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In the present paper the authors consider the so-called (Vilg,; ;y)-diaphony as a suit-
able tool to investigate sequences constructed in arbitrary Cantor systems. The defini-
tion of this kind of the diaphony is based on using Vilenkin function system and depends
on two arguments — a vector o of exponential parameters and a vector 7 of coordinate
weights. This diaphony is used to investigate the distribution of the points of the Van
der Corput sequence wp constructed in the same B-adic Cantor system. In this way a
process of synchronization between the technique of a construction of the sequence wp
and the tool of its studying is realized. Upper and low bounds of the (Vilg; a)-diaphony
of the sequence wp are presented. This permit us to show the influence of the exponen-
tial parameter « to the exact order of the (Vilg;a)-diaphony of this sequence. When
Vieg N
()

1
a = 2 the exact order is O and when a > 2 the exact order is O (N)
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1. INTRODUCTION

Let s > 1 be a fixed integer which will denote the dimension through the paper.
Following Kuipers and Niederreiter [17] we will remind the concept of uniformly
distributed sequence. Let £ = (X,)n>0 be an arbitrary sequence of points in the
unit cube [0,1)%. Let J be an arbitrary subinterval of [0, 1)® with Lebesque measure
w(J). For an arbitrary integer N > 1 let us denote An(J;&) = #{n: 0 < n <
N-1,x,€ J}.
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The sequence £ is called uniformly distributed in [0,1)% if the limit equality
lim A€ — ,(7) holds for each subinterval J of [0,1)°.

N—oc0
Some classes of complete orthonormal function systems are used as an analytical

tools for studying the distribution of the points of sequences.

For an arbitrary integer k the function ey: [0,1) — C is defined as ey(z) =
e?mike ¢ [0,1). For an arbitrary vector k = (ki,...,ks) € Z° the function
ex: [0,1)° — C is defined as ex(x) = H ek, (), x = (x1,...,25) €[0,1)°. The set

Ts = {ex(x): k € Z°, x €[0,1)%} is called trigonometric function system.
Let b > 2 be a fixed integer. The so-called Walsh functions in base b are defined
in the following manner: For an arbitrary integer k > 0 and a real x € [0,1) with

the b-adic representations k = Z kib; and x = Z x;b~" 1 where k;, z; € {0,1,.

=0
b—1}, k, # 0 and for infinitely many values of i we have T; # b— 1 the corresponding
k-th Walsh function ywaly: [0,1) — C is defined as ywaly,(z) = 5 (Fomotthuzy)

Let us denote Ny = NU {0}. For an arbitrary vector k = (k1,...,ks) € N§
the k-th function of Walsh in base b is defined as ywaly(x) = [] pwaly,(z;), x =

(x1,...,25) € [0,1)°. The set W(b) = {pwalk(x): k € N§, x € [0,1)°} is called
the system of the Walsh functions in base b. In 1923 Walsh [24] defined the Walsh
functions in base b = 2 and in 1955 Chrestenson [6] consider the Walsh functions in
arbitrary base b > 2.

In 2011 Hallekalek and Niederreiter [16] introduced the concept of the so-called
b-adic function system. So, let the base b, the arbitrary integer k € Ny and the real
x € [0,1) be as above. Then, the corresponding k-th b-adic function 7y : [0,1) — C
is defined as

pyk(T) = 2R ) (ot @i baab o)

For an arbltrary vector k = (k1,...,ks) € N§ the k-th b-adic function is defined as
pYk(X) = H vV, (25), X = (21,...,25) € [0,1)°. The set I'y, = {y7x(x): k € Nj,
j=1
x € [0,1)°} is called b-adic function system.
First in 2010 Hallekalek [13] introduced the concept of the so-called I'y, function
system. So, let p = (p1,...,ps) € N§ be an arbitrary vector of not distinct different
prime numbers. For an arbitrary vector k = (kq,...,ks) € N§ the k-th p-adic func-

tion is defined as py(x) = [] p, %, (x), x = (v1,...,25) € [0,1)°. The function
j=1

system I'p is defined as I'p = {p(x): k € Nj, x € [0,1)°}.

Baycheva and Grozdanov [4] made a chronological survey of the diaphony as
a quantitative measure for the irregularity of the distribution of sequences. Some
reasons, related to the practice of the Quasi-Monte Carlo integration in weighted
reproducing kernel Hilbert spaces are used, to present the different version of the
diaphony. Special attention is devoted to the hybrid version of the diaphony, as
quantitative measure for studying classes of hybrid sequences and nets. So, we
will remind some kinds of the diaphony. In 1976 Zinterhof [25] proposed the first
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example of the diaphony, which today is called a classical diaphony. The concept of
the classical diaphony is based on using the trigonometric function system 7. So,
for an arbitrary integer N > 1 the diaphony F(7s; &) of the first N elements of the
sequence & = (X, )n>0 of points in [0,1)° is defined as

N-1 2\ 3
1
Fn(T5;:6) = Z R7?(k) N Z ex(Xn) ;
kez\{0} n=0

where for each vector k = (k1,...,ks) € Z° the coefficient R(k) = [[ R(k;) and for
=1
an arbitrary integer k the coefficient R(k) is defined as

Rk = 1, ifk=0,
k|, ifk#£0.

