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R 1. m'monuc'rxon | T

In thm paper ‘we examin the solution of tndxagonal system of hnear equatxons‘
and estimate the rounding error. It is well known that such systems can be solved

-using a conventional serial aomputer ina txme pmportxonal toN- where Nis the K

-number of equations.

Stone: [13} first discussed the solutnoﬂ of a tridi gmal system on. a para.llel o

computer, relatmg the LDU decomposxtnon using the first and second order linear
recurrenoes He developed recursive doubling algarxthms to compute the necessary
terms in O(log N) steps with O(N') processors. The methods of odd-even. elimi- .
-natxon [14], ? are another class of parallel algonthms mth some qmte different

f{‘



s chamtemtxu There m other algonthms for solvmg tndxagonal systems
[7, [0}, (5], (6], (3], which aalve them in O(log N) steps with O(N) processors.
Several authors have noted that cyclic reduction is just Gaussian elimination
applied to PAPT for a particular permutation matrix P (see for example [9]).
Thus the algorithm is nnmerxcally stable for matrices for which Gaussian elimina-
 tion is stable without pivoting, for example, symmetric positive definite or diago-
nally dominant matrices. The situation is not as attractive for Stone’s algorithm.
_Using a stability analysis technique for recurrence relations introduced in (8], [11]
 the authors have shown that the algonthm is in general unstable, suffering from
- exponential error growth.
Sameh and Kuck [12] preaent two algomhms for tridiagonal aystems using

t "O(N ) processors. ‘One of the algorithms requires log N steps but can suffer from

~exponential growth of errors; the more atable Version requires Of(log log N)(log N)}-

stepa

-+ There are consistent algorxthms dlﬂ'erent from cyclic reductxon Swmtrauber
[15] (16} introduced an. algorithm for tridiagonal systems based on an efficient

o implementation of Cramer’s rule. The algonthm requires O(log N) steps on O(N)

. processors but only O(N) total operations are performed. Unlike cyclic reductlon
‘ the algorithm is well defined for general nensingular systems.

| Our goal in this paper is an error analysis of the parallel aigonthm given

~ 'in_[3] using the appmach ‘from [2]. In section 2 we present the algorithm for

'solvmg tndxagonal systems of linear equations, which solve the system of order

- N in O(nlog, N) steps, where N = n’. In section 3 we analize the rounding error

Cin numenc&?“ solution of the system, using forward analysis. In section 4 we have

- performed some numerical experiments on an IBM-PC in machine precision s 10~7

and we have gwen a compamon between tha errors of panllel and consecutive

~alsonthxm

s rmm.n Ax.comm | .
The p&allel algorlthm from [3] will be apphed fo: golvmg the tndmgonai system

e - of equations
S (1) A+ Bm +Cumip =i, w= =a, uN= =8, i= 1 2 Sy N - 1
| - under thc aﬂumpttcm that the i‘olhvmg conditions hold | :

@y MGl S Bl i=1,2. N1
Comiltlons (2. 2) ensure the existence of the al 1thm of the system 82 1) md

~ the atablhty of the problem 4] For annplmty the problem (2.1), (2 2) can be

written in the. form ;

@y Aus —fu i=L,2.. N1, w=a, uw=p.
Werepreaeat themiunonamemmn (zs)mthefo:m P
(24) 0 u= au’°+ﬂu°1+u°° L

whem the vectora u"" u" 1 u“*“ are solutions of the aystems R
Au} ...o Ault =0, Au°’-—fg. ‘_,_t.....lz N?—“l,_<
B

u,;*-av uy ~*'"s~"*‘x =0



"respec%xvely o . o N
.~ Choosing the folhwmg knots of patallehsm of the problem (2 3) -
0—z0<11< < =N, weaet :

am=1ti., m=0,1,....k

U™ = Ay ™0 u™ 0 ™00 =1,k

where u™, y™ 1.0, y™01 ym0.0 are solutions of linear systems |
. M - ..- * . ) m — . ”m -‘ 3 . - )
(206) Au:'“ — fi, ‘ -~ 3m-1 + 1,&0‘ ,:m — 1, u“ 2 -amqnl, ui~ -*a”m, ‘ .

@) AP0 it L dnn ], =1 W20,

(28) Auf’"°¥1=0,\iaim-1+1‘..;,£,,'.-+1,“ WOl u;:‘” =1,

'm-!

