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ON DESCARTES FOLIUM
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The Descartes Folium carries families of group laws, defined entirely in terms of alge-
braic operations over the base field. To highlight these structures and their proper-
ties, we introduced and studied new topologies and differential structures on Descartes
Folium.
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1. DESCARTES FOLIUM

Let K be a field with char.K  = 3. Our theory (see also [2], [3], [8]) refers to
the Descartes Folium which is a non-smooth curve

DF : x3 + y3 − 3axy = 0 ⊂ A2
K, a ∈ K \ {0}

and to its projective closure defined by homogenization, i.e.,

DF : x3 + y3 − 3axyz = 0 ⊂ P2K

and called the projective Descartes Folium, too. DF , resp DF , has only a non-
smooth point, namely O = (0, 0) ∈ DF ⊂ DF .

Ann. Sofia Univ., Fac. Math and Inf., 103, 2016, 61–69. 61



Suppose now K = R. We have a bijective map p:

DF
(

x = 3at
1+t3 , y =

3at2

1+t3

)

(x, y) ∈ DF \ {(0, 0)} (0, 0)

≀
"




p

"









$





$

R \ {−1} t t = y
x

t = 0

On the other hand, the function t → τ = t + 1, with the inverse t = τ − 1
α

←−τ ,
establishes a bijection

R \ {−1}
α

←−
∼
R \ {0}.

It appears the bijective map pα:

DF
(

x = 3a(τ−1)
1+(τ−1)3 , y =

3a(τ−1)2

1+(τ−1)3

)

(x, y) ∈ DF \ {(0, 0)} (0, 0)

≀
"




pα

"









$





$

R \ {0} τ τ = y
x
+ 1 1

It follows that the natural group law · on R \ {0} transfers to a group composition
law ◦ on DF defined as follows:

(pα)(τ) ◦ (pα)(τ ′)
def
= (pα)(ττ ′).

Consequently, we have an isomorphism of groups:

(DF, ◦) ≃ (R \ {0}, ·)

(pα)(τ)← τ.

Remarks. (i) For each t ∈ R \ {−1, 0}, we can observe that p(t) ∈ DF \ {0}
is the intersection point in A2

R
= R2, of DF with the affine straight line y− tx = 0,

different of O = (0, 0). In this way, p admits a geometric definition.

(ii) p (and pα) can be related to the normalization morphism of an algebraic
curve ([4]). Namely, p can be uniquely extended as algebraic map to a (non-
bijective) algebraic map p̄:

DF (x = 3at, y = 3at2, z = 1 + t3) (x, y, z) ∈ DF \ {O}

p̄
"





"









$

P 1
R
= A1

R
∪ {∞} t ∈ A1

R
t = y

x
,

where we indicated the definition of p̄ and of a partial inverse of p̄.

If we pass from the base field R to its algebraic closure R = C ⊃ R, then DF ,
DF , p̄, α are all defined over C, by the same equations and formulae. According
to [4], one verifies that the pair (P1

C
, p̄) is a normalization of the algebraic C-variety

DF . Recall that a normalization pair is uniquely determined up to an isomorphism
of algebraic C-varieties.
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We have a similar situation with the pair (P1
C
, p̄α), which is also a normalization

ofDF over C. Based on this natural relation of p and pα, with the normalizations of
DF over C, we will say shortly in the following that p and pα are also ”normalization
maps”.

So the algebraic maps p and pα are natural and then the group composition law
◦ onDF is still natural. But the group (DF, ◦) is not a Lie group over R becauseDF
is not a topological manifold w.r.t. the induced real topology of A2

R
= R

2 ⊃ DF
(If U ⊂ DF is a small connected open subset w.r.t. this topology, containing
O = (0, 0), then U \ {O} has at least 4 connected components).

2. BRANCHES OF DESCARTES FOLIUM

Suppose K = R. Let us consider the branches of the non-smooth point O =
(0, 0) of DF as follows: (i) the ”South branch” S = p(−1, 1); (ii) the ”West branch”
W = p(1,∞) ∪ {O} ∪ p(−∞,−1).

