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%c main. mult s Muoldl rich m& clm dm W"‘“ ‘l“ Pmm “r
of Moschavakis is: thaatmmnt Wﬂ ecmpntohimin which mmﬁgl,

) [1} we. begm th&stndy of the % eallod mmmal eoncepts ampum,m o

Wxth these ‘investigations we aim &t obtaining a classification of the conce

fzm N swm, AN EXTERNL wmc'mmzxrm OF m PRIME couwm L
l’ntthup«wemm thcnudyoﬁhemmﬂemhofemtﬁlitymdmudi )

_ effective” computability on first. order structures. The main idea, on which ﬁhm‘

“classification is based, is-to consider- the behavior of 3 Mputabihty not guly on -

‘s single structure but on a class ‘of struétures. Then one can forr

among the computabilities whxch have this properties. Such comp

 called'maximal. The results in [1] are connected with the chamctanzatmn of some -
maximal. non-determmmtxc computab;htws Itis prwed there that on mh rich .

i‘ MMWMWMMﬂdWMWW;:“"Vi_fé

and in some eases to'prove that there exists a strongest: mputabxhty‘



| encmgh cl,aas .A of denumm:able structures Seatch computabxhty of Moschuva.km 2]
is the strongest among the effective and invariant on A computabilities and the -
- Computability by means of recursively enumerable definitional schemes (REDS-
computability) [3], [4] is the strongest among the effective and invariant on A
computabilities which have the substructure property on A.
The exact definitions of the notions of eﬁectxveness and invariance of a com-
. put.abnhty and of the substmcture property are given in aectlon 1.3 of the present :
paper. -
. Here we begm the atudy of the maximal *sequentxal computabxhtm The main .
result in the paper is that on each rich enough class .4 of denumerable structures the
-~ ‘Prime computability of Moschovakis (2] is the strongest computability among the
o aequentxal and mvanant on A computablhtxes wluch have the substmcture pmperty
. on A
This result follm from an appropn&te externa.l charaetenzatxon of the ane
s _computabxhty, obtained in sectron 2.2.
-~ As in [1], all results in the paper are formulated and proved only for (classes g
of ) denumerable partial structures. The problem of generahzmg the pment results
for clasaes of arbxtrary stmctures is still open : A ,

N
4

1. rmmrtmms
. 1.}. Notation nnd basic deﬁmtmna. Lo '
) {fl: :fm Tts :n} be a first. ordm- 15“8“3801 hm fh sfn are
- fﬁ:ﬁ??‘ n‘;mbols and Ty are predxcate symbols Let mh ,ﬁ be‘a;-ary and
- e b;- . .
oo Im whjst follows we ahall consxda only putxal structurei oﬂha ianguage L with
denumerable domains, i.e. structures A = (4; 8y,...,0n; T1,+:.,Es), where A—
- the domain of A — is a denumerable set_ ofob;ecu, each §; is an a;-ary partial
~ functionon A and each L; is a bj» pamal predicate on A. The structure 2 wxll |
. be called total if all imha{fnnttmm 31, 0,. and a mmal predncates* 21, ‘
"mmlydeﬁmdonA S
.- By |94]'we shall denote thedcmamofthe stmctureﬁ. P |
" Throughout, tlm paper by ‘a structure we shall mean & denumeuble pamal )
"_'éture of the language £ and by a totd‘:tmétm weshtil mmatotsl denu-.
Lmerable structure of the language £. - E
. The partial p&%dlczte; :.;g the domam A{ of ai structnre f:rm be ld?tﬁf:tdf:]l::
artial mappings whic tain values in {0,1 ,takmg(} true and 1
<k ”‘(}‘4&81:* aﬂf Blr s.,E}) md ( & S’h *a’sl: 011 ‘}:Uk) be

7" The surject v‘amapping 5 ofA onto. Bia called a smg homomm&cm from ’
_ K t.o m 1!!’ the ﬁonowmg conditions are f '

)R,y 00))  pi(n(91), .. -:“(‘u» for all oy, o B of A

) B 00,) 2 p(n(my), . k() forall sy, 51, of A, |

- Obvicusly if & is an m;ectwentmnghomomorphmfrom& to ﬁthcn 5, is'an

| ;mmphm from % to B . .,

. The structure % is called & Jsbstnctm of 9 and !B is called an cxteaswa of

'ﬂﬁthefeMmchmmMuﬂed ‘ TR

(1) Ag B;
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: (ﬁ)pi(’lt :’Q.)) ‘Pf(’l: ’ai) fOl‘ dl ’1! v “ ‘s; dﬁ
(iii) Xj(s1,...,5,)) = g;(s1,.. s;?) for all sy, ..., &, of A
- By % C B we shall denote that ﬂ 18a substructure of 8 .

- The structure B is said to be a fotal extension of % ,in symbols AC B, if
2 C B and the following two conditions hold: |

L (iyif1gig n, then g is totally defined on B \A“'

- (ii)if1 5 $n,thenoyis totally defined on BY \A"’ o
' - Notice that if A i isa tot.ai structure and AC, B, then B i 13 also total

1:2. The p-recurswe operutm and the wrecurswe functmns o

“Let N be the set of all natural numbers. By o, » 2 1, weshalldenote *heﬂet o

of all partial functions of n argumentson N.. -
Let nl, .,nx and m be positive natural nnmbers A y-mnmve opcmtar of o

type (n1,...,ns = m) is called each total mapping I of F,, x §o X0 X 3,, into

3., such that whenever 0y,...,8; are elements of Fngr Tngreeis 3,,,, mpectavely,

 then (43, ..., 6)) is defined un@mly with respect to 6y, 0 trough an explicit
expression build up from 6,,...,0; and the initial pmmtwe recursive functions by, .

'means of the operatlons substxtutwn, primitive recursion and ‘minimization.
©  , The p-recursive operators are studied by Skordev in [5], t{G} by Sasso in [7)
and recently by Cooper [8]. In particular in [6] it is shown

at: the p-recursive

* operators coincide with the ’I\mng computable ones, where an opetator I is 'I\mng o

.computable if there exists a Turing machine which computes the value of I‘(ﬂ;,
' ‘6,,)(3:;, ., 2m) using oracles for &,. o0 in a,aequenf.ml way.. ,
- . " The close connections between the p-recursive operators and some sequentxal
concepta of computablhty on ﬁm order structures are established in [4] o
', Here we shall use a deﬁmhan of the y-recnm% opersiots whxch isa teformu-‘ -
. latlon of that one given in [4]. , S .
' Let us fix the Fosltwe n&tural numbers ny,.. ,m ' ' '
' Let RY,...,R* be new predicate symbols and letmh}e‘ be n; + 1~m SRS
4 The usmber theoretic predicates (n.t, 9red1cat.es) of type (n;, ,ng) are de» e
ﬁmd by means of the following inductive clauses: | R

v () Theemptyé(prempnAnant predmate | SO LT T
(i) expression-of the form R'(zy,.. I ¥ whetz 1 § ‘ § * md;ﬁ s
ff.}:;,a o3 %n;, P OT€ argltra.ty natural numbers is a n.t. predicate; - ‘

(i) If B! and E? are n.t. predicates then o ié and (E'4E7), *
 We shall assume that (E'&A) = ET, and (ALE?) = E%. -

-~ Let 01,... ,Gg be elements of 3,.,,3,,,, o+ Smar mpeetwe}y Then the &-tupiev

0‘ (%1,...,0) will be called a functional system of type (nh ,ﬂ*) RN

. Let E be a ni, prednca.te of type (1, .. ,m) and §* = ( .,,0,,) bg avc e

. fum taonal system of the same type. Then the Valne .. ofE' overél is

- meam of the following inductive clm C S
O WE=AGeBess
(“) IfE R‘(’x, fInn?)s l § i 8 b then L e
Er =y 1’ S ﬂ&;(z;, ,z,.‘) udeﬁned and B;(zh .,xm);é y, ST

und@ﬁned otherwzse R T

o .
B RN
g o g
o7 - SR
; "91 i o
R . . L
¥ . . ¥

deﬁne,a by



(m) IfE (Ex&E,) M S x o

undeﬁned otherwxae R

Notxce ﬁm it may happen that (E? &E')r is defined. though E2. isnot defined.

*On the other hand; (E‘&E’..“mﬁE 0and E7, 0. -
- N Ob‘vzously the operation is mcastive though not commutative. In what
- follows we shall write the n.t. predlcates in the form E'&E% ... &E', 120,
,]ommmx the brackets,. -
. Let E' and E? be'n.t. predxcateaoftype(m, .‘,m,) ThenE‘andE’are‘
. md to be contrary if -

E‘ EO&R‘(SX.N ;ﬁtn’)&Q‘ ‘nd E:REO&-R‘(*’I: Mzﬂuz)&q LR
-,fwhema¢yde° Q!, Q% are nt. predicates. |
- Clearly and E? are contrary, then for each functmnal syatem 0" of type
, ;.A(m, .,m), th}. o 0, then E2, is defined and E2 1.
VPHE is onit, predicate of type (ny,...,ns) and y € N, then E>S ywxllbe
m » sumber theoretic expression of type (p1y.-. M)
" Assume that an effective coding of the n.t. expressmns 1s ﬁxed We shall use
(E‘Dy‘)todenotethent expreummthcodev - :
A treelike number t&wum 1e of type (n1,...,m) wlll be called ea/ch re. .
'aet{E'Dv'}.gvoﬁ’mt of type (ny, . ,.f.,n;.)mcht@anfv; andvzare
 distinct ‘elements of zhen B and E®3 are conttayy.
o eeli ;’ n.t scheme § = {E* D p'}lev and 2 fanctwnd systeﬁx
6 of the same typs as S, define the value S ..atsom bymeeqmvaxme
,S;«- “"y == 3v(v€V&.E" *O&vmy")“
" Notice that if S= {E“ o y”} v u s treehke;n 4 scheme, 0" is a functmnal ‘
~ system of the | saine type as S and Sy % g, then forallveV, EL. is defined. - -
- 'The: g proposition is & rdonnulatlon of Theorem. 7 11 of [4]."
s Pmpmitm 1. The total mippmg T of 3‘,,, X Fpy X0 - X Fa, into Fp isa |
: ﬂ-mmve operator if sad only if there czgpts a mtaau ftucisos 7(%,:&, ,z.,.)
_such:that the following is true for allzy,. . 2m of |
fo (1)f Fpr each’ n; 1(:;,::, ;z,,.} :nel& L] ‘code of aa aJ.» ezpv‘emn Cly s V

