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Yaroslav Tagamlitzki (1917-1983)

EDITORIAL NOTE

In 2017 the mathematical community in Bulgaria celebrated one century from
the birth of Professor Yaroslav Tagamlitzki. On this occasion, Faculty of Mathe-
matics and Informatics of Sofia University “St. Kliment Ohridski”, in cooperation
with Institute of Mathematics and Informatics of Bulgarian Academy of Sciences
organized a Jubilee Conference “100 years from the birth of Professor Jaroslav
Tagamlitzki”. The conference, which took place in the Department of Mathematics
and Informatics of Sofia University during the period of 15-17 September, 2017,
provided a nice opportunity for colleagues, friends and students to commemorate
the distinguished Bulgarian mathematician, dedicated teacher and remarkable per-
son Yaroslav Tagamlitzki. Most of the papers in this volume of the Annual are
based on talks, given by participants in the conference.

Geno Nikolov
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About a century ago, less than two months before the October Revolution,
a Russian family acquired a son whom fate has ordered to become after several
decades one of the distinguished Bulgarian mathematicians (when mentioning fate,
the consequences of the revolution are also taken into account). The child was
born in the southern Russian city of Armavir on September 11, 1917.1 The fa-
ther Eng. Alexander Mihailovich Tagamlitzki (1881-1945) and the mother Vera
Leonidovna (1894-1976) chose the name Yaroslav for their son. He was, however,
named Yaroslav-Roman, because the priest who performed the baptism said the
name Yaroslav is not a Christian one (this has not prevented later actually using
only the first part of the official double name).

There was another child in the family - the daughter Galina, born in 1916,

*This is a revised and extended version of the talk [19].

1Perhaps it is difficult to determine whether this date is Old or New Style. Such a problem
does not arise for people born in 1917 in Bulgaria, where the transition from Old to New Style
happened in 1916. In Russia, however, it was in 1918.
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a future Bulgarian specialist in Russian philology?. After a few hard years that
followed the revolution, the Tagamlitzki family moved to Bulgaria in 1921 and
settled in Sofia. Here, however, as seen by Galina’s recollections [21], their lives
were not at all easy. A few years after the immigration, the father became seriously
ill and, in addition, the company where he found a job went bankrupt. In the
sequel, the father’s health continued to deteriorate, and finding a permanent job
became impossible. The family care services lay mainly on the shoulders of the
mother, who started work as a seamstress and ironer, and later as an embroidress.
The penury became an everyday occurrence in the life of the four for decades. Many
changes of abode occurred aiming at reducing the burden of the rent expenses.?

Absorbed in their troubles, the parents missed sending children in time to
school. Fortunately, the American elementary school in Sofia which was opened
shortly before allowed them to go straight into classes corresponding to their ages
— Yaroslav into the second grade, and Galina into the third one (thanks to the fact
that the two children already had become literate and had sufficiently educated
themselves, no essential difficulties arose for them at school classes).

Concerning the school years of Yaroslav Tagamlitzki, let us quote [4] (with
a footnote added here): “During the education of the young Tagamlitzki in the
primary school no indication about the great talents hidden in him could be ob-
served, but when he entered the famous Second Boys’ High School in Sofia the
things changed radically. Obviously an exceptionally favorable combination has
arisen of, on the one hand, the great innate ability of the already mature pupil and
his irresistible pursuit of science and, on the other hand, the high professional level
of teachers and their genuine love towards their profession and care for the trainees.
Already in this period the mathematical interests of Tagamlitzki far exceeded the
matter studied in the secondary school, and he had also serious manifestations of
his own scientific work, although for his disappointment the results turned out to
be already known. Again in this period Tagamlitzki was a regular listener of the
guest lectures in 1935 in Sofia of the prominent German mathematician Otto Blu-
menthal.? Not only, however, in mathematics and not only in science has shown his
abilities the gifted and studious young man. To that time, for example, goes back
his great attraction to music, the interest in which from aesthetic and scientific
point of view does not leave him for the rest of his life.”

In 1936, Yaroslav Tagamlitzki graduated from secondary education and be-
came a mathematics student at the then Faculty of Physics and Mathematics of
the Sofia University. After his second year of study there, his name appeared in

?Brief information about her can be found for instance in the calendar accessible from the web
page [53] (the information is in the July 2016 section of the calendar; the link to that section is
currently on the second page of the calendar).

3The dwelling places mentioned in [53] are indicated there by the corresponding street names.
More complete information about the location of the fourth of them is present in the return
address 46 Milin Kamak Str. of a letter sent in 1939 by the student Yaroslav Tagamlitzki to
Professor Lyubomir Chakalov.

4Ludwig Otto Blumenthal (1876-1944). Some information about his lectures in Sofia is given
on page 10 of the comprehensive biographical paper [2].

8 Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 7-22.



the papers [11, 12], where some results obtained by the student Tagamlitzki were
included by his mathematical analysis professor, the prominent mathematician Pro-
fessor Kiril Popov. A little later, still as a student, Tagamlitzki himself wrote three
papers which appeared in editions of the Bulgarian Association for Physics and
Mathematics, namely the articles [22, 23, 24]. The third of them, quite different in
spirit from the other Bulgarian publications of that time, shows a profound knowl-
edge of Lebesgue’s integration theory.® It is worth noting that Tagamlitzki’s letter
to Chakalov mentioned in a preceding footnote concerns the subject matter of [24].

Tagamlitzki graduated from the University in 1940, and was seconded by the
Ministry of Education to the then existing Mathematical Institute of the Sofia Uni-
versity. In 1942 and 1943 he had an academic specialization at Leipzig University
and completed it with the defense of a doctoral dissertation in the field of complex
analysis, namely [25].°

Here are the autobiographical data given by Yaroslav Tagamlitzki at the end
of his dissertation:”

“I, Yaroslav Alexandrov Tagamlitzki, am a Bulgarian citizen, born on 11 Sep-
tember 1917 in Armavir, and I am the son of the engineer Alexander Tagamlitzki
and his wife Vera. In Sofia I attended primary school and the semi-classical de-
partment of Second Boys’ High School, which I graduated in 1936. Eight semesters
(academic years from 1936/37 to 1939/40) I studied mathematics at Sofia Univer-
sity (Bulgaria). 1 attended there the lectures on mathematics of Messrs. Popov,
Chakalov, Obreshkov, Tabakov, Tsenov and Stoyanov, the lectures on physics
of Messrs. Nadzhakov, Penchev, Manev and Raynov and those of astronomy of
Mr. Bonev.® During the academic year 1940/41 1 was assisting at the Sofia Univer-

5However, a statement in [19] connected with this turns out to be not correct. It is claimed
there that lectures on the theory in question started to be read in Sofia University much later.
Actually such ones were read by Professor Kiril Popov already in the academic year 1939/1940,
and a corresponding book by him appeared in 1941.

8Information about the fact of the defense and some other data can be found for instance by
means of a search in the website [54] by the word Tagamlitski (this is the used there transcription
of his family name). A scanned copy of the dissertation itself (as well as of almost all other
works of him) is accessible from the page “A bibliography of Yaroslav Tagamlitzkis works” of
the website [52] (in the dissertation, its author’s name is transcribed as Jaroslaw Tagamlizki,
and several other transcriptions of that name are indicated on the page “Web resources about
Tagamlitzki” of [52]).

"The translation from German and the footnotes are mine, the Bulgarian names in the fourth
sentence and in the footnote to it being transliterated according to the present-day official Bul-
garian transliteration system (most of these names had other transcriptions in publications of
the time — for instance the transcriptions Kyrille Popoff and Ljubomir Tschakaloff of the names
Kiril Popov and Lyubomir Chakalov, as well as the transcription Obrechkoff of the family name
Obreshkov). Let us note that we depart in this paper from the above-mentioned transliteration
system in the case of Tagamlitzki’s name by adhering to its transcription which is most frequently
used in his Western language publications.

8These are Kiril Popov (1880-1966), Lyubomir Chakalov (1886-1963), Nikola Obreshkov (1896-
1963), Dimitar Tabakov (1879-1973), Ivan Tsenov (1883-1967), Arkadi Stoyanov (1896-1963),
Georgi Nadzhakov (1896-1981), Petar Penchev (1873-1956), Georgi Manev (1884-1965), Ruscho
Raynov (1886-1965) and Nikola Bonev (1898-1979). A lot of information about the first six of
them can be found in [5].
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sity. During three semesters in the academic years 1941/42 and 1942/43 1 attended
as a regular student in Leipzig the lectures by Messrs. Koebe, van der Waerden,
Schnee, Hopf, Heisenberg, Hund and Hopmann.® Then I started developing this
treatise.”

The thesis defended by Tagamlitzki in Leipzig is on a topic suggested to him
by Paul Koebe, one of the world’s leading experts in complex analysis at that time.
The results presented in the dissertation generalize some important Koebe’s results
in the conformal mapping theory.

We will continue with a brief listing of further facts from the biography of
Yaroslav Tagamlitzki, following closely [20, p. 231-232].

After his military service in the turbulent 1943 and 1944, Tagamlitzki was
appointed in 1945 as Assistant Professor in the Faculty of Physics and Mathematics
of the Sofia University — at the Department of Differential and Integral Calculus
which was then led by Professor Kiril Popov (academician from 1947 on). In 1947
and 1949, Tagamlitzki was consecutively elected as a private and a regular associate
professor at the same department. Since 1954 he has been Professor, Head of the
Department of Differential and Integral Calculus. In 1958, Tagamlitzki was awarded
a second doctor grade — this time according to the new rules for the scientific degrees
in Bulgaria.'® In 1961 he was elected as a corresponding member of the Bulgarian
Academy of Sciences. Besides the Department on Differential and Integral Calculus,
he also leads the Section of Functional Analysis at the Mathematical Institute of
the Bulgarian Academy of Sciences, and after the unification of the two units in
the early 1970s — the resulting sector of Real and Functional Analysis in the then
established United Center of Mathematics and Mechanics at the Sofia University
and the Bulgarian Academy of Sciences.

For Tagamlitzki’s research on Dirichlet series and on the Laplace integral equa-
tion, he received in 1947 the Award for Science from the Committee for Science,
Art and Culture!!. In 1952 he was awarded the Dimitrov Prize!? for the work [32].
For his scientific and teaching activities he was awarded the first grade “Cyrille and
Methodius” order in 1953 and 1967, as well as a jubilee medal in 1969. In 1982 he
was awarded the title Merited Scientist.

The active and versatile activity of Professor Yaroslav Tagamlitzki was cut
short by his sudden death in Sofia on 28 November 1983.

Without any attempt at completeness, we will further consider the major scien-
tific achievements of Tagamlitzki. But before going to them we will say, essentially

9Envisaged are Paul Koebe (1882-1945), Bartel Leendert van der Waerden (1903-1996), Walter
Schnee (1885-1958), Eberhard Friedrich Ferdinand Hopf (1902-1983), Werner Heisenberg (1901—
1976), Friedrich Hund (1896-1997) and Josef Hopmann (1890-1975). Biographical information
about each of them can be found on the website [55].

10The degree was awarded for the work [32]; the reviewers were the academicians Lyubomir
Chakalov, Nikola Obreshkov and Kiril Popov.

11This was a state institution which existed in the period from 1947 to 1954 and had the rank
of a ministry.

12 A high Bulgarian state award at that time.
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following [20, p. 246], a few words about his teaching activity and his care for im-
provement of mathematical education. Their place in his life was very essential.
From the beginning of his academic career to his last days Tagamlitzki was engaged
most actively in the process of students education. Only a few years after this begin-
ning, he developed the first modern calculus course in Bulgaria, and he taught it for
the rest of his life, steadily bringing improvements and refinements. Typical of this
course is the skillful combining of logical rigor with accessibility. The corresponding
textbook which appeared first in a cyclostyle edition and then in six regular print
editions stands out with its high qualities. Tagamlitzki delivered his lectures with
remarkable pedagogical ability and took great care to ensure a thorough mastering
of the taught material. Throughout several decades, he also read advanced lecture
courses in various other fields of mathematics as integral equations, combinatorial
topology, Fourier series, interpolation series, real functions theory, generalized func-
tions. Tagamlitzki’s functional analysis lectures which were read for more than a
quarter of a century had a special place in his lecturing. They were quite different
from the traditional functional analysis courses because aimed at displaying the
results of the research of the lecturer himself.

In the talk [43] delivered in 1978 at a conference of the Union of Mathematicians
in Bulgaria, Tagamlitzki presents his views on the teaching of mathematics at the
university, supporting them by instructive examples.

Throughout the decades of his teaching at the Sofia University Yaroslav Ta-
gamlitzki maintained close connections with secondary school, reading repeatedly
there lectures on appropriate mathematical questions.!® In the years 1963-1965
he conducted systematic work with bright secondary school students. The main
subjects were the method of mathematical induction and a new method developed
by him for building a certain essential part of calculus without using limit tran-
sition. Later he examined the applicability of the latter method for teaching the
basics of calculus in secondary school, and during the school year 1973/1974 per-
sonally participated in the experimental application of this method in a school in
Sofia. The method is described briefly in [39, 40], and a detailed description of it is
given in [44] (the article [40] is a paper presented at the 1974 Spring Conference of
the Bulgarian Mathematical Society'®; besides the method in question also other
important issues are considered in this paper).

The book [47] gives a fairly complete picture of the principles of Tagamlitzki’s
pedagogical activity in the mass education in mathematics, the depth of its im-
plementation and his innovative approach to it. However, the devotional work of
Tagamlitzki with capable mathematics students was especially fruitful. He did it
with an indisputable talent. By attracting such students to research, he forwarded
the growth as highly qualified mathematicians of many people from the next gen-
erations. The road to this for most of them went through Tagamlitzki’s seminar.

131n the early fifties, being a secondary school student, the present author had the chance to
be among the listeners of one of these lectures. Its title was “Solvable and unsolvable problems
in mathematics”.

1435 then it was called the Union of Mathematicians in Bulgaria.
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Despite of being modestly named ‘Calculus Study Group’, this seminar operated
at a very high scientific level. In the paper [3], after a description of the scarcity of
opportunities for contacts of the Bulgarian students with scientific life during the
first post-war decade, the following is written about the seminar: “... we can imag-
ine what an impression the work did in a study group where the participants were
proposed to be full and equal associates of their enthusiastic teacher, and how easily
that enthusiasm could find its way to their hearts. The unique atmosphere created
determined the further path of many of the participants in the group”. Eight PhD
theses and many master theses created by Tagamlitzki’s students contain essential
scientific contributions on a variety of subjects in the stream of his investigations.

An exciting picture of the most essential of the above things and of Tagam-
litzki’s personality can be taken from the recollections [51, 14, 6, 7, 15] (all in the
first chapter of the book [10]).

As has already been said, three publications of Tagamlitzki are from the time
when he was a student. The next one is his PhD dissertation. Several years later,
during the period from 1946 to 1951, a series of works of Tagamlitzki appeared,
which make him the pioneer of functional analysis in Bulgaria. These works are
internally united by the idea of indecomposability — in part of them it is present
implicitly, and in others it occurs in an explicit form by the notion of prime vector.
We will briefly mention some of the first ones and some of the others.

The above-mentioned series of works begins with the papers [26, 27, 28] inspired
by certain investigations of N. Obreshkov. In the first of these papers, the following
result is established: if the function f(x) is defined and has derivatives of any order
for every x to the left of a fixed point a of the real axis, and A is a constant such
that | ) (x)| < Ae® for all = < a and any nonnegative integer k, then the function
f(z) has the form Be®, where B is a constant satisfying the inequality |B| < A
(the opposite is, of course, trivial). Of course, the result can be reformulated for
the case of functions defined for x > a — with e™? instead of e”; the considered
property of the function e is indicated and other proofs of it are given in [27, 30].
An analogous result, but for infinite sequences of numbers is established in [27, 28],
wherein finite differences and infinite geometric progressions with terms between 0
and 1 are considered instead of derivatives and the exponential function.

In the paper [29], which is Tagamlitzki’s habilitation work for the position of a
regular associate professor'®, Tagamlitzki considers for each real number a a linear
space K (a) of functions defined in the interval (a, +00),'® and proves that among
them are the functions f(z), defined for = > a, tending to 0 as £ — 40, having
derivatives of any order and satisfying the inequalities

(_l)kf(k)(x) = 07 k :071727"' Z

for each z > a (obviously the functions e *?, where A > 0, have the above prop-

erties; other functions with these properties are, for example, the functions of the

15For the position of private associate professor, his habilitation work is [28].
186 The specific definition of this space will be not important here.

12 Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 7-22.



form (z — b)", where b < a and n < 0). The functions with the listed properties
are called positively definite. A partial ordering is defined in the space K(a) by the
convention that a function f majorizes a function g if and only if the difference
f — g is positively definite. The functions of the form e~ **, where A > 0, turn
out to be simple vectors of the so obtained partially ordered linear space in the
sense that these positively definite functions are different from the zero element
of the space, but any positively definite function majorized by such a function is
a product of it with a constant. This fact is used to prove a theorem which, for
an arbitrary sequence {A,} of distinet positive real numbers gives a necessary and

sufficient condition for the expandability in a series of the form 37 A, e *»?

, abso-
lutely convergent in the interval (a, +c0) (the expandability in such a series could
be intuitively regarded as a generalized representability as linear combination of
prime vectors). This and other results in [29] are generalized in the article [31]
for the case of arbitrary partially ordered linear spaces satisfying certain natural
requirements (as is close to mind, the definition of a prime vector in this case is
the following: an element p of the space is called its prime vector if p majorizes the
zero element, p is different from it, and p is collinear with each of its minorants
which majorize the zero element).

The above-mentioned intuitive idea plays an important heuristic role in ob-
taining the main results in the extremely deep and contentful work [32]. Let the
infinite sequence of real numbers zg,z1,z2,... be an arithmetic progression with
positive difference 7. Interesting is the question about expandability of functions

in series of the form ZanPn(x), where the coefficients a,, do not depend on z, and
n=0
Py(z), Pi(z), Po(x),... are the Abel interpolation polynomials defined as follows:
P.(z) = (zg — 2)(z, — )" /0!, n =0,1,2,... The answer to this question is
obviously positive for a function f(z) which is a polynomial (in this case we have
an = (=) (z,) for n = 0,1,2,...). Generally, however, the situation is much
more complicated. The results proven in [32] reveal a substantial reason for this.
Let a be a number less than zg, and A be the linear space whose elements are the
functions defined and infinitely many times differentiable in the interval (o, +o0).
A function f(z) from A is called positively definite, if, for each nonnegative inte-
ger k, we have (—1)F f(®)(z) > 0 when a < z < zy, (the positively definite functions
of the space K(a) from the paper [29] obviously satisfy this condition, but some
other functions in A also meet it — it can be shown, for example, that it is satisfied
also by the Abel interpolation polynomials). Let a partial order in the space A be
defined by the convention that a function f majorizes a function g when the differ-
ence f—g is positively definite. It turns out that the Abel interpolation polynomials
are prime vectors of the so obtained partially ordered linear space, but besides them
and their products with positive constants there are many other prime vectors — it
is proven in the paper that the set of prime vectors of that space consists of the
products with positive constants of the Abel interpolation polynomials and of the

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 7-22. 13



functions of x of the form R(z,t), 0 <t < 1, wherein

e>‘(z07m) _eﬂ(zofz)
R(:Eﬂf)z )\—M
(ro—z)e®o=2/7  for t=1.

for 0<t< 1, TAe! ™A =rpel " TF =t Tu<1<TA,

Due to this, the realization of the intuitive idea about generalized representability
as a linear combination of prime vectors becomes more complicated — it naturally
uses not only series but also integrals. One of the main results in [32] is exactly in
this spirit. It concerns the representability of functions f(x) in the form

f@) =" anPa(z) + /0 R(x,t)do(t), (1)

where the coefficients a,, are nonnegative numbers not depending on z, and 6(t) is
a monotonically increasing function which also does not depend on x. The result is
that a function f(z) of the space A is representable in this form if and only if f(x)
is positively definite. In that case a uniqueness theorem holds according to which
the coefficients a,, are uniquely determined, and the function 6(t) is substantially
uniquely determined. These results can be interpreted as an indication that the
expandability in a series on the Abel polynomials is a rare and unusual case, and the
natural task is that of representation in the form (1) (possibly without requirements
about nonnegativity of the coefficients a,, and monotony of the function 6(t)).

The representability in the form (1) with nonnegative az and monotone in-
creasing 6(t) is obvious for the Abel interpolation polynomials and the functions of
x of the form R(z,t), where 0 < ¢t < 1, so it is present for each prime vector of the
space A. If we denote by K the set of the elements of a partially ordered linear
space which majorize the zero element of the space, then the prime vectors of this
space are actually those nonzero elements of K which cannot be represented as the
sum of two noncollinear elements of K. The set K is a cone, i.e. belonging to K is
preserved under multiplying with nonnegative numbers. In the work [33], which ap-
peared a few years later, Tagamlitzki calls indecomposable elements of a cone those
of its nonzero elements which cannot be represented as a sum of two noncollinear
its elements, and proves under certain assumptions that if all indecomposable ele-
ments of a cone belong to a convex cone'” then all elements of the first cone belong
to the second one. The most restrictive of the assumptions is maybe that the con-
sidered cone is located in a linear space with scalar product and there exists a fixed
nonzero element of the space forming acute angles with all nonzero elements of the
cone (such a cone cannot for example have nonzero mutually opposite elements).
Nevertheless, the said result provides a general method for proving a number of
statements that are in the spirit of the statement about the representability of the
positively definite elements of the space A in the form (1). Several examples are

17A cone is called convex if belonging to it is preserved under addition (it is easy to show that
this is equivalent to the requirement the cone in question to be a convex set).
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given in the paper which illustrate this method, namely proofs of the positive case
of the Hausdorff moment theorem, of Bernstein’s theorem about the integral rep-
resentation of completely monotone functions in an infinite interval, of a statement
equivalent to the theorem of Bernstein about the analyticity of functions completely
monotone in a finite interval, and of a theorem about representability by integral,
similar to the one in the representation (1). As indicated in [9], another application
made then by Tagamlitzki remained unpublished, namely an elegant proof of the
classical Bochner’s theorem on the positive definite functions (one of the first appli-
cations of Tagamlitzki’s theorem that also remained unpublished is its application
to the positive case of F. Riesz’s representation theorem for linear functionals on
Cla,b]).

The above-mentioned restrictive assumption is removed in the published in [34]
two years later another version of the above theorem. Let K be a convex cone,
and P be a nonnegative real-valued function such that P(Aa) = AP(a) for each
nonnegative number A and each a € K, P(a+b) < P(a) + P(b) for any a,b € K,
and the value of P can be 0 only for the zero element of the cone. Deviating slightly
from the terminology of [34], we will call such a function a norm of K (the definition
of norm in [34] imposes also a certain semicontinuity requirement). By definition,
an indecomposable element of K with respect to P is such a nonzero element a of K
that no noncollinear elements b and ¢ of K exist satisfying the equations a =b+ ¢
and P(a) = P(b) + P(c). In the new version of the theorem, it is assumed to be
given a convex cone K with a norm P and a contained therein convex cone L with a
norm @, and it is proved under some additional assumptions that if the conditions
z € L and P(z) > Q(z) are satisfied whenever x is an indecomposable element of
K with respect to P, then these conditions are met for each © of K. It is shown
in the article that the method derived from this theorem (now known as Cones
Theorem), allows proving with its help the Hausdorff moment theorem (first in
the general case and then in the positive one), as well as Widder’s theorem about
the integral representation of the functions f(x), defined and infinitely many times

1 o0
differentiable for z > 0, which satisfy the condition —'/ z" f(”H)(x) dr < A,
nJo

n = 0,1,2,..., with constant A, independent of n (it is indicated how then one
can get also Bernstein’s theorem about integral representation of the absolutely
monotone functions). Numerous other applications of the method are listed in
the summary [35] of a talk presented by Tagamlitzki in 1956 at an international
mathematical conference in Sofia (in the following years appeared also many other
applications). The application of the theorem to the general case of Riesz’s theorem
on the representation of the bounded linear functionals in Cla, b] was the first among
the applications listed in the summary. However, a detailed presentation of this
application was published only thirty years later in [8], and such presentations
of some other ones remained unpublished at all, although all these results were
considered in detail at Tagamlitzki’s seminar or on his functional analysis lectures.

