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This paper reviews the generalized Hamiltonian system and its connection to contact
transformations. The generalized Hamiltonian system is related to Herglotz variational
principle in the same way in which the Hamiltonian system is related to the classical
variational principle. We prove a criterion for the integrability of the generalized Hamil-
tonian system in terms of a complete set of first integrals, and a method of generating
such first integrals. These results are due to Gustav Herglotz.

Keywords: Herglotz variational principle, integrable systems, contact transformations,
integrability, complete integrability, generalized Hamiltonian system

2020 Mathematics Subject Classification: 37J06, 37J35, 37J55

1. INTRODUCTION

In 1932 Gustav Herglotz gave a series of lectures on contact transformations,
the generalized Hamiltonian system

4, _oH
dt T 8pj’
d oH
—z=pj— — H,
dt & 6pj
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where H is a function of z1, ..., Ty, 2,1, - - -, Pn, and the relationship between them.
The generalized Hamiltonian system is closely related to the variational principle,
proposed by Herglotz [15,16]. It is very powerful for giving a variational description
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of nonconservative processes involving one independent variable. It is more general
than the classical variational principle with one independent variable and contains
it as a special case.

In the variational principle of Herglotz the functional z, whose extrema are
sought, is defined by an ordinary differential equation rather than by an integral:

dz
— =Lt x,2,2), 0<t<s
 —L(tei2), 0stss
where t is the only independent variable, z = (2!, ..., 2") are the argument functions

of t, & = dx/dt. We denote z = z[x;s]. Herglotz showed that the value of this
functional is an extremum when its argument-functions x*(t) are solutions of the
generalized Euler-Lagrange equations
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His lectures revealed the remarkable geometry which underlines the generalized
Hamiltonian system and its integrability in terms of a complete set of first inte-
grals. They provide a method for generating first integrals for such systems. In
the present paper we review these results. The summation convention on repeated
indices is used throughout the paper.

Furta et al. show in [4] a close link between the Herglotz variational principle
and control and optimal control theories. It is also related to contact transfor-
mations, see Guenther et al. [14]. Herglotz’s work was motivated by ideas from
S. Lie [17,18] and others. For historical remarks through 1935 see Caratheodory [2].
The contact transformations, which can be derived from the generalized variational
principle, have found applications in thermodynamics. Mrugala shows in [20] that
the processes in equilibrium thermodynamics can be described by successions of
contact transformations acting in a suitably defined thermodynamic phase space.
The latter is endowed with a contact structure, closely related to the symplectic
structure. In [5] and [7] Georgieva et al. formulated and proved first and second
Noether-type theorems which yields a first integral corresponding to a known sym-
metry of the functional defined by the Herglotz variational principle; and an identity
corresponding to an infinite-dimensional symmetry of the Herglotz functional. For a
summary of the resent results related to the variational principle of Herglotz see [9].

In [6] Georgieva, Guenther and Bodurov introduce a new variational principle,
which extends the Herglotz principle to one with several independent variables. In
honor of Gustav Herglotz they named it in his name. This new varational principle
contains as special cases both the classical variational principle with several inde-
pendent variables and the Herglotz variational principle. It can describe not only
all physical processes which the classical variational principle can, but also many
others for which the classical variational principle is not applicable. It can give a
variational description of nonconservative processes involving physical fields.

The generalized variational principle with several independent variables is as
follows:
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Let the functional z = z[u; s| of u = u(t,z) be defined by an integro-differential
equation of the form

d
@ _ / L(t,x,u,up, uyz, 2)d"x, 0<t<s, (1.1)
dt aQ

where t and x = (x!,...,2™) are the independent variables, u = (u',...,u™) are the

argument functions, ugy = (ul,...,ul), uy = (ui,...,uf") and v’ = (uly,..., uln),
i=1,...,m, d"x = dz'...dz", and where the function L is at least twice differ-
entiable with respect to u,, uy and once differentiable with respect to t, x, z. Let
n= (nt,x),...,nm(t x)) have continuous first derivatives and otherwise be arbi-

trary except for the boundary conditions:

n(0,z) =n(s,z) =0,
nt,z) =0 for ze€dQ, 0<t<s,

where OQ is the boundary of Q. Then, the value of the functional z[u;s] is an
extremum for functions u which satisfy the condition

%Z[u—kan;s] =0.

e=0

The function £, just as in the classical case, is called the Lagrangian density. It
should be observed that when a variation e7 is applied to u, the integro-differential
equation defining the functional z must be solved with the same fixed initial condition
2(0) at t = 0 and the solution evaluated at the same fixed final time ¢ = s for all
varied argument functions u + en.

Every function u = (u!,...,u™), for which the functional z defined by the
integro-differential equation (1.1) has an extremum, is a solution of

oL d oL d oL oL [ oL

%_aﬂ_w@‘i‘@ Qadx—o, ’L—L...,m. (1.2)
These equations are called (in correspondence with the classical case) the generalized
Euler-Lagrange equations.

It is important to observe that the definition of the functional z by the integro-
differential equation reduces to the classical definition of a functional by an integral
when £ does not depend on z. Similarly, the generalized Euler-Lagrange equations
reduce to the classical Euler-Lagrange equations when £ does not depend on z.