E’I{‘lﬁlo r"m) 33"@3#;, ,l‘.} aftm (31; uul) ‘ ’;’ o ,,K,; g o

(li) ﬂe utS'h» ﬂuz { m{uw;s ﬁ») :) v‘f(!lﬁh »,t,.{)} N M‘lm “kme

(ﬁi) If ] (01, ,8;) i a fnm:tmﬂ amem of tﬁe (n;, ,m), tkca
m;,u (21, 2m) Ry = SRy

Fbt om pttrpom the !bilmng mdent eanseqnénw of Propontxon 1 u sufﬁ :
- f ",tion 2 Lct gl‘ be e p-mgnva oyeutor oftype (n;, ,m = m)
. ,‘Sippose that 2y, ..., 2 dre fized elements of N.' Then there esisth | 4 treelike n.t.
,x;achcme 5‘ of type (n;, .y ). such’ that whenever 0° z(ﬁ,.u,&.} is ‘@ fanétional
. system o type (m, ,n;), then I‘(O;, y0)(2y, 0 ,xm} Y > Spe Xy,
LAt B = N, ‘!’h o ,:p,., o, ,vg) be a structure over the natural ‘numbexﬁ
WQ .hmw dertote " mmm&lm(VM ;Pm "!t* a’“ﬁ’) type
o (“1: :51!: 51, b*)*._q N ' oo ~ C
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Apartmlmfunctmnyonhdnmdtobemnumu miﬁxfthem

a p-mcnrswe operator.T' of type (a1,...,8n, b1, <., 00 => a) such that r(m)
“._ Clearly the p-recursive in B8 funa;ons are exactly those which can be obtaimd
from tlie initial primitive recursive fnnct:ons and from the bmc f\:gxc§1ong and.

We are ﬁnxshmg this section ‘with some words concemmg the relatxonshxps
betmn the relative p-recursiveness and the relative partial recursiveness,

‘Let B be a structure and let |B] = N." A partial function ¢ on N is said t;o:
be partzal recursive in B if ¢ = A(%), where A is a partial recursive ‘operator.
For the definitions of the recumve, of the partial : recumve opera.bors and of the
enumeration operators the resder may consult [9). -

_ Since each, u-recursive operator is purtlal recursive and even recumve' each .
._yi-recursive in annctmn is partial recursive in 8. o
- If the structure B is total then the u-recursive in 8 functxons comcide mth;
the partial recursive in B functions. But there are examplés of partial- structures
‘in which the p-recursive ftmctxons are a proper subclm of the p&rtlal recnrswe
tﬁnctmns Such examplés are given in'[10] and [5]. |
" Intuitively, the p-recursive in B functions are those wlnch are oomputab’ie by
: ‘meana of sequentxal pmcedures using the basic functions and predxcates of B while
‘the partial recursive in B’ functions are those which are computable by means.
of arbitrary non-detemnnmtm (psullel) procedurea usmg the baslc functmna and
ptedlcates of B.. :
. Speaking about nonsdetermxmstm procednxea it seems natu:al to adnut not.’
omly single-yalued but also pattial nuﬂtipl&valued (pm.v. ) functmm to be. coim
putable by ; theans. of such proge dnren |
s AP m.v; function ¢ onN is said to be putlal recumve in the stmcture '23 lﬂ' |
| there exists an enumeration gpera:tor T such that I‘(B) is the graph of e

1. 3. Computability on a clan of structures. '~ ‘ |
~ Let A be-a class of structures. ‘A computability on A is ;:alled evm'y mapp,mg
CofAmchthaxlfﬂeA thénC(ﬁ)uantof‘pmv.functmmonW :
o The computabﬂity C iawaid to be effective on A if for each element ‘30{ A, mf
' iﬁ] = N, then: alielemcntgoiﬂ(ﬁ) are partial mcursxvamﬁ p.m.v. functions.
, A computablhty C is said to be invariant on A iff whenever A and B are.
o of A, x is & strong Homomorphism from %B to & ahd § € C(%), there exists
. #p € C(B) of the same arity as § w& thﬁt n(«p(s;, ,a,)) o 0(::(:1), ,x(x,))
for all élements &, . vig.of 19). - |
A computablhty C on.A has the ubstru cture ymperty xf whenever ﬁ and B
* ara elements of A, ;a'g;ss and 9 € C{9), there exists a ga in C('B) ofthe same;
mg*u ¢ and sueh hat 9(3;, A..,&.&& qo(ﬁ;,. ,;a) fer elanenta n, :
.5, 'To explain the mbﬁmeture promxty we hawe to thmk that thm eauats a’
aamputmoml process which computes the value of 4 over the' argumenta 815 1omn .
8g. Now, the substructure ?;operty follm from the assumption that;’mfthef 1ree
zof the computation no additional information but the argumenﬁs ig needed.
 Let:C be-a computability on A. Then C is s % ;npent;al on A iff
-whenever % € A and |B| = N, then all elements of C(8) are p-recursive in B.
. CleatlyifCisa wqmntxa} wmputabxhty on gd& A of stwcmms, thea C' as
| ﬂsa-eﬂ‘wtm; on A

S‘




~ Let €} and C; bé two mmputabﬂﬁmonjl The com ntahahty C} is said to
be weaker than C3 on A, in symbols Cy'C 4 C3, iff for all ﬂ in A, C;(ﬁ) C C3(9).

As we shall see in the next section, if A is a rich enough class of structures,
then each aequentml and invariant on A computability which has the substructure
propezty on Ais weaket than Prime computabd:ty on A. :

3 Pml! CO”P!ITABIIJTY ~

2 L Deﬁmttop and some pmpertm of the ane computab:hty
Let A = (A; 61,...,0n; Z1,..., L) be astructure. .
Let {X;,X3,...} bea denmnerable set, of \ranables We ahall use the capltal
lettcrs X, Yl Z to denote variables. :
"’ If r is a term in the language £, then we ghall write r(X,,X,, X,) to
‘dcimte that all of the vmablasm rmmwngxl,)(g, cvey. Xa- ‘
(X, Xa,...,Xq) is a term, 1, ..., 84 Bre arbxtrny elementa of A then
thh Ta(Xi/s,... X‘/se} we shall denote the value, if it exists, of the term in
the structure % ovet the elements a;, ..., 8,.
f ALet To be a new una.ry predxcate symbcl and 2;, be the total predxcate As. 0
Termal predxcates in the la.nguage L are d@ﬁned by the mductwe clausea ,
*T € {T... Tg},szb-aryandr, cers r‘areterms, thenanyof
jT('r1 ‘ r") and. wT(r‘ ,7) is a termal predicate;. :

1 Ihg and II; are termal predxeates then (n,&n,) is a termal prednca:te s
U Let I(X1, X34 :1Xa) be a termal predicate ‘whose variables are among X;, |
;X’g X. ‘nd t ‘1, ,‘g bﬁ “bitrm eleantébfA The \miub Hg(X;fs;,
:{X./s.) of I over s 1eees B in'? is defined by the mductwe dauses o

| IfH:.—.Y}(f‘ r‘s),eggsk then - |
| ﬂﬁ(’ﬁ/‘h Xq[‘a)“gj(f&(xx/&: Xc/‘s)v s"'a (XI/SI’ XJ%));'
lfn".a --n-kllI whm lI1 natemalpredxcate, thea - 1
| LT "@‘,5‘ U ﬂ'II (XI/’I: X./ac) 1

nﬁ(xtlﬂm xa/‘s) { (X;/t;, X.[t‘) 0
rfn (ni&nz), where 111 md n* areterma} predtcates, then T
;9 ﬁni(xlf‘bk XO/'O) 1:~
B Hs(letn .,X./o.)s K&(X;/ag, x.,/a.), i Th(Xa /8, ... ,x./..) 0,
L mMned, .7 otherwise, . ‘

| Ifﬂlsatermalp;j;’jf andr:saterm thenQ*(BDr)nscalleda
.m‘dwud ferm. =

. Let Q‘(Xl, X.) be a eondxtxonal t-erm thh vm&blés amongX 3 Xa
Vand lct t;’ Teniy be elements OfA Then the value Qﬂ(X;fB;, X,[&.) Of Q
ovet. :;, "‘aq, m ﬁ is deﬁhed by '

v.‘,"

Qg(x&/,;, SXefr) X g R
M H'(XI/’IL Xa/‘a) O&Q(XIIS;, X,/sa)ﬁ‘t

<



| m&smﬁemmmﬁmommdmlmmwc&ﬁud
<~By0' (II* O 7*) we shall denote the conditional term with code v.” - .. .
Anwuypamdfnnchonﬁon)inunedpmccompstcbleonﬁxﬁfo:aome

~ recursive sequence {II"™) D A}, N of conditional expressions with variables.

 among Zy,...,2Z,, Xy, ..., X.mdforaomeﬁxedelemcntst;,.. t..ofAtheA
follmn&equwalence:stmeforallu, ,:.andth » | y o

0(s1,...,8.) =t o . T
= 3n(neN & n"’“(z, /:,, Z,/t,,X;/c;, X,/a.) o
} r’( }(Z;/fx, Zr/fr: Xl/ ’1: Xa/ 't) xt . ~\
&Vm(m < n = g™ (2 fty, - z,./t,,x;/s;, ,X./s.) o 1))

Nohee that each prime oomputable on % function is single-valned RN
' The original definition of the prime computable functions in (2] looks out some-
what different. There the prime computable’ functions are defined as a subclass of
the p.m.v. functions on the et A*, where A® is an appropriate extension of A.
Bowever for partial functions on . ‘both definitions are equivalent, see {11} or [22].
B Given astmctnreﬂl denotebyPC(ﬁ)theblmofaﬂpﬁmecomputablem
.‘ﬁ flmctlom S | |
Propcmtmn 3. The comp tchltty PC is squpml muruat atui Kas ﬁe
hhmmre property on each class A of structures.
‘ Let Q = ( D 7) be a ¢onditional term with va:iablet among X;.
. Xo. Then @ is said to be’ dgﬁaaemthe&mts 81, ..., 8, msymbol‘n ‘
‘ "Qg(X;/u, X;/I‘)k!ﬂ' e X;/Sg, S.,X./t.) & 1 or (H(Xx/lx, X,/h)

0 and m(X ax, Is.)". 1
.. An g-ary partial function. 6 is said to be lcﬁuﬂe ou A iﬁ'&#
vhomo r.e. ut {Q° ,gv ofcon ta tenm with variables among 2y, ..., Z»; X1,

epte 2y, ..., % of A the followmg condmons hold for
dlelementts;, ..,a.mdi&l"ﬁ&* ‘ RERE '
(i)lﬂ{s;, . 8¢) is defin f":_'theniormhumV '