In 1956 and 1957, the three parts of the work [36] appeared. They present
a way suggested by Tagamlitzki for building the theory of generalized functions.
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Here is the abstract of the third part (with references made independent of its
context):®

“The present work is the last part of a research, whose first two parts were
published under the same title and contain the general principles of completion of

cones, the definition of the space S of pseudofunctions, and their basic properties.

Pseudofunctions, which include all summable functions and the Dirac func-
tions on a given interval, can be differentiated arbitrary many times; moreover, the
derivative of an element of S7 is in Sgi% For 0 > n we have S§7 C Sgi% The
space S possesses a countable coordinate system. Unlike the space of the Schwartz
distributions, it possesses a semicontinuous norm and it is compact with respect

to it.

It follows from our earlier work On a generalization of the notion of indecom-
posability that the space S7 contains indecomposable elements. The present third
part is dedicated primarily to the indecomposable elements of these spaces. We es-
tablish that the indecomposable elements of S7 with respect to the corresponding
norm are the n-th derivatives of the Dirac functions.”

The paper [50] which appeared a little later is also in such a spirit. As indicated
in a footnote on its first page, it reproduces, with relevant generalizations and
additions made by the second author, the main points of the investigations which
Tagamlitzki expounded in his functional analysis lectures in the academic year
1955/56.

Thanks to the participation of foreign mathematicians in the 1956 conference
more people abroad became aware of the method developed by Tagamlitzki. The
French mathematician Choquet!® offered Tagamlitzki to publish in France a more
systematic presentation of the results obtained. A publishing house in East Ger-
many started negotiations with Tagamlitzki to print a monograph on these results.
He accepted these proposals in principle but did not hurry to implement them —
both because of the continued intensive emergence of new results obtained by him
and his disciples, and because of another important reason to which we will turn
now.

At some point after 1956 Tagamlitzki realized that his Cones Theorem can be
obtained as a consequence of the Krein-Milman Theorem. The delay in recogni-
tion of this fact is explained by the limited possibility for contacts of the Bulgarian
mathematicians with the international mathematical community during the Second
World War and the first postwar decade. Despite the fact in question, however,
many of the applications of the Cones Theorem are scientific contributions — all
its applications can be considered as applications of the Krein-Milman Theorem,
and many of them turn out to be new. However, Tagamlitzki was still considering
desirable a further reflection and an expansion of the achieved before proceeding to
its monographic exposure. A few years later, in 1962, he was again invited to write

18The terminology of the earlier work mentioned in the abstract (i.e., of the work [34]) is used
in it.
19Gustave Choquet (1915-2006).
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a monograph — this time from the American publishing house Van Nostrand (the
invitation was inspired by a recommendation of the famous mathematician Mar-
shall Stone??). Tagamlitzki tended to accept the invitation and was considering a
plan for the monograph in question, but unfortunately it remained unwritten. This
is probably due to the fact that at that time he worked on a far-reaching gener-
alization of the Krein-Milman Theorem. This generalization was reported in [37]
and improved further — subsequent versions of this generalization are set forth in
detail in [49] and, eight years after Tagamlitzki’s death, in [46] (three years after
his death, also a specific other version of the generalization was published in [13]).
In the final form of the generalization in question, an arbitrary compact topolog-
ical space with a collection of open sets satisfying certain conditions is considered
instead of a compact subset of a linear space with a locally convex topology (the
Krein-Milman Theorem is obtained by applying the general result to this subset
and the collection of all its intersections with convex open sets). An application
of this generalization produces a more general form of Bauer’s maximum principle
(cf. [49, Application 2] and [41]).

In the applications of the Cones Theorem, the search for the indecomposable
elements is often done by means of so-called decomposing operators, and they
are usually linear ones. In the paper [42], an analog of the linear decomposing
operators is considered which could be useful for the search of extreme points in
the applications of Krein-Milman’s theorem. A characterization of the topological
simplexes is given by means of the introduced notion.

Besides the results concerning indecomposability, another contribution of Ta-
gamlitzki in functional analysis is the published in [38] generalization of certain
theorems on separability of convex sets. Instead of sets in a linear space he consid-
ers such ones in mathematical structures with an appropriate notion, generalizing
the notion of segment. Tagamlitzki proved two theorems of this kind, the second
one concerning the case when one of the considered convex sets is open in a topol-
ogy co-ordinated with the above-mentioned notion. It became known later that
the first of these theorems follows from a theorem published by Ellis in 1952, but
the second one could not be derived in such a way. In addition, as shown in [17],
without essentially changing the proof of the first theorem, its assumptions can be
weakened in a way hindering its derivation from Ellis’s one. Tagamlitzki’s investi-
gations on separability of convex sets were essentially extended further in the works
of Ivan Prodanov.

As already mentioned, some of Tagamlitzki’s results in functional analysis re-
mained unpublished. The results obtained in the last two decades of his life had
such a fate especially often. However, some of them are mentioned by other authors
who anyhow became aware of these results. For instance, the following is written
in [1, p. 255]:

,,Positive definite functions on semigroups have been studied by Tagamlitzki
and his pupils in Bulgaria. In lectures at the University of Sofia during the years

20Marshal Harvey Stone (1903-1989).
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1965-1969, Tagamlitzki introduced the operators W¢ ,, for functions f on an abelian
group G by B

Weaf(s) =2f(s) +&{f(s+a) +Ef(s—a),
where a, s € G and ¢ € C.

He used these operators for proving Bochner’s theorem for discrete groups as
a direct consequence of Krein-Milman’s theorem.*

The quoted author indicated further that a similar approach is published by
Choquet in a paper from 1969, and it is mentioned that the method in question is
extended to semigroups with involution by T. Tonev in his Master Thesis, written
under the supervision of Tagamlitzki and defended in 1969 (Tonev’s publication on
this subject from 1979 in Semigroup Forum is also referred to). Some information
on a paper of D. Shopova from 1970 is also given.

Among the results of Tagamlitzki in abstract areas of mathematics, other than
functional analysis, we can point to a broad generalization of Tychonoff’s theorem
on compactness of topological products. Unfortunately the only materials in paper-
like form on this subject left from Tagamlitzki are three texts in the annual scientific
reports of the Sector of Real and Functional Analysis — for the years 1977, 1980
and 1982. The paper [45] was written later on the base of these texts.

Tagamlitzki developed also some new approaches to the theory of manifolds
and to some mathematical questions of theoretical physics. The corresponding
materials in paper-like form left by him are again texts in the annual scientific
reports of the Sector of Real and Functional Analysis — for the years 1973, 1974,
1976, 1978-1981.

Besides in mathematics, Tagamlitzki carried out systematic research also on
questions of archaeology, linguistics and medicine. He offered new ideas in the
doctrine of tonality in music.

A lot of information waiting for its investigation can be found in Tagamlitzki’s
archive in the Bulgarian Academy of Sciences. An overview of the items of mathe-
matical character in this archive is given in [16].

The person and the deed of Yaroslav Tagamlitzki left a deep and bright trace
in the history of our science, in our education and in the souls of many people
of several generations. The centenary of his birth is an appropriate occasion to
express our admiration to the memory of this remarkable man.

REFERENCES

[1] Berg, C.: Positive definite and related functions on semigroups. In: The Analytical
and Topological Theory of Semigroups (K. H. Hofmann, J. D. Lawson and J. S. Pym,
eds.), Walter de Gruyter, 1990, pp. 253-278.

[2] Butzer, P., Volkmann, L.: Otto Blumenthal (1876-1944) in retrospect. J. Approz.
Theory, 138, 2006, 1-36.

18 Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 7-22.



13l
4]
5]
[6]
7]

(8]

9]

[10]

[11]
[12]

[13]

14]
[15]
[16]
17]

(18]

[19]

[20]

Chakalov, V., Skordev, D.: The scientific and pedagogical deed of Yaroslav Tagam-
litzki. In: [10, pp. 89-102] (in Bulgarian).

Chakalov, V., Skordev, D.: The life and deed of Yaroslav Tagamlitzki. Ann. Univ.
Sofia, Fac. Math. Inf., 91, 1999, 13-19 (in Bulgarian).

Chobanov, I., Rusev, P. (eds.): Bulgarian Mathematicians. Sofia, Narodna Prosveta,
1987 (in Bulgarian).

Doitchinov, D.: Prof. Tagamlitzki in my recollections. In: [10, pp. 58-64] (in Bulgar-
ian).

Genchev, T.: Yaroslav Tagamlitzki — a teacher and an educator of scientists. In: [10,
pp. 65-76] (in Bulgarian).

Genchev, T.: An unpublished proof of Y. Tagamlitzki (the Riesz Theorem on the
linear functionals in Cla, b] as a corollary of the Cones Theorem). In: [10, pp. 134-140]
(in Bulgarian).

Genchev, T.: A solution of the trigonometric moment problem via Tagamlitzki’s
,»Theorem of the Cones“. Pliska Studia Mathematica Bulgarica, 11, 1991, 35-39.

Genchev, T., Prodanov, 1., Skordev, D., Todorov, 1., Chakalov, V. (eds.): Yaroslav
Tagamlitzki — Scholar and Teacher. Sofia, Nauka i Izkustvo, 1986 (in Bulgarian).
Remark. The web page at
https://www.fmi.uni-sofia.bg/fmi/logic/skordev/errata_Tagamlitzki.htm
yields an errata list (in Bulgarian) for the book.

Popov, K. (Popoff, K.): Sur une extension de la notion de dérivée. C. R. Acad. Sci.
Paris, 207, 1938, 110-112.

Popov, K.: On a generalization of the notion of derivative. Ann. Univ. Sofia, Fac.
Phys.-Math., 35, livre 1, 1939, 225-245 (in Bulgarian)

Prodanov, I.: A note on the unpublished investigations of Y. Tagamlitzki on the
extreme elements method. In: [10, pp. 141-149] (in Bulgarian).

Remark. See [18] in connection with an editor’s oversight affecting the applicability
of the theorem on p. 147.

Sendov, Bl.: Student’s recollections on Prof. Y. Tagamlitzki. In: [10, pp. 54-57] (in
Bulgarian).

Skordev, D.: My earliest and my latest recollections on Y. Tagamlitzki. In: [10,
pp. 77-82] (in Bulgarian).

Skordev, D.: Brief information about certain scientific materials in Professor Yaroslav
Tagamlitzki’s archive. In: [10, pp. 262-266] (in Bulgarian).

Skordev, D.: A separation theorem of Y. Tagamlitzki in its natural generality. Ann.

Uniwv. Sofia, Fac. Math. Inf., 91, 1999, 73-78.

Skordev, D.: An oversight of mine and a way for its correction.
https://www.fmi.uni-sofia.bg/fmi/logic/skordev/correction.htm

(in Bulgarian)

Skordev, D.: 100 years from the birth of Professor Yaroslav Tagamlitzki. In: Math-
ematics and Mathematical Education, Proc. of the 46th Spring Conference of UMB,
Borovets, 9-13.4.2017, Bulg. Acad. Sci., 2017, 7-16 (in Bulgarian).

Skordev, D., Genchev, T., Prodanov, 1., Chakalov, V.: Yaroslav Tagamlitzki. In: [5,
pp. 231-259] (in Bulgarian).

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 7-22. 19



[21]
22]

23]

[24]

[25]

[26]

27]

28]

[29]

[30]

31]

32]

[33]

[34]

[35]

[36]

20

Tagamlitzka, G.: My brother Yaroslav Tagamlitzki. In: [10, pp. 11-38] (in Bulgarian).

Tagamlitzki, Y.: On the mean value theorem. Journal of the Association for Physics
and Mathematics, 24, no. 3—4, 1938, 95-98 (in Bulgarian).

Tagamlitzki, Y.: A generalization of the mean value theorem. Journal of the Associ-
ation for Physics and Mathematics, 24, no. 56, 1939, 173175 (in Bulgarian).

Tagamlitzki, Y.: A property of the summable functions in Lebesgues sense. In: An-
nwersary Collection of the Association for Physics and Mathematics, Part 2, Sofia,
1939, 73-74 (in Bulgarian).

Tagamlitzki, Y. (Tagamlizki, J.): Zum allgemeinen Kreisnormierungsprinzip der kon-
formen Abbildung. Sitzungsberichte der Sdchsischen Akademie der Wissenschaften,
Mathematisch-physische Klasse, 95, 1943, 111-132. Reproduced in: [48, pp. 9-30].

Tagamlitzki, Y.: Functions satisfying certain inequalities on the real axis. Ann. Univ.
Sofia, Fac. Phys.-Math., 42, livre 1, 1946, 239-256 (in Bulgarian). English translation
in: [48, pp. 31-48].

Tagamlitzki, Y.: Sur les suites vérifiant certaines inégalités. C. R. Acad. Sci. Paris,
223, 1946, 940-942. Reproduced in: [48, pp. 49-51].

Tagamlitzki, Y.: On sequences satisfying certain inequalities. Ann. Univ. Sofia, Fac.
Phys.-Math., 48, livre 1, 1947, 193-237 (in Bulgarian). English translation in: [48,
pp. 52-95].

Tagamlitzki, Y.: Investigation of a class of functions. Ann. Univ. Sofia, Fac. des Sci-
ences, 44, livre 1, 1948, 317-356 (in Bulgarian). English translation in: [48, pp. 117-
158).

Tagamlitzki, Y.: Sur une propriété de la fonction exponentielle. C. R. Acad. Bulg.
Sci., 1, no. 1, 1948, 33—-34. Reproduced in: [48, pp. 159-161]. Bulgarian translation
in: [10, pp. 103-105].

Tagamlitzki, Y.: On certain applications of the general theory of partially ordered
linear spaces. Ann. Univ. Sofia, Fac. des Sciences, 45, livre 1, 1949, 263-286 (in
Bulgarian). English translation in: [48, pp. 162-187].

Tagamlitzki, Y.: A research on the Abel interpolation series. Ann. Univ. Sofia, Fac.
des Sciences, 46, livre 1, 1950, 385—443 (in Bulgarian). English translation in: [48,
pp. 193-249].

Tagamlitzki, Y.: On the geometry of the cones in Hilbert spaces. Ann. Univ. Sofia,
Fac. des Sciences Phys. Math., 47, livre 1, partie 2, 1952, 85-107 (in Bulgarian).
English translation in: [48, pp. 256-281].

Tagamlitzki, Y.: On a generalization of the notion of indecomposability. Ann. Univ.
Sofia, Fac. des Sciences Phys. Math., 48, livre 1, partie 1, 1954, 69-85 (in Bulgarian).
English translation in: [48, pp. 300-317].

Tagamlitzki, Y.: The indecomposable elements and their applications. In [10,
pp. 106-108] (in Bulgarian; translated from the book of abstracts of 1956, where
it is in Russian and German — cf. [52, Works| for links to scanned copies of all ver-
sions).

Tagamlitzki, Y.: Cone completion and its application to the function notion gener-
alization problem (I, II, III). Ann. Univ. Sofia, Fac. des Sciences Phys. Math., 49,
livre 1, partie 1, 1956, 23-48, 49, livre 1, partie 2, 1956, 41-54, 50, livre 1, partie 1,

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 7-22.



[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

1957, 135-163 (in Bulgarian). English translation in: [48, pp. 318-345, pp. 346-359,
pp. 360-389)].

Tagamlitzki, Y.: On the extreme points method. Studia Mathematica, Serija Spec-
jalna, Zeszyt 1, 1963, 129-130 (in Russian). English translation in: [48, pp. 498-499].

Tagamlitzki, Y.: On the separation principle in Abelian associative spaces. Bulletin
de Ulnstitut de mathématiques, Académie des sciences de Bulgarie, 7, 1963, 169—183
(in Bulgarian). English translation in: [48, pp. 500-513].

Tagamlitzki, Y.: On the modernization of the mathematics curricula in the sec-
ondary schools by introducing ephodics. Mathematics and Physics, 1973, no. 6, 6-8
(in Bulgarian).

Tagamlitzki, Y.: Some issues in teaching mathematics in the secondary schools. In:
Mathematics and Mathematical Education, Proc. of the 3rd Spring Conference of
UMB, Burgas, 2-4.4.1974, Bulg. Acad. Sci., 1976, 87-93 (in Bulgarian). Reproduced
in: [10, pp. 159-167] and [47, pp. 9-17])

Tagamlitzki, Y.: Sur le principe du maximum. In: Mathematical Structures — Com-
putational Mathematics — Mathematical Modelling, Papers dedicated to Professor L.
Iliev’s 60th anniversary, Bulg. Acad. Sci., 1975, 471-477. Reproduced in: [48, pp. 520
527].

Tagamlitzki, Y.: A boundary value problem in linear spaces. C. R. Acad. Bulg. Sci.,
29, no. 3, 1976, 307-309. Reproduced in: [48, pp. 528-531].

Tagamlitzki, Y.: Lecture and creativity. In: Mathematics and Mathematical Educa-
tion, Proc. of the 7th Spring Conference of UMB, Sunny Beach, 5-8.4.1978, Bulg.
Acad. Sci., 1978, 114-124 (in Bulgarian). Reproduced in: [10, pp. 222-232] and [47,
pp. 18-27]).

Tagamlitzki, Y.: A method for introducing some elements of calculus without limit
transition (prepared by V. Chakalov). In: [10, pp. 170-221] (in Bulgarian). Repro-
duced in [47, pp. 28-78|.

Tagamlitzki, Y.: A diagonal principle for generalized sequences and some of its ap-
plications (prepared by D. Skordev). Serdica, 16, 1990, 201-209. Reproduced in: [48,
pp. 532-543].

Tagamlitzki, Y.: The principle of topological induction (prepared by O. Kounchev).
Ann. Univ. Softa, Fac. Math. Méc., 80, livre 1, 1991, 53-58. Reproduced in: [48,
pp. 544-550].

Tagamlitzki, Y.: On the Teaching of Mathematics (from the pedagogical legacy of
Professor Tagamlitzki). “St. Kliment Ohridski” University Press, 2016 (in Bulgarian).

Tagamlitzki, Y.: Selected Papers. “St. Kliment Ohridski” University Press, 2017.
Remark. The web page https://www.fmi.uni-sofia.bg/fmi/logic/skordev/
errata_selected.htm contains an errata list for the book.

Tagamlitzki, Y. (Tagamlicki, Ja. A.), Dehen, M.: L’induction topologique. Séminaire
Chogquet. Initiation & Uanalyse, 10, no. 1, 1970-1971, 1-7. Reproduced in: [48,
pp. 514-519].

Tagamlitzki, Y., Doitchinov, D.: Investigation of a class of generalized functions. Ann.
Univ. Sofia, Fac. des Sciences Phys. Math., 52, livre 1, 1959, 23-95 (in Bulgarian).
English translation in: [48, pp. 421-497].

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 7-22. 21



[51] Todorov, I.: My teacher Professor Yaroslav Tagamlitzki. In: [10, pp. 42-53] (in Bul-
garian).

[62] In memory of Prof. Yaroslav Tagamlitzki. http://wuw.tagamlitzki.com/

[63] Language and Linguistics Heritage. http://www.e-nasledstvo.com/
(in Bulgarian)
[64] Mathematics Genealogy Project. http://wuw.genealogy.ams.org/

[55] Professorenkatalog der Universitat Leipzig — catalogus professorwm lipsiensium.
http://wuw.uni-leipzig.de/unigeschichte/professorenkatalog/

Recetved on October 13, 2017

Dimiter Skordev

Faculty of Mathematics and Informatics
“St. Kl. Ohridski” University of Sofia
5, J. Bourchier blvd., BG-1164 Sofia
BULGARIA

E-mail: skordev@fmi.uni-sofia.bg

22 Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 7-22.



FOANMTHUK HA COPUNCKUA YHUBEPCUTET ,CB. KIUMEHT OXPUICKU“

PAKYJITET 1O MATEMATHUKA U UHPOPMATUEKA
Tom 104

ANNUAL OF SOFIA UNIVERSITY , ST. KLIMENT OHRIDSKI*

FACULTY OF MATHEMATICS AND INFORMATICS
Volume 104

AUTOMORPHISMS OF ALGEBRAS
AND BOCHNER'S PROPERTY
FOR DISCRETE VECTOR ORTHOGONAL POLYNOMIALS

EMIL HOROZOV

We construct new families of discrete vector orthogonal polynomials that have the
property to be eigenfunctions of some difference operator. They are extensions of
Charlier, Meixner and Kravchuk polynomial systems. The ideas behind our approach
lie in the studies of bispectral operators. We exploit automorphisms of associative
algebras which transform elementary (vector) orthogonal polynomial systems which
are eigenfunctions of a difference operator into other systems of this type. While the
extension of Charlier polynomilas is well known it is obtained by different methods.
The extension of Meixner polynomial system is new.
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1. INTRODUCTION

The present paper is a continuation of [16] but could be read independently.
Both papers are devoted to vector orthogonal polynomials with Bochner’s property.

S. Bochner [7] has classified all systems of orthogonal polynomials P, (z), n =
0,..., that are also eigenfunctions of a second order differential operator

L(z,0,) = A(z)02 + B(z)0, + C(xz) (1.1)
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with eigenvalues A,. Here the coefficients A, B, C' of the differential equation do
not depend on the index n.

A similar problem was solved by O. Lancaster [19] and P. Lesky [21], although
earlier K. Hildebrandt [15] has found all needed components of the proof. For more
information see the excellent review article by W. Al-Salam [1].

The statement of Lancaster’s theorem is that all polynomial systems with such
properties are the discrete orthogonal polynomials of Hahn, Meixner, Charlier and
Kravchuk.!

In recent times there is much activity in generalizations and versions of the
classical result of Bochner as well as their discrete counterparts. The first one
was the generalization by H. L. Krall [18]. He classified all order 4 differential
operators which have a family of orthogonal polynomials as eigenfunctions. Later
many authors found new families of orthogonal polynomials that are eigenfunctions
of a differential operator (see, e.g. [12, 13]).

The classical discrete orthogonal polynomials are also a source from which new
orthogonal polynomials have been obtained. In particular A. Durdn and M. de la
Iglesia [9] have obtained extensions of the classical polynomial systems of Hahn,
Meixner and Charlier.

An important role in some of these generalizations plays the ideology of the
bispectral problem which was initiated in [8]. Translating the Bochner and Krall
results (cf. [11]) into this language already gives a good basis to continue investi-
gations. We formulate it for the case of discrete orthogonal polynomials. Let us
introduce the function ¥ (z,n) = P,(z). Denote by D the shift operator acting
on functions of z as Df(z) = f(z +1). Also let T be the shift operator in n,
i.e. Th(n) = h(n+ 1). Recall that the orthogonality condition, due to a classi-
cal theorem by Favard-Shohat is equivalent to the well known 3-terms recurrence
relation

2P, = Por1 + )Py + v (n)Pa1, (1.2)
where 7;(n) are constants, depending on n. Here we use the polynomials normalized
by the condition that their highest order coefficient is 1.