Many examples of physical processes described with the generalized variational
principle of Herglotz are available in the papers [3,5-10,12]. Here we give two
applications for the convenience of the reader:

The first is the set of equations which describe the propagation of electromag-
netic waves in a conductive medium

*V’E — 82—E2 o9 _

_g - 1.
ot e Ot ’ (1.3)
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where E = (B!, E%, E®) is the electric field vector, c is the velocity of the electro-
magnetic waves, ¢ is the electrical conductivity and e is the dielectric constant
of the medium. Exactly the same equation holds for the magnetic field vector
B = (B!, B2, B3). These equations are direct consequence of the Maxwell’s equa-
tions in conjunction with the medium’s property equations J = oE and p = 0, where
J = (J',J%,J3) is the current density and p is the charge density. Equation (1.3)
and the equation for the magnetic vector field B = (B!, B2, B®) can not be described
variationally via the classical variational principle, because their Frechet derivative is
not selfadjoint. Remarkably, they can be described variationally via the variational
principle proposed in [(]. In more detail:

One can easily verify that this system is the system of generalized Euler-
Lagrange equations for the functional z defined by the integro-differential equation
with

,OE"OE" OE'OE"

L=c 927 Dl % o1 +a(x)z, i, ,2,3

and

g 3

— = [ a(z)d’x = const.

€ Q

As a second example of a physical process which can not be described variation-

ally via the classical variational principle, but can be given a variational description
with the variational principle of Bodurov [6] consider the nonlinear Schrédinger
equation with electromagnetic interaction and losses or gains

'a—\ll—4>\I1+ i—‘A 2\IJ—G(\II\II* )\II—BE\I/—O 8= t
oy p\ gpr — 1Ak T ;¥ =0, = cons

for the wave function ¥(t,z!, 22, 23) with electromagnetic interaction and losses or
gains, where the summation index k = 1,2,3. Here (®(t, 2!, 2%, 2%), A(t, 2!, 22, 2%))
is the electromagnetic potential, G is a real-valued function, and A is the vector
potential A = (A1, Ay, A3). The losses (8 > 0) or gains (8 < 0) are represented
with the term —f %\If This equation does not have a variational description with
the classical variational principle, because its Frechet derivative operator is not self-
adjoint. In [3] such a description is presented for this process via the generalized
variational principle of Herglotz with several independent variables, due to Bodurov.
In [3] it is shown that the functional z is invariant under the gauge transformation
/ 89 / / %
) :(I)_E’ A'=A+V,g9, ¥V =90,
where g = g(t, 2!, 2%, 23) is an arbitrary function, and an identity is found using
the main theorem in [12], due to Georgieva and Bodurov, which is satisfied by the
four-potential

(Q(t7 ml’ ‘Tz, x3)7 A'(t7 xl? mz’ ‘T3))
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of the electromagnetic field. When the wave function ¥ is a solution to the nonlin-
ear Schrodinger equation with electromagnetic interaction and losses or gains, this
identity becomes
I A

where Q = (Q1,Q2,Q3). In the classical case when S = 0 this is the common
conservation law with Qg-conserved density and Q conserved current. When § #
0 this identity becomes a continuity law — Q)¢ is not conserved but generated or
dissipated (depending on the sign of ) at a rate proportional to Qg itself.

In [10] Georgieva introduces a method for finding the variational symmetries
of the functional in the generalized variational principle with several independent
variables proposed by Bodurov et al. in [6]. In [12] Georgieva and Bodurov formulate
and prove a theorem which gives an identity corresponding to an infinite-dimensional
symmetry of that functional.

After this brief overview of the variational principle of Herglotz and its general-
ization to one with several independent variables, let us return to contact transfor-
mations, the generalized Hamiltonian system and their connection to the variational
principle of Herglotz.

Let S be a continuously differentiable one-to-one transformation defined on a
domain of R™ x R! x R™ with range in R™ x R! x R™ which we write in the form

S(x, z,p) = (X(z,2,p), Z(x, z,p), P(x, z,p)).

We assume that both it and its inverse are sufficiently differentiable so that the
computations below make sense, and that the Jacobian is distinct than zero. Such
a transformation is called an element transformation.

Definition 1.1. A contact transformation is an element transformation which
is one-to-one, on to, and for which p - dx — dz = 0 implies P - dX — dZ = 0.

Theorem 1.1. Equation (1.1) represents a contact transformation if and only
if there is a function p = p(z,z,p) # 0 such that P-dX —dZ = p(p - dx — dz).

The proof can be found in [14].

Example 1.1. The Legendre transformation in 3-dimensional space
X=p Y=¢q Z=prtqy—2 P=z Q=y
is a contact transformation, with p = —1.

2. SPECIAL CONTACT TRANSFORMATIONS

Definition 2.1. A contact transformation of the form
X:X(aﬁ,p), Z:Z(a@p)—l—z, P = P(z,p) (2.1)

is called a special contact transformation.
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Some of the most important applications of special contact transformations are
to Hamiltonian systems.

Theorem 2.1. A (general) contact transformation U in the (n+1)-dimensional
xz-space, R"1, can be extended to a special contact transformation U in the (n+2)-
dimensional Zz-space, R™2, which when restricted to the subspace R**1 of R™12
has the same effect as U.