In 1997 Hellekalek and Leeb [15] used the system W(2) of Walsh functions
to define the so-called dyadic diaphony. In 2001 Grozdanov and Stoilova [9, 10]
generalized the concept of the dyadic diaphony to the notion of the b-adic diaphony.
So, for an arbitrary integer N > 1 the b-adic diaphony Fn(W(b);€) of the first N
elements of the sequence £ = (X, )n>0 of points in [0,1)® is defined as

1
2\ 2

1
Fx(W(b);€) = brir—1 keg{o} p(k)

| V-1
— Z pwaly (x,,)
N n=0

where for each vector k = (k1,...,ks) € Nj the coefficient p(k) = [] p(k;) and for
j=1
an arbitrary integer k > 0

1, if k=0,
p(k): b_2g : g +1
, i <k<bT g>0,9cZ.

In 2010 Hallekalek [13] introduced the notion of the so-called p-adic diaphony,
which is based on using the system I'y. So, for an arbitrary integer N > 1 the p-adic
diaphony Fiy(I'p; €) of the first N elements of the sequence & = (x,,),>0 of points in
[0,1)® is defined as

1 1= 2\
FN(vag) = Op — 1 Z pp(k) N Z p7k(x7l) )
kEN;\ {0} n=0

where for each vector k = (ki,..., k) € Nj the coefficient pp(k) = [] pp, (k;) and
j=1
for an arbitrary integer k£ > 0 and a prime p

o[ k=0
PrAE) = p29, ifpd <k<pIitl g>0,gcZ.
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S
Here, the quantity op, is defined as op = [ (p; + 1).
j=1
Hallekalek [14] constructed the so-called hybrid function system, which is a
tensor product of the trigonometric system, the system of Walsh function in base b
and the b-adic function system. This function system is used to introduce the hybrid
version of the diaphony.

2. THE VILENKIN FUNCTION SYSTEM AND THE (Vilg,; ;y)-DIAPHONY

We will present the constructive principle of the so-called Cantor systems.
They are natural generalizations of the ordinary b-adic number system. Let B =
{bo,b1,b2,...:b; > 2fori > 0} be given sequence of integers. By using the se-
quence B, the so-called generalized powers are defined by the next recursive equal-
ities: Bp = 1 and for j > 0 we put B;11 = B,.b;. For this system we will use the
name B-adic system.

An arbitrary integer k > 0 and a real z € [0, 1) in the B-adic system have

oo
representations of the form &k = Z k;B; and x = >
i=0 i=0 Dit1
{0,1,...,b; — 1} and k, # 0. This representation of—}; is unique. In additional
condition that for infinitely many i we have that x; # b; — 1 the representation of x
is also unique.

Vilenkin [23] proposed new orthonormal function system defined in B-adic sys-

tem. We will remind the construction of the functions of this system.

, where for i > 0 k;, z; €

Definition 2.1. For an arbitrary integer k> 0 and a real x € [0,1) with

the B-adic representations of the form k = Z kiB; and z = Z B where for
=0

1> 0, kj,x; € {0,1,...,b; — 1}, k, # 0 and for infinitely many Values of i we have

x; # b; — 1, the k-th Vilenkin function gVil: [0,1) — C is defined as

BVllk € b

Now, we will give the multidimensional Version of the Vilenkin functions. For
this purpose, for 1 < j < s let B, {b(] b(J) b ) : bl(-j) > 2 for i > 0} be given
s sequences of integer numbers. Let us 51gn1fy B = (Bl, ..., Bs). The multidimen-
sional Vilenkin functions are defined in the following manner:

Definition 2.2. For an arbitrary vector k = (k1,...,ks) € NS the k-th function
of Vilenkin z Vilk: [0,1)* — C is defined as g, Vilk(x) = H B, Vilg, (z;), x =

j=
(x1,...,25) € [0,1)°. The set Vilg, = {p,Vilk(x): k € N§, x E [0,1)°} is called
multidimensional Vilenkin function system.

In 1947 the function system Vilg, was introduced by Vilenkin [23] and in 1957
independently from him this system was proposed by Price [18]. Some names are
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used about the system Vilg, in the literature: both Price system, see Agaev et al. [1]
and Vilenkin system, see Schipp, Wade and Simon [21]. For the system Vilg, the
name multiplicative system is also used. In this work we will use the name Vilenkin
function system.

Now, we will remind the concept of the so-called (Vilg,; «;y)-diaphony. Bay-
cheva and Grozdanov [2, 3] introduced the general concept of the so-called hybrid
weighted diaphony. The construction of this diaphony is closely related to the worst-
case error of the integration in reproducing kernel Hilbert spaces. These Hilbert
spaces are characterized by two arguments. The first is a vector a = (a, ..., as),
where o; > 1 for 1 < j < s of exponential parameters. They determine the rate
of inclining to zero of the Fourier’s coefficients of the functions of this class. The
second one is a vector ¥ = (v1,...,7s), where v1 > 9 > -+ > v, > 0, of coordinate
weights. They determine the dependence of the functions on their arguments. These
two arguments a and vy are used to define the diaphony. In this way the worst-case
error and the diaphony are connected.