If we write the right-hand side of the 3-term recurrence relation as a difference
operator A(n) acting on the variable n then the 3-term recurrence relation can be
written as

An)(z, n) = z(x,n).

On the other hand we want ¥ (z, n) to be an eigenfunction of a difference operator
Lin z:

Lyp(z,n) = A(n)yY(z,n).

1Below when speaking about orthogonality we mean orthogonality with respect to a nonde-
generate functional, which does not need to be positive definite.
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Hence we can formulate the discrete version of Bochner-Krall problem as follows.

Find all systems of orthogonal polynomials P,(x) (with respect to some func-
tional w) which are eigenvalues of a difference operator.

We also use some ideas relevant to the studies of bispectral operators. Before
explaining them and the main results of the present paper let us introduce one more
concept which is central for us. This is the notion of vector orthogonal polynomials
(VOP), introduced by J. van Iseghem [24]. Let {P,(x)} be a family of monic
polynomials such that deg P, = n. A theorem of P. Maroni [22] {F,(z)} gives an
equivalent condition, which we use as definition.

Definition 1.1. We will say that the set of polynomials (P,) are Vector Or-
thogonal polynomials (VOP) iff they satisfy a d+ 2-term recurrence relation, d > 1,
of the form

d
2Po(@) = Pu1 + 3 %i(n)Pay(e) (13)

with constants (independent of ) v;(n), v4(n) # 0.

In the last 20-30 years there is much activity in the study of vector orthogonal
polynomials and the broader class of multiple orthogonal polynomials.

Applications of the VOP include the simultaneous Padé approximation prob-
lem [2] and random matrix theory [2, 6]. The VOP can be obtained from general
multiple orthogonal polynomials under some restrictions upon their parameters.

One problem that deserves attention is to find vector orthogonal analogs of
the classical orthogonal polynomials. Several authors [3, 14] have found multiple
orthogonal polynomials, that share a number of properties with the classical or-
thogonal polynomials - they have a raising operators, Rodrigues type formulas,
Pearson equations for the weights, etc. However one of the features of the classical
orthogonal polynomials - a differential or difference operator for which the poly-
nomials are eigenfunctions is missing. Sometimes this property is relaxed to the
property that the polynomials satisfy linear differential /difference equation, whose
coefficients may depend on the index of the polynomial, see [20].

In the present paper we are looking for polynomials P,,(z), n =0, 1,... that are
eigenfunctions of a difference operator L(xz, D) with eigenvalues depending on the
variable n (the index) and which at the same time are eigenfunctions of a difference
operator in n, i.e. finite-term recurrence relation with an eigenvalues, depending
only on the variable z. Hence we find families {FP,(x)},n = 0,1,... of discrete
VOP that possess Bochner’s property - they are simultaneously eigenfunctions of
two discrete operators:

L{z, D)P,(z) = AMn)P.(x), Aln,T)P,(z)=zP,(z).

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 23-38. 25



Our main results include an extension of Meixner polynomials. We construct
systems of vector orthogonal polynomials {P,(x)} which are eigenfunctions of a
difference operator L(z, D). It is different from the family found in [10] and [5]
except for the first member. Our approach uses ideas of the bispectral theory from
[4] but does not use Darboux transformations, which is usually the case, see e.g.
[12, 13, 9]. We use methods introduced in [4]. Also a well known extension of
Charlier polynomials (see [5, 25]) is presented. The reason to repeat it is that our
construction is a new one in comparison to the techniques of [5, 25]. However, there
are some similarities with [25]. The authors also use automorphisms of algebras
and make a beautiful connection with representation theory. Our construction
is simpler and quite straightforward. The same method was recently applied to
extensions of Hermite and Laguerre polynomials as well as to a family that has no
classical analog [16].

The methods from the present paper and [16] can be applied to various versions
of vector orthogonal polynomials as well as to matrix, multivariate, etc. This will
be done elsewhere.
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2. ELEMENTS OF BISPECTRAL THEORY

The following introductory material is mainly borrowed from [4]. Below we
present the difference-difference version of the general bispectral problem which is
suitable in the set-up of discrete orthogonal polynomial sequences.

For ¢« = 1,2, let ©2; be two subsets of C such that €y is invariant under the
translation operator

Dix—ax+1, zef]y

2See, e.g. EMS NEWSLETTER, http://www.ems-ph.org/journals/newsletter/pdf/2015-12-
98.pdf
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and its inverse D1, while (25 is invariant under the translation operator
, p
T-n—n+1

and its inverse T 1.

A difference operator on €2 is a finite sum of the form

z:ck(aj)Dk7

kcZ

where ¢ : 2 — C are some functions in z. In the same way we define difference
operators on {29 to be finite sums of the form

Z sk(n)Tk7
kel

where s;,: {21 — C are functions in n.

By B; we denote an algebra with unit, consisting of difference operators L(z, D)
in the variable z. By Bz we denote an algebra of difference operators A(n,T).
Denote by M the space of functions on €21 x€25. The space M is naturally equipped
with the structure of bimodule over the algebra of difference operators L(z, D) on
21 and the difference operators A(n,T) on .

Assume that there exists an algebra map b: By — By and an element ¢ € M
such that

Py =b(P)y, VP eB.

We call ¢ € M a discrete-discrete bispectral function, i.e., if there exist differ-
ence operators L(z, D) and A(n,T) on {21 and €23, and functions

O(x) and  A(n),

such that

Lz, DYp(z,n) = A(n)y(z,n),
Aln, Typ(z,n) = 0(x)Y(z, n),
on £ x . In fact, as we would be interested in VOP, we will consider only the

case when 0(z) = z. We will assume that ¢ (z, n) is a nonsplit function of z and n
in the sense that it satisfies the condition

(2.1)

(xx) there are no nongzero difference operators L(z, 9,) and A(n,T') that satisfy
one of the above conditions with f(n) =0 or 6(z) = 0.

The assumption (x) implies that the map b: By — Ba, given by b(P(z, d,)) =
S(n,T) is a well defined algebra anti-isomorphism. Let us introduce the subalgebras
K; i = 1,2 of B; to be the algebras of functions in « (respectively in n). The algebra

A1 = bil(Kg)
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consists of the bispectral operators corresponding to ¥ (z, z) (i.e., difference opera-
tors in z having the properties (2.1)) and the algebra

A2 — b(Kl)
consists of the bispectral operators corresponding to ¥ (x, n), i.e. difference opera-
tors in n having the properties (2.1)).

For the goals of VOP we are interested in the case when, for any fixed n, the
function ¢ (xz, n) defining the map b is a polynomial in z.

Let Ry be the algebra spanned over C by the operator & (multiplication by x),
D and D!, Needless to say, the commutation relations in Ry

[D,z] =D, [D™',z]=-D"', [D,D7']=0

play a crucial role.

In the same way we define another algebra R, using the operators T, its inverse
T~ and the operator n of multiplication by the variable n. Finally the module M
is a linear space of bivariate functions f(x,n), where z and n are discrete variables.
Next we define a subalgebra B; C R, as follows. Introduce the operators A = D—1
and V = D! — 1. By will be spanned by the generators A, L = —zV, 2. It would
also be convenient to introduce the element f =2 — L.

(A L] = A, L f]=f, [A fl=1. (2.2)
d

In what follows we use the notation of the falling factorial:

(t)p=x(xz—1)...(x—k+1) for k€N, and (z)o=1.

We notice that the notation (z); is quite often used with a different meaning but
here we will use it only in the above sense. Let ¢(z,n) := S,(z) := (z),. Obviously

LS(z,n) = nS(z,n), (T +n)S(z,n) =zS(z,n).

In this way we can define the anti-automorphism b by

b(f) =T
b(L)=n (2.3)
b(A) = nT L.

The image of B; under the map b will be the algebra Bs.

Next, following [4], we recall how to construct new bispectral operators from
already known ones. The method is quite general and does not depend on the
specific form of the operators. First, we remind the reader that for an operator
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L € B it is said that ady acts locally nilpotently on B when for any element a € B
there exists k£ € N, such that
ad® (a) = 0.

We formulate the simple observation from [4], needed in the present paper, in
a form suitable for the discrete VOP.

Proposition 2.1. Let By, By be unital algebras with the properties described
above. Let I € By such that ady, : By — By is a locally nilpotent operator and let
b: By — By be a bispeciral involution. Suppose that, for any fized n, eti(x,n) is a
polynomial in = of degree n. Define a new map b By — By via the new polynomial
function o' (z,n) = e*dep(z, n). Then b . By — By is a bispectral anti-involution.

3. CHARLIER TYPE VECTOR ORTHOGONAL POLYNOMIALS

Here the algebras B; are the ones defined in the previous section. Let P(X)
be a polynomial of degree d > 1 without a free term. We define the automorphism
o : By — B; by

o = Py,

Let us compute explicitly its action on the generators.
Lemma 3.1. The automorphism o acts on the generators as
o(f) =f+P(4)

o(L)y=L+ P (A)A
o(A)=A.

Proof. Starting with the relation [A, f] = 1 we prove by induction that for
each m
[A7 f] = wpl L, (3.1)

Really for m = 1 it is obvious. Assuming (3.1) is verified for m = j — 1, we have
forj=m

[Am7f] - Amf—fAm - AAmflf_fAm
= A(FA™ ! 4 (m—1)A™ ) - fA™
= [A, FIA™ T + (m — 1)A™ ) = mA™ T

Hence

P (f) = f + P'(A),
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as the rest of the terms vanish.

To prove the second formula we start with the identity [A, L] = A. By induc-
tion we see that

[A™, L] = mA™.
This proves the second formula. The last formula is obvious. (I
A direct consequences of the lemma is

Corollary 3.1. The image of x under the automorphism o is:
o(z) =z + P (A)(1+ A). (3.2)
Proof. We use z = f + L. Hence

o(f+L)=f+P(A)+L+P(AA=z+P(A)(L+A).

O
Let us define the anti-involution b; = b(c!). Below we use that
1 = (—adpay)!
o=y e
§=0
Also we define the difference operator
Ly =o(L) = —zV + P'(A)A. (3.3)

From Lemma 3.1 and Corollary 3.1 it follows almost immediately that

Lemma 3.2. The anti-involution by acts as

bi(z)=T+n+ P (nTH(1+nT 1)
bl(Ll) =n
bl(A =nT L.

Proof. We have

bi(z) =blo  z)) =blz + P(A)L+A) =T +n+ P T H(1+nT ).

Next,
bi(L) =blcoo(L)) =b(L)=n

Finally,
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bi(A) = b(A) = nT 1.
O
Let us define the "wave function”
i j
CP(x) = PPNy(z,n) = Z M (3.4)

Notice that the operator A reduces the degrees of the polynomials. The same
is true for P(A) (we recall that P(X) has no free term). This shows that the sum
(3.4) is finite and for this reason C''(z) is a polynomial.

Let us write explicitly P(A) as

d
P(A) = BN
j=1
We will list the basic properties of the polynomials C'7’() in terms of the polynomial
P(A) in the next theorem.

Theorem 3.1. The polynomials C'Y'(z) have the following properties:

(i) They satisfy d + 2-term recurrence relation

d
&Gy (2) = Cplya (@) +n(1+ B)C, (2) + D [(G + DB +365)(n);Cojy

j=1
where Bg41 = 0.
(i) They are eigenfunctions of the difference operator Ly (3.3)
LiCP(z) = nCE (z).
(#55) They have a lowering operator
AC; (2) = nC;y_y(x)
Proof. (i) From Lemma 3.1 we have that
2CF () = {T Yot Pl Y1+ nT’l)}Cf;.
Let us work out the expression £ = P'(nT~1)(1 —nT~HCF. We have
d d
E = > jpimrytel +3 iginrtyct
j=1 j=1

d
= (G + 1B +3B)(nT Y CE

=0
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Using that (n71)7 = (n);T~7 we obtain

d
E=>"[(+ 1Bjt1 +3B;1(n);CL_; + B.CYL.

=1
(ii) From the definitions of L; and C(z) we obtain

LiCE(z) = e Le  Pely(z,n) = eF'nap(x, n) = nCE (z).

(iii) follows directly from Lemma 3.2. O

4. MEIXNER TYPE VECTOR ORTHOGONAL POLYNOMIALS

We use the notation of the previous section &, A, I, = —zV to define an algebra
By of discrete operators. It will be spanned by the operators &, L, G = (L + p)A,
where 3 is a constant. Again it would be convenient to work with the element
f =12 — L. They satisfy the following commutation relations

L, fl =7
(G, J] = 2L+ B (4.1)
G, L] =G.

Also the wave function would be the same as in the previous section, namely
¥(z,n) = (z),. It has the properties:

Lp(xz,n) = nip(x, n)
z(z,n) =Yz, n+ 1) + n(x, n)
GyY(z,n) = (n—14 B)(z,n—1).

We sum up these properties in terms of the following anti-involution b.
b(L)=n

b(f) =T
b(G) =n(n—1+p)T" L

The algebra By will be the image b(B;). This gives our initial bispectral problem.
Let P(X) be a polynomial of degree d > 1 without a free term. We define the
automorphism o : By — By by

o= P@,

In the next lemma we compute it on the generators.
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Lemma 4.1. The automorphism o acts on the generators as
(f)=f+Q@L+BP(G)+P'(G)G+ P*G)G
(Ly=L+ P(G)G

o(G) =G.

a
a

Proof. Let us start with the second formula. We have [G, L] = G. Then by
induction we find

[G™, L] = mG™ (4.2)

Hence

adp(g)L = P/(G)G
which proves the second formula. Next we prove by induction that for each m
m—1 ] ]
[G™, f] =2 Z GILG™ 17 mpa™ L,
§=0
We use the above formula (4.2) in the form G/L = LG? + §G7 to transform the
first sum into

m—1 m—1
S FLGmT T =2y (L4 H)Em
§=0 3=0

This shows that

[G™, f1=m(2L + B)G™ ! + m(m — 1)G™ 1,
which yields

adpe)(f) = 2L+ B)P'(G) + P (G)G.

Now we easily compute ad(f):

ad3(f) = [P(G),2LP'(G)] = 2P"*(G)G.
From the expressions for audgg7 7 =0,1,2 we obtain the first identity.
The last identity is obvious. (I

We define the anti-involution b = b(o~1). Our bispectral operator L; will be
given by

Ly = o(L) = -2V + P'(G)G. (4.3)

The next lemma computes the action of b; on the needed elements.
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Lemma 4.2. The anti-involution by acts as

bi(r) = T +n — [P (w)(2n + B) + P" (w)u + P'(w)t — P2(@)uljucnin14py7
b1 (Ll) n
b (G)=n(n—1+8T L.
Proof. The last two identities are direct consequences of the definitions of I

and G together with the formulas for b. The more involved first identity follow
from the last two and Lemma 4.1. Really, we have

bi(z) = bi(L) +bi(f) = b(L — P(G)G)+
+b(f —[(2L + B)P'(G) + P"(G)G] + P*(G)G)
=b(f+ L) —b([2L + B+ G)P'(G) + P'(G)G] — P*(@)G)).
after which we put the expressions for b(G),b(f) and b(L). O

We come to the definition of the VOP, i.e. the "wave function”

MFP(z) = " ip(z, n) i PG (4.4)

7=0
We assume that P(G) = aG™ + ... with o # 0.

Notice that the operator G reduces the degrees of the polynomials by one unit.
This shows that the sum (4.4) is finite (we recall that P(X) has no free term) and
for this reason M} (x) is a polynomial.

The basic properties of the polynomials M (z) are listed in the following
theorem

Theorem 4.1. Let 3 ¢ N. Then the polynomials M} (z) have the following
properties:

(i) They satisfy the recurrence relation

eMl(z) = M7, (z)+nM] (z)
[P (w)(2n+ B +u) + P’ (u)u— P/Q(u)u]u:n(n,HB)Tfle.

(i) They are eigenfunctions of the difference operator Ly (4.3)

LiME(z) = nME (2).

(#5) The operator G acts on them as lowering operator

GM, (z) = n(n— 1+ )M, (x).
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Proof. The proof is similar to the proof Theorem 3.1 and follows easily from
Lemma 4.2 . Therefore it is omitted. d

Remark 4.1. Notice that the above polynomial system is well defined for all
values of S but it is not always VOP. For example, when § = —N, N € N and
d = 1 we come to Kravchuk system of orthogonal polynomials, which contains only
finite number of members. Similar situation occurs when d > 1. This is discussed
in the next section.

5. EXAMPLES

Example 5.1. For the definitions and properties of orthogonal polynomials
we follow mainly [17].

Let P(A) = —aA. We find that

Li=—aA —2xV.

This is the difference operator which has Charlier polynomials as eigenfunctions.
The latter can be defined according to our scheme by

7a " (—a)iAI(z), —a)i(—n);(z),—;
o A(x)nz%< PR 5 ey

We see that these are the normed Charlier polynomials denoted in [17] by
pn(x). This example, together with the construction of Appell polynomials in [16],
motivates the name ” Charlier-Appell polynomials” for general P.

Example 5.2. In the second example we take the algebra from section 4. Let

us take P(G) = oG, G = (—zV + 8)A. Then

Ly =a(—zV 4+ B)A —zV.
Let ¢ be a constant, ¢ # 0,1. Put L = (¢ — 1)L;. Take the constant o to be
e
c—1

and B to be different from a negative integer. We obtain exactly the Meixner
operator

L = c(x+ B)A + V.

as given in [17]. It has eigenvalues (¢ — 1)n.

In case § = —N, N € N we obtain Kravchuk polynomials Ky, ..., Ky, which
form a finite set of orthogonal polynomials.
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Example 5.3. Let us again use the settings from section 4. We present here
the simplest new example. Let us take P(G) = G?/2. Then the new polynomials

Py N G (@)
M: (z) = E 7
=0
are eigenfunctions of the operator L,

LiME (z) = (—2V + (VA + A YME (z) = —nM? (z)

n

The recurrence relation reads

aMP = ME +nMP —nn+8-1)(2n—14+p)ML,

n

(n)a(n + B)2ME 5 + (n)a(n+ B)sM) 4.

Example 5.4. Kravchuk-like polynomials. In this example we investigate
the case when 3 = —N, N € N. We take P(G) = G2/2. The recurrence relation is
as above.

We see that the polynomials satisfy 5-term recurrence relation. However the
coefficient at M, 3 is zero for n = N, thus violating the condition of P. Maroni’s
theorem [22]. This shows that the vector orthogonality is valid only for the poly-
nomials M,,n = 0,..., N. The situation with the general polynomial P(G) is
similar.
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LOWER BOUNDING THE FOLKMAN NUMBERS
Fo(ai,...,as;m—1)

ALEKSANDAR BIKOV, NEDYALKO NENOV

For a graph G the expression G % (a1,...,as) means that for every s-coloring of the
vertices of G there exists ¢ € {1,...,s} such that there is a monochromatic a;-clique
of color 4. The vertex Folkman numbers

Fylat,...,as;m—1) = min{|V(G)| yeRns (a1,...,as) and K1 € G}.

are considered, where m = >7 j(a; — 1) + 1. We know the exact values of all
the numbers Fy(a1,...,as;m — 1) when max{ai,...,as} < 6 and also the number
Fy(2,2,7;8) = 20. In [1] we present a method for obtaining lower bounds on these
numbers. With the help of this method and a new improved algorithm, in the special
case when max{ai,...,as} = 7 we prove that Fy(a1,...,as;m —1) > m+ 11 and
this bound is exact for all m. The known upper bound for these numbers is m + 12.
At the end of the paper we also prove the lower bounds 19 < Fy(2,2,2,4;5) and
20 < F,(7,7;8).

Keywords: Folkman number, clique number, independence number, chromatic num-

ber.
2000 Math. Subject Classification: 05C35.

1. INTRODUCTION

Only finite, non-oriented graphs without loops and multiple edges are consid-
ered in this paper. G1 + G5 denotes the graph G for which V(G) = V(G1) U V(Gs)
and E(G) = E(Gy) UE(Gy) UE/, where E' = {[z,y] : z € V(G1),y € V(Gq)}, ie.
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G is obtained by connecting with an edge every vertex of G to every vertex of Gs.
All undefined terms can be found in [19].

Let ai,...,as be positive integers. The expression G % (ay,...,a;) means
that for every coloring of V(G) in s colors (s-coloring) there exists ¢ € {1,..., s}
such that there is a monochromatic a;-clique of color i. In particular, G = (ay)
means that w(G) > a;. Further, for convenience, instead of G = (2,...,2) we write

N —

T

G % (2,) and instead of G 5 (2,...,2,a1,...,a,) we write G % (2,,a1,...,a,).
S e’

Set
Har, ..., as;q9) = {G: G5 (ar,...,as) and w(G) < q} ;
Hlar, ... as;q;m) :={G: G € H(a,...,as;q) and |V(G)| =n}.
The vertex Folkman number F,(aq,...,as;q) is defined by the equality:
Fy(ai,...,as;q) =min{|V(G)| : G € H(a1,...,as;9)}.

The graph G is called an extremal graph in H(ay, ..., as;q) if G € H(aq,...,a4;q)
and |V(G)| = Fyla1,...,as;q9). We denote by Heper(ar,...,as;q) the set of all
extremal graphs in H(aq,...,as;q).

Folkman proved in [6] that:
Fy(aq,...,as;q) exists < ¢ > max{a1,...,as}. (1.1)

Other proofs of (1.1) are given in [5] and [8]. In the special case s = 2, a very simple
proof of this result is given in [12] with the help of corona product of graphs.

Obviously, F, (a1, ..., as;q) is a symmetric function of a4, ..., as, and if a; = 1,
then
F’U(a‘17 o '7a5;q) - F'U(a17 =8 '7a’i717a’i+17 % 8 '7a5;q)'

Therefore, it suffices to consider only such Folkman numbers F,(aq,...,as;q) for
which
2< gy << aq,. (1.2)

We call the numbers F, (a1, ...,as;q) for which inequalities (1.2) hold canonical
vertex Folkman numbers.

In [9] for arbitrary positive integers aq, ..., as the following terms are defined
m(ay,...,as) =m= Z(ai —1)+1 and p=max{as,...,as}. (1.3)
i=1

It is easy to see that K, = (a1,...,as) and K,, 1 % (ay,...,as). Therefore
Fv(a‘17"'7a‘5;q):m7 QZerl

The following theorem for the numbers F, (a4, ..., as;m) is true:
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Theorem 1.1. Let aq,...,as be positive inlegers and let m and p be defined
by the equalities (1.3). If m > p+ 1, then:

(a) Fy(a,...,as;m)=m+p, (]9, 8]);

(b))  Kmip— Copi1 = Kpp1 + Copi1  is the only extremal graph in
H(ar,...,a55m), ([8]).

The condition m > p + 1 is necessary according to (1.1). Other proofs of
Theorem 1.1 are given in [13] and [14].
Very little is known about the numbers F,(a1,...,as;m — 1). According to
(1.1) we have
Folai,...,as;m—1) exists < m >p+2. (1.4)

The following general bounds are known:
m+p+2§Fv(a‘17"'7a‘5;m_1)§m+3p7 (15)

where the lower bound is true if p > 2 and the upper bound is true if p > 3. The
lower bound is obtained in [13] and the upper bound is obtained in [7]. In the
border case m = p+ 2 the upper bounds in (1.5) are significantly improved in [18].
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Figure 1: 20-vertex graph in H(2,2,7;8)

We know all the numbers F, (a1, ...,as;m—1) when max {aq,...,a:} <6, see
[4] for details. When max{aq,...,as} =7 it is known that F,(2,2,7;8) = 20 and

m+10 < Fy(a1,...,as;m—1) <m +12.
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The lower bound F,(2,2,7;8) > 20 is obtained with the help of Algorithm 3.5,
and the upper bound is obtained by constructing 20-vertex graphs in H(2,2,7;8).
An example for such a graph is given in Figure 1.