Proof. Let
U: X =X(x,2,p), Z=2Z(z,2,p), P=P(z,z,p) (2.2)

be a general contact transformation in R**!. By Theorem 1.1, there is a function
p = p(z, z,p) # 0 such that

P-dX —dZ = p(p-dx — dz). (2.3)
Let # = (%1,...,%n,%ns1) be a point in R**! where Z; = z; for i = 1,...,n and
Zpi1 = —2. Then (z,z) € R""2. In the image space, we adjoin an additional coor-
dinate, Z, so that (X, Z) is in a domain in R"*2, where X = (Xl, ey Xy Xna1),
X; =X, fori =1,....,nand X,,;; = —Z. Next, let p,,1, Pny1 be direction
coeflicients. We shall choose P,,1 appropriately below. Equation (2.3) becomes
Let p1,...,Pnt1 be direction coefficients, where p1, ..., p, are related to pi,...,pn

by pi = piPns1, i =1,...,n. Also, define Py,...,P, by P; = PP, 1,i=1,...,n,
and P, 41 is chosen as follows. From (2.4) we have

iXs Xy = p ( P
Pn+1

:.U

!

dz; + d;fn+1)
n+1
or

= Ptz i=1,... 0+ L

Ihe transformaﬂotl
U:(z,z,p) = (X, Z,

P;
U: (z,2,p) = (X,Z,P) is extended to the transformation
P

additional equatlon 7

) by adjoining to the 2n + 1 equations defining U, the two
=2z, Ppy1 = (1/p)Pny1- The system of equations

Xj:Xj(x77xn+l7p)zyj(iap)a jil,...,’fl,
Y'rL-‘y-l = _Z(xa _$n+1’p) = Yn+1('faﬁ)7

Z=0+%2 (ie Z(z, p)=0), (2.5)

P (pn+1/p) (1' _xn+17p):ﬁj('faﬁ)7 jzl,...7ﬂ,
?n-&-l = (1/p)pn+1 = Pn+1 (Z,p)
is a special contact transformation in R"*2 which satisfies P-dX = p-dz. Conversely,

when restricted to R"!, (2.5) defines a contact transformation which coincides
with (2.2). O
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Example 2.1. The extension U of the Legendre transformation in Example 1.1
is

Di

Yi:)(i:pi:_ ) izla"w’n'a
pn+1
_ D _ B
X7L+1 =—7Z=- < : xi+$n+1>7
anrl
7 =2z,
P; = PPyi1 =2 Ppy1 = TPyt = —ZiPpy1, i=1,...,n,
ﬁn-&-l = _ﬁn-&-l-

Returning now to transformations in R"*!, we drop the bar notation.
Theorem 2.2. An element transformation of the form (2.1)
X =X(z,p), Z=Z(x,p)+2, P=P(z,p)
is a special contact transformation if and only if the equation
P-dX —p-de=d(Z—-z)=dZ (2.6)
holds, where dZ is the total differential of a function Z of (x,p).
Condition (2.6) yields

0X; 0X; oz 0z
P2ty Pt dp; = —2 dx; + == dp;
< oz, pj> dx; + op; dp; oz, dx; + op; dp;

or, comparing coefficients,

Z X,
é)7:F)i87_pja J ]-v , 1,
6.1‘j 8xj (2 7)
07 _ 0%, P '
8p] 1 8p] ) b) b

These conditions characterize contact transformations of the form X = X (z,p),
P = P(z,p) in the 2n-dimensional xp-space. Such transformations are also referred
to as canonical transformations.

Using the equivalence of the mixed second partial derivatives for Z and (2.7)
one obtains conditions on (X (z,p), P(x,p)) that are independent of Z:

oP;, 0X; 0P, 0X;
81‘k TZ‘J B 6733] 3l‘k
OP, 0X; 0P, 0X;
Opy, Ox;  Ow; Opy
0P, 0X; 0P, 0X;
Opx, Op;  Opj Opk

=0, L k=1...,n,

= 05k, jakzlv"'an7

=0, 3 k=1,...,n,

where d;;, is the Kronecker delta.
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3. CHARACTERIZATION OF THE GENERAL CONTACT TRANSFORMATION

Consider the transformation (z, z,p) — (Z, Z,p), where we use the bar notation:

T; = Ty, i"rH»l =—2, Di :ﬁn+1pi7 1= 17"'7”‘ (31)
Let f = f(x,2,p), g = g(x, z,p) be two differentiable functions, and

f($,Z,p) = f(xlv'“axnazapl,"'apn)
(:Z‘la- . -ajna _jn+1aﬁl/ﬁn+1; e aﬁn/ﬁn-ﬁ—l)
(2,p)