On other side, the definition of the diaphony is based on using some concrete
orthonormal function system. For example the definition of the hybrid weighted
diaphony is based on using special kind of a hybrid function system.

Here in our work we will present very special kind of the hybrid weighted
diaphony. The hybrid function system will be replaced by the system Vilg, of the
Vilenkin functions. The details are as follows: Let B be an arbitrary sequence of
bases and {By, B1, Ba,...} be the corresponding sequence of generalized powers.
For arbitrary reals @ > 1, v > 0 and an arbitrary integer & > 0 let us define the
coeflicient

1, itk=0,

By k) =
AR TR {7/337 if By<k<Byi—1920g€Z.

For an arbitrary vector k = (kq,...,ks) € N by using the set B, let us define
the coeflicient

R(Bs; a;v;k) = [ [ p(By; o375 k) (2.1)
j=1
Let us define the constant

CBs;;7) = Y, R(Bsio;v:k). (2.2)
keNg\{o}
S oo — 1
We have that C'(Bs; o;y) = [ [1 4+, - #(Bj; )] — 1, where u(B;a) = > b
j=1 g=0 By —1

Definition 2.3. For an arbitrary integer N > 1 the weighted (Vilg,;a;7)-
diaphony of the first N elements of the sequence { = (x,,),>0 of points in [0,1)°
defined as

1
2\ 2

. 1
FN(VIIBS;OL;’}/;E) = T N Z R(BS;O‘;’Y,

N-—
— Z B. Vilk(x,,)
C(Bs; 7) %0y =
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where for an arbitrary vector k € N§ the coefficient R(Bs;a;v;k) is defined by
equality (2.1) and the constant C(Bs; a;y) by equality (2.2).

In the case when a = 2 =(2,...,2) and vy =1 = (1,...,1) the (Vilg,;2;1)-
diaphony was introduced by Grozdanov and Stoilova [11].

It is well-known fact that the sequence ¢ is uniformly distributed in [0,1)% if
and only if the limit equality I\}gnoo Fyn(Vilg,; a;v;€) = 0 holds for each choice of the

vectors « and 7.

We note the fact that in the one-dimensional case the coordinate weight ~
from Definition 2.3 is canceled. This gives us the right in the place of the no-
tion of (Vilp; «; y)-diaphony Fy (Vilg; a;7; &) of the sequence £ to use the notion of
(Vilp; a)-diaphony and the denotation Fi(Vilg;a; ). We will follow this significa-
tion to the end of our work.

The sequence of Van der Corput is a classical example of well uniformly dis-
tributed sequence, which has a long history and many generalization related to
different purposes. Bednafik et al. [5] consider the construction of this sequence, as
also its multidimensional version, in Cantor systems. So, following their idea we will
remind the concept of this sequence. Let B be the sequence as above.

Definition 2.4. For an arbitrary integer n > 0 which has the B-adic represen-
tation
n = nm By + Nm—1Bm-1 + -+ n1B1 + noBo,

where n; € {0,1,...,b; — 1} for 0 < i < m and n,, # 0, we put

_Mo,m m
pB(n)—Bl‘FBZ-‘r +Bm+1'

The sequence wp = (pp(n))n>o is called Van der Corput sequence constructed
in the B-adic Cantor system.

Let the sequence B of bases is B = {b,b,...: b > 2}, i.e. all bases are equal to
b. In this case the sequence wy, = (py(n))n>0 is obtained. If the base b = 2, then we
find the classical Van der Corput [22] sequence wy = (p2(n))n>0-

In 1960 Halton [12] used pairwise coprime integers by, ...,bs to construct the
sequence ((pp, (1), ..., Ps, (N)))n>0, which is the s-dimensional version of the Van der
Corput sequence.

Faure [7, 8] developed an another approach to generalize the construction of
the Van der Corput sequence. He proposed to include permutations chosen either
deterministically or randomly in the radical-inverse function.

In 1987 Proinov and Grozdanov [19,20] investigated the diaphony Fx (7s;wp) of
the Van der Corput sequence. It is shown that the classical diaphony of the sequence

Viog N
o8 > In 2001 Grozdanov and Stoilova [10] showed

N
Vd1og N
N .

wp has an exact order O (

that the b-adic diaphony Fn (W (b);w;) has an exact order O <
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3. STATEMENTS OF THE RESULTS

Now, we will present the main results of the paper. In Theorem 3.1 an upper
bound of the (Vilg; a)-diaphony of the sequence wp is presented. This bound permits
us to obtain the asymptotic behaviour depending on the exponential parameter «
of the (Vilp; a)-diaphony of the sequence wp.