It follows from (2 5)-(2.9) that the solution u of (2. 3) satisfies = u?‘ for
§ = ipm—1, im, i.¢. the solution of the system (2 3) consists of the steps: , - ‘
a) to solve the systems (2,7) (2 8), (2.9) in each mterval (:m_;, tm), L
b) to obtain a;, i =0, 1, ... S
¢) to derive the solution by formulas (2. 5) :
-'The unknown quantities a; are deﬁned in the followmg way: fmm (2 1) and
(2 5) we obtain

- m-l-l....a um+110+a 1um+1°1+um+1°° ‘

29 Aﬂ”‘”"’f:.t-tm-1+l ,a.;,—l W=, W00

~ and substxtutmg (2 10) in (2. 11) we get L L
(2.12) dmom-1 + bmam Hemamir= ‘Pm: m=1,.. k-1, a=a, aj =ﬂ’: -

, where

= A»i um'-p bm = Bi + A‘ “m’o‘l + C,u;:t} ok Gx

m+1,0,1 m+1,0,0

T cﬂl C‘m 1,..-(-1 " ‘Pm - f’.n Ain ui.:«-l C ui-'}l o

So the obtamed parallel algonthm for solving the gystem ( 2 3) is:

~ a) to solve in parallel the systems (2.7) - (2 9) in each interval (gm;;;"‘*l)' . SRR

b)toobtmnam,bm,cm,<pmform—l y b= lmpara.llelmeachin

~ by formulas. (2.13);

c) to solved the system (2.12) by some’ method

" d) to derive in parallel the solution of the problem by fmmulaa (2 5) .

'Let us suppose for convenience, that N = n*, where n and s are mtegers, suchf, ‘
that n,s 2 2. Choosmg k= N/n=n*"? eqmdwtant knots of parallelism ip, i.e.
im = mn, m =0, 1,..., k and solving (9) by the describéd method, we come to

the problem (2. 12) for t.he determination of am, m =0, 1, ..., k. The problem -

~ (2.12) is in the same form as (2.3) but it is of size n-times smaller than’ (&3) ‘We .

agam apply the same pa.rallel scheme. for the syetem (2.12), but- this t;me thh .



-

k/nzu"eqmdmtantpmnts 1*-0,"" ,u‘”’mdgetthemdi alsystem
of sige n? times smaller than (2 3) Finaly we obtain the system of the hnd (2:12)
which is of size n and we solve it by the same method. After that we deduce the
solution of the system (2 3) fmm fomnﬂas (2 5)

3. mmon ANALYSIS

Let us have the system

»»‘(31) ~ | ‘ Au i

| »andmstgadoithmsyntemletusmlvethesymm

ey Au=f o o
;whereA A+6A’f f+6f, = u+ 6u. Then the relative data error satisfies
(33 o ‘jﬁﬂl pleallent g lea

S !I i 54 @ P uann P

where v(A) ﬂAl }[A"]l is the condition number of A. Consequently, the full
error Au satisfies [|Au|| § |lu — ]} + || — ]| where the first member is the error
~ from mexactness of coeﬁclents (data error) and the qecond member is roundmg
~ error.

Furst we mll examine the tndmgonal sysbems (2 7) and (2 8) The system (2 7)
has the form

- (34) A,tlj-),”'Bjuj'i'Cjuj.',le, J 2 'g"‘f*l, ul-—»l, .uﬂ_o‘ |
,We wxll apply for it the followmg formulas o \ R

'(3:‘5) ' M3 Bf - Cjam ﬁ 3: - C.fam r = R -

" uj = @jtj.y +ﬁj, J— 1,.

1"m order to evaluate a solution of the cystem Since la,,l =0 and la,...;l
{C'n-tl Bn-i| § 1, we obtain by induction that. '

B8 eyl SIGHUBI-AD S i=n=2..,1
Smceﬁn-ﬁ.._x-'- c='Bs =0, pr=1andw = B;..l lt:sewlydenvedthat
0 o lelsLshen o

Fortheaymm(t!S),whxchmmtheform R
p@ﬁ -&%4+%%+an—,1 & nd-rwm%mwmsL
- we a.pplythe followmg formulns o

; a : - Cj_ . fi Aiﬂtbl V ’= l’ ’ n’
‘@W 7 &+&%4 4 &+@qﬂ‘-,‘

w~@wﬁ+&,1 =n,...,1 .