Il
= =

and similarly g(x,z,p) = g(Z,p). The Poisson bracket for the pair of functions f

and g is given by - ~
_ of 0g  Of 0g
R e el e (3.2)
Zj ODPj Dj 0L
We may now rewrite this expression in terms of the original variables

of _of of 1 of

or;  Om;" 0P Pn+10Opi et
of __of of __of pio 1 paf i = Di
0% 41 02" Opnt1 Ipi Py Pot1 Opi’ T Paga

and similar formulas for g hold. Then formula (3.2) takes the form

b= (L2820 20y, (05, 000y, or)
+Glap ﬁn+1 afj 5‘pj apj 8(Ej ]jn+1 82 pj 8pj 8ij 8pj (3 3)
(o0 9f\ 9 (99 09 0r |
Dot \\Oz; Pi; dp; z; Pitg, op; )~
The symbol
of af\ 9Oy 99 99\ of
zzp = | o i~ 5 | 5 i | = 4
{f ghoar (axj +P; 8z> dp; <8xj +Pig, Opj (34)
is called the Mayer bracket of f and g. Equation (3.3) in terms of the Mayer bracket
takes the form )
[fa g]iﬁ = = {fvg}xzp (35)
Pn+1

The Mayer bracket satisfies properties similar to those of the Poisson bracket.

Theorem 3.1. Let f, g, h be differentiable functions of the variables (x,y, z)
and let a be a constant. Then:

1) {fag}:_{g7f}f {faf}:O)
11) {()é,f}:07 {afag}:a{fag};
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i) {f+g,h} ={f,h} + {9 h};
v) The Jacobi identity holds in the form

{Hg h}y +{gfh, f}} +{n{f, 9} + fAlg, b} + g2Ah, [} + hoA S, 9} = 0.

Note that the subscripts xzp have been dropped.
Equation (3.5) leads to a formula describing how the Mayer bracket changes
under a contact transformation.

Theorem 3.2. The element transformation
X:X(x7z7p)7 Z:Z(x7z7p)7 Y:Y(x7z)p)

is a contact transformation with multiplier p if and only if up to a factor 1/p it
leaves the Mayer bracket of two arbitrary differentiable functions invariant

{F7 CTV}XZI:’ = %{.ﬁ g}:l:zp

Proof. Let
X =X(z,2,p), Z=2Z(x,2,p), P=PzDp)

be contact transformation, and let
z=x(X,Z,P), z=2(X,Z,P), p=pX, Z P)

be its inverse. Set

F(X3 Z? P) = F(X(x’ Z7p)’ Z(x7 Z7p)7 P(l’, Z’p)) = f(x7 Z7p)7
G(X,Z,P)=G(X(z,2,p), Z(x,2,p), P(x,2,p) = g(, 2,p)
Now lift the variables one dimension and set
1

Xi=X,, Xpp1=-2, P;=P,1P, Ppy= ;anrl-

We use the fact that canonical transformations preserve the form of the Poisson
bracket, and formula (3.5) to get

1 _ o 1
yGfzzp = |2 9lzp = F7 Glxp ==
Pt {f,9}ezp = [f, 9lap = [ ]XP Pois

or since P7’LJr1/ﬁ71+1 = 1/[), {F? G}XZP = (1/p){f7 g}xzp O

Theorem 3.2 suggests that the Mayer bracket plays the same role for gen-
eral contact transformations as the Poisson bracket plays for the special (canonical)
transformations.

{F,G}xzp,
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Theorem 3.3. In order for the one-to-one element transformation X =
X(z,2,p), Z=2Z(x,2,p), Y =Y(x,2,p), which satisfies the relationship

P;dX; —dZ = p(pi dzi — dz) (3.6)

with p(z, z,p) # 0, to be a contact transformation, it is necessary and sufficient that
the following relations are satisfied:

{XivXj}zzp:07 i,j:1,...,n,
{Xiypj}wzp:p5ij, i,jzl,...,n,
{XiaZ}zzp:07 i:1,...,n, (37)
{Piypj}wzpzo, ’L,j: sy T,
{Baz}zzp:*ppi, i:1,...,n.
Moreover, the following conditions hold:
00X,
(0. X Yo = 052,
07
Z xzzp — PR — 2, 3.8
{Pa } p Paz P ( )
OP;

{0, Pjtazp = pg~

Proof. Notice that {X;, X;}z.p = p{Xi, X;}xzp =0, 4,5 = 1,...,n. The rest of
the equations (3.7) are obtained similarly. The derivations of equations (3.8) are
lengthy and can be found in [14]. O

Corollary 3.1. The functions (X, P) of a contact transformation are indepen-
dent of z if and only if p is a constant.

Proof. We observe that

ap oP; 10p .
— =—+-—F; =1,...
X, 0z +paz oI TS

@:—8)9 j=1 n
OP; 0z’ e
dp  10p
9z~ poz

We will show how to obtain the second of these equations

o Xj}xzr = (8X2- +P’az) oP, <aXi %7 ) ar, = op,

since 0X;/0P; = 0X;/0Z = 0 and 0X,/0X; = 6;;. Also, by one of the identi-
ties (3.8), {p, X;}xzpr = (1/p){p, X, }22p = 0X;/0z. Similar calculations produce
the other two equations. O
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Theorem 3.4. Let Xq,...,X,,Z be n+ 1 independent functions which are
pairwise in involution with respect to the Mayer bracket. Then there is precisely one
contact transformation for which these are the first n+1 functions and the remaining
n+1 functions Py, ..., Py, p may be obtained by solving a linear system of equations.