Theorem 3.1. Let us assume that the sequence B of bases is limited from
above, i.e. there exists a constant M such that for each i > 0 we have b; < M. Let
N > 1 be an arbitrary integer which in the B-adic system has a representation of
the form

N=a1B,, +a2By, +---+a;B,,,

where vy > vy > -+ > 1 > 0 and a; € {1,2,...,b; — 1} for 1 < i < t. Let the
exponential parameter o > 2. Then, the following holds:

(i) (an upper bound) The (Vilg; a)-diaphony of the sequence wp satisfies the
inequality

[N - Fy(Vilg; a;wg)]?
1 2a+2 2 M2a MoHrl + Ma _ 1 t
M* —
(=) - o e 5

1(B; @)
(ii) (an asymptotic behaviour) The (Vilg; «;v)-diaphony of the sequence wp
has the following asymptotic behaviour:

(iiy) If « =2, then Fy(Vilg;a;wp) € O ( 1(])\§N> ;

(ii2) If a > 2, then Fy(Vilg;oswp) € O (;)

Let us note the fact that the quantity EBQ ® gives the orders of the (Vilp; a; v)-

diaphony of the sequence wp. The main SCIle of this quantity is that it shows the
influence of the exponential parameter « to these orders. This result shows the im-
portance of the parameter « to the orders of the considered diaphony. The authors
think that this is the priority of using the parameter « to obtain the wide spectrum
of the orders of the (Vilg; «)-diaphony of the sequence wp.

We also note the fact that Grozdanov and Stoilova [11] obtain the order

0 Viog N
N

the idea for the exponential parameter an only this order is obtained.
With a purpose to prove the exactness of the obtained in Theorem 3.1 orders, in
Theorem 3.2 a lower bound of the (Vilg; a)-diaphony of the sequence wp is presented.

of the B-adic diaphony of the sequence wg. But in this result missing
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Theorem 3.2. Let us assume that the sequence B of bases is limited from
above, i.e. there exists a constant M such that for each i > 0 we have b; < M. Let
N > 1 be an arbitrary integer with the B-adic representation of the form

N =101...101,

where the number of the ones is exactly v and r > 2. Let the exponential parameter
«a > 2. Then, the following holds:

(1) (a lower bound) For infinitely many values of N of the above form the
(Vilg; a)-diaphony of the sequence wp satisfies the inequality
r—2

Mou(Bra) 2 Dont
h=0

[N - Fx(Vilg; s wp)]? >

(ii) (an asymptotic inclusions) The (Vilp; «)-diaphony of the sequence wp has
the following asymptotic inclusions:

Vlog N
(iiy) If a =2, then Fy(Vilg;o;wp) € Q( C])'\% ) ;

(ii2) If a > 2, then Fy(Vilg;a;€p) € Q (;)

We note the fact that the quantity Z Bzh 11, which is related to the special

form of N, again gives us the dependence of the exact orders of the (Vilg;a)-
diaphony of the sequence wp on the exponential parameter a. In this way the

exactness of the orders O ( l(])\ng> and O <]1/') is proved.

4. PRELIMINARY STATEMENTS

To prove the main results of the paper we need to present some preliminary
statements, related to the exact value of the trigonometric sum of the sequence wg
with respect to the functions of the Vilenkin system.

Lemma 4.1. Let wg = (pp(n))n>0 be the sequence of Van der Corput con-
structed in the B-adic system. Let k > 1 be an arbitrary integer with the B-adic
representation

k =k1Ba, +koBao, + -+ +kpBa,,

where oy > ag > -+ > ap >0 and kj € {1,2,...,by;, — 1} for 1 < j <p. Let N be
an arbitrary integer with the B-adic representation

N = alByl —+ GQB,,2 “+ e+ atBl/t7
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where v1 > vy > -+ >y >0 and aj € {1,2,...,b; — 1} for 1 < j < t. Then, the
trigonometric sum of the sequence wg with respect to the functions of the Vilenkin
system satisfies the equalities

N-1
E BVilk(pp(n))
n=0
0, if vy > ap,
ar—1  2rmigp g
> el | By, if vy = ay,
h=0
>, ajB,,, if there is some s,
j=s+1
- 1<s<t—1, vs>ay> Vs,
aet zmigp 2mip oo, O . .
Y et P By, 4et P Y7 a;B, |, if there is some s,
h=0 j=s+1
1<s<t—1, Vg = Qp > Vg1,
N, if Qp > V15

Proof. For arbitrary integers «a, v > 0 let us define the function

fa>v
5 — b pu— 9
2.(V) {0, if <.