We have S ∩W = {O} and S ∪W = DF \ {V }, where V = p(1) =
(

3
2 ,

3
2

)

is
the ”vertex” of DF . The branches S and W are symmetric w.r.t. the first bisector
x − y = 0 of A2

R
. This means that applying the symmetry σ w.r.t. the bisector

x− y = 0, given by

A
2
R

σ
∼
−→ A

2
R

(x, y) −→ (y, x),

we have σ(DF ) = DF and the branches S andW interchange by σ (i.e., σ(S) =W
and σ(W ) = S).

By the parametrization p, the point O = p(0) is reached on the branch S and
it is not reached on the branch W .

Let us consider the parametrization p′ = σp of DF . Then, by using the
interchange of S and W by σ, it follows that W = p′(−1, 1) and S = p′(1,∞) ∪
{O} ∪ p′(−∞,−1). By the parametrization p′ = σp, the point {O} is reached only
on the branch W (not on the branch S).

It is easy to see that the pair ((A1
R
\ {−1}) ∪ {∞}, p′ = σp) is also related to

a normalization of DF over C, as p and pα. We will say shortly, in the following,
that p′ is also a ”normalization map”.

3. SOME TOPOLOGIES ON AFFINE DESCARTES FOLIUM

Concerning the topological properties of the map p, we have the following

Proposition 1. Suppose K = R and DF ⊂ A
2
R
endowed with the topology τ

induced by the real topology of A2
R
. Then

(i) the bijective map p : R \ {−1}
∼
−→ DF is continuous but not a homeomor-

phism;
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(ii) p|R\{0,−1} : R \ {0,−1}
∼
−→ DF \ {O} is a homeomorphism.

Similar properties hold for the map p′ = σp : R \ {−1}
∼
−→ DF .

Proof. (i) Suppose, by contrary, that p : R\{−1}
∼
−→ DF is a homeomorphism.

Then pα : R \ {0}
∼
−→ DF is also a homeomorphism. Since (R \ {0},+) is a

topological group and pα is a group isomorphism onto (DF, ◦), it follows easy that
(DF, ◦) is a topological group, which is not possible.

An alternative proof based on the different connectivity properties of R \ {0}
and DF can be done.

(ii) The inverse map

R \ {0,−1}
p−1

∼
←− DF \ {O}

t = y
x

←− (x, y)

is also continuous. �

In the previous Proposition we have worked with the topology τ on DF which
is induced on DF ⊂ A2

R
by the real topology of A2

R
. Now let us change the topology

τ on DF with the topology τS (resp. τW ) defined as follows:

Definition 1. τS (resp. τW ) is the image on DF of the real topology of
R\{−1} by the bijective map p : R\{−1}

∼
−→ DF (resp. by p′ = σp : R\{−1}

∼
−→

DF ).

Hence the new topology τS (resp. τW ) on DF is obtained by carrying the
real topology of an open subset of DF by the normalization map p (resp. p′).
It follows that the topology τS (resp. τW ) is separated, paracompact and locally
compact, and with countable basis, as well as the fact that S = p(−1, 1) (resp.
W = p′(−1, 1)) is open in DF w.r.t. τS (resp. τW ). Moreover, the topological
space (DF, τS) (resp. (DF, τW )) has two connected components.

3.1. SOME PROPERTIES OF TOPOLOGY τS (RESP. τW )

Theorem 1. (i) τS (resp. τW ) is a finer topology than τ (i.e., τS , τW ≻ τ).

(ii) The induced topology τS |DF\{O} (τW |DF\{O}) on DF \ {O} ⊂ A
2
R
is that

induced on DF \ {O} by the real topology of A2
R
. Equivalently,

τS |DF\{O} = τDF\{O}

(

resp. τW |DF\{O} = τDF\{O}

)

.

(iii) If {Un}n∈N is a fundamental system of open neighborhoods of O in A2
R
,

with respect to the real topology, then {Un ∩ S}n∈N (resp. {Un ∩ W}n∈N) is a
fundamental system of open neighborhoods of O ∈ DF , in DF , with respect to the
topology τS (resp. τW ).
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(iv)
τ ∪ {U ∩ S |U ⊆ A2

R open subset}
(

resp. τ ∪ {U ∩W |U ⊆ A2
R open subset}

)

is a basis for the topology τS (resp. τW ). Moreover, for each V ∈ τS (resp. τW ),

V = (U ′ ∩DF ) ∪ (U ∩ S) (resp. V = (U ′ ∩DF ) ∪ (U ∩W )),

with U ′, U ⊆ A2
R
open subsets.