In this paper we present an algorithm (Algorithm 3.9), with the help of which
we can obtain lower bounds on the numbers F,(aq,...,as;m — 1). Using Algo-
rithm 3.9 and F,(2,2,7;8) = 20, we improve the lower bound on the numbers
Fo(a,...,as;m — 1) when max {a1,...,as} = 7 by proving the following:

Main Theorem. Assume that ai,...,as are positive integers such that
S

max{ay,...,as} =7 and m=> (a; —1)+1>9. Then
i=1
Fola,...,as;m—1)>m+ 11.

Remark 1.2. Asisseen from (1.4), the condition m > 9 in the Main Theorem
is necessary.

2. BOUNDS ON THE NUMBERS F,(ay, ..., as;q)

Let m and p be positive integers. Denote by S(m, p) the set of all (by,...,b,)
(r is not fixed), where b; are positive integers such that max {b1,...,b,} = p and

>oi_ (b —1)+1=m. Let (ay,...,as) € S(m,p). Then obviously

min Folby, ..., byqg)<Fylar,...,as;9) < max Fo(by,...,b;q).
(b1,-..,br)ES (M, D) ( ! q) ( ! q) (b1,...,b7)ES(m,p) ( ! q)

Note that (2, ,,p) € S(m,p), p > 2 and it is easy to prove that

i Folby, ..., b.q9) = Fu(2m—yp, p; 1]).
L . (b q) (2m—p,P;q) (see [1])

We see that the lower bounding of the vertex Folkman numbers can be achieved
by computing or lower bounding the numbers F,(2,,—,,p;q). In general, this is a
hard problem. However, in the case ¢ = m — 1, in [1] we presented a method for
the computation of these numbers, which is based on the following;:

Theorem 2.1 ([1]). Let ro = ro(p) be the smallest positive integer for which
min {5y (20,97 +p — 1) =7} = Fo(2rg,p5m0 +p — 1) — 0.
Then:
(a) Fol2p,p;7 +p—1)=F(2,,p;r0 +p—1) +7—10, 7> 710.

(b) If ro = 2, then F,(2,,p;7 +p—1) = F,(2,2,p;p + 1) + 7 =2, 7 > 2.
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(¢) If 1o > 2 and G is an extremal graph in H(2,,, ;70 +p—1),
then G = (2,70 + p—2).

(d) ro < F,(2,2,p;p+ 1) — 2p.

From this theorem it becomes clear that, for a fixed p, the computation of
the members of the infinite sequence F,(2,,—,,p;m — 1), m > p+ 2, is reduced
to the computation of its first 7o members, where rq < F,(2,2,p;p + 1) — 2p. We
conjecture that it is enough to know only its first member F, (2,2, p;p + 1).

Conjecture 2.2 ([1]). If p > 4, then

min {F, (2, pyr+p— 1) =1} = Fo(2,2,pip +1) = 2,

i.e., ro(p) = 2, and therefore
F@2rpir+p—1) = F(22,pp+ 1) +r—2, 722

This conjecture is proved for p = 4,5 and 6 in [16], [1] and [4], respectively. In
[4] it is also proved that the conjecture is true when F,(2,2,p;p+1) <2p+5. In
this paper we will prove that Conjecture 2.2 is also true when p=T7:

Theorem 2.3. F,(2,,_7,7;m—1)=m+11.

The Main Theorem follows easily from Theorem 2.3.

Remark 2.4. This method is not suitable for obtaining upper bounds for the
vertex Folkman numbers, as it is not clear how maxg, | 5 yesS(m.p) Fo(b1, -5 br5q)
can be computed or bounded. In [2] we present another method for upper bounding
of the vertex Folkman numbers (see also [1] and [4]).

3. ALGORITHMS

Finding all graphs in H(aq,...,as;g;n) using a brute force approach is prac-
tically impossible for n > 13. In this section we present algorithms for obtaining

these graphs.

We say that G is a maximal graph in H(a1,...,as;q) it G € H(a,...,as;9)
but G +e & H(ay,...,as;q), Ve € E(G), i.e. w(G + e) = q,Ve € E(G). The graphs
in H(ay, ..., as;q) can be obtained by removing edges from the maximal graphs in
this set.

For convenience, we also define the following term:

Definition 3.1. The graph G is called a (+K;)-graph if G + e contains a new

t-clique for all e € E(G).
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Obviously, G € H(ay,...,as;q) is a maximal graph in H(aq,...,as;q) if and
only if G is a (+K,)-graph. We shall denote by H_ g, (a1, ..., as;q) the set of all
(+K)-graphs in H(aq,...,as;q), and by Hyes(a,. .., as;q) all maximal K -free

graphs in this set. The sets Hoaz(a1,...,as;¢;n) and Hyg, (a1,...,as;q;n) are
defined in the same way as H(aq,...,as;q;n).

We shall denote by H! _ (ai,...,a,;q;n) and ’Hj’Kt (a1, ...,as;q;n) the sub-
sets of all graphs with independence number not greater than t in the sets
Homaz(a1, ..., 0s;q;n) and Hyg, (a1, ..., as;¢;n), respectively.

Remark 3.2. In the special case s =1 we have
Ha;q;n) ={G a1 <w(G) < g and | V(G)| = n}.
Obviously, if a1 < n < ¢— 1, then Hpan(ar; g n) = {K,}
If a1 < ¢ —1 < n, then Hpnao(a1;¢51) = Hinae(g — 1 g5n).

Further, we shall use the following propositions, which are easy to prove:

Proposition 3.3 ([4]). Let G be a graph, G = (a1, ...,as) and a; > 2. Then
for every independent set A in G

v,
G—A—>(ah...?ai,l?ai—17ai+17...7a5).

Proposition 3.4 ([4]). Let G € Humaz(a1,...,as;q;n) and A be an indepen-
dent set of vertices of G. Then G — A€ Hyk, (a1 —1,...,a5¢;,n— |A]).

The following algorithm for finding all graphs G € H ez (a1, . .., as; g; n) with
r < a(G) <tis given in [4]:

Algorithm 3.5 ([4]). The set A=H! . (a1 —1,...,a5;q;n—7) is the input
of the algorithm. The output of the algorithm is the set B of all graphs G €
HE (ar, ... as;q;n) with a(G) > 7.

1. By removing edges from the graphs in 4 obtain the set

A = Hqufl((h —1,...,as;¢;n— ).

2. For each graph H € A':

2.1. Find the family M(H) = {M,..., M;} of all maximal K, ;-free subsets
of V(H).

2.2. Find all r-element multisets N = {M;,, M,,,..., M; } of elements of
M(H), which fulfill the conditions:

(a) K42 € M;, N M;, for every M; ,M;, € N.

(b) a(H — UMijeN/ M;,) <t —|N'| for every subset N’ of N.

2.8. For each r-element multiset N = {M, ,M,,,...,M,; } of elements of

M(H) found in step 2.2 construct the graph G = G(N) by adding new independent
vertices v1,vs, ..., v, to V(H) such that Ng(v;) = M;,,j=1,...,7. fw(G +e) =

q,Ve € E(G), then add G to B.

3. Remove the isomorphic copies of graphs from B.
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4. Remove from the obtained in step 3 set B all graphs G for which G 2%
(a‘17 i@y a‘s)'

Theorem 3.6 ([4]). After the execution of Algorithm 3.5, the obtained set B
cotncides with the set of all graphs G € HY . (a1, ..., a5 q;n) with o(G) > r.

max

Algorithm 3.5 is based on a very similar algorithm that we used in [3] to prove
the lower bound F.(3,3;4) > 19. It is possible to prove the Main Theorem using
Algorithm 3.5, but it would take months of computational time. For this reason,
we will present an algorithm which is a modification of Algorithm 3.5 and helped
us prove the Main Theorem in less than a week work of a personal computer.

Further we shall use the following term:

Definition 3.7. We say that v is a cone vertex in the graph G if v is adjacent
to all other vertices in G.

Suppose that G € Hoan(a1,...,as;¢;n) and G has a cone vertex, i.e. G =
K1 + H. According to Proposition 3.3, H € Huax(an — 1,...,as;9 — 1;n — 1).
Therefore, if we know all the graphs in H,,4.(a1 — 1,...,a5;9 — 1;n — 1), we can
easily obtain the graphs in H,ez(aq, ..., as;¢;n), which have a cone vertex. We
will use this fact to modify Algorithm 3.5 and make it faster in the case where all
graphs in Hyez(ar — 1,...,as;9 — 1;n — 1) are already known. The new modified
algorithm is based on the following:

Proposition 3.8. Let G € Hoau(a1,...,as;q;m) be a graph without cone
vertices and A be an independent set in G such that G — A has a cone verter, i.c.
G—A=K +H ThenG=K, 1+ H, where r = |A|, H has no cone vertices
and K1+ H € Huax(an, ..., as;¢;n— 7).

Proof. Let A= {v1,...,v,} be an independent set in G and G—A= K+ H =
{u}+H. Since G has no cone vertices, there exist v; € A such that v; is not adjacent
to w. Then Ng(v;) € Ne(w) and since G is a maximal K -free graph, we obtain
Neg(v;) = Ng(u) = V(H). Hence, w is not adjacent to any of the vertices in A,
and therefore Ng(v;) = Ng(u) = V(H),Vv; € A. We derived G = K, 1 + H. The
graph H has no cone vertices, since any cone vertex in H would be a cone vertex in
G. 1t is easy to see that if K, 1 + H 5 (ay,...,as), then K1 + H 5 (a1,...,a,).
Therefore K1 + H € Hinaz (01, ..., as;q;n — 7). O

Now we present the main algorithm used in this paper, which is a modification
of Algorithm 3.5.

Algorithm 3.9. The input of the algorithm are the set A; = H! _ (a; —
1,...,as;q;n —7) and the set Ay = H!  (a;—1,...,a5;g— 1;n—1). The output
of the algorithm is the set B of all graphs G € Ht (a1, ..., a5;q;n) with a(G) > r.

max

1. By removing edges from the graphs in .4, obtain the set
Al = {H € Hqufl(al —1,...,as;¢;n— 1) : H has no cone Vertices}.
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2. Repeat step 2 of Algorithm 3.5.
3. Repeat step 3 of Algorithm 3.5.
4. Repeat step 4 of Algorithm 3.5.

5. If t > r, find the subset A of 4; containing all graphs with exactly one
cone vertex. For each graph H € A}, if K1 + H > (ay,...,a,), then add K, + H
to B.

6. For each graph H in A, such that o(H) > r,if Ky + H > (a1,...,a,), then
add K7 + H to B.

Theorem 3.10. After the execution of Algorithm 3.9, the obtained set B co-
incides with the set of all graphs G € HE | (ai, ..., as;q;n) with o(G) > r.

max

Proof. Suppose that after the execution of Algorithm 3.9, G € B. If after step
4 G € B, then according to Theorem 3.6, G € H! , (a1,...,a5;q;n) and a(G) > 7.
If G is added to B in step 5 or step 6, then clearly G € H!  (a1,...,a5;q;n) and
alG) = r.

Now let G € H! . (a1,...,as;q;n) and «(G) > 7. If G = K; + H for some
graph H, then, according to Proposition 3.3, H € A5 and in step 6 G is added
to B. Suppose that G has no cone vertices and G has an independent set A such
that |[A] = r and G — A has a cone vertex, i.e. G — A= K; + H. Then, according
to Proposition 3.8, G = K,,1 + H, K; + H has exactly one cone vertex and
Ki+H S5 (ag,...,a,). It is clear that t > 7 and hence in step 5 G is added to B.
Finally, if G— A has no cone vertices, then according to Proposition 3.4, G—A € 4]

and it follows from Theorem 3.6 that after the execution of step 4, G € B. (I

Remark 3.11. Note that if n > ¢ and r = 2, then Algorithms 3.5 and 3.9
t

obtain all graphs in G € H. . (a1, ...,as;q;n).
The nauty programs [10] have an important role in this paper. We use them
for fast generation of non-isomorphic graphs and isomorphic rejection.

4. PROOF OF THE MAIN THEOREM AND THEOREM 2.3

We will first prove Theorem 2.3 by proving Conjecture 2.2 in the case p = 7.
Since F,(2,2,7;8) = 20 [4], in view of Theorem 2.1(d), to prove the conjecture in
this case we need to prove the inequalities I, (2,2,2,7;9) > 20, F,(2,2,2,2,7;10) >
21 and F,(2,2,2,2,2,7;11) > 22. It is easy to see that it is enough to prove
only the last of the three inequalities (see [4] for details). Using Algorithm 3.5
it can be proved that F,(2,2,2,2,2,7;11) > 22 , but it would require a lot of
computational time. Instead, we will prove the three inequalities successively using
Algorithm 3.9. Only the proof of the first inequality is presented in details, since the
proofs of the others are very similar. We will show that H(2,2,7;8;19) = 0. The
proof uses the graphs H2  (4;8;8), H2 . (5;8;10), H2  (6;8;12), H3  _(7;8;14),

max max max max
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H0a(2,T:8,16), H200(2,2,7;8;19), HE ., (4;8;9), HZ,,,(5:8;11), HT,,,(6;8;13),
H2, . (T:8;15), H2 (2,7:8;17), H2, .. (2,2,7;8;19) obtained in [4] in the proof of

the lower bound F,(2,2,7;8) > 20 (see Table 1).

For positive integers ay, ..., as and m and p defined by (1.3), Nenov proved in
[15] that if G € H(aq,...,as;m—1;n) and n < m+3p, then ao(G) < n—m—p+1.
Suppose that G € H(2,2,2,7;9;20). It follows that a(G) < 3 and it is clear
that «(G) > 2. Therefore, it is enough to prove that there are no graphs with
independence number 2 or 3 in Hpnas(2,2,2,7;9; 20).

First we prove that there are no graphs in H.u..(2,2,2,7;9;20) with inde-
pendence number 3. It is clear that K7 is the only graph in H,...(4;9;7). By
applying Algorithm 3.9(r = 2;t = 3) with A, = H2 . (4;9;7) = {K;} and
As = H3,,.(4;8;8) were obtained all graphs in H3,,.(5;9;9) (see Remark 3.11). In
the same way, we successively obtained all graphs in H2 _(6;9;11), H3 _(7;9;13),
H3 0w(2,7:9;15) and H2,,,(2,2,7;9;17) (see Remark 3.11). In the end, by ap-
plying Algorithm 3.9(r = 3;¢t = 3) with A, = H3 _.(2,2,7;9;17) and Ay =
H3 . .(2,2,7;8;19) = @, no graphs with independence number 3 in
Homaz(2,2,2,7;9;20) were obtained.

Next we prove that there are no graphs in H...(2, 2,2, 7;9; 20) with indepen-
dence number 2. Clearly, Ky is the only graph in H,...(4;9;8). By applying Al-
gorithm 3.9(r = 2;¢ = 2) with A; = H2 _,(4;9;8) = {Ks} and Ay = H2,,,(4;8;9)

were obtained all graphs in HZ, . (5;9;10) (see Remark 3.11). In the same way, we
successively obtained all graphs in H2 ,(6;9;12), H2 .. (7;9;14), HZ .. (2,7;9;16)
and H2, (2,2,7;9;18) (see Remark 3.11). In the end, by applying Algorithm
3.9(r = 2;t = 2) with Ay = H2_.(2,2,7;9;18) and Ay = H2 . (2,2,7;8;19) = §,

max max

no graphs with independence number 2 in H,q(2,2,2,7;9; 20) were obtained.

We proved that H,,4,(2,2,2,7;9;20) = § and F,(2,2,2,7;9) > 20.

Similarly, the graphs obtained in the proof of the inequality F,(2,2,2,7;9) > 20
are used to prove F,(2,2,2,2,7;10) > 21 and the graphs obtained in the proof of
the inequality F,(2,2,2,2,7;10) > 21 are used to prove F,(2,2,2,2,2,7;11) > 22.
The number of graphs obtained in each step of the proofs is shown in Table 2,
Table 3 and Table 4. Notice that the number of graphs without cone vertices is
relatively small, which reduces the computation time significantly.

Thus, r5(7) = 2 and
E, (2, 7;Tm—1)=F,(2,2,7;8) +m—9=m+ 11,

which completes the proof of Theorem 2.3. The Main Theorem now follows easily.

Indeed, let a4, ..., as be positive integers such that max{a,...,as} =7 and m =
> (a; — 1) + 1. Then
i=1

Folar,...,as;m—1) > F,(2_7;7T;,m—1) =m+ 11, O
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5. CONCLUDING REMARKS

The proposed method for obtaining of lower bounds for F,(a4,...,as;q) pro-
duces good and accurate results when ¢ = m — 1. However, when ¢ < m — 1, the
bounds are not exact. We will consider the most interesting case ¢ = p + 1, where
p=max{ai,...,as} . In [1] we prove the inequality

m—p
Fylay, .. asp+1) 2 Fy(2,2,pip+ 1) + ) ali,p), (5.1)
i=3
where (i, p) = max {a(G) : G € Heper (2i,p;p + 1)} Since a(é,p) > 2, from (5.1)
it follows that

Fv(a‘17 ey Qg3 P + 1) Z Fv(2727p7p+ 1) + 2(m —P— 2)
In the special case p =7, since F,(2,2,7;8) = 20, we obtain
F,(ay,...,a5;8) = 2m + 2. (5.2)

In particular, when m = 13 we have F,(aq,...,a,;8) > 28. Since the Ramsey
number R(3,8) = 28, it follows that «(4,7) > 3, when ¢ > 6. Now from (5.1) we
obtain easily the following result:

Theorem 5.1. If m > 13, and max {aq,...,as} =7, then
F.(ai,...,as;8) > 3m —10.

It is clear that when 3m — 10 > R(4, 8), these bounds for F,(aq,...,as;8) can
be improved significantly.

In [21] is proved the inequality F,(p,p;p + 1) > 4p — 1. From this result it
follows that F,(7,7;8) > 27. From (5.2) we deduce that F,(7,7;8) > 28, and from
Theorem 5.1 we obtain F,(7,7;8) > 29.

The numbers F,(p,p;p + 1) are of significant interest, but so far we know
very little about them. Only two of these numbers are known, F,(2,2;3) = 5
(obvious), and F,(3,3;4) = 14 ([11, 17]). It is also known that 17 < F,(4,4;5) < 23,
[20], F,(5,5;6) > 23, [1], 28 < F,(6,6;7) < 70, [4], and F,(7,7;8) > 29 from
this paper. Using Algorithm 3.5, we managed to improve the known lower bound
F,(2,2,2,4;5) > 17 and thus improved the lower bound on F,(4,4;5) as well:

Theorem 5.2. F,(4,4;5) > F,(2,3,4;5) > F,(2,2,2,4;5) > 19.

Proof. The inequalities F,(4,4;5) > F,(2,3,4;5) > F,(2,2,2,4;5) are easy to
prove (see eq. (4.1) in [1]). It remains to prove that F,(2,2,2,4;5) > 19. Suppose
that Hinee(2,2,2,4;5;18) # 0 and let G € Hopax(2,2,2,4;5;18). Since the Ramsey
number R(3,5) = 14, a(G) > 3. In [20] it is proved that F,(2,2,4;5) = 13 and
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H(2,2,4;5;13) = {Q}, where Q) is the unique 13-vertex Ks-free graph with indepen-
dence number 2. From Proposition 3.3 and the equality F,(2,2,4;5) = 13 it follows
that a(G) < 5. By applying Algorithm 3.5 to the graph @ it follows that there are
no graphs in H,,q.(2, 2, 2, 4; 5; 18) with independence number 5. It remains to prove
that there are no graphs in H,...(2, 2, 2,4; 5; 18) with independence number 3 or 4.
Using nauty it is easy to obtain the sets H: (3;5;8) and H2 ,_(3;5;9). By apply-

ing Algorithm 3.5 (r = 2,¢ = 4) starting from the set H2  (3;5;8) were successively

obtained all graphs in the sets H2 . (4;5;10), H2 (2,4;5;12), HL . (2,2,4;5;14)
(see Remark 3.11), and by applying Algorithm 3.5 (r = 4,¢ = 4) were found no
graphs in Hoaz(2, 2,2, 4;5; 18) with independence number 4. Next, we applied Al-
gorithm 3.5 (r = 2,¢ = 3) starting from the set H2, _(3;5;9) to successively obtain

all graphs in the sets H2 ., (4;5;11), H2 .. (2,4;5;13), H2 ,,(2,2,4;5;15) (see Re-
mark 3.11), and by applying Algorithm 3.5 (r = 3,¢ = 3) were found no graphs in
Homaz(2,2,2,4;5;18) with independence number 3. The number of graphs obtained
in each of the steps is shown in Table 5. We obtained H,,44(2,2,2,4;5;18) = {§ and

therefore F,(2,2,2,4;5) > 19. O

The upper bound F,(4,4;5) < 23 is proved in [20] with the help of a 23-vertex
transitive graph. We were not able to obtain any other graphs in H(4,4;5;23),
which leads us to believe that this bound may be exact. We did find a large number
of 23-vertex graphsin H(2, 2, 2,4;5), but so far we have not obtained smaller graphs
in this set.