First of all we will prove an useful equality. Let v > 0 and P = 0 (mod B,) be
arbitrary and fixed integers. Then, for each integer k£ as in the condition of the
Lemma, the equality holds

P+B,—1
> BVilk(pB(n))’ =B, -dp, (v). (4.1)

n=P

Really, let an arbitrary integer n, P < n < P + B, — 1, have the B-adic
representation n = ngng_1...NyNy_1My—2...N1Ng, where n; € {0,1,...,b; — 1} for
0 <i<gq. Here n;, 0 <i <wv—1, are variable digits and n;, v < j < ¢, are fixed
digits. Then, we have that pp(n) = 0.n¢n1 ...ny,_11, ... N, and hence

P+B,—1 bo—1 b1 —1 by—1—1 omi ami g, )

S V() = S 3 e 3 B e b,

n=P no=0mn1=0 n,_1=0

(4.2)
baF?l 2mi fom
Let us assume that a;, < v—1. Then, the corresponding sum > e’ "7 =0
Nea., =0
P+B,—1 ’
and from equality (4.2) we obtain that >  pVily(pg(n)) =0.

Let us assume that o, > v. Then, from equality (4.2) we obtain that
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P+B,—1
> BVilk(ps(n))
n=P
. i bo 1 l/ 1— 1
o eﬁ PN 'ebf;lkp,ln%il . 2ai 2Lk, Z 1. Z 1—RB
no= 0 Ny —1= =0

According to the defined function dp,_ (v) the above two results can be written

as
P+B,—1

> BVﬂk(pB(n))| =B, -6, (v).

n=P

Now, we can prove the statements of the Lemma. For this purpose let us
introduce the significations
Ny =0,
N1 =a1By,,
Ny =a1B,, + a2B,,,

Ny =a1By, +a2B,, + -+ a:B,,, so N, = N.

Then, for each integer k¥ > 0 we have that

N-1 t—1a;41 -1 Nit(ht1)By; , —1
Z BVﬂk(pB (’I’L)) = Z Z Z BVﬂk(pB(n))' (43)
n=0 j=0 h=0  n=N;+h-B,,

I. Let us assume that v, > «,. From equality (4.1) for each integers 0 < j < t—1

Nj+(h+1)-Byj,, —1
and 0 < h < aj41—1 we have that > B Vilg(pp(n)) = 0 and from (4.3)
n=N;+h-B,, |

N1
we obtain that Y gVilg(ps(n)) = 0.

n=0

IT. Let us assume that v, = a,. According to equality (4.1) for arbitrary integers
Nj+(ht1)-Byy 1
0<j<t—2and 0 < h <ajpq—1 we have that > sVilk(ps(n)) = 0.
n:N,-—i—h‘B,,jJr1

Let the integer h such that 0 < h < a; — 1 be fixed. Let an arbitrary integer n
such that Ny_1+h-B,, <n < N;_1+(h+1)-B,, —1 have the B-adic representation
n="n,N,_1...MN,41A0,—1...n1n9. Hence from (4.3) we obtain that

2mi

ke _1m 2
ap_q P Tep—1 cooebay k1-na,

> BVili(ps(n)

n=0

N-1 ’

Ni_1+(h+1)-B,, —1

>

’I’L:Nt71+h'Byt

ar—1

Ze

a;—1

Zt i kyeh
X e’

h=0
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ITI. Let us assume that there is some s, 1 < s <t—1, such that vy > a, > ve41.
For each fixed integer j, 0 < j < s—1, we have that ;11 > «,. Then, from (4.1) for
Nj+(h+1)-B,, 1
each fixed h, 0 < h < aj41—1, the equality holds > g Vilg(pp(n)) = 0.
n=N;+h-B,,

For each fixed integer j, s < j <t — 1, the inequality o, > v;;1 holds. Let
the integer h, 0 < h < aj41 — 1, be fixed. Then, an arbitrary integer n such that
Nj+h-B, , <n<N;+ (h+1)- B,,,, — 1 has the B-adic representation of the
form

N=Ty e Ny - Nag - Ny« - My +1AM0, 1. N,
where n,,,,1,...,n1,n0 are variable digits and n,,, ,y1,...,n, are fixed digits.

p

Hence we obtain that pVilg(pp(n)) = [] e
B=1

Then, from (4.3) and the above suppositions we obtain that

27
bag anaB )

N-1 t—1aj41—1 t—1
E: : By kanag }:E: E:
BVllk(pB(n)) = H p Bl/]+1 aj+1BVj+1
n=0 p=1 j=s h=0 j=s
t
= E ajB,,]..
j=s+1

IV. Let us assume that there is some s, 1 < s <t¢—1, such that vy = ap, > ve41.
According to equality (4.3) we will use the presentation

N1 s—2ayo1—1 Nj+(h+1) By, ~1
> BVilk(ps(n) =) > > BVilk(ps(n))
n=0 j=0 h=0  n=N;j+h-B,,
as—1Ns—1+(h+1)-B,, —1 t—1aj41—1 Njt(ht1) By, —1

+ Z Z BVIlk pB +Z Z Z BVﬂk(pB(n))'

h=0 n=Ng_1+h- B,,‘5 h=0 n:Nj+h~B,,j+1

(4.4)

For each j, 0 < j < s — 2, the inequality o, < vj41 holds. Then, from (4.1) for
Nj+(h+1)-By,, , —1

each fixed integer h, 0 < h < a;+1—1, the equality > gVilg(pp(n)) =0

n=N;+h-B,,
holds.
It is obvious that N;_1 has the B-adic representation of the form

Ns—l :a10...OaQO...O...as_lOO...O,
Vs—1

where for 1 < ¢ < s—1 the digit a4 stays on the v,-th position. Let h, 0 < h < a,—1,
be a fixed integer. Then, an arbitrary integer n such that Ns_1 +h-B,, < n <
N¢_1+ (h+1)B,, — 1 has the B-adic representation of the form

n=a0...0a20...0...a5_10...0hn, _1n,__2...n100,
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hence pg(n) = 0.ngny...ny,,—1h0...0as_1...0...0...a; and let us signify

pe(n) =0neny ... Ny, —1hny 1My 42 .. Ny, . (4.5)

p—l

H e 21r1 krnaT .