(v) Let

π : DF → R, π(x, y) =

{

y
x

if (x, y)  = O
0 if (x, y) = O

(

resp. π′ : DF → R, π′(x, y) =

{

x
y
if (x, y)  = O

0 if (x, y) = O

)

.

Then τS (resp. τW ) is the weakest topology on DF such that π (resp. π′) is
continuous (R endowed with the real topology).

(vi) {O} ⊂ W (resp. {O} ⊂ S) is a connected component of the subspace W
(resp. S) w.r.t. the topology τS (resp. τW ). Moreover

W = p(1,∞) ∪ {O} ∪ p(−∞,−1)

(resp. S = p′(1,∞) ∪ {O} ∪ p′(−∞,−1))

is the representation of W (resp. S) as the union of its connected components w.r.t.
τS (resp. τW ). On the other hand S (resp. W ) is connected w.r.t. τS (resp. τW ).

Proof. Properties (i), (ii) and (v) are direct consequences of the definition of
τS (resp. τW ) and of the fact that the maps

p, p′ : R \ {−1}
∼
−→ DF

( having π, π′ : DF → R \ {−1} as inverse maps) are continuous and

p, p′ : R \ {0,−1}
∼
−→ DF \ {O}

are homeomorphisms, where DF (resp. DF \ {O}) above is endowed with the
topology τ (resp. τ |DF\{O}).

For property (iii), let us point out firstly that U ∩ S (resp. U ∩W ) is an open
subset of DF w.r.t. τS (resp. τW ), in particular an open neighborhood of the point
O ∈ DF w.r.t. τS (resp. τW ), if U ⊆ A

2
R
is an open subset w.r.t. τS (resp. τW ),

resp. an open neighborhood of the point O in A2
R
. In fact, S (resp. W ) is open

in DF w.r.t. τS (resp. τW ) and U ∩ DF ∈ τ ⊆ τS (resp. U ∩ DF ∈ τW ) and so
U ∩ S = (U ∩DF ) ∩ S ∈ τS (resp. τW ).

To end the proof of (iii) it suffices to resume to the topology τS and to show that
for an open neighborhood V of O inDF w.r.t τS , there exists an open neighborhood
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U of O in A2
R
such that V ⊇ U ∩S. Indeed, we can reduce the situation to the case

V = p((−δ, δ)), with 0 < δ < 1, because always for such V we have V ⊇ p((−δ, δ)),
with 0 < δ < 1, and p((−δ, δ)) is an open neighborhood of O in DF w.r.t. τS .

For t ∈ p((−δ, δ)), with 0 < δ < 1, we have |t| < δ < 1 and from the relation
x = 3at

1+t3 , where t = π(x, y), with (x, y) ∈ S, it follows 3at = (1 + t3)x and

3|a| |t| ≤ |1 + t3| |x| ≤ (1 + |t|3)|x| < (1 + δ3)|x| < 2|x|.

Hence |t| < 2
3|a| |x|. If we consider ǫ, with 0 < ǫ < δ, and

U = {(x, y) ∈ A2
R = R

2 |x| <
3|a|

2
ǫ},

then U ⊆ A
2
R
is open w.r.t. the standard real topology and we have |t| < ǫ, for

each (x, y) ∈ U ∩ S, i.e., |π(x, y)| < ǫ, for (x, y) ∈ U ∩ S. Therefore π(U ∩ S) ⊂
(−ǫ, ǫ) ⊂ (−δ, δ). Since π = p−1, we have then

U ∩ S = pπ(U ∩ S) ⊂ p(−ǫ, ǫ) ⊂ p(−δ, δ) = V.

For property (iv), recall firstly that

τ = {U ∩DF | U ⊆ A2
R open subset}.

Also, we resume to the topology τS . Then the family

τ ∪ {U ∩ S | U ⊆ A2
R open subset}

is closed w.r.t. the finite intersections.