) fin ardér to evaluate a solutzon of the system By analogy mth (3 6) we. detluce that
?jf%f‘ld-l o By, 191 '4;‘-'»“6,...120, ﬂ,;:zl, andmnce lu;,{«-l;tm
eamly seen that o : : L :

ET P e



* W obtained that the solutions of.the systenu @ and (2.8) do. not exceed
unity in absolute value. -
Using the results of (2] we 5et tha.t the :oundmg error of the aystem (2 7
S&t\lSﬁGS

l& ,':',’_1, °l e{a + Cx{n(n + 1) (n ~i)(n—-i+ 1)]/2
(3 11) + C'w[(n +1)(n+2)(2m+3)-(n—-i+1)(n—i+ 2)(2n -2+ 3)]/ 12},.

]63””0! € Cix M ,g,...,n .1

' whereensanumtroundoﬁ' Gdoesnotdependoneandn,md
@12)" | :.m(» -D/zs1-1/C |

kwhe}re-‘ I : o

=, % {"i}» 5 = 35*5 _l{gh'il} ‘71=‘¢14i/05§ o

Cl"l“‘ s‘}‘?‘ {lAJEj-IICJ‘}

It turns out that |6u'“'1 0| = O(en3), if the condltlom (2.2) are vahd ~ :

| Nowweexannnethesyttem( S)thchuofordern Ituofthesametype |

(3. 8) and condition (2.2) holds for it. Using [2] and since fy =3 = --- = ﬁ,,_; =0,
:ﬁ,.-lfortheroun ngerroto{thesyatem (2.8) it follows ?

" ""‘”Ise{:-i-c*ln(nﬂ) - (o~ s')(n-=+1)1}n=1 et

Cie Iéu""" lI'-'Q'J(e:n’) ’
. Nowntmmmnstoevalu&tethemforthesymm(zs) . ,
(314) Ajuj..l-’rB;u;-i-C;ujﬂ-f;,J 2,...,m-1, uy =0, U= 0

| bondxtxons (2 2) are valid for 1t too. Sumlatly for thu mtem (3 14) we ﬁnd the

(3 i3)

lc m °' l < c{. + Crln(n+ - (n i)(n —it +1)}5/2 o
(3 15) + C’w[(n + l)(n + 2)(2n +3)~ (n—- z + 1)(ﬂ - + 2)(2» 2i 4 3}}/ 12} :

Iéum 0;0' 5 C M . n«-,-yl : e/;

P 1

‘ under the mumptxon that ‘1'1"”” are bounded ie. 8 max{[‘t?”"“} We |

obtamed that l&u""“ °1 = O(en"’)

On the next stage of the algonthm the system {2. 12) must be nolved mthA
coeﬁc:ents (2.13). Thm system is tndxagonal and is ofme n tzmea smaller than
(2 3). Condmons (2\ 2) hold forit. . . S

o



o system (2.9).at

Now we vnll derive tonndmg error of the coeﬁcxents (2 13) Tnstead of the
_exact value a$3 (3) , Where the superscripts denote the stage of the algorithm, let some
| approxmmtwn value 32 be taken, such that Em) = Ai ™17 +¢. Then

Iaml l m..aml < lA 1’5.,;“ iﬂ*"
‘ahd from (3 11) it follows . ‘
@6 16) ]M”[ Se(1+)4, !)-HA; lecm-t-lA. lec,x(n +2n + 1)/2.

: : By analog mth (3 18), we. derlve the followmg estxmat:ons for I&cml ]66(2)},'
16R): o
@17 |6 5 (=24 1GD+ Gl eCF(a +n - 0)

- (3.18) ‘65(’"ss(1+lAi.|+(n-2)|C'.,l)+lA. |(n? +3n - 6)66’-5
- +[Cinl€Cin(20° + 907 + 130 - 78)/12
@ 19) |86} S € (1414l + (0 = DCiu) + [4ic] (v + 30~ 6)eCZT

+ (14i..|6(n* +2n +1) +IC....i(2n’+9n +13n - 78)) e’C;n:/l2

| We agun pgly the same parallel scheme for the system (2. 12), but this time
with k/n = n*~ equidistant .points ji, | = 0, , n*~1. Thus, the obtained
tridiagonal systems is of the same kmd u (2.7) - (2 9), but the coeficients of these
systems of order n are the coeficients of the system (2.12). 'And they already
bave some error and an error 20 e new systems appears from the inexactness of
- coeficients (data error). This error must be estimated.