Concluding this section, let us pose the following question:

Question 5.1. Is it true that the sequence F,(p,p;p+1),p > 2, is increasing?
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A. RESULTS OF COMPUTATIONS

set ind. number | maximal graphs | (+K7)-graphs
H(2,7,8,15) <4 1 1
#(2,2,7;8:19) =4 0

H(3:8:6) <3 1 1

H(4:8:8) <3 1 4
#(5;8;10) <3 3 45
#(6,8;12) <3 12 3104
H(7,8;14) <3 169 4 776 518
H(2,7,8;16) <3 34 22 896
#(2,2,7;8;19) -3 0

H(3:8:7) <2 1 1

H(4:8:9) <2 1 8
H(5,8;11) <2 3 84
#(6,8;13) <2 10 5394
H(7,8,15) 42 102 4 984 994
H(2,7,8,17) 42 2760 380 361 736
#(2,2,7;8:19) —2 0

#(2,2,7,8;19) 0

Table 1: Steps in finding all maximal graphs in H(2,2,7;8;19)

set ind. number | max. graphs max. graphs no | (+Ks)-graphs (+Ks)-graphs
cone v. no cone v.
H(,2,7,9,16) <4 I 0 ] 0
H(2,2,2,7,9,20) =4 0 0
HE97) <3 I 0 I 0
#(5,9;9) <3 1 0 4 0
H(6,9;11) <3 3 0 45 0
H(7,9;13) <3 12 0] 3113 9
H(2,7;9;15) <3 169 0 4 783 615 7097
H(2,2,7,9;17) <3 36 2 22 918 2
H(2,2,2,7,9,20) =3 0 0
H(%,9;9) <3 I 0 1 0
H(5,9;10) <2 1 0 8 0
#(6,9;12) <2 3 0 85 1
H(7,9;14) <2 10 0 5474 80
H(2,7;9;16) <2 103 1 5 346 982 361 988
H(2,2,7;9;18) <2 2845 85 387 948 338 7 586 602
H(2,2,2,7,9,20) =2 0 0
H(2,2,2,7,9,20) 0 0

Table 2: Steps in finding all maximal graphs in H(2,2,2,7;9; 20)
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set ind. max. graphs | max. graphs | (+Kjy)-graphs (+Ko)-graphs
number no cone v. no cone v.
H(2,2,2,7;,10, 17) <1 1 0 1 0
H(2,2,2,2,7:10;21) | =4 0 0
H(5:10:9) <3 1 0 i 0
#(6;10;10) <3 1 0 4 0
H(7:10;12) <3 3 0 45 0
H(2,7;10; 14) <3 12 0 3115 2
H(2,2,7;10; 16) <3 169 0 4784 483 868
H(2,2,2,7;10;18) <3 36 0 22 919 1
H(2,2,2,2,7:10;21) | =3 0 0
H(5:10:9) <2 i 0 i 0
H(6:10;11) <2 1 0 8 0
H(7:10;13) <2 3 0 85 0
H(2,7;10; 15) <2 10 0 5 495 21
H(2,2,7;10; 17) <2 103 0 5371 651 24 669
H(2,2,2,7;10;19) <2 2848 3 387 068 658 20 320
H(2,2,2,2,7:10;21) | =2 0 0
H(2,2,2,2,7:10,21) 0 0

Table 3: Steps in finding all maximal graphs in H(2,2,2,2,7;10;21)

set ind. max. graphs | max. graphs | (+Kj)-graphs (+K10)-graphs
number no cone v. no cone v.
H(2,2,2,5,711,18) | <4 1 0 1 0
H(2,2,2,2,2,7;11;22) | = 0 0
H(6:11;9) <3 1 0 i 0
H(7:11;11) <3 1 0 4 0
H(2,7;11;13) <3 3 0 45 0
H(2,2,7;11; 15) <3 12 0 3116 1
H(2,2,2,7;11;17) <3 169 0 4784 638 155
H(2,2,2,2,7:11;19) | <3 36 0 22 919 0
H(2,2,2,2,2,7;11;22) | =3 0 0
H(6; 11, 10) <2 i 0 i 0
H(7:11;12) <2 1 0 8 0
H(2,7;11; 14) <2 3 0 85 0
H(2,2,7;11; 16) <2 10 0 5 502 7
H(2,2,2,7;11;18) <2 103 0 5374 143 2 499
H(2,2,2,2,7:11;20) | <2 2848 0 387 968 676 18
H(2,2,2,2,2,7;11;22) | = 0 0
H(2,2,2,2,2,7;11;,22) 0 0

Table 4: Steps

in finding all maximal graphs in H(2,2,2,2,2,7;11;22)
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set ind. maximal (£ 4)-graphs
number graphs

H(2,2,4;5,13) <5 1 1

(2,2,2,4;5;18) 5 0

(3;5;8) <4 T 974

(45 10) <4 44 65 422

H(2,4;5;12) <4 1059 18 143 174

(2,2, 4;5;14) <4 13 71

(2,2,2,4;5;18) —4 0

7(3;5;9) <3 i1 2952

H(4;5;11) <3 135 1678 802

H(2,4;5;13) <3 11 439 2 672 047 607

(2,2, 4;5;15) <3 1103 78 117

(2,2,2,4;5;18) -3 0

H(2,2,2,4,5,18) 0

Table 5: Steps in finding all maximal graphs in H(2,2,2,4;5;18)
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ESTIMATES FOR THE BEST CONSTANT
IN A MARKOV Ly~ INEQUALITY
WITH THE ASSISTANCE OF COMPUTER ALGEBRA

GENO NIKOLOV, RUMEN ULUCHEV

We prove two-sided estimates for the best (i.e., the smallest possible) constant ¢y ()
in the Markov inequality

I llwe < en(@llpnllws »  Pn € Pn.

Here, Py, stands for the set of algebraic polynomials of degree < n, wa(z) :=z%e™®
a > —1, is the Laguerre weight function, and || - ||w, is the associated Lo-norm,

1l = (/Ow (@) Pwalz) dz)m ‘

Our approach is based on the fact that CEQ(a) equals the smallest zero of a polynomial
Qn, orthogonal with respect to a measure supported on the positive axis and defined by

i

an explicit three-term recurrence relation. We employ computer algebra to evaluate the
seven lowest degree coefficients of @, and to obtain thereby bounds for ¢y, («). This
work is a continuation of a recent paper [5], where estimates for ¢y, () were proven on
the basis of the four lowest degree coefficients of Q.

Keywords: Markov type inequalities, Laguerre polynomials, three-term recurrence relation,

Newton identities, computer algebra.

2000 Math. Subject Classification: 41A17.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Throughout this paper P, will stand for the set of algebraic polynomials of
degree at most n, assumed, without loss of generality, with real coefficients. Let
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wy(z) ==z e ", where o > —1, be the Laguerre weight function, and || - ||, be

the associated Lo-norm,

o = ([ @ Prate) dx>1/2 |

We study the best constant ¢, («) in the Markov inequality in this norm

IPnllwe < eal(@)lPallwe ,  Pn € Pa, (1.1)

namely the constant

/
() sup IPalles
) T

Before formulating our results, let us give a brief account on the results known
so far.

It is only the case o = 0 where the best Markov constant is known, namely,
Turén [9] proved that

1
4n+2> ’

Dérfler [2] showed that ¢,(a) = O(n) for every fixed a > —1 by proving the
estimates

¢, (0) = <2 sin

9 n? (202 + 5a +6)n a+6
w2 O Ners  atDate+d)  de+dars’ Y
2 n(n+1)

see [3] for a more accessible source. In the same paper, [3], Dorfler proved for the
asymptotic constant

e Cala)
ela) := 7}51@1@ > (1.4)
that i
cla) = ——, (1.5)
Hea—1)/2,1

where j, 1 is the first positive zero of the Bessel function J, (z) .

Nikolov and Shadrin obtained in [5] the following result:

Theorem A ([5, Theorem 1]). For all « > —1 and n € N, n > 3, the
best constant c,(a) in the Markov inequality (1.1) admits the estimates
o o 2(a+1
2t F)n—2) _ (n+ 1) (n + 252)

@+t l(ats) ks (a+ 1)[(a + 3)(a +5)]

. (16)

where for the left-hand inequality it is additionally assumed that n > (a4 1)/6.
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Theorem A implies some inequalities for the asymptotic Markov constant ¢(«)
and, through (1.5), inequalities for 7,1, the first positive zero of the Bessel func-
tion J, (see [5, Corollaries 1,3]). It was also shown in [5, Theorem 2] that
c(a) = O(a™1), which indicates that the upper estimate for c¢,(a) in Theorem A,
though rather good for moderate «, is not optimal.

In a recent paper [7] Nikolov and Shadrin proved an upper bound for ¢,(«)
which is of the correct order with respect to both n and o as they tend to infinity.

Theorem B (|7, Theorem 1.1]). For all n € N, n >3, the best constant
en(a) in the Markov inequality (1.1) satisfies the inequality

dn(n + 2 + 2l
a? +10a+8

(o a>2. (1.7)

As a consequence of Theorem B and Dorfler’s lower bound (1.2) for e¢,(«)
Nikolov and Shadrin showed that

n(n+ o+ 3)

) o @8

n>3 a>2.

Corollary C ([7, Corollary 1.1]). For all o > 2 and n > 3 the best
constant ¢, (o) in the Markov inequality (1.1) satisfies

2n(n+ o+ 3) o
Bat ey - =

An(n + o+ 3)

(a+D(ats) (18)

In addition, Nikolov and Shadrin found the limit value of (o + 1)c?(«) as

2(a) as o — o0.

a — —1, and proved asymptotic inequalities for ac;,

Corollary D ([7, Corollary 1.2]). The best constant c,(a) in the Markov
inequality (1.1) satisfies:

1
(i) lim (a+ 1)c2(a) = n(n+1) :
a——1 2
" 2n . 2
(#) i < O}ergoacn(a) < 3n.

A combination of Theorems A and B implies bounds for c(a ) defined in (1.4):

Corollary E ([7, Corollary 1.3]). The asymptotic Markov constant ¢(c)
satisfies
1

2 2w a4+ 1) a+3)(a+5)’
ey <@ < g LT yileraters

—“l<a<a*,

a>at,

a2 4+ 100+ 8"
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where o ~ 43.4 .

The ratio of the upper and the lower bound for c¢(«) in Corollary E is less
than /2 for all o > —1.

In this paper we investigate the best Markov constant c,(«) following the
approach from [5]. It is known (see Proposition 1 below) that c,?(a) is equal
to the smallest zero of a polynomial @),,, which is orthogonal with respect to a
measure supported on Ry . Since {@Q,}.cn are defined by an explicit three-term
recurrence relation, one can evaluate (at least theoretically) as many coefficients
of @), as necessary. With the assistance of Wolfram’s Mathematica we find the
seven lowest degree coefficients of the polynomial @),,, and thereby the six highest
degree coefficients of R, , the monic polynomial reciprocal to @, . Then we apply
a simple technique for estimating the largest zero z, of R, on the basis of its k
highest degree coefficients, 3 < k < 6, thus obtaining lower and upper bounds for

2

¢z (a) . Our main result in this paper is:

Theorem 1. For 3 < k < 6 and for all n > k, the best constant c,(c) in
the Markov inequality (1.1) admits the estimates

cop(0) € @) STap(@),  a>-1, (19)
where
2 _ 2”(”+ %)
Qn,a( )*m7 (1.10)
n n 2(a+1)
2y - — D ) (1.11)
(a+D[(a+3)(a+5)]
8(a41)
& ala) = Bo+ L afu— ) (1.12)

200+ D)(a+3)(a+7)

1/4 3(at1)
22 () — (5a + 17)Y4(n + 1) (n + 22 .18

(@ + (o + 312 [2(a + 5)(a + )]/
2 . 2(Ta+31)n(n+ Betl)
sl = G D{at 9Gat 1)
1/5 Alotl)
22 ()= (TeH3) P+ Dint T57) — (1.15)
(o + 1)(a +3)2/5 [(a + 5)(a + T)(a +9)]
(2102 + 29902 + 1391 + 2073) n(n + 2t1)
(o + D(a+3)(a+5)(a+11)(7Ta+31)
o, (210 + 29902 + 1391a + 2073)"°(n 4 1)(n + 2o
22 (a) = . (117)
(a4 1)(a +3)12(a + 5)1/3[(a + 7)(a + 9) (o + 11)]

(1.14)

(1.16)

£2n,6(a) -
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Remark 1. For 3 < k < 6, the pair (¢, (a),Cnx()) of bounds for ¢, ()
is deduced with the use of the k& highest degree coefficients of the polynomial R,
(and (1.11) is also proved in [5]). Generally, the bounds for ¢, («) obtained with
larger k are better, though some exceptions are observed for small n and o.

Clearly, inequalities (1.9) imply bounds for the asymptotic Markov constant
c(a) . Here, it is not difficult to prove that the larger &, the better the implied
lower and upper bounds for ¢(a), hence the best bounds for c(a) are obtained
from (1.9) with k=6.

Thus, Theorem 1 yields an improvement of the estimates for the asymptotic
Markov constant c¢(«) in Corollary E.

Corollary 1. The asymptotic Markov constant c(a) = lim n~le,(a) satis-
n—00

fies the inequalities
(o) < cla) <ta),

where
5 21a® + 29902 + 1391a + 2073
cla) =
(a+ 1)(a+3)(a+5)(a+ 11)(7a + 31)
and
3 2 1/6
(210 4 29902 4 1391a + 2073) .
78 —l<a<ar,
22(a) == { (a+ D +3)2(a+5)Y3[(a + T)(a +9)(a +11)]
4 o it
a2 +10a + 8’ @

with o ~ 172.

It is worth noticing that the ratio of the upper and the lower bound for c¢(«)
in Corollary 1 does no exceed QT\/? 7 1.1547 for all o > —1.

Theorem 1, in particular inequality (1.16), implies an improvement of the lower
bound in Corollary D(ii).

Corollary 2. The best constant ¢, («) in the Markov inequality (1.1) satisfies:

6
n < lim ac(a) < 3n.

ox—r 00

The rest of the paper is organized as follows. Section 2 contains some pre-
liminaries. In Section 2.1 we characterize the squared best Markov constant as
the largest zero of an n-th degree monic polynomial R, with positive roots, and
propose a recursive procedure for the evaluation of its coefficients (Proposition 2).
Two-sided estimates for the largest zero of polynomials with only positive roots
in terms of few of their coefficients are proposed in Sect. 2.2 (Proposition 2.3).
The assisted by Wolfram’s Mathematica proof of our results is given in Section 3.
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In Section 4 we give some final remarks and conclusions, and formulate two con-
jectures concerning the asymptotic behavior of the best Markov constant and the
coefficients of the characteristic polynomial R, .

2. PRELIMINARIES

2.1. AN ORTHOGONAL POLYNOMIAL RELATED TO Cn(oz)

It is well-known that the squared best constant in a Markov-type inequality
in Lo-norm is equal to the largest eigenvalue of a related positive definite n x n
matrix A, , thus the problem of finding the best Markov constant is equivalent to
evaluating the largest eigenvalue of A,. Perhaps, a less known fact is that for a
wide class of Ly-norms, the inverse matrix A, ! is tri-diagonal, see [1, Sect. 2].
In the particular case of the Lo-norm induced by the Laguerre weight function w,,
this connection is given by the following proposition:

Proposition 1 ([3, p. 85]). The quantity c,?(a) is equal to the smallest
zero of the polynomial Q,(r) = Q.(x, ), which is defined recursively by

Qnt1 (x) - (:E - dn)Qn(x) - AiQn71($)7 n 2> 0;

Ao > 0 arbitrary, )\i::1+—7 n>1.
n

By Favard’s theorem, for any a > —1, {Q,(z,a)}52, form a system of monic
orthogonal polynomials. Since @), is the characteristic polynomial of the inverse
of a positive definite matrix (which is also positive definite), it follows that all the
zeros of (), are positive (and distinct). Consequently, {Q,}5°, are orthogonal
with respect to a measure supported on R,.

By Proposition 1, we have

el et
= (g—F—— — i Yol > .
Quin@) = (2 =2-—=7)Qu@) = (1+2)Qusl@), nz1, (21
Qolz)=1, @Qi(z)=z—a—1. (2.2)
If we write @), in the form
Qn(x) =g An—1.n xn71 + An—2.n xn72 —@pie (_l)n ag,n ,
then
agn = <n b a> , n € Np, (2.3)
n
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with the convention that the right-hand side is equal to 1 for n = 0. The proof is
by induction with respect to n. For n =0, 1, (2.3) follows from (2.2). Assuming
(2.3) is true for all m < n, we verify it for m = n + 1 by putting z =0 in (2.1)
and using the induction hypothesis:

(=)™ lag py1 = <2 L@ >(_1)n+1 <n;:a> n <1 N %>(_1)n<n— 1+ a>

n+1 n—1
— (—pr <” o “)

n

_ Now, instead of {Q,};”, we consider the sequence of orthogonal polynomials
{Q.}22, normalized so that Q,(0) =1, n € Ny, i.e,

Qul) = <—1>“<”+ ‘“)@n(gg% 0 e M.

n
It follows from (2.1) and (2.2) that {@n}nENO are determined by
« = o ~ ~
_* _ o 3 . |

n+1
Qo(z) =1, Qi(z)=1- —

a+1°

(2.5)

Writing @n in the form
@n(x) =1—Ajpz+Ag,r?— 4 (=1)"Ap, 2"
and rewriting (2.4) as

n+1 ~ n+1 ~

Qnt1(z) — Qu(z) = m(Qn(ﬂf) — Qn-1(z)) + mﬂf@n(ﬂf) , meN,

we deduce the following recurrence relation for the evaluation of the coefficients

{Ai,m} :

1 1
Ain+1_Ain:L(Ain_Ainfl)‘I‘LAiflru n>k>1,
’ ’ n+a+1 ’ ’ n+a+1 ’
1 (2.6)
WlthAQnil and Alli—.
3 ) 0[+1

Since, by Proposition 1, ¢,?(«) is equal to the smallest zero ofNQn, it follows
that c2(a) equals the largest zero of the reciprocal polynomial of Q,,,

Ru(z) = 2" Q.(1/z). (2.7)

The above observations allow us to reformulate Proposition 1 in the following
equivalent form:
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Proposition 2. The squared best Markov constant ¢2(a) is equal to the largest

zero of the polynomial

R, (z)=2z"— A4, z Az, g2} (-D)"A, ., . (2.8)

The coefficients of R, are evaluated recursively by the following procedure:
o A= %H ;

o Set Agy =1, m=0,...,

e fori=1 ton:
1. Find the sequence {D; ,,}7 _, | as solution of the recurrence equation

m+1 m+1
Dimp1=———Dijm+ ————Ai_1m 29
il = e g Dim + 7 iy, (2.9)

with the initial condition D; ;1 = 0;

2. Bvaluate
Ain =Y Dim. (2.10)

2.2. POLYNOMIALS WITH POSITIVE ROOTS: BOUNDS FOR THE LARGEST ZERO
Let P be a monic polynomial of degree n with zeros {z;}? ,,

(r—z)=2" —b 2™t +hyz" 2 — .+ (=1)"b, .

v
=
I
—

The coefficients b, = b.(P), r = 1,...,n, are given by the elementary sym-

metric functions of {z;}7 ,,
b, =5, =s,(P)= Z Ty T

1<ii<ie<-<ir<n

F =lsi0.s4

It is well known that the elementary symmetric functions {s,} and the Newton

functions (sums of powers of z;)
pT:pT(P):ZxZ7 r=1,2,3,...,
i=1

are connected by the Newton identities:
(2.11)

r—1
pr+Z(—1)ip,_i si+(=1)"rs, =0, if 1<r<n,
=1

it r>n. (2.12)

Pr ~+ Z(_l)lprfz S; = 07
i=1
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For a proof, see e.g. [10] or [4].

Our interest in the Newton functions is motivated by the fact that they provide
tight bounds for the largest zero of a polynomial whose roots are all positive. For
any such polynomial P, we set

BlP) = 2.

with the convention that po(P) := deg(P).

w(P) = [p(P)]*, ke,

Proposition 3. Let P(z) = 2" — bz ' + by 2 — .+ (=1)"" b, 12+
(=1)"b,, be a polynomial with positive zeros x1 < x9 < -+ <z, .

Then the largest zero x,, of P satisfies the inequalilies
U (P) <z < up(P), kEeN. (2.13)

Moreover, the sequence {£,(P)}2, is monotonically increasing while the sequence
{ur(P)}52, is monotonically decreasing, and
lim £.(P) = lim up(P) =x,. (2.14)
k—oc0 k—oco
Proof. For ¢ =1,...,n—1, we set a; := 7%=, then 0 < a; < 1. Now both
inequalities (2.13) and the limit relations (2.14) readily follow from the representa-
tions

adi e +ak 41 1/k
= %1 1 z
ap " +-tan g+l

L. (P) - up(P) = (alf 4 +a1fl71 + 1) Wy

The monotonicity of the sequence {{,(P)}5>, follows easily from Cauchy-
Bouniakowsky’s inequality. Indeed, we have

k—1 k41
z

(et)' = (o) = (L) ().

=1

whence p?(P) < pr_1(P) pr+1(P), and consequently

pe(P)  _ peni(P)
Pr—1(P) = pe(P)

To prove monotonicity of the sequence {uy(P)}72,, werecall that 0 < a; <1
and therefore af“ < af . We have

(a1f+1+.”+ak+1+1)1/(k+1)< (a1f+1++akt%+1)l/k§ ((l]f+~~~+al;;71+1)1/k7

n—1 n

which yields
uk+1(P) < uk(P) f
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3. COMPUTER ALGEBRA ASSISTED PROOF OF THE RESULTS

Here we give the algorithms, the source code and the results of the computer
algebra assisted proof of estimates (1.10)-(1.17) in Theorem 1. While the case
k =3 and to a certain extent k= 4 could be studied by hand, it seems impossible
to provide similar calculations for larger k. We implement the idea from [5] for
estimating ¢, («) using k& = 3 highest degree coefficients of the polynomial R, (z)
and with the assistance of Wolfram’s Mathematica v. 10 software we investigate
the cases k = 4,5,6, as well. Software based on the algorithms described below
failed with calculations for & > 6.

Henceforth, we write the polynomial R,, from (2.7) and (2.8) in the form
Ro(z) =2" —biz" ! + bz 2 -+ (=1)",.

3.1. LOWER BOUNDS FOR ¢, («)

2

We apply Proposition 3 to estimate the largest zero z,, = ¢,

nomial R, (x) from below,

(a) of the poly-

Tp > (R, = —— k=3,4,5,6,
2 be(Ba) = o R

and then with the help of computer algebra obtain a further estimation of the form
U(R,) = en(n+ola+1)),

with the optimal (i.e., the largest possible) constants ¢ = ¢(k) and o = o (k).