Let V ⊆ DF be an open subset w.r.t. τS . If O ∈ V , then V ⊇ U ∩ S with
U ⊆ A2

R
open and O ∈ U , according to (iii) and its proof. If P ∈ V , P  = O, then

V ⊇ V ∩ (DF \ {O}) ∈ τ

according to (ii) and P ∈ V ∩ (DF \ {O}). It follows that

V = (V ∩ (DF \ {O}) ∪ (U ∩ S),

where V ∩ (DF \ {O}) ∈ τ (hence V ∩ (DF \ {O}) = U ′ ∩DF with U ′ ⊆ A2
R
open)

and U ⊆ A2
R
open such that O ∈ U . The proof of (iv) is achieved.

For property (vi), we use the fact that S ∩W = {O} and then for an open
neighborhood U ⊂ A

2
R
of O w.r.t. the real topology of An

R
, U ∩ S (resp. U ∩W )

is an open neighborhood of O ∈ DF w.r.t. τS (resp. τW ) and (U ∩ S) ∩W = {O}
(resp. (U ∩W ) ∩ S = {O}). Hence {O} is open in W (resp. in S) w.r.t. τS (resp.
τW ) and so it is a connected component of W (resp. S), because {O} is also closed
in W (resp. S) w.r.t the separated topology τS (resp. τW ). The connectivity of
p(1,∞), p(−∞,−1), S = p(−1, 1) (resp. p′(1,∞), p′(−∞,−1), W = p′(−1, 1))
w.r.t. τS (resp. τW ) is clear because p (resp. p′) is a homeomorphism. �
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Comment (ii) in conjunction to (iii), as well as (iv), determine completely
the topology τS (resp. τW ) by means of the real topology of the ambient space A2

R
,

DF and its branch S (resp. W ).

3.2. DIFFERENTIAL STRUCTURES ON AFFINE DESCARTES FOLIUM

On the topological space (DF, τS) (resp. (DF, τW )) we can introduce a struc-
ture AS (resp AW ) of smooth differential manifold by means of the simple atlas
{(DF, π)}, (resp. {(DF, π′)} having only one chart, where

π : DF
∼
−→ R \ {−1} ⊂ R (resp. π′ : DF

∼
−→ R \ {−1} ⊂ R)

is the bijective map defined above, i.e.,

π : DF → R, π(x, y) =

{

y
x
if (x, y)  = O

0 if (x, y) = O

(

resp. π′ : DF → R, π′(x, y) =

{

x
y
if (x, y)  = O

0 if (x, y) = O

)

.

Recall that the inverse of the map π (resp. π′) is the map p (resp. p′ = σp) and all
are continuous, hence homeomorphisms. In this way,

DF

π
−→
←−
p

R \ {−1}

(

resp.DF
π′

−→
←−

p′
R \ {−1}

)

become diffeomorphisms of differentiable manifolds.

In particular, pα : R \ {0}
∼
−→ DF is then also a diffeomorphism, where DF is

endowed with the topology τS and the atlas {(DF, π)}. Since

pα : (R \ {0}, ·)
∼
−→ (DF, ◦)

is a group isomorphism, it follows directly

Theorem 2. (i) (DF, ◦) is a Lie group over R (in particular a topological
group), where DF is endowed with the topology τS and the differential manifold
structure given by the atlas {(DF, π)}.

(ii)
pα : (R \ {0}, ·)

∼
−→ (DF, ◦)

is then an isomorphism of Lie groups over R (in particular an isomorphism of
topological groups).
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4. COMMENTS

The original ideas regarding the group laws on elliptic curves and algebraic
(Lie) groups are found in [1], [4]-[7], [10],[11].

In this paper, and also in our papers (see also [2], [3], [8]), the Descartes
Folium is just one example of (irreducible) projective plane algebraic cubic curve
with singularity (node), which support group laws. Some of these structures require
to introduce and to exploit new topologies and some differential structures. One of
our aims is to extend the study to the family of cubic curves

Ca,b : x
3 + y3 − 3axy = b,

which bifurcates in smooth curves and non-smooth ones (as Descartes Folium).
This could help us to understand whether the Cryptography on Descartes Folium
is simpler than that on Elliptic curves.
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