Proof. If the n 4+ 1 independent functions Z, X1, ..., X, of (z,z,p) are pairwise in
involution, that is if they satisfy {Z, X;},., = 0, {X;, X }22p = 0, then the functions
Py, ..., P,,p can be calculated as follows. By equating coefficients in the defining
identity (3.6) for a contact transformation, we obtain the system

PoX;, 10z 1
— — = =p;, =1,...,n,
p Ox;  pdx; bi J
P oX;, 107
il B —— (3.9)
p 0z poz
P 0oX, 10Z .
— ——— =0, j=1...,n.
p Op;  pOp;
Since X, ..., X, Z are functionally independent, the rank of the matrix
X, Z G b2
T )\ _ Ox oz
(Xz Zz> B <6X aZ> (3.10)
0z 0z

is m + 1, so the first n + 1 equations in the above system can be solved for P;/p,
i=1,...,n, and 1/p. We now must show that the last n equations in system (3.9)
are satisfied identically. For that consider the expression

P 1 <8Xi 8XZ-> <Pj 0X; 182)

LK, Xy} - ~{X0, Z) = + 995 292

p{ i p{ ; oxy, "0z p Opr  pOpk

_ <5XJ‘PJ‘ _ 152) 0Xi (3ijj _ 3Zl> 0Xi
Opk opr.’

dxy p  pOxy dz p 0z p

Taking in consideration the validity of the first two equations in system (3.9) and
that {X;, X;} =0 and {X,;, Z} = 0, we obtain

X, 0X;\ (P;0X;, 10Z
-+ ) (2= - ) =0. 3.11
(ém e ) (p Opr p Opk (310)

Since the columns of the matrix (3.10) are linearly independent, identity (3.11)
implies that the last n equations in system (3.9) are identically satisfied. O

4. ONE-PARAMETER FAMILIES OF CONTACT TRANSFORMATIONS

We now consider the special system of 2n + 1 differential equations for 2n + 1
unknowns X = (X1,...,X,), Z, X = (P1,..., P)

X =¢X,2,Pt), Z=((X,Z Pt), P=n(X,Z P,t), (4.1)
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which satisfy the initial conditions
X=x2 Z=z P=p, when t=0. (4.2)

The functions £ = (¢1,...,&,), (, ™ = (m1,...,m,) are all assumed to be continuously
differentiable. The solutions to (4.1), (4.2)

X =X(z,2,p,t), Z=2Z(x,z,p,t), P=P(x,zp,t) (4.3)
determine a family of transformations
Si: (z,2z,p) = (X, Z, P). (4.4)

In this section we give the necessary and sufficient conditions for the transforma-
tions (4.4) to be contact transformations uniformly in ¢.

Theorem 4.1. In order for solution (4.3) of system (4.1) to represent a one-
parameter family of contact transformations containing the identity, it is neces-
sary that (4.1) be a canonical system, that is, that there exists a function, H =
H(X, Z, P,t) called the characteristic function, such that the system (4.1) has the
form

dy O

"7 op;’

d oH

— 7 =P, — — .
dt T OP; " (45)
dp _ oA PaH j=1...,n.

ah=ox, Doz
Proof. In Section 3 we had found that the transformations must satisfy
P-dX —dZ =p(p-dc—dz), p#0. (4.6)

(4.6) is supposed to hold when the differentials are calculated only with respect to
the spatial variables. When X, Z, P also depend on ¢, then dZ is given by

oz oz 07z oz
dZ = —dx; + —dz + —dp; + —dt.
0z, T 9. T oy, i gy
A similar assertion holds for the dX;. Thus, condition (4.6) must be replaced by
0X; 0Z
P, dX; —dZ — (Pi praie 8t) dt = p(p; dx; — dz). (4.7)

By (4.1), 0X;/0t = &(X,Z,P,t), 0Z/0t = ((X,Z,P,t). Let us introduce the
function

H=H(X,Z Pt)=P&(X,Z,Pt)—((X,Z,P,t). (4.8)
Then relation (4.7) takes the form

P-dX —dZ = p(p-dx — dz) + Hdt. (4.9)
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If dt = 0, equation (4.9) reduces to (4.6). (4.9) represents a system of 2n + 2
equations relating the variables (X, Z, P, t) with those of (z, z, p, t), which is obtained
by expanding the differentials and comparing coefficients. To obtain the conditions
we seek, we shall rewrite these conditions in the (X, Z, P,t) variables. This is most
simply done by working directly with (4.9). First differentiate (4.9) with respect to
t and note that the differential operator, d, commutes with the differentiation d/dt.
This leads to

7 dX; + Pjd¢; — d¢ = p(p; da; — dz) + Hdt, (4.10)

where OP;/0t = m;(X,Z, P,t), the dot, as usual, represents d/dt. From (4.9)
and (4.10) we obtain

7 dX; + P dfj—dCfﬁdtzg(Pj dX; — dZ — H dt). (4.11)