Algorithm 1 Estimating ¢,(«) from below

Input: k€ {3,4,5,6} — the number of the highest degree coefficients of R, (x)

Step 1. Express the power sums py_1(R,) and p(R,) in terms of {b;}*_,

Step 2. Find coefficients {b;}¥_, in terms of n and « using Proposition 2

Step 3. Find a proper value o for parameter s in pp —cn(n+ s(a+1))pe—1,
where ¢ is the coefficient of n2 in the quotient pp/pr_1

Step 4. Represent the numerator of f =pr —cn(n+o(a+1))pr—1 in powers
of n and (a+1)

Step 5. Estimate from below the expression f to prove that f >0

Step 1: Let {z;}?; be all the zeros of the polynomial R,(z) from (2.7). In

order to express a power sum p, = » .,z , 1 <7 <n, by {b;}]_;, we apply the
direct formula

by 1 0 0
2by by 1 0
pr=|3b3 b2 by 0
Tbr brf 1 b7’72 bl
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which easily follows from the Newton identities (2.11).
Below is the code of the programme and the results for k=1,...,6:

k=6,
Dolpy = Det[Table[Which[j =1, ib;, 1 <j =i, by, j==1+1L Lj>i+1 0], {i, &}, {j, «}1%;
Print[Subscript[*p’, «], '=", TraditionalForm[p,]], {k, k}]

p1=b

pa=b}-2by

p3=b:{—3b2b1+3b3

p4=b1’—4b2b%+4b3 b1+2b%—4b4
p5=b%—5b2b%+5b3b%+5b%b1—5b4b1—5b2b3+5b5

Ps=bS—6by bt +6b3 B3 +9 b3 b2 —6ba b} —12b, by by +6 bs by —2 b3 +3 B3 +6 by by—6 bg

Step 2: We find coefficients {b;}*_; of the polynomial R, (z) using Proposi-
tion 2. The source and the results for k= 1,...,6 follow below:

k=6
fblx_,n_]:=
If{x = 1, Sumn[FullSimplify[RSolveValue[{rulq + 1] = (rulq] +1) (q+1)/(q+1+a), ru[l] = 1/ (@ +D}, rulql, qll. {q, L o],
Sum|[Simplify[RSolveValue[{rv[q+1] = (v[q] +fb[k—1, q]) (q+1)/(g+1+a), rv[l] = O}, rv[q], 411, {g, 1, n}1]
Dol[If[x == 1, b, = fb[x, n],
b, = Factor[Part[FactorTermsList[Numerator[fb[x, n]], &], 2]] *
Collect[Part[FactorTermsList[ Numerator[fb[, n]], ¢, 3], n, FullSimplify] / Denominator{fb[, n]]];
Print[Subscript['b', k], '=", TraditionalForm[b]], {x, 1, k}]

nn+l)

T2@+D)
m-Dn@+1)Bn(@+2)+2(@+6)

1

: 24 (@+1)(@+2)(@+3)

b (n=2) (1= Dn(n+1) (5(@+2) (@+4) 7 + (@ (5 @ +86) + 200) n + 12 (¢ +20))

240 (a+ 1) (@+2) (@+3) (@+4) (@+5)
be=((n—3) (n-2) (1= 1) n (n+1) (105 (@ +2) (@ +4) (@ +6) * + 3 (@ (7 @ (5 @ +204) + 9316) + 15 120)
+(131040 -2 (7 @ (5 a+44) - 17244)) n - 8 (@ (7 & (@ +28) + 2244) - 15 120))) /
40320 (@+1) (@+2) (@+3) (@+4) (@+5) (@ +6) (@+T)
bs=((n-4) (n=3) (1-2) (n— 1) n (n+1) (21 (& +2) (¢ +4) (@+6) (e + 8) n*
+2 (@ (@ (7 & (a+108) +9956) + 42928) + 56 448) 7° + (@ (@ (17988 — 7 & (7 @ + 212)) + 248 496) + 572 544) n?
+(1241856 -2 & (@ (e (21 @+ 1096) + 26 468) — 34 832)) n— 240 (o (@ (e + 38) + 1528) —4032))) /
(80640 (@ +1) (@ +2) (@+3) (@ +4) (@+5) (@ +6) (@+7) (@ +8) (@+9))
be=((n-5) (n—4) (n-3) (n—2) (n— 1) n(n+1)
(3465 (@+2) (@ +4) (¢ +6) (@ +8) (@+10) * +360 (13 & (11 & (e (7 a + 164) + 1348) +49936) + 739 200) ri*
+9 (a (131884640 — 11 & (a (35 & (5 a +278) — 10 644) — 1 805 704)) + 229 152000) r*
—8(a (11 a (a5 a (28 a+2685)+ 620 812) + 2759 292) — 220 067 280) — 964 656 000)
+44 (a (e (a (5 @ (35 a +1014) - 37756) — 20 283 336) — 53 575 200) + 315 705 600) 1
+96 (@ (11 o (e (5 o (o +66) + 7714) + 237 564) — 62 191 440) + 99792 000))) /
(159667200 (¢ + 1) (@+2) (@+3) (@+4) (@ +5) (@+6) (e+T) (@ +8) (@+9) (¢ +10) (@+11))

Step 3: The quotient pi/pr_1 is a quadratic polynomial in n, and we denote
by ¢ its leading coefficient.
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The goal of this step is to find a proper value (say o) for parameter s in the
expression

fs=pr—en(n+slat+1))pr1,

such that f, > 0 for all admissible o and n. For a fixed & quantity f; depends

on «, n and s. It is a polynomial of degree 2k — 1 in n and a rational function
in «. Let us write the numerator of f, in the form

2k—1 d

SN pi(s)(a+ 1) et

i=1 §=0

The highest order coefficients in . p; ;(s)(a + 1)47 are linear functions in s of
the form A; — B;s, with 4; > 0 and B; > 0. We denote their zeros by s; for each
¢ and set ¢ = min; s; . Since we seek estimates valid for all a > —1, our choice of
o guarantee that for « sufficiently large the inequality 3. p; ;(s)(a + D47 >0
holds true.

The code is as follows:

r = PolynomialQuotient[px, pk-1, nl;

¢ = Factor[Coefficient[r, n, 2]1;

fs=px—cn@+s(e+D) pey;

numfs = Numerator[Together[Apart[fs, a]]]

Dol[gs = Factor[Coefficient[numfs, n, i]];
num = Normal[Series[ gs, {e, —1, Exponent[gs, ¢]}1];
sols = Solve[Coefficient[num, @, Exponent[gs, @]] = 0, s, Reals];
ss[i] = s /. Flatten[sols], {i, 2k -1, 1, -1}]

o = Min[Table[ss[i], {i, 2, 2k - 1}]];

Table 1 gives results for the optimal values of ¢ and ¢ for k= 3,4,5,6.

Table 1: The optimal values of ¢ and ¢ in the lower bounds for ¢2(«).

k c o
2 3

3 e — z
(a+ 1)(a+5) 8

5a + 17 8

4 —
2+ D(a+3)(a+7) 25

5 2(7a 4 31) 25
(a4 1) (e + 9) (5o + 17) 84

2103 + 29902 + 1391a + 2073 2
(a+1)(a+3)(a+5) (o + 11)(Tex + 31) 7

Step 4: We set

f=p—cnnt+ola+1))pp1 = o(
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with ¢ and o determined in Step 3. Here, ¢(n,a) is a bivariate polynomial in n
and «, and ¢(«) is a polynomial in « . More precisely, ¢(n,a) has degree 2k—1
in n, and degree d in «a which our programme calculates for each fixed k.

Note that ¥(a) > 0 for a > —1 since it is a product of powers of a + 7,
7 2 1 and multipliers Aa+ B, 0 < A < B. Therefore, sign f = sign¢.

We expand ¢(n,«) in the form

2k—1 d nziii ' (o 13d1
— ] ] nr (a4 1)~
pmo) =3 S pgla+)indi= 0| M| 7
i=1 §=0 : :
n 1

2%k—1,d . .
where M = (Mi,j)i:m:o and all entries p; ; are integer numbers.

The source for computation of the matrix M is listed below.

f=px—cn@+o{a+D)pky;

¢ = Numerator[Together[Apartl[f, e]]];

¢ = Denominator[Together[Apart[f, a]]];

Do[g = Factor[Coefficient[g, n, i]]; dag[i] = Exponent[g, o], {i, 2k-1, 1, -1}]

d = Max[Table[dag][i], {i, 1, 2k —-1}]] +1;

u = ConstantArray[0, {2k -1, d}];

Do[g = Factor[Coefficient[¢p, n, i]];
Table[u[[2 k-1, d—j]] = SeriesCoefficient[Series[g, {e, -1, dag[il}], jl, {j, 0, dag[il}],
,2k-11 -1

If p; ; >0 forall 4,5, then ¢(n,a) >0 and f >0 forall & > —1 and n > k.
In a case some of coefficients p; ; < 0 we apply the next step of the algorithm.

The results for k = 3,4,5,6 are given together with the estimates from Step 5.

Step 5: If there are coefficients p; ; < 0 we need additional arguments to verify
that f >0 for all @ > —1 and n > k. We bring into use anew (2k—1) x (d+1)
matrix A which elements we put initially A; ; == p; 5, for i =1,...,2k -1 and
j=0,....,d.

The procedure described below checks recursively all coefficients X; ; and

makes the corresponding estimations. We need not introduce a new matrix af-
ter each iteration, but only replace a pair of elements in a column of A with new
entries in such a manner that the value of the function

n2k—1 T (a+1 d
2k—1 d 4 4 n2k72 (Oz+ l)dfl
BA) = 33 dusla+ 1 A
i=1 §=0
n 1

decreases. At the end of the procedure we get a matrix A satisfying 0 < A<M
(in the sense that 0 <\, ; < p; ; for all 4,7) and therefore

0< B(A) < BM) = p(n,a).
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Suppose that A; ; < O for some pair of indices ¢,j. Then we set

Ao
hi=min{i—n:A,; >0, 1<np<i—1} and (5::kifh (0 <0).

If A\p; +6 >0, for n >k we have

2%—h
(A 4+5)n2k7h+0n2k7i7 My o Aij n2E—h — )\, p2k—h 4 ) n
h,j - h,j Lih — hyj “I i h
2%k—h n?kh 2%k—h 2k
S )\th 4 )\i’jF = )\th 4 )‘i,jn -

Otherwise, if Ap ; +0 <0, for n > k we have

Oan*h T+ ()\h,jkiih T+ )\i,j)ngkii _ )\h7jn2k7iki7h T+ )\i,jngkii
S )\h7jn2k7ini7h +)\i,jn2k7i

S )\h,jngkih g )\i,ankii )
So, replacing only two elements in A,

)‘h,j = )‘h,j + |_(5J and )\i,j =0, if )\h,j +4d >0,
Aij = Anj Eh 4 Ai; and Ap; =0, otherwise,

we obtain that
An, i+ 1)d+17jn2k:7h +glat 1)d+17jn2k7i

decreases for the new values of Ay ; and JA;;, and hence ®(A) also decreases.

Applying recursively the above iteration process for ¢ = 2k — 1,2k —2,...,1
and j = 0,1,...,d we finally obtain a matrix A satisfying 0 < A < M. Then
w(n,a) >0, f >0 and therefore

Pk

2
c(a) >
()_qu

n

>cen(n+ola+1))

for the optimal ¢ and ¢ evaluated in Step 3. For k£ = 3,4,5,6 we obtain estimates
(1.10), (1.12), (1.14), and (1.16), respectively.

The following source implements the procedure described in Step 5.

A=y
Forfi=2k-1i>1,i-—,
For[j = L, j < d, j++, H[A[[i, j]] = 0, Continue[]];

h = i First[FirstPosition[Positive[A[[i—1; 1 ;; =1, j111, True]l;

6 =Al0 11/ &"G-h))

IA[[h, j11+6 = 0, A[[h, j1] = Allh, j1]+ Floor[d]; A[[1, j11 = 0,

All, 11 = AL, j11+ k™ (- k) + Il j10; ALl j11 = ;1= i+1]]]

Print[*A = *, MatrixForm[2]]
Print['M =", MatrixForm[u]]
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Next, we give matrices M from Step 4 and A from Step 5 obtained with
Mathematica.
Case k=3:

This partial case needs a special attention as we have to assume strict inequality
n>k,ie, n>4,to obtain estimate (1.10). This causes a minor modification in
Step 5 of Algorithm 1, namely, replacement of k" with (k + 1)*". Namely, we
determine 0 := X, ;/(k +1)""" and set

)‘h,j = )‘h,j -+ |_(5J and )\i,j =0, if )‘h,j +6 >0,
Nij = (k+1)i"h 4N ; and Ay, :=0, otherwise .

Matrices M and A in this case are

0 4 —4 225 360 0 19 —4 225 360
0 0 39 510 720 0 —60 390 510 720
A= 15 155 205 1185 360 M= 15 155 205 1185 360
15 270 495 900 O 15 270 495 900 0
0 36 684 0 0 0 36 684 0 0

Although there is a negative element of A, from 4(a + 1)? — 4(a + 1) +225 > 0
for all @ > —1 we conclude that 4(a+1)® — 4(a+1)? 4+ 225(ac + 1) + 360 > 0 and
consequently ®(A) >0 for n > 4.

By a direct verification one can see that inequality (1.10) holds also in the case
n==k=3.

Case kK =4:
0 0 10200 72480 323700 1413060 3602340 4340700 1890000
0 4882 30891 359695 2625259 7966210 13275570 12707100 5670000
0 0 229110 1642830 6282570 16699200 24837120 18692100 5670000
A= | 2100 46515 120645 2404465 10159765 20026720 25810890 16625700 1890000
2756 106120 876330 2582090 7616630 17567550 18060000 6300000 0
0 11060 662604 2653840 6215776 11121880 7413000 0 0
0 0 0 1120600 4777900 3435000 0 0 0
0 0 10200 72480 323700 1413060 3602340 4340700 1890000
0 8715 30891 359695 2625259 7966210 13275570 12707100 5670000
0 —15330 229110 1642830 6282570 16699200 24837120 18692100 5670000
M= | 2100 46515 120645 2404465 10159765 20026720 25810890 16625700 1890000
2800 106120 876330 2582090 7616630 17567550 18060000 6300000 0
0 15960 722904 2653840 6215776 11121880 7413000 0 0
—700 —19600 —241200 1120600 4777900 3435000 0 0 0
Case k=5:

0 0 0 64925 1064665 8138830 43256150 172898565 474925185 805850640 734423760 266716800
0 0 91665 1204470 9699090 71280390 373661895 1241223900 2610599670 3473555400 2804336640 1066867200
0 19824 130578 3408188 48487642 313463920 1271550350 3522779568 6544523790 7686433440 5117787360 1600300800
0 0 1451982 16288020 114900450 672910770 2546690160 6152610870 9859721760 10218685680 5871579840 1066867200
A= 3675 128835 0 24490445 226233910 991504675 3153540110 7169071245 10438959825 9013742640 3935025360 266716800

6027 381850 6416795 22404550 169885205 1005110890 2985302145 5744010510 7716554370 5584488840 1111320000 0
0 52297 5062484 58263912 213196158 589342950 1804792500 3787471002 4038237000 1770703200 0 0
0 0 0 15084950 144208510 409403975 1057769610 1931913900 1309770000 0 0 0
0 0 0 0 0 256255650 690284700 417538800 0 0 0 0
0 0 0 64925 1064665 8138830 43256150 172898565 474925185 805850640 734423760 266716800
0 0 91665 1204470 9699090 71280390 373661895 1241223900 2610599670 3473555400 2804336640 1066867200
0 27804 130578 3408188 48487642 313463920 1271550350 3522779568 6544523790 7686433440 5117787360 1600300800
0 —39900 1500030 16288020 114900450 672910770 2546690160 6152610870 9859721760 10218685680 5871579840 1066867200
M= | 3675 128835 —240240 24490445 226233910 991504675 3153540110 7169071245 1 9013742640 266716800
6125 381850 6416795 22404550 169885205 1005110890 2985302145 5744010510 7716554370 5584488840 1111320000 0
0 77616 5699022 58263912 213196158 589342950 1804792500 3787471002 4038237000 1770703200 0 0
—2450 —123445 —3055430 20292530 152590030 409403975 1057769610 1931913900 1309770000 0 0 0
0 —15750 —636300 —26037900 —41907600 256255650 690284700 417538800 0 0 0 0
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Case k=6

0 0

0 48510

0 0 95223 0 [ 0 16170
0 0 0 425810 0 2817045 9741270 1348462 0 0 1252020
0 0 3476550 6110115 48434732 0 336258384 218861747 ) 0 38848656
0 6055665 95465370 190273710 1221447150 1171139970 2726237052 7298343195 0 1158647028
3128160 204553195 1480047030 5336244870 15771654360 32618391960 21628131756 73442566505 20020437724 0 )
116263280 3318028175 1 0 0
1985081620 1551387171180 2562636437130 0
21102099620 70 0
AT = 64463871381756  64700433176084 4621539766265 25413887653770 1386627217052 3624993260826
& 179681190525840
317406347163180
1 160 127817022168000 27594339093216
3088819541430 211221314490186 667161153364860 0: 6 7959911420160
1 201 17 601021013177880 227021138467200 3392761147760 0
601 16407 6560 0 0
6074420708960 1200 6368877123800 ) 0 0
143165195712000 1 ) 0 0 0
6337191168000  31685055840000 63371911680000  63371911650000  31685955840000 6337191168000 0 0 0 0 0
0 ) 0 0 0 48510 97020 ) —64680 0 16170
0 0 0 544005 —709170 2817045 9741270 2279970 —5453910 —810810 1252020
0 0 3476550 6110115 51415980 — 17887485 336258384 259149660 — 235284500 —50657310 38848656
0 6055665 95465570 190273710 1221447150 1171139970 2726237052 7522825695 627553080 —4316051520 1158647028
3128160 204553195 1480047030 5336244870 15771654360 32618391960 21628131756 —5517429876
116263280 3318028175 672486 1 — -
1985081620 674779501 1551387171180 2562636437130 568697151530  — 1107182700456
21102099620 0 -
MT = 6463871381756 6479043317604 0 1386627217054:
= 179681190528840 46
134 18400 317406347163180
12408375123020 1 160 127817022168000 27594339093216
3088819541430 211221314490186 667161153364860 0: 6 7959911420160
1 201 1371 601021013177880 227021138467200 3392761147760 [
)
60744201708960 1200 63658771238400 0 0 0
143165195712000 1 ) 0 0 0
6337191168000 31685955840000 63371911680000 6337191168000  31685055840000 6337191168000 0 0 0 0 0

3.2. UPPER BOUNDS FOR ¢, («)

We apply Proposition 3 to estimate the largest zero z,,
nomial R, (x) from above,

c2(a) of the poly-

T S uk(Rn) - pk(Rn)l/k p k= 37 47 57 6.

Then with the assistance of computer algebra we obtain a further estimation of the
form

up(Rn) < /M (n+ 1)(n+o(a+ 1)),
with the optimal (i.e., the smallest possible) constants ¢ = ¢(k) and o = o(k).

The algorithm is analogous to Algorithm 1, and the code has only a few dif-
ferences which are specified later.

Algorithm 2  Estimating ¢, («) from above

k€ {3,4,5,6} — the number of the highest degree coefficients of R, (x)
Express the power sum py(R,) in terms of {b;}*_,

Find {b;}*_, in terms of n and o using Proposition 2

Find a proper value ¢ for parameter s in the expression
c(n+1)*(n+s(a+1))F —pp, where c is the coefficient of n?* in p,
Represent the numerator of f = c(n+1)*(n +o(a +1))* —ps

in powers of n and (a+1)

Estimate from below the expression f to prove that f >0

Input:
Step 1.
Step 2.
Step 3.

Step 4.

Step 5.

Step 1: The same as in Algorithm 1.
Step 2: ldentical to that in Algorithm 1.
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Step 3: The only differences with Algorithm 1 are that we set ¢ to be the
coefficient of n** in p;, and

fs=cn+ l)k(n+s(a+ 1))k — Dh.

The highest order coefficients in >, p; ;(s)(a+ 1)477 are functions in s of the
form A;s¥ — B;, with A; > 0 and B; > 0. We denote their non-negative zeros by
s; for each i and choose ¢ = max; s; .

The results for k£ = 3,4,5,6 obtained by symbolic computations are given in
Table 2.

Table 2: The optimal values of ¢ and o in the upper bounds for ¢2(a).

k c o
: ] 2
(a4 1)3(ar+ 3) (e + 5) 5

4 5a + 17 §
20+ D)*Ha+3)2(a+5)(a +7) 7

5 (Tao + 31) 4
(a+1)%(a+3)2(a +5)(a + 7)(a +9) 9

6 2103 + 29902 4 1391a + 2073 5
(a + 1)8(a +3)3(a +5)2(a + 7)(a + 9)(a + 11) 11

Step 4: With ¢ and ¢ determined in the previous Step 3 we set

p(n, a)
Y(a)

The rest of the source has no difference with Step 4 of Algorithm 1.

if = c(n+ l)k(n+a(a+ 1))k =

Step 5: The same as in Algorithm 1. Using the same recursive procedure we
find a matrix A satisfying 0 < A <M. Then ¢(n,a) >0, f >0 and therefore

(@) <pr < c(n+ D (n+o(a+ 1))
for the corresponding ¢ and ¢ evaluated in Step 3. For k& = 3,4,5,6 we obtain
estimations (1.11), (1.13), (1.15), and (1.17), respectively.

The matrices M from Step 4 and A from Step 5 obtained with Mathematica
are given below.

Case k=3:
0 0 0 1500 3300 0 0 0 1500 3300
0 115 1885 4170 4233 0 115 1885 4170 4650
A=| 32 598 3026 6360 0 M=| 32 598 3026 6360 —600
9 979 2143 850 O 96 979 2143 1560 —1950
9% 624 1098 0 0 96 624 1098 —2130 0
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Case kK =4:

0 0 0 0 905520 8808240 29717520 41571600 19756800
0 0 54390 2038890 16676660 60285680 115770830 117031110 48774600
0 42294 1237572 10966494 52723608 141477042 198565500 127823850 24194362
A= | 6075 266115 3694950 25364010 85166735 157047575 154257320 46893642 0
24300 617510 5700800 26734470 72437020 97039330 34815501 0 0
36450 678780 4979940 16392810 28823750 17907835 0 0 0
24300 360421 2131108 6792156 5246162 0 0 0 0
0 0 0 0 905520 8808240 29717520 41571600 19756800
0 0 54390 2038890 16676660 60285680 115770830 117031110 48774600
0 42294 1237572 10966494 52723608 141477042 198565500 127823850 27783000
M= | 6075 266115 3694950 25364010 85166735 157047575 154257320 52558380 —11730600
24300 617510 5700800 26734470 72437020 97039330 38636640 —18088350 — 10495800
36450 678780 4979940 16392810 28823750 20280800 —12849340 —18282390 0
24300 360421 2131108 6792156 5246162 —9491857 —9740850 0 0
Case k=5:
0 0 0 0 0 85424220 1436596560 8988832440 26097558480 34662943980 16203045600
0 0 0 4261005 260814330 3617057430 22250151630 73071107235 134891273160 134642808090 56710659600
0 0 5436720 241567920 3235204800 22246774740 91003127400 20 312360753600 93230640 64812182400
0 1982358 88937982 1392482448 12340605438 63755213760 194677526736 357163148790 375802372260 186521488020 12638375568
K= 200704 14563010 340432890 4020858058 25446365294 99455228208 241336266948 338611016520 235926284580 44541786567 0
1003520 42390775 693405300 6004806185 31876009900 96870254355 175080003840 176585507595 54286938720 0 0
2007040 63580160 829630410 5638883530 22495811450 57112266330 77686343280 30853075478 0 0 0
2007040 52428341 568553244 3375204826 9950248616 17535199185 13032227178 0 0 0 0
1003520 22758400 207566490 998218460 3486984100 3092469120 0 0 0 0 0
0 0 0 0 0 85424220 1436596560 8988832440 26097558480 34662943980 16203045600
0 0 0 4261005 260814330 3617057430 22250151630 73071107235 134891273160 134642808090 56710659600
0 0 5436720 241567920 3235204800 22246774740 91003127400 223063050420 312360753600 222393230640 64812182400
0 1982358 88937982 1392482448 12340605438 63755213760 194677526736 357163148790 375802372260 186521488020 16203045600
M= 200704 14563010 340432890 4020858058 25446365294 99455228208 241336266948 338611016520 235926284580 51689001420 —16203045600
1003520 42390775 693405300 6004806185 31876009900 96870254355 175080003840 176585507595 59214803760 —31849915230 —8101522800
2007040 63580160 829630410 5638883530 22495811450 57112266330 77686343280 32878980540 —21278795580 —19430795160 0
2007040 52428341 568553244 3375204826 9950248616 17535199185 14090589072 —8987585040 —16802648100 0 0
1003520 22758400 207566490 998218460 3486984100 3092469120 —5291809470 —5709701340 0 0 0
Case k=6
o o o 0 o GnN. e HERGN) GRGRW S
i s s 2 VU Geaia G owen  dureenn  mah  ead
. : : s iy
H 3 -
: -
: ey e, mmeen
AT = & bt 2
i 131071 96000591 4211603085 1660 o
e 1o 5 ’ .
s 5 i . :
- e 3 . , : ,
i 8 G G % i G, GOEW. DR 0w, S
i . . . TR R R TR o S
’ p . TEE
: . Sirinh
: O e ey ham, e
o —
MT= 7 1 1
. 103 11329400 % 22866 217681796 76640
esemsciriosson s o

4. CONCLUDING REMARKS

1. In our computer algebra approach for derivation of bounds for the best
Markov constant ¢, («) we perform some optimization with respect to parameter s.
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Our motivation for searching lower bounds for ¢2(a) with a factor depending on
n of the special form n(n +o(a + 1)) is Corollary D(ii).

An interesting observation about the lower bounds ¢, (o) in Theorem 1 is
that they imply

E
"~ lim ozgi’k(a) < lim ac(a), 3<k<6

k +1 00 00

(the lower bound in Corollary 2 follows from the case k = 6). This observation
and Proposition 3 give rise for the following

Conjecture 1. The best Markov constant ¢, («) satisfies:

. 2
al;rrgoacn(a) =n.