R !m(zxfn; Zr/inxx/‘m x./;.),
(h) 0(‘11***:‘0) i

MREV&Q'(%/&, ,Zr/ir X:/’x» XJ&)"‘C’)‘
\ M zropogtbn 4. Blc& leﬁudkrm ﬁ m;le~ ftsckog u pnm com»
; able on

A&weshallmhteg,the deﬁnabkon!langl&vdned!‘unctmmmczde wlth
nthepnmeeompunbkm L e

B f' 2.2. External c.hu'ucterintm of the Prinw mmputabﬂity
Mi = (A; 01,...,0; Bi1,-.>,Ts) be'a structure. - el
«d«e&pw(a,ﬁ)ucdﬁdatmofﬁﬂfahapmmtm j
mappiagofNonﬁoA,ﬂss_ N, P11-0-1Pni. o1, ,o‘;)uantmamemdthe
,«fo!lmmg ditions are fulfilk
= (i)‘l‘hedommnofa(dmn(a))udondmthmpect wthepm:dfnncm

(!l) “(m(zh' ,hﬂ) 'i(n(zl)a* *3“("‘,)} ior ‘a 31, ;% of &N(O),

“‘!"; e~ "'\A, R

’.15
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oL ‘,‘s

1 5 (“2 63(31:‘ ﬂ*z‘j) E Bj(a(x‘l): aa(zlj)) ﬁ” m 319 :333 Of dﬁ!ﬁ(ﬂ),
J y
- (i) Each @i is t«otally deﬁned on N" \ (dom(a))" and ea.ch o', is totally'

g:eﬁned on N% \ (dom(a))¥. = | ; |
"~ Let (tx, 8) be an enumeration of X . Denote by B* the structure (dom(a);

, ,¢1, v<1%ns O1,--.,0%), where each ¢ is the restriction of ¢; on dom(a) and each .
oy is the mtnctwn of 0;-on dom(as It follows from the deﬁnmon ut 3 isa

fstronghomomorphmnfromm’toaand %"g; -
- A partial a-ary functlon & on A is called p-admsmbie in thb enumeratmn' (a, !B) K
_iff for some pu-recursive in pattnl function ¢ ofa m‘guments on N and fox all ,-.,
B1yees%a in dom(a), the fol@owmg is true: - | ‘
(@) Kz, 20) Xy, then y € dom(a); .

@) oalz),... a(za)) Ealplzy, -1 2a))- T

.. Here we shall prove the following theorem whu:h glm a.n cxternnl character-, E

| fxuhon -of the prime mmpntgbxhty L
. .Theorem 1. A partial f\mctwn 9 on. A is yrme compuialhz ou 9 :ﬂ' i i is
p-cdmmaik in all ensmeratigns of

’ ~external cbaw:temahons of Search comput.abxhty md of Cqmputa— -
bility by means of eﬂectlvely deﬁnabl¢ schemes are ohta.med in (13}, [14], [15)

-and [1

] S ) be an effective codmg of the ordeted pairs of natural numbets and -
let a\zg o.and Az, (); be recurawe functions mcb that ((zm 21))o = zo and
E( 6, 1 )3 = z1. I n2 % then by (zs,...,2n) we shall denote (an,(zx, vy

¢ ...1 - :
W :haﬂmmethatthecoding(,.)mﬂlmmﬁhat (z,y))zmd(z,y):»y

' 'For example, iet L y) .
" Le umerthon of oA Suppm that’ % = (N} P1yevvrPr;
«ur;«,...,o'. aennmer tion (o, ‘B);acalled omtxfwhenever1<z< na.nd f

;f‘m(n,.. ,z.i) &y, then y = (i;5,21,...,24,) for aome natural j. -

A ntk+2-tuple (Hy, a1, 0, p},,al, )wcalled ﬁmte pari (ofa gpecml f
‘enumermon) 4ff the | ing.« eoudxt:m are satxsﬁ - o
(i) H;xﬂaﬁmﬁemboetofﬂ’ |

(n) dlmapsrtulmappmgwnha

ﬁmte gomam of N lnto A dom(a;) |
.ﬂHi -@ g |

s .
(ii: Eai:h @ u an ac—cﬁy pmuf Tuncﬁan on Hx Udom(m) and'

e 7(b) it ¥} (zz. ,m) (y, then y = (mzzn ,zu) for some “‘*‘“‘3‘3’ o
S (e) if Z1,...,%q, AE eiementp of dom(m) and tp‘(m, ‘,z‘,) -2 y, then :
| 9&(“:(31)) »ﬁz(za.)) oy . V.

(@) Eaho} is apartial predicate o (Hy Udom(m))" \(ﬂam(m»‘f‘i' L
: MAI (Hh ah ‘PI’ 3‘?1» alt e !ai) “d A? = (Hm W’ ‘Pgif“" l’P?n
wa") be. ﬁnite paru Then A’x Q A: 1& the fo‘llamM condxtions aretrue

(;l) Hx C Hz and arl g uz, o V L -
i?'f:l(ik) “'P‘ g 921 L # 13 ,ﬂ, andﬂj ”}t J 1 k’l . '( R
| (m) o sp?(zx, ,.z..) yadye dom(ax) then sv%(xx,' ,za.i) v




R

lf a& . (H;,,m»?n sso,,,o" 31) sa ﬁnxte put md (a,m = (NY
P11 Pn; 0y, . ,tn» usaspecral enumeration, then A C (a, 8) 13 the fo!bmng R

is true: .
i m ndom(a) ¢2i and a; C o, :
(u) qp‘C:p;,:..I ,n,andaj Ca,,;-l,...,&

(m) If ‘Ps(i’h stua) y and y € dom(a), then 'Pi(‘ls '”ﬁe) y N
The proofs of the following two propositions can be found in [1].

.+ * Proposition 5. Let Ay, A; and Ay be finite parts and let (o, B) 6e '3 specwl' o
esumcmiwn Then Ay C Az and A3 C A; tmyhes A C Aa, and Ay C.’ A3 cnd L

Ay C (a,B) :mphcs A; € (a, B).
“Proposition 6. Let . AgCAC--CAC- . be a sequence of ﬁmte par!s |
Let Ay = (H,,a,,p{, ,90,,,;‘{ e a,,) and auppoae that the following is trxe

@) . for each s € A there emis a g, such that s € range(a,); \

(i) F1gign zy,.. ++ &g, are elements of dom(a,) and 9;(&'(&1),
ae(zq;)) is deﬁned thea for some p 2 q, &L(21,.. .1Zq;) 18 defined; L

(i) if (21,...,2a,) belongs to (H, Udom(a,))“'\(dom(a,))“ then for some, L
P24 P(zi;...,2q;) is defined; :

iv)  for each natural number z tkcrc e:mu agq such ihat z € H, or .

5:6 om(ag). : |
S Tbcn there cxwis a 3pemal enumemtwn (a ‘B) auch that. for all natuml q, ‘

Let val be an effective one to one mappmg of the set of all natural numbers

dnto the set of all variables. .~
Let No be the set of t"ﬁ“ e na.tural numbers which are not of the form :
(z,;,:c;, ,z,‘), where1 S ¥gn.

Suppose that A, = (Hl,a;,pl,%, ,gp,,,al,o',, ,d‘k) is a finite pa.rt Let .

. “d’om(a; ) = {wy,.., w0}, o1 (w;) & ¢; and g Wi i=1,...,r Let zl,
be distinct elements of No \ (H1 Udom(al)) and let val(z;) = X;, i=1,.

Proposition 7. The::c ezists an effective way to dcﬁue for each ut ez}:res« . ;
'mm EDyof typc (a1,...,0p, by,...,b:) a conditional term Q with variables.among .
Wy, WX, 1 Xe such ﬂzat for all elcméutc 81,.. ,s¢ aad t of A, the follow—] Lo

ing wadmmu are umﬁed
| (1) If Qa(Whfty,. .., ,/t,.,X1/s,, X,ja,,) o t i&eu there emts a ﬁmte

mt Az D Ay such ﬂ;ct if (a,B) is a spcctcl caumev‘atwn A, c (a, ‘B), ihen

(1) Z 5y;...,0(2s) % &, aly) =t and Ep 20;

(2) If Qq(W;/t;, W,-/t..,Xllsg, Xi./s,) $ t ‘tben at Ieast ane of ibc

ing is irue:

. (2.1) There emf: a ﬁmie part Az 2 A;, atch ihat tf {a, ‘IB) is e pec:al ff;
. cmmemt:on and (a,%) ») Ag, theu z1, ,x. belong to dom(a), E:,g o 0 c»d S

"’y¢ dom(e);
(2. 2) For each apccml caumcmttoa (a ’B), zf (a, ‘B) D Ay, a(z;) o 81,
a(z,) = 8, and Eg =0, then a(y) #t; -

(3)  IfQa(W; [ty, .- W,-/t.-, Xi/81,.. X./.sa) is not dcﬁmte, tﬁea tlsere exzsts a"’: =
finite part Ay O Al, sucb that if (o, ‘B) it 8 special cﬁumerutwn and (a, %) 2 Ag,[} Rt

then a(z;) ¥ s;,i=1,...,a, and Ey is not deﬁued
A detailed proof of thm proposition is given in the Append:x
Now we are ready for the proof of Theorem 1.
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Proofof'l’heorem 1. Let Rbe a,n éwary pnﬁal fnnct:onon A Hﬁ mpnme,
,-oomputabie on 9, then clearly 4 is p-admissible.in each enumeration of %.
7 Suppose now that 8 is not prime computable on A. We can assume that 0 is
smgle-valued Obviously if 6 is not single-valued, then 8 is not p—adnnsslble in any
_enumeration (a, ‘3) of A. By Propoaztlon 4, 6 is not definable on 2. )
Let us fix an enumeration of the u-recursive operators of type (ay;...,an,
b1,...,bs = a). By 'y we shall denote the p-recursive operator with number n.
| We shall construct a special enumeration (a®; B°) such that @ is not admissible
“in it. The definition of (a" %") will b@performed by steps In each step g we shall -
define a finite part Ay = (H’,,a,,:p{, 1 8i01,...,01) so that A, C Agy1. After
‘that we shall define (a“ 8% asa special enumeratzon such that A, C (a° %0) for.

