)} is mmuelg enummble, ,
(i) The set I = {v : {II”} ,Tg[:] for nome s E B} is a E° set .in the
-:arzthmcizcd hierarchy; -
L (i) There ezisis a pcmcl m:smve functwn f nch ﬂmt vV C Do f) aad for
T eacry vEYV, W;(,) is a type of seme element of the struciure A and {II c W,(,)
CoroIlary 3.. Let all functions and predicates’ of the partial atrsctare A be
- Mry, all types -of the structure A be finite and for any type t there-etist'at most
5 ﬁmtely many types containing ¢. ‘Tken the structure 2 admm cm cﬂ‘edﬁe cmfmem» |
i twn iff the folfawmg two conditions hold: -

(i) T&e set V= {9 32 € B(Ig(s) = 0)} u fcc:rstvelr eaummble, - ‘
. (ii) The set I {v {II'} Tg[s] for aoxm s€ B} is t 2 et of the ¢mhm¢- |
‘i,izcal k:emn:hg L A L - 7 T :
Bxample 1. Them c:mts a structun ﬁ (B 01,81) mtk uuarg 91 aad X

whxcb does not cdmzi eﬁectwe enumemiwa, ht clt deﬁaablc in A sabseu of N
am:re R T L O R | , |



‘Let Z be the set of all integers and E be a set of natural numbers which is not
L, E={l=py<p1 <...}. Let in addition B = {b , : i:,neN}U{am mel}
where all g,,andamaxedxstmctforanybnEdemE : |

Deﬁne 01 and 21 as follows

01(bkn) = Bbt1,ms EneN;

01(am) = am41, MEL;
Ei(bun) 20 = k=0VE=pn;
T1(am) =0 <=> m 0.

First, we show that every definable subset of N in the structure % is re. TS

We use ff (Y) to denote the term he. (fl(Y)) ), where the symbpl h
occurs k times in the term. . Co

If s is an arbitrary element of B then we use {:} to denote the type {I: N
E1(6%(5)) = 0} of the element s; if Y is a-variable and @ = 3Y; .. BK(II D m) 13' R
a condltxonal expression, then we denote by [Y Q] the finite set . |

' {k: T;(fl"(}’)) jom inMasa comunctwe member | . SRR L
It is obvious that for any ﬁxed element & € B any variable Y and cond“txonal'v

. expression Q, there exists an effective way to venfy whether or not.[Y; Q] = [4].

. On the other hand, if @ = 3Y;...3Y,(H D m)isa conditional expresaxon,; S
then for every conjunctive member Ti(f,*(}’;)) of I, 1 $4 § r, we can find an
element s such that the conditional equahty Ty(0f(s)) = 0 is true. Therefore, in "
the structure 2 the value Qn(X 1/81,. ., Xa/8a) of every conditional expression Q« oy
does not depend pn these conjunctive members which have no free variables. .~
'~ Now, let A be a definable subset of N, {Q*}vev be an r.e. set of conditional . -
. - expressions with free variables among X1y .. XN a.nd 8,.. be elements of B o

' auch that the following equivalence is true: : 3

-le A & av(veV&Q (X;/:x, Xa/’ﬂ) ’)

Therefore, ifQ® =3v;.. 31’;, (II" > m* ), then fm' urbmary v € V the fallomng o
eqmva.lenee hold o . S