We also performed a search for lower bounds for ¢2(a) with a factor depending
on n of the form (n+1)(n+o(a+1)). Such a choice is reasonable, as the resulting
lower bounds preserve the limit relation in Corollary D (i). The optimal value then
is 0 = —1/3 (the same for all k, 3 < k < 6), and we obtain lower bounds as in
Theorem 1 with n(n+o(a+1)) replaced by (n+1)(n— (a+1)/3) . These lower
bounds make sense only for n > (a+1)/3, and are better than those in Theorem 1
only for o close to —1.

2. The bounds (¢, ,(a),Cnr(a)) (3 <k < 6) in Theorem 1 imply bounds
(r.(0), ur(cr)) (occurring in the middle columns of Tables 1 and 2) for the asymp-
totic Markov constant ¢(«), and the bounds deduced with a larger & are superior.
While the lower bounds £ (c) are of the correct order O(a1) as a — oo, for the
upper bound wug(a) we have ug(a) = O(at25) as a — oo, (3 <k < 6). The
ratio

ur(@)
wa) =222 3<k <6,
pr(e) o)
tends to 1 as o — —1, which indicates that for moderate o the bounds ¢ («)
and wug(a) are rather tight. This observation is clearly seen in the particular case
a = 0, where, according to Turan’s result, we have ¢(0) = % . We give the lower
and the upper bounds for ¢(0) and the overestimation factors in Table 3.

3. Another interesting observation, concerning the coefficients of R,, inspires
the following

Conjecture 2. For every fixed k¥ € N, the coefficient b;,,, n > k, of the
polynomial R, (z) =" —by 2" 1+ by, 2" 2 — -+ (=1)"b,, , satisfies

n2k

= FHE T @ron T (4.1)

bk,n

Conjecture 2 is verified with our computer algebra approach for 1 < k < 6,
but so far we do not have a proof for the general case. Having (4.1) proved,
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we could try to find the explicit form of dj, the coefficient of n?* in Newton’s
function pr(R,), and consequently to obtain two sequences {{;} and {ux} defined
by £ = \/dr/dr—1 and ug = %/d;, which converge monotonically from below and
from above, respectively, to ¢(«), the sharp asymptotic Markov constant.

Table 3: The lower and the upper bounds for the asymptotic Markov constant ¢(0)
and the overestimation factors.

70) 0]
k £(0 0

HO) el 6(0) (0)
3 \/g = 0.63245553 ¢ 1—15 =~ 0.63677321 1.006584242  1.00024103
4 A/ % = 0.63620901 Y % =~ 0.63663212 1.00064564  1.00001939

5 22 ~0.63657580 Y/ 52- ~0.63662085  1.00006906  1.00000170
2073 2073
6 /252 ~0.63661494 %/ 2T ~0.63661987  1.00000757  1.00000015

Although the ratios pr, 3 < k < 6, satisfy pr(a) = oo as a — oo, they grow
rather slowly. For instance, pg(a) < 2 for a < 140000, see Figure 1.

Ps(@)
2.0 r

1.9f
8]
1]
1.6f

15f

S S T T R R S S E 9
20000 40000 60000 80000 100000 120000 140000

Figure 1: The graph of ps(a) < 2.
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WEIGHTED APPROXIMATION IN UNIFORM NORM
BY MEYER-KONIG AND ZELLER OPERATORS

IVAN GADJEV, PARVAN E. PARVANOV

The weighted approximation errors of Meyer-Kénig and Zeller operator is characterized
for weights of the form w(z) = 70 (1 — z)71, where vy € [—1,0],71 € R. Direct in-
equalities and strong converse inequalities of type A are proved in terms of the weighted
K-functional.

Keywords: Meyer-Kénig and Zeller operator, K-functional, direct theorem, strong converse

theorem, weighted approximation.

2000 Math. Subject Classification: 41A36, 41A25, 41A27, 41A17.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The classical Meyer-Konig and Zeller (MKZ) operator is defined for functions
f € C[0,1) by the formula

Mh0) =31 () st (1

where

Wi ] = <” Z k> 251 — 2yt

Right after their appearance, the MKZ operators became a subject of serious
investigations. A reason for this is that they allow approximation of functions
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unbounded at the point 1 (which is not the case with Bernstein polynomials).

However, the fact that the function values are taken at the points —£— creates

n+k
some additional difficulties when working with these operators.

In this paper we investigate the weighted approximation of functions by the
classical variant of MKZ operator in uniform norm ||.||jg 1), i.e. we want to charac-
terize the weighted error of approximation sup,cq 1y [w(z) f(z)|, where

w(z) =z7°(1 — )™ (1.2)

are the Jacobi weights.

In the unweighted case w(zx) = 1 a direct theorem was proved in [4], and a
strong converse inequality of type A (in the terminology of [3]) was proved in [5].
Regarding the weighted case, the first results were obtained by Becker and Nessel in
[2], where they proved direct theorems for some symmetrical weights w(x) = ¢ (x).
Here, ¢(z) = z(1 — z)? is the weight function naturally connected with the second
derivative of MKZ operators.

In [10] Totik established that for 0 < o < 1 and ¢(z) = (1 —)? the condition
Po|IAR(f ) < Kh*®

is equivalent to

M.f—f=0(n"?).

In [9] the authors proved that for 0 < A <1 and 0 < « < 2 the condition

(1=3)/2( )\ @
WMﬂ@—f@HO(<£—VﬁLl>>

Wass(f,1) = O(t%).

Here wiA ,2(f,t) are the modulus of Ditzian-Totik of second order

is equivalent to

wikﬂ (f,t) = sup sup |Ai@/2(z)f($)|~
0<h<t g+hp™/2(2)€[0,1)

In [7] Holhog proved the next direct inequality for weights v; = 0,7 > O:

1 C
ﬁ) + L\/(—Zl)nwfﬂ[my

In this paper we prove better results than the results mentioned above. But
before stating our main result, let us introduce some notation and definitions.
The first derivative operator is denoted by D = %. Thus, Dg(z) = ¢'(z) and
D?g(z) = ¢”(z). By C[0,1) we denote the space of functions continuous on [0, 1).

The functions from C'[0, 1) are not expected to be continuous or bounded at 1. By

|lew(M, f — f)||[071) < 2w <f(1 —e e mt
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Loo]0,1) we denote the space of Lebesgue measurable and essentially bounded in
[0, 1) functions equipped with the uniform norm || - |51y For a weight function w
we set

C(w)[0,1) = {g € C[0,1); wyg € L[0,1)},
W2 (w)[0,1) = {g,Dg € AC},.(0,1) & wpD?g € Loo[0,1)},

W3(we®2)[0,1) = {97 Dg, D%g € ACy,.(0,1) & wy®/2D3g € L]0, 1)}7

where AC),.(0,1) is the set of functions which are absolutely continuous in [a, b]
for every [a,b] C (0,1).

The weighted approximation error |[w(f — M, f)|j0,1y will be compared with
the K-functional between the weighted spaces C(w)[0,1) and W2(w)[0, 1), which
for every

f e Cw)0,1) + W2(wp)[0,1) == {f1 + f2: fi € C(w)[0,1), fo € W?(wyp)[0,1)}
and ¢ > 0 is defined by

Kou(f, )1 = {llw(f = 9l +t||w%0D29||[0,1)} - (13)

inf
gEW2(we), f—geC(w)

Our main result is the following theorem, which establishes a full equivalence

between the K-functional K,, (f, 1) 0,1) and the weighted error [|w(M,f — f)ll[0,1)-

Theorem 1. For w defined by (1.2), where v5 € [—1,0],v1 € R, there exist
positive constants C, Cy and L such that for every natural n > L and for all

J € Cw)[0,1) + W2(we)[0,1)

there holds

1
Culha(Muf = Dllos < Ko (£7) L SCOL = Dley: O

The proof is based on a method, used for the first time in [8]. In short, its idea
is the following: by making an appropriate transformation, we move to Baskakov
operators, for which we have the needed estimations, and then go back by the
inverse transformation.

2. A CONNECTION BETWEEN BASKAKOV AND MKZ OPERATORS

Following [8], we introduce a transformation 7" mapping functions defined on
[0, 00) into functions defined on [0, 1). We make the agreement that, from now on,
we shall denote variables, functions and operators, defined in [0, 1) the usual way,
and their analogs, defined in [0, c0), with tilde.
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Now we give some notation and definitions. The uniform norm on the interval
[0, c0) is denoted by || - [[[g,00), and we define the following function spaces:

C(@)[0,59) = {7 € C[0,00); @7 € Locf0, )},
W2(@@)[0,50) = {3, Dg € ACio0(0,00) & 3D € Lecl0,00)
W2 (@3*)[0,00) = {3, Dj, D5 € AC1ue(0,00) & 53*2D% € Loo0,50)} .
The weighted error by Baskakov operators will be characterized by the next

K-functional, defined for every function f € C(w@)[0,00) + W2(w@)[0, 00) and for
every t > 0 by the formula

Ka(F,1)(0,00) = inf {||w<f =~ Dllo +t[0eD%| @}7 (2.1)

where the infimum is taken over functions § € W2(@@)[0,00) such that f — § €
C(w)[0, o).

We start with the change of variable o : [0,1) — [0, c0) (used for the first time
by V.Totik in [10]) given by

T=o(z)= T (2.2)

Then the inverse change of variable o1 : [0,00) — [0, 1) is

r =0 (&)

11z

The transformation operator T, transforming a function f defined on [0,20) to a
function f defined on [0, 1) is defined by

f@) =T()(z) = A@)(foo)(z), Az)=1-uz. (2.3)

Then the inverse operator T1, transforming a function f defined on [0,1) to a
function f defined on [0, o) is

f@) =T (N@) = G 0o @,

We want to estimate the weighted error by MKZ, so we define a new transformation
operator S by

w(z) = S(w)(z) = (@ oo)(x), (2.4)
and its inverse S7! is

W(F) = ST Hw)(@) = Moo ) (&) (woo (). (2.5)
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Obviously we have:

wf = S@T(f) = (@o0)(fo0),

7 1 1 —1 = (2.6)
wf =5 (w)T"(f)=(woo ")(foo 7).

In the next lemmas, w is a weight in [0, 1) and @& = S~ *(w) is the corresponding
weight in [0, c0).

Lemma 1. The operators T and its inverse T™' are linear positive operators
and the next equalities are true:

T(pD*f) = oD*(TF),
T HeD*f) = gD* (T ). (2.7)

Proof. We prove only the first equality, as the proof of the second one is similar.
For the right-hand side of the first equality we have

D(Tf)zD(A(foa)) — footADfoo
—foo+ADfoodx2=—foo+A'Dfoo

and
D(TF) :D(-foa+x1[)foa>
=—Dfoed 2+ DX Dfoo+ XD <Dfoa>
= A 2Dfooc+A 2 Dfoc+ A 1D oo 2= A"3Df oo,
Consequently,

ngQ(Tf):)\%[ﬁfoa:)\géf)gfoa:T(géf)gf). m

Lemma 2. The operator T : C(w)[0,00) — C(w)[0,1) is an one-to-one cor-
respondence with

10T (Hllfo.1y = @ llo,00r> 1ET ™ (f)ll10,00) = 0 Nlo,1)-

Proof. The above equalities are easily obtainable from the definition (2.3) of
the operator T' and from the equalities (2.6). O

Lemma 3. The operator T : W2(0@)[0, 00) — W2(w)[0,1) s an one-to-one
correspondence with

lop D*(T(llo,1) = 18FD? flljo,e0)s  1@ED* (T ()lj0,00) = e D?flio,1)-
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Proof. From the definition (2.3) of tne operator T’ and from the equalities (2.6)
and (2.7) we have

D] = T (D)) = s (¢D*(T)) 00

— ()\0071) (woail) )\01071 <¢D2(Tf)> oot

or
e DX (T(F))l0,1) = 0@ D fllf0,00)-
The proof of the second equality is similar, and therefore is omitted. ([l
Lemma 4. For every f € C(w)[0,1) + W2(w)[0,1), f =T~ f and t > 0 we
have

K, (f7 t)[O,l) - K’LIJ(f? t)[O,oo) s
Proof. From the definition of the K-functional (2.1) we have
Ko(F,8)0.00) = inf {167 = 30,00y +HIDED? o, } -
GeEW?(w@), f-geC(w)

Now, from (2.6)

W(f=g)=woo ) ((f—g)oo™")
and consequently R
l@(f = Dllo,c0y = llw(f = 9)lo,1)-

From Lemma 4 we have
63 D?F|j0,00) = e D*(T(§))10,1) = llweD?glljo,1- O

The classical Baskakov operator V,, f(x) (see [1]) is defined for bounded func-
tions f(z) in [0, c0) by the formula

Vof(@) = (uf ) = Valdi) = Y1 () vnata), (2.

k=0

where

v i () = <” T ]; - 1> 2H(1 + z) "k,

The next two lemmas give the connection between the MKZ operators M,, and
the Baskakov operators V,,.
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Lemma 5. For every f such that one of the series below is convergent and
for every n € N we have

M (f)(x)

TV HM)(@), =z €[0,1). (2.9)
Proof. From the definition of T" we get
T (Vo (T7HD)) (@) = A2) (Vo T7HF) 007 ) (@)

DU | 5
=TT D@ = 35V 8)

o~ (n+k—1 g e
1+szo< k >(1+f)n+kf<ﬁ>

> (e e ()

[

z

-+

k=0
Since
(kN K/ k
7 <E>1+k/nn+k7
we have y :
-] - - n
(Moo )<E> <n+k>n—+/€
and . "
4 -
o (5) ()
Also,
ik F \" 1 " .
(1+f)n+k+1 - <1+f> (14 z)t1 (1 —z) el
Consequently,
1 700 n+tk—1\n+k , kil k
rr e =3 (") e ()
- k k
- Z <n;; >$k(1_$)n+1f <n—+k> = My, (f, ). i
k=0

Lemma 6. For every f € C(w)[0,1) and for every n € N we have

Ay Yl

0,00) '
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Proof. From Lemma 5 we have

Mo (£)(@) = T(Va(TTHH)(@) = M) (ValTHF)) 0071 (@)
1

= (TN )@) = = ValF8)
Since
£(&) = T(P)@) = M) 0 0)(&) = = F(@)
it follows that
Ma(£)w) = 1) = = (ValF. ) = 7))
Also, from (2.4) we have
() = S(@)(x) = 350 0)(e) = (1+ ()

ie.

0,00)

3. PROOF OF THEOREM 1 AND SOME OTHER RESULTS FOR MKZ

From Lemma 5 we have

Mo (F)(@) = TOVA(T (D)) = M) (Ve (TH(1)) 0.0~ (2)
- T

Since

it follows that

84 Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 77-87.



Also, from (2.4) we have

oMt = £)llpy = @ Vaf - D)

[000)
From [6, Theorem 1] we have that for weights @w(#) = #% (1 4 #)%>, where
Bo € [-1,0], Beo € R, the next equivalency is true:

There exists an absolute constant I such that, for every natural number n > L,

N ) 1
Hw(an — f)H[o,oo) ~ Ky <f7 ﬁ) .

From Lemma 4 we have

K, (f7 t)[O,l) = K’Lﬂ(f7 t)[O,oo)?
and consequently

1
Hw(Mnf - f)H[O,l) ~ Ky <f7 E)

[0,1)
For the weights @ (%) = #%0(1 + %)%~ we have
1
w(z) = m(w oa)(z) = (1 +&)W(&) = F7°(1 + F)v=T1

_ x’*{o(l _ x)7(7w+70+1) _ x“’o(l _ x)’\/l.

Since By € [-1,0], B € R, we have 7o € [-1,0],7; € R.
The proof of Theorem 1 is complete. (Il

From Lemma 6, Lemma 3 and Lemma 5 in [6] we obtain the following Jackson-
type inequality.

Theorem 2. For w, defined by (1.2) there exists a constant C' such that for
every natural n > |1+ vo + 1| we have

C
Hw(Mnf - f)H[o,l) -t n Hw@DQfH[o,l)

for every function f € W2(we)[0,1).
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From the definition of T, Lemma 3, Lemma 5 and Lemma 7 in [6] we obtain

the following Bernstein-type inequality.

Theorem 3. For w, defined by (1.2) there exists a constant C' such that for

every natural n > |1 4+ vo + 1| we have

gD Mot ) < Crllef o

0,1)

for every function f € C(w)[0,1).
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We define a standard form for matrices over finite chain rings and describe some basic
operations on modules over such rings. These results are used as a tool for the inves-
tigation of network codes over finite chain rings and spreads in projective Hjelmslev
geometries.
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1. INTRODUCTION

The aim of this paper is to define a standard representation for modules over
finite chain rings and demonstrate its application to certain basic operations over
modules. The problem of defining a standard representation arises in connection
with various problems. These include the problem of the construction of spreads
of projective Hjelmslev spaces by subspaces of various shapes, the problem of the
construction of R-analogues of designs, as well as the construction of network codes
over finite chain rings.

The paper is structured as follows. In section 2 we summarize some basic facts
about the structure of finite chain rings. We introduce a linear order on the ring
elements which is used in the definition of the standard form. In section 3 we
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present structure results about modules over finite chain rings as well as a counting
formula for the number of submodules of given shape contained in a fixed module.
In section 4 we introduce the standard form of a matrix over a finite chain ring.
We prove one of our central results that for every module pM < pR"™ there exists
a unique matrix in standard form whose rows generate p M. In section 5 we obtain
the standard form of the matrix whose rows generate the right orthogonal M of
a given left module p M. In section 6 we discuss how to generate all submodules of
a given module spanned by the rows of a matrix in standard form.

2. FINITE CHAIN RINGS

In this section, we give some facts about finite chain rings. An associative
ring with identity is called a left (right) chain ring if the lattice of its left (right)
ideals is a chain. The general structure of finite chain rings is given in the following
theorem.

Theorem 1. For a finite chain ring R the following conditions are equivalent
(i) R is a left chain ring;
(i1) the principal left ideals of R form a chain;
(iii) R is a local ring and Rad R = RO for any 6 € Rad R/(Rad R)?;
(iv) R is a right chain ring.

If R satisfies the above conditions then every proper left(right) ideal of R has the
form (Rad R)' = RO' = 0°R for some positive integer i.

It is well-known that the factor-ring R/ Rad R is a field. We denote its cardi-
nality by ¢ = p”. The smallest positive integer m for which (Rad R)™ = (0) is called
the length of R. Furthermore, for each i = 0,...,m — 1, (Rad R)'/(Rad R)*™! is a
vector space of dimension 1 over R/ Rad R, and we have |(Rad R)!/(Rad R)*™| = q.
This implies that |R| = ¢™. The characteristic of R is char R = p® for some positive
integer s.

Let I' = {7 = 0,71 = 1,79, ...,74—1} be a set of elements of R with v; # ;
(mod Rad R) for all 4,7 with 0 <4 < 5 < ¢ — 1. Let us fix a generator 6 of R.
Every element a from R can be written in a unique way as

a=ag+ a0+ - +ay, 0"

for some a; € I'. We fix the following linear order on I':

Yo <Y1 << Ym—1-
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This order is extended to the elements of R as follows. For the elements ¢ =
agtarf+ - Fam 10 Land b=1by + b0+ -+ b 160771, a;,b; €T, we write
a < b if and only if

A1 = bm717 ey Q] = bj+17(lj =< bj7

for some 0 < j < m—1. We can define a bijection ¢ : R — {0,1,...,¢™ — 1} which
is consistent with the linear order of the elements of R given above. Set o(y;) = i.
Further for a = ag + @10+ -+ + apm 10771, a; € T, we let ¢(a) = 22161 wla;)qt.
The following lemma contains some straightforward properties of ¢.

Lemma 1. (1) a € I if and only if p(a) < q; more generally, the elements a
with o(a) < ' form a system of distinct representatives modulo (Rad R)?;

(2) for each i € N, a € (Rad R)?, i.e. a = b0, b€ R*, if and only if ¢(a) divides
q';
I T o 4 . 1 M

(3) if g divides ©(b) then b= af* with a = ¢ < 7 >

Throughout the paper, the letters 8,1", p, g, m, r, s will have the meaning fixed
above. For a more detailed study of finite chain rings we refer to [2,3,4,5,7,8].

3. MODULES OVER FINITE CHAIN RINGS

Let g M be a finitely generated left R-module. We say that the element x € p M
has period @ if 4 > 0 is the smallest integer with ¢z = 0. The element = € pM is
said to have height j if j is the largest integer with z = #7y for some y € M. We
set

M* ={z € M | z has period §™}.

An integer partition of the positive integer N is a sequence A = (Ay, Ag,...)
with \; € Z, Ay > Ay > -+, A\; = 0 for all but finitely many ¢, and N = A +Xo+---.
We write this as A = N. Sometimes it is convenient to suppress the trailing zeros
in the sequence A. Partitions can be written multiplicatively as A = 1°12%23%2 |
where s; is the number of A;’s equal to 7. Denote by )\; the number of parts greater
or equal to 5. Then X = (A}, A}, ...) is again a partition of N and it is called the
conjugate partition of A.

The following theorem describes the structure of finite R-modules.

Theorem 2. Let R be a finite chain ring. For every finite module pM there
exists a uniquely determined partition X = (A1,..., ) F logg [M| into parts 1 <
A < m such that

rM 2 R/(Rad R)™ @ --- @ R/(Rad R)™*.
The parts of the conjugate partition X' = (X, X;,...) F log, |M| are the Ulm-
Kaplansky invariants X; = dimp, raa r(M[0] N 6" T M).
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The partitions A and X are called the shape, resp. conjugate shape, of pM.
The integer k = \| = dimp/raq g M[0] is called the rank of pM and the integer
Al is called the free rank of pM.

Denote by M, ,(R) the set of all m-by-n matrices over the chain ring R.

Theorem 3 ([3]). Let A€ M, ,(R) be a matriz over R. Then the left module
rL < grR"™ generated by the rows of A and the right module Mp < pR™ generated
by the columns of A have the same shape.

It is known that an n-dimensional vector space over the finite field I, has
exactly

m A U ) IPTI C A
ki, ("=t =1)...(¢g=1)
k-dimensional vector subspaces.

A similar counting formula holds true for modules over finite chain rings. Let
rM be a module of shape A and U < rM be a submodule of shape p. The
conjugate partitions X, p’ are related by p’ < A which is equivalent to p < A. The
next theorem is our main counting tool. For the special case of R = Z,, it is known
from [1]. For the case of general R we refer to [7].

Theorem 4. Let pM be a module of shape A. For every partition p satisfying
w < A the module p M has exactly

H | PSRy Pé — Hint

(3.1)
Bl =% i = Mg

q

submodules of shape p. In particular, the number of free rank s submodules of pM
equals

q5(>‘/175)+”~+5(>‘»/m7175) . |:)\{m,:| )
8
q

Corollary 1. Let m = (m,...,m) and let p= (1, ..., o), where m > g >

<o > b > 0. Then

where b = (M — fin, ..., M — [1).

Remark 1. The formula in Corollary 1 can be viewed as analogue of the usual
binomial identity (Z) = (nf k)
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4. THE STANDARD FORM OF A MATRIX OVER A FINITE CHAIN RING

Let R be a finite chain ring of cardinality ¢" and with residue field R/ Rad R =
F,, ¢ = p", where p is a prime. Given a finite set of generators of a submodule M
of R R™, we consider the problem of finding a standard generating set for M, which
can be easily operated on, i.e., from the standard form we expect to be able to find
easily the dual module, the span of two modules, as well as their intersection.