~alli

. qWe shall consxder four lnnds of ste . With the first three kinds we shall ensure
that the conditions. (i) — (iv) of the hypot.hesw of Propositlon 6 are true. With the
~ steps ¢ = (4m+3, n) we shall énsure that if ga, B) D Ay+1 is'a special enumeration
~and { = I‘,,(%) then for some z;,. ,z, dom(a:) at least one of the follovnng
“two conditions is not true: . | : '
: €4g ngn HZa) Y D> YE dom(a),

(5 o a(zz), - o(zq)) a(C(z;, -1 Za))-

Let 8¢,81,.7 beanar i a:erenumerauon ofA : ook
.Let AO = (z aﬁ:‘?h swyua'l; sak): .Where o, 'Pl: :‘Pg, “2: ‘ ,0’2 are
.:tqtally undefined.

-~ Suppose that A, = (H,,a,,:p:, ,qp,‘,al, ,a',,) is deﬁned We shall con-
.sider the following cm '
. 'L (g)e = 4m, for some m € N. Let z be the first natuml number wlnc.h
jdoea not belong to dom(ay) U Hy and Jet s be the first element of the sequence
89, #1,... which does not belong fo range(a,; If such s does. not exist then let s-

be an arbttra&y element of A. Define a,+1(z Xy and a,.,.;(z) o a,(z) for z ;ﬁ z

wd let Aﬂ-l (Hp aﬁ-h‘ﬁi: > P8 alv t“k)

2 q= (4 +1 (3,21, !zﬁi? Where m € N‘! 1 § ‘ 5 fl, ab 1@40 GI'P
,eiements of dom(a, + O {(zi,.. ,z,,) is not. defined and 8;(ay4(z1 e ,a (z.‘)) 1s .
~.defined. Let. y = (i,J,21, ., %q,) be an element of N \ ( ctotu ag) U }'I 2
;{;,%4-1(31) = 8 (“9(4’1)r *»“(%i ‘) Md agyr(z) = %( for' z. 75 L@‘t )
‘-"“.:"P? (31: 336;) ™y and ‘Pi (31: :zﬂc) = i (21, ’zai) for (‘hﬂﬂ‘”*&i) 9"’
"»‘!(3"1’ 33"*) Mne Aﬁ-i = (Hg;aﬁhwlv*"r?znu?i :?g-{-li ‘*tfpmmls

g )
s t 3. q 4m + 2 (s zl, ,z. )), where m € N (a:;, ,z,

(7, U dom(u, J% \ (dom(ay))* - and  ¢i(a1,...,2a).is not. defined. - Let y
={in,.. ,z,;) be an element of N\(dom(a,) U H,j ana:lL let Hyqy -H, u{y}.
Let ¢,+“(31; 33585) y a‘nd ‘f’:’l(zla azcg) ?{(zln 1 szm) for (31: )zdc)
#) (31, z,‘) Let A(-{»l (Hﬂ»l:ap?’ls ”Pi..laﬁoi , )¢i+1)‘ z‘ﬁmau r'
¢*

belongs ta |

Vg, g = (4m + 3 n), for some m,n eN. Let dom(a,) = {wl, ,w.-}, and let
us ﬁx some distinct elements Z1,..-324 of No \(H, Udom(a,)) Let (w;) = W;,
f”lyl,.. R andval(z;) Xg,‘m ey @ ;
. "By Proposition 2, there exists a t:eehke n.t. scheme .S' {E‘ ;') y }ugv such :
that for each sttucture 8 over the natural numbers . g

©® Bz ymav(»evwg&o&y ,,)

"



By Proposxtmn 7 theteemtsaneﬁ’echveway todeﬁnafo:eaehw E V a.,

eondltxonal term Q" (W;, s We, Xa, .. X,) satjsfying the conditions 1), (2) and
(3) with respect to EV :)y” Y 7VRT and A, Soweobtmn there oet {Q%}vev
of conditional terms.
. Icta(w;)_t.,z—l T Deﬁnethea-arypmv functxon(onAbythe |
equivalence: t € {(s1,.. ,s,,) <> Jo(v € V& Q&(Wlit;, i Welte, Xi/8,..
Xd/")tst) e e ,

We shall consider the following cases: - S

. 1. Fot some sy, .. 188, tof A, t€ C}sl, .y8a) but 0(31, .180) # t. Theén for -
somevEV, Qa(Wlltl; W, /t'ro X1/81,..:,Xaf8,) 2 8. BY (1), there exists a
finite part A 2 44 such that if (o, B) is a speclal enumeration and (a, } 3 A,*
‘then 0(31) = 81,.- ,0(30) = 8.:, a(y”) > tand Eg 0. ‘ ’
. Let Agp1 =A. Let (o, B) D Ayy1 and let( T SB) By (6), a(C(z;, ,xa))"
= afy’) & o t On the other hand a(a(xl), ,a(z,) 9(31, t
 this case (5) is not true.
_IL Let for all sy,...,84, ¢ ofA if ¢(s1,...,82) = t, then 9(31, s,,) o t
,Hence Cis mngle-valned We have the followmg subcases: A
a) For some s,,...,8; of A, C(s;, .y 8g) 18 deﬁned but there exxsts a v E V"“
' cuch that Q" is not definite over By slyy 81y.e Y '
" Clearly in this case 8(s;, ... ,:,) is also deﬁned - -
.. Since Q" satisfies (3) with respect to Z1,..., %4, EY D ¢* a.nd A, there exngts :
o finite part A D A, such that if {a, B) isa speclal enumeration ancf (a, B) 2 D A |
then ofz;) = 5;,i=1,...,n and EY is not defined. Let Ay = A.
' Let (@, B) be as clal.gnumetatmn and (@, B) D Agyi. Let I‘}‘(!B) = ( -
Usmg (6) and the fm that Sisa treehke acheme, we obtain that t {(z1,...,%a) °
. is not defined and, hence, a({(z,. z,)) is not defined: On the other hand
o 0(&(:1), ,a(z,)) 0(sy,.. ,,a,) and hence, 6(a(z1),. ,a(x,)) is deﬁned
"« So we receive that the eondxhon (5) is not true. '
" b) lf ((81,--.,84) is defined then for all v € V, "Q" (W;/t;, . ,W,./t,,'
*X;/a;, X./c.,) It follows' from here tha,t (is deﬁnable on & Since ¢'is not de-
~ fihable on A, (. # 0. Hence there exist 3i,...,8, and ¢ in A such that 0(31, sg)‘
¢ and ((:1, .84 ) $t. By the definition of (,fotallv €V, Qa(Wi/ty,.. W,./ ry
- Xyfe,... ,X,,/s,) % t. Therefore for all QY, at least one of the condxtxons (2 1)
‘ ( :2) is true with respect to zy, .. .1 Zay E' D" and A,.
! Suppose that there exisia a v €.V such that (2.1) is true for Q” Then there
- msts a finite part A DA, such that if (o, B) is a special enumeration and {a, m -
A, then 34, ...,2, bdongtodom(a),E‘” 20 and y* ¢ dom(a). Let Ay -
" Let (&, B) be.a special ennme;at;en and @, B) D Agyr- Let ( I‘.;(%) éy (6),
ety 1es2a) 34° bt 47 ¢ dom(a). So the ‘ondition (4) "
—.+ . et us suppose th&t for all Q¥,(2.2) is true. .. |
e Let “ﬂl(‘”l)“’w maq-!-t(-"’&)“‘i and c,.'.g(z)“ A(z); fm‘ 3¢{31, u-“»‘c}
m Agiy' = (Hg;a§+1:¢§s ""!%! "n !“z ﬂ*l is & ﬁmte paﬂ' wd )
!4'1 g .

“Let {a, B) be a specxal enumerahon and {a, ‘B) o) A, 1- Let I',,(‘B) ={.

, VSmce (o, B) D Ay, a(z;) ™ g),...,a(zq) = .8, and (o, % D A,. Then, by;
(2.2),if v € V and E 2 0, then a( ”) 2 t. Therefore a(((z;, ,zn)) 2t On .

- the other hand, 9?!(31); ,a(z,)) 9(3;, ,s.) ¢ Fi'om here it folloufs that
;thecondxtlon(5) e Ll
; g Deﬁne A,.H = A, in the other cm




f«at (nz“ 939“) be a ﬂpecml enumatmn mh tha.t {a° $°) :) A, for all q.

'V Let us suppose that ¥ is p-admmble in (a" ‘.‘3") “Then for some p-recursive in

8 function { (4) and (5) are true for all :1, .»Zq € dom(a®). Let Ty be the
y—recurswe Opera.tor of type (a1, ...,an, bi,. b, = a) such that I',(*B) = (.

Suwe (o, 8% D Als, ny41, at least one of (4) and (5) is not true for some‘ ‘
:1 ‘e of dom(a") A oontradxctwn |
y

- 2.3, The main result
.- A class A of structures is closed under homomorplnc casnicr-smagcs iff when-

| ever A€cADBisa stru;ture a,nd there e:usts a strong homomorphmm x from B
_to ¥, then B €A

A class A of structures is closed. undzr tatal czte:mom iff whenever 2 e.A ‘B

'iiy a structure and A G, B, then B € A.

‘Two natural exam;;les of closed under horr;omorphlc counter-images and under

'f total extensions clagses of structures are the class Ao of all structures and the clgss
A, of all total structures. |

Theorem 2. Let A be a' class of structum and let .A bc closed w:ih mspect 10

: hamomorphtc counler-images and total extensions. Let C be a cumputcbt&ty on A

- which is sequential, mvanaui and let C have the snbsiructare property on A. Then
] C C.APC ‘

P roof Let 2 be an element of.A and iet b€ C(ﬁ) By Theorem 1, to prove

: ;hat ] ech) it is sufficient to show that 6 is y-admissible in all enumerations of
A, Let (a,
: so}' the mtnctxon of p; on dom(a), i=1,...,n and by o} the testriction of oj on -

~dom(a). Let. B = (dom(a

(N; @1,...,¢n; o, .. .,0%)) be an enumeration of %. Denote by

:‘Pm 0"' ,0” ). From the deﬁmtwn of the
notion of an enumeration of 2 it }cillowa that ois 8 strong homomrphmm from 8"

to ¥ and B* Cg 8. Then B* and B are elementa of :A. By the invariance of C,

there exists a * irl C(B*) such that for all zy,... 2, of dom(a) a(p*(z1, .. ,%))

e a(z;), -, a(2,)). From the substructure property of C it follows that there ex-

a-ary functxon pin C’(ﬁ) such that for all Zi, .., Zq of dom(a) qo(z;, sev,®a)

-3 & *(21,.. ,z.) Fmally, since C luequentml, gms y»recurswe infB. So weobtam ,
| that is ;t-admlmble in (&, 9B)." |