| The full error Au satisfies l|Aul| § ||lu—i||+||i—u]| and now we have to estimate

th‘le full The rounding error is evaluated similarly to the roundmg error
‘ umn (2 7) - (2.9). So we evaluate the data error by (3.3) using that the

tion number for tridiagonal matrices is O(n”)  [2].
Thro\tghout this section the superscripts in brackets denote the stage of: the :

| i‘algomhmandll & [[1{ are a maximum of the norms of ¢ and the matrix of the
di t steps respect:vely Fu-at, let us exannne the. syatem of the |
-~ kind (2 7) FOt it ||6¢|| =0and then |

I R 3. m,1,011(3) - I]GAH’ /
S M‘"‘ "I i 1(_14,_,

"’,4,, ;c,,gg- [C;(?n +9n’+13» 78)/6+ 2C(n +n—6)] +!Cs..le(n -2

Al o +za+1>+4cn1+etz+m |+ 1G],

md A is the mtnxof dmg uystcm‘ Smce the roundmg error of t.hxs
system u evaluated by (3. 11), then

\ (3-”) » |‘40’.1,9l|(’) Ja"': .0“(2) + “&,as 1.0"(1) § y( A) A., /ﬂAIH* Am



| Aa=eln— 1405 4 0=+ Crn@n 4907 + 130 -20)/1%].
" For the system (2.8) also [|éy|| = 0 and the torresponding error is

(3.21) laam™s 1@ s [IBa™ O™ 4 fjsa™ S| v(l)A../uA +L.
- An=eln-1+C3(n +n=2).

It renmmtoexammethesystemofkmd (2 9) For it l]&go“;é Oand then from
(3.3) it is derived

[Bamooy® 'v( A gugg o) H" 1y Ml"’ +“X) ll"‘!’ﬂm R

e oo S uAn SN’ ] g nvlt o
A»Bu . ' ’
s v it WAt T i

B, =¢ (1 + IA;,,I +(n— 2) IC;,, + (lA4 lﬁn + lC;,l(a +n- 6)) eCﬁx/?
o+ (Al 8(n? + 28+ 1) 4 [Cin | (0% + 9n? + 13n — 73)) eC';s/l? g
Then for the system (2 9) we ﬁnd .

) pacmenys (i +v<ﬁ) +»(A) M) o Mu<=)+§,,,,'

uAtl Al el ll flell
B,= e{n 1 ycs (n + n-— 2)u + C’;n(2a + ﬂu +13n ~ 24)/121

+ Now we derive the ronndmg error of eoeﬁclents (2 13) at the tlnrd stage
instead of a3, ™ an appronmatxon value a,SS" be taken, such that |

o ﬁg’wa"’(a”'ﬂ")(’)-r'sif” |

B R L e i E o
-andsmce(a‘()holdsthen ) R T
, \ lﬁ(a)} I(z)‘ |lAa’“’*°[m+lé l s \ ;
;Then&om(320)1tfoliowsthat B TR
\;(3.23) - |aa(=>] las.f’l (v(A)A.,/uAnm) la«f‘ﬂ}u -

By analog thh (3 23), we dem'e the follom estxmatxom for ‘6(:2) l, l&s,,)l, "
{(3.24) lsc(=>| §¢w| (v(A)A.,/MH&)-&-!éc(’)he, o



o) [02] 5 (2] 2] sy 0] e |0 s o]

4+ lac@l lsbml 3

@29) !&,(a;‘ < (lcg)l l (s)D y(A)M1
SRR o +(l6a(z)[ ‘éc(z)t)a_,_lgp(:)l_,_e
_(3 m M,.,.A..m&nu.‘a../uau IlwII+Bn/llwll+Bu L

On the next stage from the formulas (3 20) (B2t follows B

o s L (o] (o Dok

+ 2 lsaﬁ’)l + 2 ]sc“')] [&b(”l + 3:] +Za,

: "‘,,A“An(t«‘:’l-'-lc‘”l) CREEE

é ;saw[ ¥ z|.sccs>[+ |aam1 4+ 3:] + i,

;;  “Au”oo“(l) 5 ”( A)ﬁl (ldg)l lcg)D Ma +2E%;|h (lgg)l q‘?l) A«M; ;
7 j' < +"<*>{Mﬁw Haepled
ol (Gl (Esk) sl !“"’l*-“i} .

| +O( L

wm M= Mflel A
1 ‘Finally; ‘at the (s = 1)-th stage the. system ai'urder n andqhype (212) is
]obmned und tt can be wnuen in the form ‘L o

a(‘)am-x +b(‘)am+c$,’a,+, ¢(') e 1 _ __1’ R
00""'0, X aﬁ-—-ﬂ ( D . ST .