For each integer j, s < j <t—1, the number N; has the B-adic representation
of the form N; = a10...OaQO...O...as,lO...0...aj00...07 where for 1 < ¢ < j

Then, we have that Vil (pp(n)) = etos®

vj
the digit a, stays on the v,-th position. Let the index h, 0 < h < a;41 — 1, be fixed.
Then, an arbitrary integer n, N; + h - B <n<N;+(h+1)-B — 1, has the
B-adic representation of the form

Vi+1 Vi1

n=a10...0a20...0...a5.10...0...a;0...0hn,, , 1My, ,—2...n1N0.

Hence we have that pp(n) = 0.ngny...n,,,,~1h0...0...a;0...0...a; and let us
signify
pp(n) = 0.ngny ... an+1_1thj+1+1an+l+2 e My (4.6)

27i

Then, we obtain that pVilg(pg(n)) = etk H ebar

krna,.

We note the important fact that for v, —|— 1 < g < vp the digits ng in the
presentations (4.5) and (4.6) are equal.
Hence from the presentation (4.4) and the above assumptions we obtain that

N-1 ) a;—1 . t—1
. g, 2xig ok 2mifq
g sVilg(pp(n))| = He e E etvs PUB, +ebvs g aj1By, .,
n=0 h=0 j=s
as—1
a
= E ebv ko Bl,s —l—e”v kpas g a;B il

Jj=s+1

V. Let us assume that o, > v;. An arbitrary integer n, 0 < n < N —1,
has the B-adic representation n = n,, 7y, —1...My, ... Ny, Ny, —1 . . . N1N. This means
that on the positions biggest that v; the digits of n are equal to zero and hence

p 2mi poo.Q N-1
sVili(pp(n)) = [] "¢ " = 1. This gives us that 5. pVilk(pp(n))=N. O
n=0

By using the equalities presented in Lemma 4.1 it is easy to prove the following
result.

Corollary 4.1. Let wp = (pg(n))n>0 be the Van der Corput sequence con-
structed in the B-adic system. Let k and N be as in the condition of Lemma 4.1.
Then, the trigonometric sum of the sequence wg with respect to the functions of the
Vilenkin system satisfies the inequality

N-1

> BVil(ps(n

n=0

<ZazB (SB )
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5. PROOF OF THEOREM 3.1

(i) According to Definition 2.3 the (Vilp; a)-diaphony of the sequence wp sat-
isfies the equality

Byt1—-1|N-1 2
[N - Fy(Vilg; oswp)]? = ——— B 5 ZB“ > 1> BVilk(ps(n)) (5.1)
9 k= B n=0

For an arbitrary integer g > 0 let us introduce the set
B(g) ={k: k=FkyBy, kg€ {1,2,...,b5 — 1}}.

For arbitrary integers ¢ > 1 and ¢ such that 0 < ¢ < g — 1 let us introduce the
set

Alg;q) ={k: k=FkyBy+ky_1By_1+ -+ kgp1Bg41 + kqBq, kg € {1,2,...,b,—1},
kee{l,2,...,b—1} forq+1<j<g-1, k; € {0,1,...,b; —1}}.

The cardinalities |B(g)| = by — 1 and |A(g; q)| = (bg — 1)(bg—1 ...bg41)(bg — 1) hold.
In this way from the equality (5.1) we obtain that

2

[N - Fy(Vilg; o wp))? = Z > ZBVllkz (pB(n))

g keB(g) | n=0
>~ 4 g—1 N—1 2 1
— Vil = 31 +3). (5.2
g 2 | aVikbs()| | = s (P ). (52)
g=1 "9 ¢=0kcA(g;q) | n=0

Now, we will obtain upper bounds of the sums »; and 5. According to the
statement of Corollary 4.1 we consecutively obtain the next results:

Z >

2

Z BVIlk PB( ))

9 k€EB(g) | n=0
i : 2 ZZZMB B35, (v:)35, (1)) ZaQB%Bg(u,)
g=0 ngB(g) i=1 j=1 i=1
_2ZGZBVIZUJ]BVJ 7(5 l/i)(sgg(l/j) Z 1
= keB(g)
—Z a?B?2, —53 ) Y1
9= 0 keB(g)
t 7 e’}
M*l)SZBWZBWZ gl/z 53 ZB ZﬁéB v;).
i=1 j=1 g=0