“This result should be conipated with Theorem 4 i [1] whxch states hat if

| A is a closed under homomorphxc countex~unages and total éxtensions class of
' structures, then each effective and invariant on A computability C which has the'
mbstmctnre property on A is weaker than REDS-computability. . =

' So we obtain that in some sense Pritfie computability is the aequenﬁul counter- )

part of REI)S-com;mtabnhty Namely both ‘computabilities hav«g the same model-

thearetxc properties biit the first is sequential while the second is non-deterministic. '
From the above results it follows that on each total stricture the prime com-

i putable functions-coincide with the smgle-valm REDS-computable functions. An
- ‘example of a partial structure on which the prime computable functions are a propet |
wbnlass of the sxngle-vaiued REDS—computable fnnctlons is gnren in [e). . -
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| Here we shall give a detailed proof of Proposxtlon 7. The ennmeratxon of the
proposttxons in the Appendix will be independent of that one used in the main text.
‘We shall suppose ﬁxed a structure A = (4; 61, 8,;, ) TS >y and a finite

P"t A (Hls alz‘l’l: ’v,u J{‘, ;Uk) N
Let dom(a;) = {w;, ,w,-} and 1et z;, . Zq be dtstmct elements of

No \ (H 1U dorh(m)) | :
Recall that 2 is a atructure of the first order language L= (fl, o Say
. Th,...,Tk), where each f; is is a;-ary and each Tj is bj-ary. B
A finite subset L of N® will be called a temal trec if the followmg condxtxons
are ‘true: : ;
(i) It (i,z,y) € L then 1 5 f g n, z = (z;, ,z.i) 'for some e,lementa,‘
15, .12a; of N gndy-(t,;,z) for some j € N. N S
- (ii)". 1 (i,2,31) € L and (i, 2,1n) € L, then yy = w /.
(iii) If (4, 2,y) € L, then y ¢ dom(a;). ' T
i) K G (o, ,z.,),y)eL and p}(z1,. ..';z.‘) isdeﬁne‘d, them .. .
w%(‘l» 'zd‘) y ) ) o & . . . S
LetusﬁxatermﬂtreeL o
" Immediate consequences of the condition (x) of the deﬁmtxon and of the choxce '
ofthe coding function (.,.) are: ;o
V(Tl) If (i1, z1,y) and (42, 22, y) are elements of L, then 11 =iy and n= =22,
(T2) I (i, (21, .- %) y)eL then z; < g, j i=1,. o -
o If (i,z,y) € L, then 7 is called a L-predecessor of y ‘Thoee natural numbeu ’
_ which have not L-predecessors will be called L-prime. |
.+ . Notice that by (iii) of the deﬁmtmn and by the choxce of z;, s;., all
Wiy i.., Wy, 21,..., % 8re L-p rime. ‘
: For each natural number y, let. I = 0, if y is L-pnme, and let ly
‘31‘5 +-+ lzti‘L + 1 if (‘s (zln 3 %a; )3 y) €L
Let yE N. Define the ﬁmte subset [y} of N by means of the follamng mductwe‘ ,.

Ifl#iz-— then{ﬂ

Dt v s thenm U]l Ul
:,Afmethebm :ela,taon "< ” on N by wnlmlencezﬂiz,v@?em

| Now we shall list some properties of thé telatmn ”<;, wluch foliow mxly

-gfromthedeﬁmtwn A .

(RO) . IfML"Omd <Ly,thenz..g. |
B,l; (5, (z,. .. ,z.j,y)el» then 2 <;,y,;..1 Y. TR

(B2) X (i, (n,. n,za),v) € Landu <:, vothnu=yporIjlsjsa
o u <t z; S i M . S T
NI SRR

R z<;,y&y_;,u=>z<;,u L ii

‘(R5 1<ryby<Lz > y=12 | o

' Let ¥ €N. The subset (L), of L is deﬁned by the equwnlence | -
(z,z,u)e(L),M(i,z “)GL&.%&‘(LQ B

" We have the folbwmg propertxes of (L),; ‘ e

: (Pl) (L)y -@@ivlz-, .



(92) H (‘s (2;1, ,z,‘),ﬂ) E L then (L)t = {(‘i (zls :z¢'§>a 3)} U(£)sy ?U
Joa;s -
- Ifu = (zl, ,z,‘) a.na 1 < 'S d;, then we shall use (u)s to denote zj.

(P3) 2 <L y&es>rz= y.or 3:333u30(1§:<n&1<3<a‘&cz = (u), .
| &(i, 8,9) € (L)y)- :

“Proof.In the nght to left dlrectxon (P3) follows from (R1), (R3) (R4) and
‘from the definition of (L)y.
" The proof in the other direction is by mductxon on |ylc. ‘
- If lylz = 0, then (P3) follows from (RO).

- Let (i, (z;, -yZa)s¥) € L. Suppose that z <L yand z # v, then, by (R2), '
2% % foraome;, 18jSa. Ifz=z,thenlet u=(z,.. Za)and y=v.
Clea.rly z = (u)y, Otherwme, by the mductlon hypothesis, there exist i0, Jo, ¥ and
v such that 1: ‘g fo § n, 1g Jn < c;,, z = (u);, and (o, ,v) 6 (L), But by
(Pﬁ): (L)s; S LYy ~ ' .
) Let T (L) wnsxsts of all matural numbers y satxsfymg the condltlon xf z <L y

and |z =0, then 2 € {wy,...,w,, 21,...,20}. - o
fﬂ; Hlyly =0, then y € T(L) <> y € {wi,...;w, Z1,...,2 e}
If (3,{21, ..., %), ¥) € L, then'y € T(L) *ffVJ(l sis as =z GT(L))
Let val(w)) =W;,i=1,...,r, and val(z;) = X;, i = 1
.- ~Foreachy €7 (L), the term r(y, L) of the language L 1& deﬁned by means of

- the followmg inductive clauses: | ,
I [ylz = 0, then #(y, L) = val(y).. R
K@ (#,...,%,),¥) € L, then 7(9,5) fi(f(an), ++7{%a;, L))-

Notxce that all va.nables whxch occur -in 7(y, L) are among W;, s We,

ot

‘1
i

X;, |
Prqpoution 1. Let F bc a tcrmcf tme tmd L C F’ leen ihe follomng is irue
for oll natsral numbersz and y: o o
“(8) ' Lisatermaltree. - -
(b) <Ly = z<rv o
@ @y E@y.
' () (L) S T(F). 2 | o .
P :oof (a) is obmus The proof of (b) is by mdnct.)en on lyh, I ML =0
amh <L y, then z = y. Hence z <p'y. Suppose that (i, (z;, .3 2a)yY) € L. Then
'z = yj.or for some j, z <z . Clearly (i, (215... z,‘),yj me hem u:smg the ~
mducmm hypothesis we obtain that z. <p v | AR
“Now (c) follows easily from (b). R .
~ Let'y € T(L). We shall prove that Y e T gF) by mdnctwn on Mh ML = 0* :
tlus followrﬁ‘om (T1). Let (i,(z1,..,2a,),¥) € L. Then, by (T 2), zj € T(L),*
. § =1,.8,a;. By the induction tnrp&them, 2z € T(F), 7 = 1,...,0;: Clear ly‘ |
(:, (31, ,za‘),y) € F. Then using once more (72) we o’btam that y e T(F). :
Pl‘opontion 2. Let L and F be termd me: and (L), = (F), Thcu tl}e, |
followmg assertions are irue for all netuml z:
(8) ity :<ry.
%b) <Ly = (L)z = (F)a.
yET(L) <> yeT(F). -
4 If y€T(L), ifwu m(y, L) = f(w, F )
Pr 00 f. (a) follows from (P3). -



. Let z 5;, y. We shall prove_ (L} = (1"),F by mduetlon onl i Let I lg =0,
 Then (L)‘ = . Suppose that (F @. Then z is not F-pme and, hence,
~ for some i and u, (i,u,z) € F. By (a), (i, v, z) € (F), and hence, (i, u,z) € L.

The last contradicts the fact that |z = 0. Thus (F), = @. Suppose now that Lo
(5, {21, ,z,,),z) € L. By the induction hypothesis, (L),; = (F),,, j=1...,8i

Clearly, (i,(z1,...,%4,),2) € (L),, and, hence, (s, (zl, ,z,,),z) €F. Then (L),,
= (F), follows from (P2). .
The. proof of (c) is by induction on ly|z. Let |yl = 0. Then since &
= (L)y SF) lylr = 0. We have y € T(L) iff y € {wlx swﬂ@l: ;30}
iy € T(F). Let i (z1,e.  20s9) € L. By (), (Dhay = (Fhaps 3 = 11005
'Cleaﬂy (3,(21,...,24;},9) € F. Then, by the induction hypothesis and by ('I' 2),
yeT(L) < J(l Sjs @ =z ET(L)) = VJ(I §J L a; = z; GT(F}) -
,ﬁ:yeTF | A o
’ The proof of (d) proceeds ina sxmxlar wa. ' o
- Pr?gositmu 3. Let E be o termal tm, L g F and S = L U (F),. Tﬁexz
: yProg‘% Clearly § C F and hence, (S), C ( B mem of mductmn on ..
| ]zlp(we( shall show that if z <g y, then (F), C (S'), £et
- Let (i,(21,..., %4,
iy {21y s 2a;) ,zj belongs to S. From here (F), c (S), follows from the mductlon
~ hypoth esis and. {P2).
.. Let F be a termal tree. Then mea,lledaaubtme ofF msymbolsb«F xff -
"LCFand | -
«(S'f) 1y € T(F), (L), # (F)y s0d (i,2,4) € F, then s,z,y ¢L c
~ Proposition 4. Let L < ,andyéT(L) Thca(L R -
 ProofYf yis F-prime then (L), = % % = 3. Supp Tl (:,z,y) eF.
" Assume that L)j ;E (F), Cleatly, y € T(F). Then, by ST), (i,2,y) € L. On
_ the other hand, y & {w;;...,w,, 2y,.. ,z,} and .y € T(L) ‘Then for some 3; and :
caye (1, 21,9) e L Smoe L g F, z; = {and 2, = z. 3enca (1 z y) E A
 contradiction. - Fen et
. Proposltmn 5. Let L -n( F and .S' LU(F) Thcu S < F‘ . o
wProof. Let 7€ T(F)y (F): # (S): and (:,u,z) €F. It ahould be clear, -
tzat (*s; »2) ¢ (F)# Smée (L), C (S), (L): # (F)s. Then (*.u,z) ¢ L: Thus . -
(&w,
¥ Let'RY,. R"*"' Be new predlcate symboh We shall suppoae that each R is
- cs+1-ary,where if1 £°i € n, then ¢ = d; andlfu+1 SigEntk, then ¢; = Yiene
‘Let-E be.an.t. prednc;tae of type (ay,...,85, by, .. ,bg) Then E can be written in -
‘the form PLL.. &P”' where m -2 0 a.nd ‘each P' is dtomic: L. P' is in the ﬁorm‘f o
‘ (z;, ,ze,,y) for somed, 1 <4 § n+k, -and some zy,...,%;, yofN. .
o In) what foﬂqwa we shall conslder only n.t. predicates and n.t. expressxons af
éa;, .,8n, by,...,bs) without stating this: exphcxt each time. We shall uae Y
“"{a, ) to dencte special enumerations of A. Given an enumeration (a, Q), we -
shall suppos,e ‘that the structure B i is in the form (N; qpl yeresPry a‘;, i) Byk
‘ ‘P’ la- 1,2,... we shall denote a,tomlc n.t. predtcates S : S
o LetE P‘& & P™ bean.t. predxcate Then Emmdtbbe comct 1ﬁ'thez
F%,fpllovwmg condltlonsaretme forl=1,....m; e e T
P = Rz, 2,)s 1 S § S 0, then T
11 y:(a },(21, zc,)), fOtwmﬁ GN o
L2 If?’a (zl; fzt-‘:) 18 deﬁned then ‘P}(zl: zc‘e) Su