[,f;;‘.cs 28) -

o



wheretheerrorfortheeoeﬁcmnts‘ B
6a®] ¢ ag-x) “Aam,w"(c-—n.,, 5,,(:-1)'.,.5 o
6] 5 e aameije-ny 50| +e,

65&") < c‘(‘:'_;) “Aam'l'ot’(’-l)‘*‘ a(s-l)l uAamclﬂ(a-l)v

o e B EO
W"}s (-] + l(.-l,i) baamage

R
A ui.l.'o (..-1) 2 V(.I) (2,_3 A)hsA,‘(}._ o p
| ) i +2a..53 I;ml)h‘%a" 4+ O(sn”"?)) + Am
”‘*01 ""1) y(‘i) 9s-3 "(A)'-a |
"Aa ll( | s i Au( ﬂAII*‘ s‘A“é'-i o
+2"33 "A“;‘j:AnC’,...a.yo(gﬂ::-?)) + Am |

: y( A)”““
IIAII =n ll

: :‘:-\ C...g = (l a-i)l |c(¢-i)D (lag)! u 'c“)l)ﬁ ...1 | ,; 2;

Ma-c ﬂM:-caxflMHA 2““’*‘/“}1‘ 3'-*‘ | 31 L ,‘_2; g

and M1 is defined by (3 28). ~ R
~+ Now'we hawe to evduate the aolu}:tm of the syétem (3 28) in order to ﬁnd the o

' roixndm error of the system (2 3). The totar error can be estxma&ed by IAa [(')*’fij
Sl anwa T comguently,

v A)23-8
l%Ai!’ e ll
To mtxmate ‘the product C....; Iet tls set L

e ?o M = ,‘ s‘““é ch, mt)

‘ Y;“Aa .0 Gll(a-»l)s ,,( j)c‘-n M."c; -2 + 2:-8 n M‘_acﬁnz + O(en""‘a),_

HAaH"’ S v(l)‘“‘M...xC...x + 2""*’ A,,M.-,c ) + O(ed”"‘) o



: Then from (3. 7), (3.10) and (3 29) we get ;
e (o). (k)

() ' 8=i). (1)
S (M "‘*1“ | "‘*1 ;’l +M uﬁf{"’l‘ ,

B ...,{a»;:a“l‘f ") (u] " eupenef”)
| Sm-’r-’ i=1..,8- -2, - \‘

" be entxma.eed by »
“ AG“(') s y( j)&-l M:-»zc 3323-? Kl 5
V(X)"'“M "12"3513 (6CK2 + 1501K3)

Developmg M2 and M,-; we obtain that the error of the system (2 3) can

" pudy- (M'-*z'-%c;as ) KdnAll""M’
+O(€n"“’), T .

K= (llAllM + IlsallM + lv ] IIA )/ﬂtrli"" |All + R«-xwi’usvll,
\ Kz = (2llell + ligll IIKIF/M)/IMI”“ 1Al + Poa/llell, - |
(llsoli + Mll’mlcxs)/ «pll“‘llllt + P.-:/ﬂllvll.
= (A1l + lell + llel IAl/M)/) el =34 Al + P/,
P.-.: = 4( Afei=1 T”‘“‘)/lldll"‘(lllﬂ’ -2), i=12

And ﬁnall we have to estimate the rounding error from (2.5) at each stnge |
- By ansiog' mth (8 23H3 26) it qum for the roundmg error of the solutxon of
the mﬁn @ 3) | . o , |

D eea

- »(3 30) l M S 2:-1! 5& !(s) + uanzzo-i‘-l ( 15 m.x,o“(:-i) + n&xm.a.lu(o-i))
‘ CRRR ¢ 3 1 o

“\

iy _,__ o
+ Er*‘**aw"@»ﬂq@-‘) ey

;?w'hm ;g wammmnmofthenomofwluhmaattheayﬁamofhnd (2 12)'