m € A - {xl,o‘l [s:]& &tx‘.a']-s,

| Thuefore, theré mta an eﬂ‘ectlve way. to venfy whether or not m” E A xe o
the set Aisre.
| “Thus we have estabhshed that every deﬁnable aubaet. of N ist e Now we ahall SR
~ see that the structure % does not admit an effective enumeratio ?e o
. -Assume that % admits an effective enumeration (a, B), whe % (N 301, a;) SRR
e ls a patt:al structure of the same relational type as % and o is a pamal surjectlve e
~ mapping of N onto B such that the following oondltxons hold i ‘
’ {x)Dam(a)xsre mdm,c;arepr, - B
ii) a(p1(z)) & 61 (a(z)) for every natural z, o
(iii) o(z) = Ty (a(z)) for every naturalz. R
- Then {{k: o3(pt(n)) %0} : neN}={[s]: s € B} Therefore, the f of
. finite sets {[s] : s € B} has an universal set U = {(n,k) a;(:p"(n)) Q). -
~* Let F be the set {v: 3s(se Bks}= - Eg)}. According to Theorem 1 the seta
Fis 9. Then, theset F {v vE F&E’, hasexacﬂytwoelements}w ‘Jgfu

L

N
. Lo
e
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well. Thus, theset E {z *z;éﬁ&;av{» ng&z € E.,) mS‘,’, contmytothe .

~ choice of the set E. So we prove that % does not admit eflective enumeration.
Example 2. There ezists a siructure % = (B; 6,,6,) with uacry 61, 03 which

does not admit effective enumeration.

ol Let B =N and E be apet which is not r.e. and define the functxons 0,, 03 as

- follows::

01(1:) -k+1, keN;
0y be arbitrary function such that Dom(ﬂg) =E.

" It is easy to check that E = {k: 02(61(0)) i is defined }. Therefore, the structure
- A does not admit effective enumeration.

' Example 3. There esisis a sirsclure % = (B; L;) with a smgle dinary
pmlzcate, which does not admit ¢ffective enumeration. |

. Let E be a set of natural numbers' which is not r.e., pp < P1 < ... be the
seqiience of all prime numbers, E, = {b Sl(l € E&p = k)} and Eg = {I:
.BBm(meEl&k*ml)} R

It is obvious that.the sets E; and E; are not r.e. too. . -

- KA =(B;%;)is a structure where I; is a binary predicate, we say that there
;exxsts k—cycle (k > 0) for Iy if for some elements o, ¢1, 22, ..., e~y of B

= 31(‘0:‘1) 0&21(&'1,&) 0& &21(‘1:-1,10) : 0.

~ Let % = (B; L)) bea structure where B is infinite denumetable set and ¥; be
3 binary predicate totally defined over B such that there exists a k-cycle for 21 iff

k € E;. It is obvious that one can construct such a structure 2.

. Suppose that there exists an effective enumeration {a,8) of the ctmcture A,
“where B = (N ). Then, there exists & k-cycle for E; iff for some natural numbers
29, Z1, zz, ooy Zhot, 01(20,21) = 0 & 0y(21,23) =0&... & oy (2h-1,20) = 0, e
k€ By iff 3293z, ... Iza-1(03(20, 21) = Okioi(21, 23) = G& &oy(zk-1,20) = 0).
We obtain that E: is r.e. which contradicts the choice of the set Eg. Therefo:e,
'the structure % does not' admit effective enumeration.

" From this example one can- easily obtain that there exists a structure Q =
;'(B 6,) with bma.ry 6, which doea not ;dmmt effectwe enumatm >

It is well known the followi : : ‘

. Proposition 1. If the atnétufc A= (8 8y,... ,0a; E;,..i L) is @ totcl
oheend k=00r(n=0&%y,.. I are: tmary }) ibeu tlae structure ﬁ cdmsta
.- eﬁ’ecmre enwumerstion, : coa
" From the above mentioned exunples we' obta.m also the Mbmng .
Proposxhon 1. a) If the structure & = (B;#y, ..., 0n; 21, , ) is such that

[(kzﬁ&nzltcﬂ;unmry)or(n#(}&zu . ,n.mnmn .

;ﬂteu the sincitm 2 admits an eﬁ'ectm caumemtwa
OB If[(kFEO&nEO)or (R£OX atlealtoneofﬁg, R 3% mnotnnaty)
or n220r (n#0& at least one of 4y,...,0, is not unary )] then there. emta
.a s;uctam ﬂ wIncIt does act admit eﬁ’ectwe eumemtton

'[ 3
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