L o .
H N 7 T o
4, R C
oy P

|z{F = 0. Then (F), = @. ’
,2) € Fand 2 <p y. Then (3, (21,...,24;),2) €(F)y and, hence, o



| IfP' R‘(zl, ,ze_,y) n+1 Si S n+k then
21 ye{ﬁl},‘ N
22. ai,,,,(zg, :3'3;) is deﬁned then o, _,,(z;, ey Ze) v , ,

3 Ifl Ssh<hgm, Ph = Ri(z,,.. ,zc‘,yl) and P? = Ri(z,.. zc;,yg),
then yy = p. B

~ Clearly. there exxsts an effective wa,y of recognizing for each n.t. predu:ate E
whether E is correct or not. 3
' Proposition 6. Let E. be a nt predtcatc Let {a, ‘B) 2 A and Eg & 0.

Then E s correct. £
Proof.Let E= P"& &P"‘ Let(a,fB)DAandEg 0.Let1Sl<m

' and P = R"(z;, vsZe;¥), whete 1 § i S n.. Suppose that y € dom(a;) Since
Eg =0, Pj = 0 and, hence, pi(z1,.- ,xe‘) = y. Then by the dqﬁmtxon of the
relation *C” between finite parts and ennmeratlons, V21,00 92¢,) Y. So we
obtam that the condition 1.3. is true. The other conditions are obvious. |
A n.t. predicate E = P' &...& P™ is called s:mpklff'whenever 1g I <m
mﬂP’ (zly' ’zﬂ:V)rthen ﬂ+l<8§ﬂ-¥b ‘ :
" For each n.t. predlcate E, ]El is deﬁned by the inductive clauses .
If £ is simple, then |E| = ’ |
I E=E&R(z,.. ,z,,.‘,y)&,E" where 1 g i$n, t.hen IE} = |E’l+lE’|+L.
" Clearly if |E| > 0, then there exist unique n.t. predxcates EY, R¥(z1,...,2e,,0).
aml E? such that E? is simple, 1 S i S n and E = E' & R¥(2y;...,2.,¥) & E*.
. Let us fix a correct un.t. ‘predicateE = Pl &...& P™. Deﬁne the finite
,.whaet Lg of N® by the equivalence (i, z,y) € Lz <= 33z, .. 3z, M1 gisnk
181gmbr=(n,. .., 2, ) P'=R(zn,....2,0) &y ¢ dom(ay)).
" It follows easily from the correctness of E that Lg is a termal tree. <
A termal tree L is called E-consistent 1ﬁ the followmg two condxtwns are true:
" a) LULE is'a termal tree; = RS
b LuambtreeofLULg C
-Notice that if L = @&, then L is. E-cons;stent «Notwe also tlmt if E is smxple -
~then each termal tree is F-consistent. ,
“Suppose now that |E| > 0 and E = E1 & R’(z;, ,ze,,y) & E’ where
15 i g nand E? is simple. Let L be an E‘-cons:stent termai tree. Denote LULE
fﬁ.‘_byFandletG LULg: and S'=LU(F)y.’ | :
" Notice that L < Fand S < F. Notlcealsothat G’U.S‘ F.
. Proposition 7. If u<ry, and u # y, then (G), = (F)u - ;
. Proof. Clwly (G)u € (F)u for all u. Let u <p y and u # v We shall |
 show (F)u € (G)a by induction m’lutm This is obvious 1f Mp 0. Suppose that
,7(1- (u;; ,u,&v,ﬂ) €.F. Since u £y, (k, (w1,...,u,,)u) € G . Clearly u; <F ¥,
thatforsomeg,uj-y..'l‘h y <r uand,hence,y..u
{A aontradtcéxon ‘From here the mclusmn (F),. C (G)‘, follows from the mduction
- hypothem and (P2). | |
" Proposition 8. L uE‘ msiateat .
" Proof. It is sufficient to show that L < G Let u€ T(G), (L)., (G),. and
(k,z,u) € G. Cleatly (L), C(G)s C (F)., Therefore (L)i # (F)u. Then, since
'\L-<Fand(‘k z,u) € F, (k, z,u)( |
.~ Proposition 9. S is E! &,E’-m:teai | |
PrOOfSUlegEz F.. .
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Proposxtmn m. If weT(S) ml b y, tkes iS)'A G).. "

‘Proof.Let u € 7(5). Since § <.F, (5)u ='(F)u. We shall show that if .
a#y,then(G).,-(y IfunsF-pnme,thcnobvmml %G) =(F)y = Q Let
(k z,u) € F. Clearly (k, z ,8) € (F)y. Smoe, (S)h = (Flu, (k,z,u) €8S. N

Let u #y. Hu <p y, then (F), = (G)s by Proposition 7. Otherwwe, |

(k, z,u4) ¢ F), and, hence, (k,z,u) € L We have that u € 7(S) and, hence,
u € T(F). Since L < 'Fo(L)e = (F)u. But (L) C (G)u C (F)y. Thus(G), -(F),, -

‘Corollary 10.1. If ueT(S) and u# g, thenue T (G) and (u,8)=71(s,G).
~Corollary 10.2.. If y € T(S) and y ¢ dom(a,), then (S),, = (G),,, |
J =1,...,c, end 7(y,5) = fi(7(21,G),...,7(2,,G)). |
e Now we shall describe an algorithm R which transforms each correct n. t ,
. predicate E and each E-consistent termal tree L. into a termal predicate R(E,L)..
Let E = P1&...& P™ be a correct n.t. predxcate andletLbeanE~conswtent
tree. Weahalltonmderthefoﬂmm cases:
1. Let E be simple. Let11<lg <l;.beal}elementsof{1 ,m}such
: ,that if P = R‘(z;, ey Zeir )y then all Z1,...,%;, are elements of’I'(L) T
"Let 1S5S h and let P4 = Ri(zn,...,2,,y). Clearly y € {0 1} and +
ntl Sisn+k L% = Tin(r(n,l),... .f{ze.,L)), if y = 0and
. n‘j = '!T%-,;(T(Zh L)a sf(ztisL))’ lfy = 1. . e i
Let R(E,L) =" &...& I, if h 2 1 and let R(E, L) = Tc(x,), otherwise,
. "2 Let|E|>0eand E = E! &R‘(z;, v s Ze;r ) & E?, where E? is simple and
18 i< n. Denoteby S the termal tree LU(LU LE), C}early Lis E‘-consmtent o
jandSlsE‘&E’wns:stent 7
-+ Let R(E,L) = R(EY, Z)&R(E‘& E"‘ S), 1fy ¢ T(S) a.nd let ‘R(E L) -
. =R(E, L)&To(f(v,s))&ﬁ(E‘&E’ S), if y € T(S). .
. ere Tp.is the unary predlcate symbol mten to represent the total unary‘
~predxcate2¢ As.0. A
A simple induction on |E} shova tha.t whenever E is a correct nt. predlcate R
- and L is an E-consistent termal tree, then R(E, L) is defined and ‘R(E L) isa’
.’t«mal predlcate with variables s a.mong wi,.. W Xy, Xa. s
. I (e, B) is a special enumeration and L i is  termal tree, then (a, !B) satwﬁea s
f;L in symbols {(a, m) F L, i zy,...,2, are eiementa of dom(a) and whenever‘
*'f("(zl’ crZehy) € L, MW{"D 3@6)"3‘ | ) R
+ Let us suppose that e(w;) t;, i=1,...,r o
' - Proposition 11. Let L be a termal tme, (a, EB) Q A cad (a, %) l~ L Tlum
,T(L) C dom{a) and if w€ T(L), then = , At
(L) - o) r{a, DalWifts -, Wofte, Xsfar), .., Xafa(aa).

* " Proof. By meass of induction on ML oie can show | that if u€ ’J'(L),, then e
| eﬂedom(a) and (11.1) is true. - e
 Let us fix a correct n.t. Predlcate E, an E-eonmtent terma! tree L and let»

K be a finite subset. of N. containing all ‘natural numbers wh,xch oceur in E, all. -