'at t‘he .m ateps And eonsequenﬂy » ‘ N

nmu s »(i)'**w*'cl‘ %‘*"*x;; -

+ ll(A)""1 M +-1 23"8821: -'"(ﬁCK: + 1501K3) A
AP (e i) K Ofm”"‘")ll Ali“"uw!l"“



N : - o lﬂlﬁ", ml:; 5;!
¥ 41= T . Tee4 o .
P 41= T30 - 13,77344 - 1,539
I 41= 730 . 508378 )
6t 4+1= 1297 . 1888 - 3 |
3 41= 1297 | 515 1,08375
22 4+1= 4007 R |
S+1=4007 | - 0 - L o
8 +1= 4007 o | 538826 .
163 4+ 1= 4097 2808878 : v
64 +1= 4097 1713
F+1=m 6562 | s74888 . | .
9% 4+1= 6862 s4s3a5 | | 45305
_ 81%4+1m 6562 | 346235 . | T
10 4+1=10001 | 309374 1 ‘ ,
. 10024+1=10001 | 167126 1365653
°+1=1562 | 9342526 . R
- 2% 4+1=15626 | 1728 | 1,134279.107
1252 + 1 =15628 . 9624 | .
14:;1:1:”737 = - 3,888723.107

). A“ 1 "1 |

We have from (2] that o -
/‘(3,31{) o puls s{N~l+Cn(N’+N~—-2)§/2

| " +Cix(2N* 4+ 9N? + 13N - 24)/12}
Sinee (A) = O(n’) for tridiagonal mamcu [2], it is eanly aeen tha.; xf
L Q-Ip-IK, A n"'? and 2’**334'“’(1&', + m/xs + 151(3/9) as n’,

| M the errors of parallel and consecutive q!gonthms wxll be’ appmmateiy equol
e Notethaxfxmteadaf(z‘.')wehave ST ,
@) A +iCd< B i=. N-ot,

"‘kithmthemndmgmoxforaol  the tridis f | systmis}&uﬂ‘g O(eN), ::0
“+.vy N. Since the condition n for such tridiagonal matrices is constant {H
| V'the rmmdmg error of thqpardle! dgomhm gm in {3 sat:sﬁes ﬁ&ui{ S O(ea)

. rmumcu zxnnmzms o “r e

" thmaect:on a comparison ofetro: bonnds is gwen between the parallel a.ad‘l;
~ consequtive algorithms. For illustration of the above estimations with respect to.
; the roundmg error we ha.ve performed some nnmencal expenmts for solvmg thz



D T T AT
#+1= 70 143000 |
N41= 7Y 2,30.10™* - 2,60.10™%
M 41= T30 . 9,19.10~8 ‘ S
 6*41= 1207 |  3,08.1073 €82 10=5.
3641w 1207 | 2941074 | 4,82.10 '
M1 4007 o - |
1‘,-}-2&4091 o - L.
s 1= 4007 | 0 - | 396.107% .
1688 4+1= 4007 | 1;43.‘1‘10#-! S
. 642 41m 4097 9,79. 104
© 8% 41="6562 ‘1,23 d0° L
- o%+im 6562 |  1,89.1072 | 108.107%
t . 8241= 6563 |  7,72.10°° L
C10t41=10000 | 2,95.10~2 oy ler 101
100° +1=10001 - |  1,58,10~2 1458.107
%+1=1568 | 3,69. 107} I
, 25%°41=15628 462.107% | 4,24.1071
125% 4 1 = 15628 3,63.10=2 | )
1% 4120737 | B73.100% | o g
1447 41 =20737 1,03.3107% 6:19.107
Y ;v :
foﬂmngtnﬂxagondaymofequmom B
R T -2u¢+u¢ ==~1, i=2. ,N-1,
| (4 1) 1 +1 LTy 1
: u;wo t&x N .I : o . .
T -u.... +2u¢ g1 =0, :‘7-'2’7;.; N=1,
(4.2) ' ‘“ IR
';,for d:ﬁ'mx chowu of N. Let demte the eomputed solutxoaoftho mm The
‘exact solutions of thesystenu(4 1) and (&Q)nenx-u-t mk(u-—k)ﬂ & = .y
N and w=1,4i=1,..., N, respectively, «
~. ' In’ most’ of the tested cases, the absolute error of the pa.mllel algonthm is
: hetter than this of the tive one. It turm aut to be advisable to use parallel

| consequt ‘
algorithm, when N is large. Also if ny and ny' mwch;hgtN_nl = nj} and
‘, "‘1;< g, then the error of parallel algmthm is *better for mg.
| Finally, in view of the above, it seems to be advisable to use a double lenght
mumulatct see | 17]) This will have & favorable practncal eﬂ'ect on st.ablhzmg the
- algorithm and reducing the error bounds. .

" Here are given two tables illustrating ‘the mults of this paper The table 1 and
| tabie 2 concem the syatems (4 1) and (4 2), tespectwely o N

8
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