(5.3)
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The condition j < ¢ shows that v; > v;. If we put the condition g > v; we will
have that g > v; and ép, () -9, (v;) = 1. By analogy in the second sum of (5.3) we
put the condition g > v; and we will have that ép, (v;) = 1. In this way from (5.3)
we obtain

t o0
S < 2(M — 1) ZBWZBVJZ I P

a
g=vj g i=1 g=v; 9

<2AM 2a_12 ZB“ 1_Ma_1ZB
t

1 M o
<2(M Z ZBO‘ I_MD‘—IZBZi

J=v; J
t t
20 9@ Me
<M -1 B2« B2
<2 )2a—120—2; vi M“—lg vi
5 920 M ] o
=|2(M -1 - B2, 5.4
|:( ) (2(171)(20472) Ma1:|i_zl 12 ( )

We will use again the facts that the equalities 6, (v;)0p,(v;) = 1 and 6, (v;) =
1 hold for j <i and g > v;. In this way, for the sum ¥, we consecutively obtain the
next results:

1

0 g

>

0 keA(g;q)

Z BVilk(ps(n

g—1 t
1

giB QZZach]BwBuﬁB vi)0B,(v}) Zasz 0B, (i)

«
g=1"9 qukEA(mq) i=1j=1

—2ZCLZB ZGJBVJZ Z Z 0B, (vi)oB, (v})

By q=0 ke A(g; q)

o ZG2B2 Z Bl(x Z Z 5B‘1 Vl

9 ¢=0keA(g;q)

O(
g=1 gq

7

_122&7]23% > LY v

=1 g=v;+1 9 q=v; keA( q)

—z DS S Sl

g=vi+1 9 q=v; k€ A(g;q)

t 7 o

M—1 2ZBV7ZBVJ Z Bla Z cobgr1)(bg — 1)

g= V]Jl'l 9 q=vj
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t fe%s) 1 g—1
*ZBE,; Z Bo Z(bg *1)(bg—1"'bq+1)(bq* 1)
=1 g=vi+1 9 q=v;
t i [e%s) 1 g—1
<oM-1">"B,> B, > Ba 2 (bg-1---ber1)
i=1 j=1 g=vj+1 9 q=v;
t o) 1 g—1
-> B > B D by bgia)
1=1 g=vi+1 9 q=v;
1 t S g—1
2(M —1)4 ’ 1 =B, 1 1 B
B,,) B, — )y 2 2 — ) £
ST 2B By X m X Fmlb X Bl
i=1 Jj=1 g=vj+1 "9 q=v; 1 i=1 g=vi+1 9 g=v; 4
t % 0 g—1 t 00 g—1
1 1 1 1 1
_ 4 — 2 _—
RIS ST IS SIS SRS S R
i=1 j=1 g=v;j+1 9 g=v; 1 i=1 g=v;+1 9 g=v; 4
: : =1 11 = 1 1
4 2
SM-U'D B By 3 w2 mBl X o E
=1 j=1 g=v;+1 q=v; =1 g=v;+1 9 Vi
: : = 1 1 1 1
=M -1*Y"B,Y B, a.<1+++--->
; Jz::l g§+1 Byt By, by buyby;
t 0
1 1
2B 2 g
M i=1 g=v;+1 Bg
t i 00 1 1 t 0o 1
4
<AM D' B YD o g 2B D e
i=1 j=1g=v; 9 i=1 g=v;+1 9
—2(M—1)42t:B i: ! + ! + ! +
i=1 " j=1 Bl[’xj_l ba_l (ijbVJJFl) -t
1 1 1 1
- — BVi — 1+ o + — 4+
M z:zl BVr‘rll < bw-l-ll (bw+1bw+2)a ! )
. L1 1 1
< 2(M - 1) ZBVL Z Bafl + 2a—1 + (20171)2 +
=1 j=1 Vj
t
1 1 1 1
- — B,, pov pv (1 + + + )
M ; BUL 1 bl,i+11 Ma—l (Ma—1)2
2o+! N Sl 1 ~ oa
720{_2(M_1) BVz Ba71 ]\4(1_[\42:3”1
i=1 j=1"Yi i=1
< A YB3 e - gy B
_204_2 Vi. ‘Ba_l Ma_M v;
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2a+1 2 t 1 t
< M—14 BQ*O&_ B270¢
<(pg) ¢ S ey B

9o+l \? . 1
_Kza—z) e Y

t

> B (5.5)

i=1
From (5.2), (5.4) and (5.5) we obtain that
t
[N - Fy(Vilg;aswp)]® < C(Bia; M) Y B2, (5.6)
i=1
1 2a+2 2 M2a _ Ma+1 + Ma -1

h C(B;a; M) = M4 — Th
where C(Biad) = s | () (0= — D= — ) ‘

part (i) of the Theorem is proved.

(ii) Now, by using the statement (i) of the Theorem we are able to show the
asymptotic behaviour of the (Vilg; a)-diaphony of the sequence wg.