: mtﬂ Of {wla :wr; 31: ,3.} Md Iuch that lf(’i, (21, ’zc')’ ”) e L qleni;
: 1 pzc,. ﬂGK T

rbpositlon 12. .S’tppose t&ct E‘ :s s:mpic Le»t Il = ‘R.(E L) Tbcg thc: ;;5; f‘f

fothmg is true: -
. If (o, B) D A, e, B)/&- L cnd E, o o. thea Hg(Wx[gh W, /,h., .
- ",Xxlt!(zt), X./a(:,)) 0 | | g

s ' les‘ :“V
e REEPEN . N



b) Lei H;n‘f ) = ﬁ.; Lc.tax, s E A cn&forﬁcb ' e 7’(& '
‘ r(u,L)g(W;/t;, /t,.,X;/s o ./ ; be defined. Then there ezists a fi-
aite part Ay = (Hz, d:, o3, .. 99,,, 1, ag such ilact Ag 24 tmd the fo!lawm;
coadrtwm hold:
@) dom(ag) = T(L) aud Hy= H; U (K \T (L)), B
(i) - If {a, B) D Ay, then (a, B) F L, ofz;) & &,i = 1,...,a, and
EE e nﬁ(wl h,.. ;Wf‘/tn le‘h /‘c) - o ]
, ProofLetE P &.. &P’“ &ndletl; e < Iy be theelementsof'
‘{1 .,m} such that i PY = R‘(:;, ,zc,,y),zhen all 3,,..., 2, belong to T(L).
Hl $J S h and Plj - R‘(zh 1’&:”)» then let Hli = n‘ﬂ(f(zhl’)’ 9T(z¢isL))3 . A
ify = 0andlet IV = -~Tia(r(z,L),.: ,r(:,‘,L)), otherwise. Clearly I
f--%(X;),xfh Oa.n D=mh&.. . &0h ifh>0. -
Ncm a) follm ily froin the definition of II and from Proposition 11 o
o 2 1nT(L)==Q 84,.. s‘areelement:oanndforeach
F“ 6 T( )$ f(utL Q(Wl/tb u’n“n Xl/‘ls XC/’C) s deﬁned
‘ Let Hg—-HlU(K\ ,S )) ClearlyﬂggH; andT(L)nflgm{B Deﬁnethe' -
mappmgagofT(L)mto bytheequ lities o
" ag(u) — f(u, L)Q(W;,/ﬁ, Wr/tr, X;/t;, X./t;), ﬁ e T(L)

| In partlcular a;(z;) o c;, i= i, 10, and a,(-w;) ™, = i ot Hence', ,'
g 1 Q o3, |
‘Let 1 5 ] S n. Deﬂne the pamal function @7 on Hszom(ag) by the condition

‘,_:‘P?(sh ses s‘fe;) =y iff (‘a (:1: :363):9) e Lor ‘Pi(zh azca) ” s’m L 33 a
termal tree, the definition of ¢ is correct. Cleatly w229k

" Lét15 k. The partial predicate o on (sgudom(a,))‘s \(dem(az))'f
deﬁned by the equxvalenoe “

A - R
M (31(1 5 ‘ S "’&P‘ R"'H(zh h}sﬂ))“‘j(zlsn ,z;,)%y)

& (21:-- m,) € (H 2y dOIn(az))" \ (dOm(cz))"

Smenpcomctnt predxcate thedsﬁniuonofa}nalsowmct

;f " Let Ay = Hg,ag,qﬁ}, rp’ a{, d}. Itioﬂmmly&omthedeﬁmtlon '
/voanthuA, a finite part and 422 A, o
Let(a, m);m hlweto-howthat(q,ﬂ)}'Land

‘,;{12'1) Eggng(MItg, . r/tn xl/‘h nxcl’q)

. The tm ( B) b L follows immediately from the definition o! the pmmr |
’J& tlo;n‘n ; iﬂ:i;** ,n,mdM(“,mbAQQ AR : ’
| tumtothe roof of (12.1). ﬁomthedeﬁmtionofthepndlwtesf
crf, or o2 from‘ {a, ’%) 2 A3 1t folbws that if { is an element of {1,...,m} .
fa‘»“f;,é ,l;.«}, theh Py =0. So. m pmve (12 1) it is gﬁm& to ahmv that if
154§ h then Py & II,,(W;/Q, Wolte, Xoftr,.- Xafss)- Let 1S j5h
' &ndP‘i H(glge«nyzg” ”) Then ‘x, a,zgi m ehm QfT(L) dom(ﬁz) md a

Vo




a(‘? ﬁ f(”: Lk(Wlﬂlt Wfﬂh le‘i; Xd/‘d) P =, 1 ,Ot We h&\"€~
the ollowing equx : S R AR

Pg 0 4:# a'...,,(zl, z..,_,) y | |
= 2,...,.(&(31), :“(zc.)) 9 BV
S = ngn(f(ZhL)ﬁ(W;/th W,./t,., Xllq, e ,X,/s,), |
‘ " , ; ‘r(zc.:L)“(Wl/tb W/tn Xl/‘h c/"a)) y j :
" = H&(W;/tt,,a. W;./t,, x,/31, x,/s.)afo
The equxvalence

‘ o 1 @ H (Wl/tla Wr/tﬂ Xl/“l: Xc/‘a)*l
can be proved in asxmxlar way, R
"Th Proposition 13 Lei n =fR(E L), (a, m) D A, (a, ﬁ) F L aud E‘g & 0
Then s
:(13 1)+ Hﬁ(Wlﬁls Wr/trs Xl/il(:c:), X./a(z.)) «0. ,
.. Proof. Induction on lE’l Jf |E| = 0, then (13 1) follows from the prekus o
proposition. Suppose that lE] >0and E = E & Ri(z,... 2, 9) & E*, whetg ;
15 i< nand E? is-simple. ‘Let S = LU(LU Lg),, m= R(E, L) and m
= ’R(E" & E2,S). Since Ep 20, (a, B)F LU Lg and, hence, {a, B)+ S. Then,
"by the mductxon hypothesm, Hg(Wl /t;, W,-/t,, Xi /a(zl), X‘/a(z,)) & 0
and W /by, ..., W fte, Xafa(z1), . X./a(zc)) =0 ’ -
Ky ¢ 7(S), then 11 = I LI Therefore (13.1) is true. Suppoae that ye'f (.S) .
Then II 1! & To(7(y,S)) & 2. Now we have to show that r(y, S)Q(W}{, R
W/t X;/a(zl), ‘ey ./a(x,))isdeﬁned This folbws from (a, ) b San rom -
Proposition 11. -
" Proposition 14.  Let II 'R(E’ L) and 81, . ,s, be elements of A Sup~ .
pose that Hg(Wllt;, W,-/t, Xi1/81,e.. X./s.) o ( gnd for each u e 'I'(L)
r(ﬂ,L)u(Wlﬁg, /t,., 1/81,.. X,/a,) s deﬁued Thea RS o

(14 1) VYu(u e.’I’(LUL;_} R «
* IR » r(“’LULB)‘(Wl/tl) . sWr/th Xl/‘l; Xa/Sa) lsdeﬁn:ed)

: Proof Induction on |E|. If lEj 0, then LULg = L. The propomtmn is

f'tnv:d Let |[E| > 0and E = E' & R¥(z4,.. ,2‘,,;;)&1:7’ where 1 § ? nand E¥is
. mmple letS=LU (LULE), Cleu'iy SU Lpivgpr=LULE. LGﬁ 1] R(El L)
‘and I? = ‘R(E" & E?,S). We have that II&(W;/&, ,W,./t,, X1/81, Xalsa)g ;o
- 0 and N (W1 /tr,..., W, /te, X1 /81,. vy Xaf86) 2 0. o
-~ " Using the induction hypothesis we obtain that if u € T(L u Lg;), then
*’(v.LULs!)ﬁ(letz, o, Wefty, X1f8y,..., Xo/84) i defined.
.- Suppose that y ¢ 7(S).  Then by Pmpwt:on 10,foru€ T (S), (ﬁu "} .
= (S). Hence, by Proposition 2, if 4 € 7(S), then 7(y,S) = f(u,LuLgx) Them-«:}* |
fore, if u € T(S), then. r(u,S)g(W;/ﬁ, W,./t, X;/n, .1 Xa/8a) is defined.
‘Now aﬁplymg the induction hypothesis 15‘gk and S, we obtam (14. 1),
~ Let us suppose that y € T(S). Then H ll1 & Tg(r(y,S)) & 1% and hence
,w'r(y, S)g(Wl/h, W,/t.-, X1/s1, X./s,.) is defined. Using the same a;gu-'jif:r
mcnts ‘as in the pre vious casé, we obtam that 1f u e ’I(S) wd u ;5 y, ﬁhen@f




r(w, SYWits, . . W.-/tr ., Xa/#5) is defined. From here, applyms the
mductlon hypothesis fo & and S, we obtain (14.1). »

Pro sition- 15. Lct HgnT(LULE) Q. Let s;, 28 €A and for« each

T(L; 7(u, L)Q(lefx, Wr/tn Xi/3,.. /8¢) be defined. - Let NI

= ‘R.(E L) and Ha(Wi/t,,.. /t,., X/ Xalsg) = (. Then there-ez-

ists a finite part Ap = (H,, ag, ‘,3 .,03) such that Az D A and the

following condstions hold '

() dom(as) = T(LU Lg) and Hy = HyU (K \T(LU Lg)); |
(n) If (a, m) 2 Az, thcn (a, %) i- LULE, a(m) Hg,i=1,...,8 and
L4 >0 . ;
‘Proof. Induction on lEt If IE‘I = 0, then‘ the propos:tion follows from Propo—f
: aitxon 12.

Let |E| > 0and E = E‘&R‘(zl, vyZe; ¥) & E?, where 1 £ i £ n and E?
msxmple Let S= LU(LULg),, ' = 'R(E‘ L) and H’ ’R.(E‘&E’ S) Clearly, -
litle Wr/tn Xl/’l: Xc/‘c) ¢ H W /th Wr/trs Xl/'si :

a,) e 0. Usmg the prev;ous proposxtlon, we. o tam that 1f ueT (L U E;),

then/
oo r(u ,LULga)g(W),/fl, Wr/‘ra Xl/’ls Xc/"ﬂ)

s deﬁned From here, as in the proof of the prewous propocxtlon, it follows that for
u € T(S)t f(“ S)ﬁ(wllth Wf‘/ Xl/’h xﬂ/’ﬂ) is defined. Now applymg
the induction hypothesis for E E'5 and S, we obtain that there exists a finite
part Ag = (Hy, a3, ¥},...,¢3, of,.. ,a,,) such that A22 A a.n& the follomng
conditions haold: '

. a) dom(ag) = ?’(LULE) and Hz -,Hl U(K\T(LULB)), : . .
i) If(a, B) Q A:, then (a, B) [ LUL;, a(z;) o 8;, = 1* 38, and
(E’&E'}s i
It remanis to show that 1f (a, ‘B) 2 ?g, then Egp 0. Let a, 9) 3 Ag
If (% éz;, ,ze,),y) € Lg, then Eg = 0 follows from (E' & E?)e = 0 and

: LU Lg. Otherwise, y € dom(ag)‘ Then, by the correctness of E,
go z;, vy de) & ys H&nce, cp;(z;, 1 %ep) E Y. From here and from (E &E’)g e 0,
1t foﬂowa that Ep 0. ;

R Propont:on 16. Let H nT(LULB 2. Let s;, ,s. €A aa&for each‘

T(L)s f(“t L)ﬂ(wlltls Wr/tn /’1: 9X¢/’¢) be Jcﬁ”ed Let' 1

i z: R(E' L) and Dg(Wy /ty, ... ,W,-/ s X1 /é;,‘ X./ﬁ.) be not defined. Then there
exisis @ ﬁmte part Az D A such that if (a, 8)-2 S Ag, then (a, ’.B) +E, a(z;) 8y
fa 1,...,8, aad Ey is not defined. o .