From (4.8) we find dH = &; dP; + P; d€; — d¢ so that (4.11) takes the form

P P
Expand dH in the form
OH OH OH OH
dH = —dX;+ —dZ + —dP; + — dt
"= ox, Wit g 2t p, AT At

insert the result into (4.12) and compare coeflicients to obtain the following system

oH P oH

= —m; + =P, — =&,
an J P I (9Pj gj (4 13)
87%__8. 87%_7{_8.7.[ '
oz p’ ot p

The ¢; and 7; are obtained directly from (4.13) by eliminating the quotient p/p and
solving. To obtain ¢ combine (4.8) with (4.13). We find

oM
fj - 87]%’
oH
oH oH
= P =1,.
Uy aX] ]aZ7 J ) , 1y
which is system (4.5). O

The converse of this theorem is also valid. We state and prove

Theorem 4.2. The solution to the canonical equations (4.5), which satisfy the
initial conditions (4.2), generates a one-parameter family of contact transformations,
which for t =0 contains the identity.
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Proof. We must show that every solution of (4.5) and (4.2) satisfies the strip con-
dition (4.9). For notational purposes let us set Q = Q(t) = P; dX; — dZ — H dt and
Q(0) = w = p;dzj; — dz. Then the strip condition (4.9) takes the form Q(t) = pw.
Set up a differential equation for Q making use of (4.5). The proof is simply a
calculation. We find Q = P;dX; + P;dX; — dZ — Hdt. Since H = P;dX; — dZ,

Q= P;dX; — X;P

= - (aazqtpjg?;) de—g;jdej
= - (5; de+ggdej> — %(Pj dx;)
= - (gdej—&-ggde)—l-g};dZ—i-a;:dt
—%(deXj)+%dZ+%dt
= —dH—Z—Z(deXj—dZ—Hdt)—g—ZHdt-i-aa—?:dt
= —d?—[—Z—ZQ—Z—Z%dt—&—%dt.
Thus we obtain the ODE for )
Q:—dH—Z—}Z[Q—g—ZHdtJr%dt.

Next we calculate, using (4.5)

dH O dX; O dP; | OH dZ | OH
dt 90X, dt 0P, dt  0Z dt = Ot

_OM M O0M (0N O\ OW (L OH L\ O
- 0X; OP;  0P; \0X; 1oz 07z \"’oP; ot
0 o
oz oot
Thus,
OH oH
dH = —Ha—zdt—kﬁdt
and so from the previous calculation
. OH
Q= —a—ZQ.

We integrate to obtain 2 = pw, where

Lo
p = exp (/0 57 dt> , (4.15)

which proves the assertion. O
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We close this section with a few remarks on the characteristic function H =
H(X, Z, P,t). From the forth equation in (4.13), we have

OH VR
pa—p?{—p%
Divide by p? to find .

LVOH _pH- i _d (M
p Ot  p? S dt\p )

Integrate with respect to t to find

0 t
oo, w10
o P

where the superscript indicates that the arguments of H and p are to be taken at
t=0: p° = p(z,2,p,0), H* = H(x,2,p,0). The fact that p° = 1 is a consequence
of (4.15).

We consider two special cases.

Case 1. OH /0t = 0 so that H does not depend explicitly on ¢.

Then the family {S;} represents a one-parameter group of contact transforma-
tions. (The proof can be found in [14].) Relation (4.16) implies that

H(X, Z,P) = H(x, 2,p)p(z, 2, p). (4.17)

(4.17) has a geometric interpretation. Let us think of the parameter ¢ as the time
and the curve along which (X, Z, P) = S;(z, z,p) moves in R?*"*1 as its orbit under
the group of contact transformations. Along this orbit the function H(X, Z, P), up
to the factor H°, coincides with p(X, Z, P).

If in particular H° = 0 at a point (x, 2, p), then H(X, Z, P) = 0 along the whole
orbit through it. The strip condition is along the orbit. If we think of (X, Z, P) as
an element in R™*!, then we refer to the orbit as an orbital strip of the group of
contact transformations in R”*!. For points on the orbital strip, the second equation
in (4.5) simplifies to

dz oH
dt 1 op;’

Case 2. OH/0Z = 0 so that ‘H does not depend explicitly on Z and by (4.15)
p=p(X,Z, Pt)=1.

The canonical equations (4.5) reduce to

j=1,...,n.

X, oM dP; oM

- =J__Z" 4.18
dt  op;’ dt 0X; (4.18)
together with the additional equation
dz 0
L H, j=1,....n (4.19)

a 7 op;
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for the construction of Z.
The transformations determined by (4.18) are the special, or zp-transformations
which commute with translations along the z-axis. Equation (4.9) in this case reads

Pj dX] 7pj d:l?j = d(Z* Z) +Hdt

If in addition, OH /0t = 0, then H = H°. The family determined by solutions
to (4.18) is a group of contact transformations which on the orbit passing through
(x,z,p) satisfies H(X, Z, P) = H'(x, 2, p).