(ii1) Let us assume that o = 2. Then, from (5.6) we obtain the inequality

[N - Fx(Vilg; o wp)]* < C(B;o; M) - t. (5.7)

From the conditions v1 > vy > --- > vy > 0 we consecutively obtain that

v >0, v_1>1,14_9>2,...,v1 >t—1. From the B-adic representation of N we
have that N > 2Vt +2v2 4 ... 4 2v > 201 1 9t=2 4 ... 4 91 4+ 90 — 9! _ 1 and obtain
log(N +1) .

that ¢ < g2 Hence from (5.7) we obtain that

. C(B;a; M) log(N +1)
c v < . .
Fn(Vilg;aswp) < log 2 N

log N
N
(iiz) The condition « > 2 permits us to obtain an upper bound of the sum

The last inequality gives us that Fy(Vilg; o;wp) € O

t
Bg:“. So, the following inequalities holds
i=1

t t

1 1 1 1 1 1
27()‘_ A —_— e
;Bw = ; Ba? < B2 + B2 + T oSt o i T
— 2a
20 _ 4

From (5.6) and the above result we obtain that

2« 1
20 —4 N’

Fy(Vilg; aswp) < \/C(B;a;M) .

which gives us that Fy(Vilg; o;wg) € O (%) Theorem 3.1 is finally proved.
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6. PROOF OF THEOREM 3.2

Let the integer N be as in the condition of Theorem 3.2, so we have that
N =DBo. o9+ By._4+ -+ By + By. (61)

We will use the general concept of the B-adic representation of N exposed in
the condition of Lemma 4.1. Especially the representation of N of the form (6.1)
gives us that 1y =2(r—1), 12 =2(r—2), ..., v, =2(r—7)=0. For 0 < g < 2r—2
let us introduce the set B(g) = {k: k = kyBg, ks € {1,2,...,by — 1}}. Then, from
Definition 2.3 the low bound holds

2

2r—2
[N - Fx(Vilg; s wp)]* > Ba gz(:) _akGZB: HZ;BVﬂk (pB(n))

In the first sum of the above expression we will realize a summation only on the
odd subscripts g. So, let ¢ = 2h 4+ 1, where h = 0,1,2,...,7 — 1. Then, we obtain
that

2

r—2 N-1
. 1 - :
[N - Fx(Vilg; s wg)]* > (Bia) E By E E Vil (pg(n)) (6.2)
’ h=0 kEB(2h+1) | n=0

Now, for each integer k € B(2h + 1) we will obtain a low bound of the trigono-
N-1
> BVilk(pp (n))‘ An arbitrary integer k € B(2h + 1) has the B-adic

n=0

representation k = kap41Bap41, i.e. we have that oy, = 2h+1. The presentation (6.1)
of N shows us that there is some 5, 1 < s <t —1, vy > o > Vsq1. In our case
s = r — h. Hence the third case of Lemma 4.1 is realized. From this statement we
have that

metric sum

N-1 T
Z Vil (pa(n z a;B,, = Z By(r—jy > Ban-1)
n=0 Jj=s+1 j=r—h+1
B 1
2h+1 > BQh+1

" bon_g -bap_1-bop — M3

We put the above inequality in (6.2) and obtain

. 1 r—2 . 1 2
[N - Fx(Vilg; o wp)]* > w(Bia) ZIB%+1 Z (]\/[3 : 32h+1)

h=0 k€eB(2h+1)
1 r—2 1 r—2
=— B2« 1> — B2« 6.3
M6 . ,U(B;O[) };0 2h+1 k63%+1) — M6 M(B, Oé) hg 2h+1 ( )

and the part (i) of the Theorem is proved.
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(ii;) Let us assume o = 2. Then, from (6.3) we obtain that

1 r
N.-F iln: a: s — — r-1>—
- Ey(Vils eswn)l” > 3555 =1 2 G pBra)

From the presentation of N of the form (6.1) the inequality holds

M —1

N<MO+M* 4+ M2 = ———
SMP+ M+ + T

whence we find that » > log N .
2log M

Finally, we obtain that

) > 1 log N
2M3\/u(B;a)log M N
Viog N

N
(ii2) Let us assume that o > 2. Then, from the inequality (6.3) we obtain that

FN(VﬂB; a,wp

which gives us that Fy(Vilg;a;wp) € Q2

r—2
1
N - Fy(Vilp; o ————— ) B“
[ N( lB7OC,WB)] MG,U/(B,OK)Z 2h+1
1
— 32 e} B2—0¢ BQ—Oc
M6/L(B,Oé)( 3 + + 2r—3)
1 1 1
> B2 o _ C—
MOp(B; ) MSu(B;a) by—?

1 1
> = .
~ Mo—2. MSu(B;a)  MAtou(B;a)

From the above inequality we obtain that

1 1
Fr(Vilg: o - .=
~ (Vilg; o5 wp) > M**epu(B;a) N’

which gives us that Fy(Vilg;o;wp) € Q(3). In this way Theorem 3.2 is finally
proved.
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