‘Prqof Inductxon on |E|. B IEI = 0 then the proposxtmn follm ftom

l*ropontmn 12. Let E = E'&Ri(ny,.. ,z,.,‘,y)&‘E ‘where 1 § i € n.and E? is .
simple. Let § = LU(LU Lg), sad I = = R(EY L) and 0 = R(E‘T&.E’ 5). We -
BN consider the followmg cases: . '
1. H&(W;ﬂl, W,»/t,,Xg[s:, Xg/a.) is not deﬁned By the' mductxon .
hypothws, there exms a finite part A: - A such that if (at B) D As, then:
oy BY - L, afzs) 2 Oi,t = I,‘ ,a, andE mnotdeﬁned Gleulyxf(a, B) DAz,‘
tken . i s ‘also unde
£ A Kg}W;/ﬁ, W;/t,-,X;/:l, X./a,);sdeﬁned Hmce, H (W;/t;, iy
W,/t,,X; s, X./t,) > 0. From P&opomtlon 14 and tmm Ptopoamon 10 1tV
~follow 'tha.t fueT(S) andu#y, then - .

(m\l) r(u,S)a(W;/h, W,{t,,X;/a;, X./s.) mdeﬁned




2, 1 Lety g 1( . Then I = I'&0° and , hence, aﬂ(w,/: W,
Xlla e X,/s, mnotdeﬁned By (16 1)andbythemdnctmnhypo esm a,pphed' |
for E'& B} ereexmtsaﬁmtepmAggAsuchthataf(a, }DA o
‘then (o, m) F S and hence (o, B) F L, a(z;) = 8, i=1,...,a, and (E LEYg
is not.defined. Let {a, B) 2 A, . Using the same arguments as in the proof of the "
previous proposition, we ‘obtain that W(zl, . zg,) .y, Then, since (E‘&E’)gs is

'notdeﬁned Eg is also not defined. " |
Let y € 7(S). Then o=m & To(r(y,S)) & II’ Sup ose ‘that. ™
r(y,S)g(W;/tl, cors Wolte, X1/81,...,Xa/8,) is defined. Then using (186. 1) we
obtain that fu € T gS) then r(u, S)Q(Wlltl, W,/t,,X;/s;, ,X., s,) 18 de’» .
fined. Now the proof-proceeds as in the prevxous case. :
» S“Pm now that f(lbs)ﬁ(wl/th r/tryXI/SM Xo/‘c)mm)tdeﬁm
"Then y ¢ dom(ay) and, hence, by Corollary 10.1 and Corollary 10.2, 2y,..., 2, are -
 elements of 7(L U Lgx) and r(y,S) Ji(r(2, LU Lgs), ..., 7(z,, L u LE: ). By
* Proposition 15, there exists a finite part A; DA such that if (a, B) D A;, then .
(e, !B)!—LULgx, Ey 20 and af :bSﬂ
11, we obtain that 7(L U Lg:) g; dom(a) and
,(16 2) forueT(LULg), |
; 4‘3(“)_-‘ (u, LULE‘)Q(Wlltl: Wr/tn Xl/‘l: Xn/%) o

" Let (@, B) 2 Aj. Clearly {a, B) + L. meélﬁ 2) it follows Ti,eeny
‘ze‘ € dom(a) and for j.= 1,...,¢, o(z;) = T(Xj,L U g:}g(W;/tl, W;./t,.,/
Xi/8,.. X,/a,) We shall | prove that :,9;(:1, .- ,zc, is not deﬁued eed ¥

'Pc(zx, cr ;) i8 deﬁned = 05(“(31)’ . sﬁ(zci)) is deﬁn@d

&= b(r(a, L ULsz)n(letx, W fte, Xafsy, . XC/‘a): :
\ | T(S?‘,LULgx)ﬁ(W;/fg, .,Wr/t,-, Xx/t;, X,/&,)) 18 deﬁned

“""':} 7'(%5)2(“’1/‘1: ;Wr/tn‘xlfsh Xo/‘c) 18 deﬁned B

| F‘romhere,mneeEg_O itfollomthatngnatdeﬁned RO
; ; - Proposition 17. There exisis on effective way to define for cccli 8. t e&pres—
'x.aim; E Dy of iype (a1,-..,8n, by,...,bs) 6 conditional term Q with variables
' ,mug wi,...,We, Xy, .,X,. sxch tkct for alI demeuta 51, ,:. aad t of A t&e L
B il ‘mag condstwui are caiuﬁed e ”
. ?,‘iﬂ) If Qﬂ(Wllh, o Welte, Xz/li, X./s.) ™ ¢, theu ﬂxcm ezisis a ﬁm«tef
- part A: 24 such d (o, B) is tspccml easmemtum and A: g (a, ‘B} tIma‘ :
'3(31) - ‘ls i 7“(3&) o 'cg a(ﬁ) o t ’R‘ Eg "‘ 0; o :
 ( bid Qg(W;/tg,. ,_ Wr/tr; X;fn, Xals,) $ t, ties ct kast one of ﬂ;e
V Iowmyu tree: |

IR

4.7 (2.1) There exists o ﬁmie pcr!' A: 3 A nch iIaat af (a, B) i a specaaljj'
. -Jkesﬁmeﬂhiwn and (a, 8) 2 Ag, f&eu z;, .13 belaug 29 doxn(a), Eg -3 9 md‘i
v¢ dom(a); e
2.2) .For eacla ayecml emmmttau (a, ’3), sf (oz m) D A a(z;) o sa.
'V‘a(z. s, and Eg 20, then a(y) #¢; o
. 3) I Qg(Wi/t;, W,/t,, X;[c;, .»Xa/8a) is not deﬁmte, thea tlm\e emts S
8 finite part Az D uclt that if {a, %) i3 a special enumeration asd (o, %) 2 Az,

~ then a(z;) 8, i= 1 ,a, and Eg is not deﬁued | S

m

g d=1,. Y2 From mbyPrcposxtxon{ '



Proof Let E be an.t. predicate and y EN Suppose that E is not correct.
‘Let Q (-»’fz,(xl) D X;g Tﬁen (1) and 3) are obvious. Let (o, B) 2 2 A. Then,
by Proposition 6, E So we receive that (2.2) is true.

- Suppose now that E is correct. Let L be the empty termal tree. Let K be- the

finite set of natural numbers consisting'of the elements of {w, ..., w,, 21;..", 24, y}
“and of those natural numbers which occur in E. Let I = R(E,L). Let Q
=D f(vsLa&), if y € T(Lg) and Hy NT(Lg) = @. Let Q = (~To() 1) D X1),

¥ herwue all show that Q satisfies the conditions (1), (2) and 3).
pose that s, . ,:,andtmelementsofA : -

Let Qu Wilty,..., Wi [t., Xi/81,....Xaf8a) = L. Then Q is not in the‘

";"fru(x;) D X; and ‘hénce, y € T Lg) and Hy N T(Lg) = @.  Clearly.

5 1/‘19 Wr/;r; Xl/‘ls Xc/’c) - 0 &nd f(y, LE)Q(Wllth Wr/tr;

ok : /8a)
B 6 bviously 7( L) = {w,.. ,w;., 21,.. ,z.} Hence, for u e ’I’(L)
: f(u, L)‘(Wx t:, W’/‘t’, X;/‘j, Xg/‘g) 18 ddned
wal t eteenstsgﬁmtapartAg DAauchthataf(a, ‘B) 3Az,

then (a, B) I a(z;) g,i=1,...,0 and Eg & 0. Using Proposmon 11, we
obtam a(y) = So we receive that (1) is true. o '
- Let us anppoee that Qu(W: /ty,.. W,./t,.,Xl /s;, X./s.) ?t

" We shall consider the following cases: ;

1, ENT Lg) # D. We shall show the vahdxty of (2.2). Let (a, ‘.B) 2 A

As:mme that a(2;) = &,4=1,...,a, ad'Eg 2 0. Then‘(a, B) I Lg. From here,
by Proposition 11, it follows ;hat T (Lg) C dom(a). Hence HiNdom(e) # @, The
last contradicts A C (a, B). So we receive that (2.2) is trae. - |
R et H N Ls) @andyﬁT(Lg) ThenyeK\g Ls) Sup-
pooe that' Iln(let;, ,W,-/t,-, Xi1/61,...,Xaf8:) £ 0. Let {a, B) D A, ofz:)
g i=1,...,n, a0 d Ew = 0. Since L = @, {a, B) + L. By Proposition 13,
: Hﬂ(W’;ﬁ;, Wty X 1 /a;, X,/s.) & (. A contraduction So we obtain again
that( )ntrue .
: Suppo-e now thiat Hg(W1/t1, W /t,., XI/a N ¢ /a ) 0. By Propos1~
-tion 15, there exists a finite part ﬁ: (H3, a3, ¢i;.. ,r.o,,,a%, o?) gich that
Ay DA, Hy= Hy UK \ T(Ly) and if {a, B) 2 Ay, then Ee & 0 ) and a(z;) = s,
i=1,.,.,a. So we have that if (a, m) Dkz, then a:(z;) .,..a;, i=1...,0, Ep ™ 0,‘
«.:and g ¢ dom(a). So the validity of (2.1) is prowd

" ‘Let. Hi N gog) = aud e T(Lg). a, B) D -] A Assume that. a(zg)
g o 1 ..;6, Eg %0and a E"m“t By Propomtlon 13, Da(Wifty, ... W /te,
in :;, X /8,) 2 0. Using positwn 1l and Eg = 0 we obtain thatv a(y)
- £ ¥, Lz)j( 1/11, W,/t,-, X;/O;, X./s.) = . ThereforeeQu(W;/tl,

WP ity ‘Xl/’h aXe/’a)‘ 1. A mntt‘dlcm So we h&ve pmd ( )

.. 'Suppose now that Qa(Wi/ti,..., W, [t., X1/81,...,Xs/8,) i8 not definite.

‘Then Q is not in the form (=To(X1) > ' X1). Hence y € T(Lg) and Hm’I(LE) =2
‘.;and Q=D 7(y, Lg)). .Assume that lIg(W;/t;, W,-/tf, Xi/s1,..., Xa/8a)
20 and (y, Lg)g(W;/t;, s Welte, X1 /81,.. X./s.) is not’ deﬁned “The last
‘contradicts Proposition 14. Hence Ng(W, /t;,.. W,./t,., X1 /sl, ,/t,) is no‘t
‘deﬁned me hem (3) foliuws from Propoextxon 16 ‘
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