5. TRANSFORMATIONS OF CANONICAL DIFFERENTIAL EQUATIONS

In this section we show that the form of the generalized Hamiltonian system is
preserved by contact transformations.
Consider the generalized Hamiltonian system

i OH
J apj7
. OH
Japj ( )
Lo oW oH
p]_ 8(EJ p]azv J=4L4L...,N,
where H = H(z, z,p,t), and with initial values
z;(0) = $2, z(0) = 29, p;(0) :p?, ji=1,...,n. (5.2)

Theorem 5.1. If system (5.1) with initial values (5.2) is transformed with the
contact transformation

Xj = Xj(xa z, P, t)v
T,: Z=Z(x,z0p,t), (5.3)
Pj:Pj(fE,Z,p,t), j=1...,n,
then the transformed system is a generalized Hamiltonian system with characteristic
function cH + K, where K(X, Z, P,t) and (X, Z, P,t) are the characteristic func-

tion and the multiplier of the contact transformation 1%, i.e., P;dX; —dZ — K dt =
O'(pj dxj — dZ)

Proof. Let S; denote the contact transformation defined by the solution of the gen-
eralized Hamiltonian system (5.1)-(5.2), i.e., let (z, z,p) = S;(2°, 2%, p°). Now carry
out the substitution indicated by (5.3). The initial values transform as follows

(XO’ZOPPO) = TO(x07207p0) = (X(xowzoapoao)uZ(x07207p070)7P(mouzoapoao))

and the solutions to (5.1)— (5.2) transform to functions of (X, Z° P t) according
to
(X, Z,P) =T,S, Ty (X°, 2° P°). (5.4)
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Let S = T3S Ty *. {S;} is a one parameter family of contact transformations, so
there exists a canonical system for it which is determined by a characteristic function
H* = H*(X, Z, P,t). We must determine H* in terms of known quantities.

Since Tp is a contact transformation, we find from (5.3)

P dX) —dz° = o°(p) da) — d2°), (5.5)
where 0% = o(X?, 2% P° 0). Further,
pjdr; —dz = p(p? dx? — dzo) + H dt. (5.6)
Now, using (5.3), (5.6), and (5.5) we find

deXj—dZ: jdry —dz) + K dt

a( d

(p( pjdx —d2°) +Hdt) + K dt
( (PY X0 — dZ°) + Hat) + K dt
op

(PO dX) —dZ%) + (cH + K) dt

The coefficient of dt represents the desired characteristic function H*=H*(X, Z, P, t)
= (cH+ K). Observe that o and K are already evaluated at (X, Z, P,t). The func-
tion H, initially evaluated at (x, z, p, t) must simply be rewritten in terms of the new
variables (X, Z, P) = T; ' (x, z, p). Having determined the characteristic function #*
we can rewrite the system (5.1) immediately in terms of the new variables. O

We close this section with a final remark. Suppose H is independent of z so
that the canonical equations are

oH oH
A y, = —— . 5.7
x] apj b p] 8.1:] ( )
Now make the substitution
X =X(z,p), P=P(zx,p) with P-dX =p-dz. (5.8)

This is a special contact transformation which is independent of the parameter t.
Then o = 1, K = 0 and H* is obtained by evaluating H at z = z(X, P), p = p(X, P)
and the canonical equations in the (X, P) variables are

. oH . OH
X = — P =__" 5.9
J OP; ’ J 0X; (5.9)
Since (5.7) transforms in (5.9) with H* arising from H by means of (5.8), the special
contact transformation is also called a canonical transformation.
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6. LIOUVILLE-TYPE INTEGRABILITY THEOREM

This section reviews two remarkable theorems. The first gives a necessary and
sufficient condition for the integrability of the generalized Hamiltonian system in
terms of a complete set of first integrals. The second provides a method of generating
such first integrals.

Consider the generalized Hamiltonian system (5.1). The following theorem
extends the classical theorem of Liouville which gives a necessary and sufficient
condition for the integrability of the classical Hamiltonian system in terms of a
complete set of first integrals which are in involution with respect to the Poisson
bracket.

Theorem 6.1. Suppose Xi(x,z,p,t),..., Xn(x,2,p,t), Z(x,2,p,t) are n + 1
independent first integrals for (5.1) which are pairwise in involution with respect to
the Mayer bracket:

{Xi7Xj}wzp:07 i,jzl,...,n,
{Xivz}xzp:(), 1=1,...,n.

Then the general solution to the system (5.1) can be constructed by means of a
quadrature.

Proof. Construct the functions Py, ..., P, so that (X, Z, P) is a contact transfor-
mation (follow the procedure in the proof of Theorem 3.4). Let H*(X,Z, P) be
the characteristic function of this contact transformation. Along a solution of the
system (5.1), X; = ¢;, Z = v, where ¢; and 7 are constants, so that X; = Z = 0.
From the proof of Theorem 5.1 we know that

OH*

7:Xi:7 j=1,...,n,
P, 0, J n

hence H* = H*(c,7,t). In the new variables

. OH* OH*
Pp=———-P— i=1,...
7 6CJ 7 67 ’ J ’ y 1,

which is immediately solvable. The complete solution is given by

Xi(x,z,p,t):ci, t=1...,n,

Z(z,2,p,t) =1,
Pi(z,z,p,t) = —([exp (f%fﬁdt)%lg(c,%t)dt)/exp (I%dt), i=1,...,n.
We now solve this system for x1,..., %, 2,01, .-, Pn- 0

Theorem 6.2. F(x,z,p,t) = const is a first integral for the generalized Hamil-
tonian system (5.1) if and only if it satisfies Fy +{F,H} — F,H = 0, where {F, H}
is the Mayer bracket of F' and the characteristic function H of system (5.1). The
subscripts denote partial differentiation.
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Proof. We observe that if F(z,z,p,t) is a first integral for system (6.1), then

0 F+8F,+8F,+5'F,
— il Rl Ml
K Oz, P apjpj

= By + Fyy Hy, + Fa(pjHy, — H) + Fy, (—Ho; —p;H)

= Fy + (Fy, + p;F.)Hy, — (Hy, + p;H.)F,, — F.H.

We therefore obtain the equality F;+{F, H} — F.H = 0, which is a first order partial
differential equation for F' having (5.1) as its system of characteristic equations. [J

The following theorem gives a method for generating first integrals for the
generalized Hamiltonian system.

Theorem 6.3. If F(xz,z,p,t) = a, G(x,z,p,t) = B, with o and B constants,
are first integrals for the system (5.1), then p{F,G} is also a first integral for the
same system.

Proof. Let F(z,2,p,t) = «, G(x, z,p,t) = B, a and 8 constants, be two first integrals
for system (5.1). The Jacobi identity for the Mayer bracket is

{Fa{GvH}}+{G7{H7F}}+{Hv{FaG}}+FZ{G7H}+G2{H7F}+HZ{F7G}:0

Replace {F, H} and {G, H} using the identity provided by Theorem 6.2 and rear-
range to obtain the identity

{FG} {{FG}H}+H ~{F.G}+ Z{F,G}:O.

We can rewrite this identity as d(p{F, G})/dt = 0, where p = exp ( — fo 91 4r) and
conclude that along a solution, p{F, G} is a constant. O

7. THE CONNECTION WITH THE VARIATIONAL PRINCIPLE OF HERGLOTZ

Let us denote by £ = L(z, &, z,t) = L(x1,...,Tpn, E1,...,En, 2,t) the Lagrange
function, or Lagrangian, of the variables (x,%,2,t), 2 = z(¢) is a scalar valued
function of t. The variable z is to be determined as the solution to the differential
equation

2= L(x,%,z1). (7.

\]
=
SN—

Observe that (7.1) represents a family of differential equations, since for each z(t) a
different differential equation arises, that is, given x(t), z(¢) is determined by (7.1)
so that z(t) depends on x(¢). A fact which we make explicit by writing z = z[x;t] =
z(z,&,t). Problem (7.1) is a kind of control problem. The differential equation for
z describes a process which depends on (z, %) and which in turn can be chosen, that
is they give us the opportunity to control or guide the process and are therefore
referred to as controls.
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Theorem 7.1. The functions (x,z) for which the functional z has stationary
values satisfies the following system of ordinary differential equations

pj:£j+£ij7 jzla"'7na
e oL (7.2)

— th = = .
i=L with L; o, P; o,

The proof of this theorem can be found in [14].
Herglotz named equations (7.2) generalized Euler-Lagrange equations.

Theorem 7.2. Let £ = L(z,4,2,t) and suppose det(0>L/0%;0i;) # 0. Then
the solutions to (7.2) determine a family of contact transformations. If L is inde-
pendent of t, the family is a one-parameter group.

The proof can be found in [9].
Observe that system (7.2) is a generalized Hamiltonian system with

. . oL
H(xapazvt)EpjxjfL(xax,th)a pjzai
Ty
We can summarize these considerations in the following general statement.
The following four kinds of problems are equivalent:
e Variational problems for the functional z defined by the differential equation
(7.1).
e FEuler-Lagrange equations for the stationary values of the functional z defined
by (7.1).
o The generalized Hamiltonian system.

e One parameter families of contact transformations.

Example 7.1. Consider the Lagrangian function L = mi?/2 — [22?/2 — az,
where m, [, a are positive constants. Then L; = ma& =p, L, = —lz, L, = —«a. The
Hamiltonian or characteristic function H is

2 2
P lx
H=H(z,p,z) = o + > + az.
The canonical system is
. p
r=—),
m
p2 122
i=———-——az
2 2 ’
p=—(lz+ap)
and the Lagrange equation is mi = —lx — amt or

&+ ai+w?zr =0, where w?= —,
m

which is the equation of the damped harmonic oscillator.
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CONCLUSION. REMARKS FOR FURTHER RESEARCH

Every reader of this paper will find suitable directions for his/her research,
nevertheless, I like to mention a few. It will be valuable to see how these results
extend to the variational principle of Herglots with several independent variables,
which is so useful for the variational description of physical fields.

Another direction is to find methods for solving the generalized Euler-Lagrange
equations obtained from Herglotz variational principle, perhaps using the results in
this paper. In addition, to find further properties of the generalized Euler-Lagrange
equations.

Is it possible to extend, in an appropriate sense, the variational principle of
Herglotz to evolution equations? If so, then to investigate their relationship to the
Hamiltonian evolution equations.

A more in-depth treatment of the theory of contact transformations, the gen-
eralized Hamiltonian system and the variational principle of Herglotz can be found
in [14].

In the last 12 years or so about 200 new applications of the variational principle
of Herglotz and the variational principle which generalizes it to one with several
independent variables were published. They are in theoretical and applied physics,
quantum mechanics, field theory, chemistry, mathematics, cosmology, dynamical
systems, and many more branches of the exact sciences. I like to mention [1] and [25].
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