We denote by My, ,, the set of all k-by-n matrices over R.

Definition 1. We say that the matrix A = (a;;) € M}, is in standard form
if

1) ai;, = 0™ % for some t; € {0,...,m};

2) a;, =0m 4113 Be R, forall s<j;

4) asj, < a;, forall s# ¢ (here < is the lexicographic order defined in section );

(1)
(2)
(3) ais =0 B3, BER, foral s> jj;
(4)
()

] < ig < iz < ---.

The integer t; is called the type of row i, s =1,..., k. Let a = (a1,...,a,) €
rR™. The smallest i € {0,...,m} such that #’a = 0 is called the type of a. The
leftmost component a; with a; € (Rad R)™ % \ (Rad R)™ **! is called the leader
of a. For a matrix A € M ,(R) in standard form we denote the set of coordinate
positions of the row-leaders of A by J(A4) = {j1, 42, -, &}

Lemma 2. Let gM < pR™ be a module and let A be a matriz in standard
form whose rows generate pM . For an arbitrary element v € pM denote by s the
position of its leader. Then s € J(A).

Proof. Denote the rows of A by vy,...,vg. Let further J(A) = {j1,..., 7%},
and let the respective leaders be ™% . ™%  Without loss of generality
we can assume that ¢ > €5 > --- > ¢ > 1. Then all elements in column js,
s=1,...,k, that are under the leader of row s, are zeros.

Set v = Aqv1 + ...+ A\pwp. Let the leader of v be in position [. We consider
three cases.

(1) Let [ < j1. Assume that s € {1,...,k} is such an index that the type of
Asvs is the largest among the types of the vectors A\jv;. If Ay € (Rad R)™ then
the type of v is at most t; — 1 — 75. On the other hand, the element in the j;-th
coordinate of v is A;+(terms which are a linear combination of 1,8,..., 0™ 1)
Therefore the type of v is at least t; — 75, a contradiction.

(2) Let 5,01 < I < ;. Assume A; # O for some s < ¢ — 1 and A — sv; is
the largest type of a vector from {Ajvy, ..., \v;}. If A € (Rad R)™, this largest
type is at most t; — 7;. On the other hand, v has in position j; the element

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 89-98. 93



A0t 4 (terms which are a linear combination of 1,6,...,0™ %~ 1) The first
term is from RO™ 'sT7s but is to the left of the leader, a contradiction. We have
proved so far that A; =0 for all § <4 — 1. Now we can use the argument from (1)
to complete this case.

(3) Now let { > ji.. Now we can use the argument from the first part of (2).
By (1-3) 1 should be a coordinate position which is from J(A4). O

Theorem 5. For every module M < pR™ there erists a unique matriz B in
standard form such that M is spanned by the rows of B.

Proof. 1) Existence. We prove the existence by induction on k = rk M. There
is nothing to prove for £ = 1. One has only to note that by a suitable multiplication
one can make the leader have the form 4™~ for some ¢.

Let v}, € M be an element of the maximal possible type in M, m — ; say.
Without loss of generality we may assume that the leader is in position j; and is
the leftmost among all leaders of elements of M. By a suitable multiplication, we
can make this leader equal to ™%, Now g M = gv| & rM’, where g M’ has rank
k — 1 and is the submodule of pM containing all vectors having 0 in position j;.
This follows by the fact that for every vector v € pM one can find a A € R such
that v — A\jv] has zero in position j;.

By the induction hypothesis, there exists a matrix B in standard form whose
rows generate pM’. Denote these rows by vs,...,vr. Set J(B) = {ja2,..., &}
Further, let the j,-th component of v} be a, + B,0™ %, s =2,... k, where o, =
2o+ 710+ T, 1, fs = Yo+t Y1, Ti,ys €T

The element v; = v} — Bavy — - -+ — Brvr has the property that the element
in position 7, is smaller (with respect to <) than 6™ % for all s = 2,... k. Tt is
also clear that the components of v1 to the left of the leader belong to Rad R™ ™1
(since the 4-th, i < j;, component in each one of v}, vs,..., vy, is in Rad R™ 1),
Hence the matrix A having as rows the vectors vy, vo, ..., vy is the desired matrix.

T are two

2) Uniqueness. Assume A" = (vi,...,v})T and A" = (v],...,v}))
matrices in standard form whose rows generate the same module p M. By Lemma 2
J(A) = J(A") = {j1,...,jr}. Let the leaders of v, (resp. v/) be 6™ % (resp.
Hm’té/). With no loss of generality ¢ >t} > --- > t;.. In particular, this means that
all elements in A’ in the columns 71, 72, . . ., jx below the leader of the corresponding

row are zeros, i.e. we have.

P m—t} / / /

vi= (... 6 v17j2/ T Y o)
/o m—t / /

v = (... 0 A 1 AP 1%

o m—t, /

vi= 0 0 gk vl o)
;o m—t),

v, = (... 0 0 0 .0 ko)
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Now we can express v/ as v = v} + -+ A\pv},. Since the leader of v/ is in
position j;, we get that

i—1
m—t m—t! /
ot = N Y Al
s=1

Let us note that Ay = 0 for all s < 4; otherwise the leader of v} is in a position with
17 ']
a smaller number than j;. Thus the above equality simplifies to ™% = X\,0™ %,
which implies that m — ¢, <m — ¢/, i.e, ¢} >t/ for all ¢ =1,..., k. Since the sets
{t;} and {t/} (taken in non-increasing order) give the shape of g M we have t; =t/
for all 4.
Now we can conclude that vy have zeros in positions j1, ..., jx—1 and gt —
17
6™ in position j. Then v}, —v} has zeros in positions j1, . . ., jx. Let v} —v} # 0.
Then its leader is in position different from ji, ..., ji, a contradiction to Lemma 2.

Hence v}, = v} and the proof is completed by induction on the rank of pM. ([l

Corollary 2. Let A be a (k X n)-matriz in standard form over the chain ring
R. There exist permutation matrices Ty of size (k X k) and Ty of size (n X n) such
that

Iy Ao Aoz ... Agm—i Ao
0 6L, OAw ... OA,_1  OA.
T AT, — 0 0 02[@ o 02A27m,1 02A27m 7 (4.1)
0 0 0 ... 0L, AL 1,

where the entries in the matrices A;; are from I

5. THE ORTHOGONAL MODULE

Let R be a finite chain ring and consider a left module pM < pR™. For two
vectors @ = (21,...,%,) and y = (y1,...,¥yn) we define their inner product by

Yy =21Y1 + 0 F TpYn.
The right orthogonal to p M is defined by
Mg ={y € R |zy =0forall z € M}.

Analogously, we define the left orthogonal to right module Mp < R%. The following
theorem summarizes some basic properties of orthogonal modules [4, 5].
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Theorem 6. Let R be a chain ring with |R| = ¢, R/Rad R =2 F,, and let
rM < pRYN be a left submodule of shape X = (A, ..., \n).

(1) The right module My has shape X\ = (m — A\n,...,m — Ay). In particular
|M||M*] = |R"|.

(2) L(M*) = M.

(3) M — M* defines an antiisomorphism between the lattices of left (resp. right)
submodules of R™ and hence

(My N M)t = M-+ M-, (My + Myt = M- M-,
fOT M17M2 S R™.

Assume A is a matrix over the chain ring R in (upper) standard form. Let
rM be the left module generated by the rows of A. We are going to describe a
method of finding a matrix B in lower standard form, whose rows generate the
right orthogonal module M ﬁ.

Theorem 7. Let gM be a submodule of rR™ generated by the rows of the
matriz A of the form (4.1). Then M} is generated by the matrix

Byl h el 0 0 .0
Bogemig Blgemig Ik20m72 0 . 0
B = Bogemig Blgemig ng@m’g Ik20m73 . 0 (51)
Bom Bim-1  Bym—1 B3m— ... I,

where
Bl o= (g — Z A A g1+ Z Ap At Ay — -
1<k<j+l pechdiei bl
+ ()T A Avrara - A i)

Proof. We have to show that the dot product of any row of A with any row of
B is zero. (|

Corollary 3. Let A € My, be a matriz over a chain ring R whose rows
generate the module pM. Let A = T\ ATy, where Ty and Ty are permutation
matrices of orders k and n, respectively, be of the form (4.1). The module Mﬁ 18
generated by the rows of

B=TEBTYE,

where B’ is the matriz given by (5.1).
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6. GENERATION OF ALL SUBMODULES OF pM OF FIXED SHAPE

Let g M be a module of shape

sl 1) = mPo(m = 1k 1k
N —
k)o kl km—l

m—1

A=(m,...,mm—1,...,
N e’

and let p N be a submodule of M of shape p < A. Assume M is generated by the
rows of a matrix A in standard form. With no loss of generality, A has the form
(4.1). Let further N be generated by the rows of another matrix B that is also in
standard form. Under the above assumptions B can be represented as

B =CA,
where C' is a matrix in standard form with the following properties:

(1) if the leader in row ¢ of B is in position j; then the leader of row ¢ in C' is in
position I; with I; > j;;

(2) the components of C' contained in the j-th column where
kot+ki+-+ka+1<j<kotki+---+ks, ki=0,
are from I' + 00 + -+ + ™= IT.

The proof of this observation is straightforward. It allows us to generate all
submodules with a fixed shape of a module generated by the rows of some matrix
A. We demonstrate this by the following example.

Example 1. Let R = Z4 and let A be the matrix

1 0 0 0
01 0 0
A= 00 2 0
0 0 0 2

The module M generated by the rows (but also by the columns) of A is of shape
A = (2,2,1,1). By Theorem 4 the number of all submodule N < M of shape

pw=1(2,1)is
|:)\:| _ 21,(472) |:4 - 1:| 20(271) |:2 = O:| _ 84
1] 5o g1, 1-0],

We are going to construct the possible matrices C' satisfying the conditions de-
scribed above. Note that the last two columns can contain only entries from
I' = {0, 1}. Thus we have the following possibilities for C:

1 r rr 2 0 0 0 1 R 0 r
0 2 0 0 )’ o1 1 r /)’ 0 RadR 1 T
1 R r o RadR 1 0 T RadR 1 I' O
0 RadR 0 1 )’ RadkR 0 1 I J’ RadR 0 0 1
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Here R ={0,1,2,3}, I' = {0, 1}, and Rad R = {0,2}. Thus the number of matrices
C of the first type is 8, of the second type — 4, of the third type — 32 etc, giving a
total of

844432416+ 16 +8 =84,

as given by Theorem 4.
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The article provides a sufficient condition for a locally finite module M over the absolute
Galois group & = Gal(Fy/Fg4) of a finite field Fy to satisfy the Riemann Hypothesis
Analogue with respect to the projective line P! (E) The condition holds for all smooth
irreducible projective curves of positive genus, defined over F,. We give an explicit
example of a locally finite module, subject to the assumptions of our main theorem
and, therefore, satisfying the Riemann Hypothesis Analogue with respect to P! (E),
which is not isomorphic to a smooth irreducible projective curve, defined over IF.

Keywords: (-function of a locally finite &-module; Riemann Hypothesis Analogue
with respect to the projective line; finite unramified coverings of locally finite &-modules
with Galois closure.

2000 Math. Subject Classification: 14G15, 94B27, 11M38.

1. INTRODUCTION

A set M with an action of a group G will be called a G-module. Most of the
time we consider modules over the absolute Galois group & = Gal(F,/F,) of a
finite field F,.

Definition 1. A & = Gal(F,/F,)-module M is locally finite if all &-orbits on
M are finite and for any n € N there are at most finitely many &-orbits on M of
cardinality n.
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The cardinality of a &-orbit Orbg(x), © € M is referred to as its degree and
denoted by deg Orbg (z).

The smooth irreducible projective curves X/F, C P*(F,), defined over a F,
are examples of locally finite & = Gal(F, /F,)-modules.

Definition 2. If M is a locally finite & = Gal(F,/F,)-module then the formal

power series
)= T] (1w ) it

vEOrbe (M)

is called the (-function of M.

By its very definition, (3s(0) = 1. In the case of a smooth irreducible curve
X/F, C P*(F,), the (-function (x(t) of X as a locally finite & = Gal(F,/F,)-
module coincides with the local Weil (-function of X. We fix the projective line
P! (IF_q) as a basic model, to which we compare the locally finite &-modules M under
consideration and recall its (-function

1
el = T

Definition 3. If M is a locally finite & = Gal(F,/F,)-module then the ratio

Py (t) = _ulH)

gy ®

of the (-function of M by the (-function of Pl(IF_q) is called briefly the (-quotient
of M. We say that M has a polynomial (-quotient if Py, (¢) € Z[t] is a polynomial
with integral coefficients.

A locally finite -module M satisfies the Riemann Hypothesis Analogue with
respect to the projective line P1(F,) if M has a polynomial (-quotient

d

d
Py (t) = Zaiti =[] —wit) e Clt]

i=1
with |w;| = ¢/|wr]. .. |jwa| = ¢laal, Y1 <i < d.
In order to explain the etymology of the notion, let us plug in ¢°, s € C in

d
the ¢-function Cpr(t) = (o ) @) [T(1 — w;t) of M and view

=1

d
11 (=)

=i
5d725+1(1 _ qs)(l _ qsfl)

Cm(g7%) = 7

100 Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 99-137.



as a meromorphic function of s € C with poles 2miZ U (1 + 2miZ). If A =
log, {/|adq| € RZ" then M satisfies the Riemann Hypothesis Analogue with respect
to P*(F,) exactly when the complex zeros s, € C of (u (¢ °) have Re(s,) = A .

All smooth irreducible curves X/F, C P*(F,) of genus g > 1 satisfy the Riemann
Hypothesis Analogue with respect to P*(F,) by the Hasse - Weil Theorem (cf. [1]

2g
or [2]). Namely, Px(t) = Cpfj;f(?(t) = [] (1 —w;t) with |w;| = ¢2, V1 < i < 2g, which
a 1

is equivalent to Re(s,) = % for all the complex zeros s, € C of {x (g *). That

=

resembles the original Riemann Hypothesis Re(z,) = % for the non-trivial zeros
z, € C\ (—2N) of Riemann’s {-function ((z) := > L, z € C.
n=1

The present article translates Bombieri’s proof of the Hasse - Weil Theorem
from [1] in terms of the locally finite & = Gal(F,/F,)-action on X/F, C P*(F,)
and provides a sufficient condition for an abstract locally finite &-module M to sat-
isfy the Riemann Hypothesis Analogue with respect to P'(F,). Grothendieck has
classified the finite etale coverings of a connected scheme by the continuous action
of a profinite group on their generic fibre (see [3]). In analogy with his treatment,
we introduce the notion of a finite unramified covering of locally finite ®-modules
and study the deck transformation group of such a covering. One can look for an
arithmetic objects A, whose reductions modulo prime integers p are locally finite
Gal(F,/F,)-modules and study the global (-functions of A. Another topic of in-
terest is the Grothendieck ring of a locally finite & = Gal(F,/F,)-module and the
construction of a motivic {-function. Our study of the Riemann Hypothesis Ana-
logue for a locally finite & = Gal(F,/F,)-module is motivated also by Duursma’s
notion of a (-function (¢ (t) of a linear code C' C Fy and the Riemann Hypothe-
sis Analogue for (o (t), discussed in [4]. Recently, (-functions have been used for
description of the subgroup growth or the representations of a group, as well as of
some properties of finite graphs.

The main result of the article is Theorem 29, which provides a criterion for
a locally finite & = Gal(F,/F,)-module M to satisfy the Riemann Hypothesis
Analogue with respect to P! (IF_q) The criterion is based on three assumptions,
which are shown to be satisfied by the smooth irreducible projective curves X/F, C
Py (F,) of genus g > 1. The first assumption is the presence of a polynomial (-

d

quotient Pys(t) = ﬁ% = Ejoaiti € Z[t]. The second one is the existence of
locally finite &,, = Gal(F,/F,n)-submodules M, C M, L, C P!(F,) for some
m € N with at most finite complements M \ M,, P(F,) \ L,, which are related
by a finite unramified covering £ : M, — L, of &,,-modules with a Galois closure
(N, H, Hy), defined over Fym. This means that N is a locally finite &,,-module,
H is a finite fixed-point free subgroup of the automorphism group Autg, (N) of
N and H; is a subgroup of H, such that there are isomorphisms of &,,,-modules
L, = Orbg(N) = N/H, M, ~ Orbg, (N) = N/H; and the finite unramified H-
Galois covering £y : N — N/H, {u(z) = Orby(z), Yz € N has factorization
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& = &&p, through € and the finite Hi-Galois covering &g, : N — N/H1, &g, (2) =
Orbg, (z). Finally, we assume that \ := log, {/|aq| € R=Y is an upper bound of
the Hasse - Weil order orde (M/P(F,)) of M with respect to P*(F,) and the Hasse
- Weil H-order ord@m(N/]P)l( 4)) of N with respect to P(F,). We observe that
the Riemann Hypothesis Analogue for M with respect to P!(F,) implies a specific
functional equation for the ¢-polynomial Pus(t). An explicit example, constructed
in Proposition 30 illustrates the existence of locally finite $-modules M, which
are not isomorphic as ®-modules to a smooth irreducible curve X/F, C P*(F,) of
genus g > 1 and satisfy the assumptions of our criterion for the Riemann Hypothesis
Analogue with respect to P1(F,).

Here is a brief synopsis of the paper. The next section 2 collects some trivial
immediate properties of the locally finite & = Gal(F,/F,)-modules M and their
morphisms. Section 3 supplies several expressions of the (-function (ps(t) of M
and shows that (n/(t) determines uniquely the structure of M as a G-module. It

studies the (-quotient Ps(t) = Ci\i(:)(t) € ZJ[[t]] of M and provides two neces-
Pl ([,

sary and sufficient conditions for Py (t) € Z[t] to be a polynomial. An arbitrary
smooth irreducible curve X/F, < P*(F,) of genus g > 1 is shown to contain a
8,, = Gal(F,/F m)-submodule X, C X with |X \ X,| < co, which admits a fi-
nite unramified covering f : X, — L, of &,,-modules and quasi-affine varieties
onto a &,,-submodule L, C P! (Fq ) with ‘]P)1 I\ Lo ‘ < 0. The fixed-point free
automorphisms h : M — M of B-modules, preservmg the fibres of a finite un-
ramified covering £ : M — L are called deck transformations of £. If a deck
transformation group H < Autgs(M) of § acts transitively on one and, there-
fore, on any fibre of &, then ¢ is said to be an H-Galois covering. In order to
explain the etymology of this notion, we show that if the finite separable exten-
sion F (X) = F,(X,) D F,(L,) = F,(P'(F,)) of function fields, induced from
f:X,— L, is Galois then f is an unramified Gal(F,(X)/F,(P'(F,)))-Galois cov-
ering of locally finite &,,-modules. For an arbitrary locally finite &-module M and
an arbitrary finite fixed-point free subgroup H < Autg (M) we establish that the
correspondence & © M — Orby (M) = M/H, associating to a point z € M its
H-orbit Orbg(x) is an H-Galois covering of locally finite $-modules. Moreover,
& : M — Orbg (M) turns to be equivariant with respect to the pro-finite comple-

tion ( ) of the infinite cyclic subgroup of Aute (M), generated by ¢ := h®;, for any
h € H, any v € N and the Frobenius automorphism ®,, which is a topological gen-

erator of ® = Gal(F,/F,) = (6;> Our notion of a Galois closure (N, H, Hy) of a
finite unramified covering £ : M — L of locally finite &-modules arises from the fact
that if the function field F,(Z) of an irreducible quasi-projective curve Z C P"(F,) is
the Galois closure of the finite separable extension F,(X,) D F,(L,), induced from
f: X, = L, then (Z,Gal(F,(2)/F,(L,)), Gal(F,(Z)/F,(X,))) is a Galois closure
of the restriction f : X' — L/ of f to some locally finite ®4-submodules X' C X,
L' C L, with | X,\ X'| < o0, |I/\ L,| < co. The final, fifth section is devoted to the
main result of the article. After reducing the Riemann Hypothesis Analogue with
respect to P1(F,) for a locally finite & = Gal(F,/F,)-module M to lower and upper

102 Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 99-137.



bounds on the number of rational points of M, we introduce the notion of a Hasse
- Weil order ordg (M/L) of a locally finite &-module M with respect to a locally
finite ®-module L, as well as the notion of a Hasse - Weil H-order ord& (N/L) of
a locally finite &-module N with a finite fixed-point free subgroup H < Autg (V)
with respect to a locally finite &-module L. These definitions are motivated by
the celebrated Hasse - Weil bound on the number of rational points of a smooth
irreducible curve X/F, C P"(F,), which can be stated as an upper bound 3 on the
Hasse - Weil order of X with respect to the projective line P! (IF_q) For an arbitrary
finite fixed-point free subgroup H < Aute (X) we establish that the Hasse - Weil H-
order ordf (X/PY(F,)) < 1. The Hasse - Weil order and the Hasse - Weil H-order
are shown to be preserved when passing to submodules with finite complements.
The existence of a finite unramified covering £ : M — L of locally finite &-modules
guarantees ordg (M /L) < 1, while the presence of an H-Galois covering £ : N — L
suffices for ordf (N/L) < 1. Our main Theorem 29 provides a sufficient condition
for a locally finite &-module M to satisfy the Riemann Hypothesis Analogue with
respect to PL(F,). By a specific example we establish that the assumptions of The-
orem 29 hold for a class of locally finite & = Gal(F,/F,)-modules, which contains
strictly the smooth irreducible curves X/F, C P*(F,) of genus g > 1. We observe
also that the Riemann Hypothesis Analogue for M with respect to P1(F,) implies

a functional equation for the (-polynomial Py (1) := ¢ i‘i(:)(t) € Z[t] of M.
Pl (Fy

2. PRELIMINARIES ON LOCALLY FINITE GAL(Fq/Fg)-MODULES AND
THEIR MORPHISMS

The algebraic and the separable closure of a finite field F, is Fo= U= Fom.
The absolute Galois group & = Gal(F,/F,) = lim Gal(F,~ /F,) is the projective
—
limit of the finite Galois groups Gal(Fgm /F;) = (®g) = {®L |0 < i < m — 1},
generated by the Frobenius automorphism ®, : F, — F,, ®,(a) = a?, Va € F,.
Namely,

6 = {<q>gm<modm>>m6N € ﬁ (Zom, +)

m=1

lp =l (modm) for m/n}

is the pro-finite completion & = (6;> o (Z +) of the infinite cyclic group (®,) ~
(Z,+). For an arbitrary n € N, note that

& x P"(F,) — P"(F,),

is ls

(@fls(mOds))sgN[ao:...:ai:...an]:[ag cooral] it ag, ..., a, € Fys

is a correctly defined action with finite orbits by Remark 2.1.10 (i) and Lemma
2.1.9 from [5]. By Lemma 2.1.11 from [5], the degree of Orbg(a) = Orbg, ) (a), a €
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m

P"(F,) is the minimal m € N with {agm cooal } =®dM(a)=a=lag:...:an].

n
m

q
If a; # 0 then ®;*(a) = a amounts to <Z—J> = %, V0 < j < n and holds
exactly when Z—J € Fgm, ¥0 < 7 < n. Thus, Vm € N there are finitely many
Orbg (a) C P*(F,) of deg Orbg (a) = m and P*(F,) is a locally finite &-module.

It X=V(f,....fi) c P*(FF,) is a smooth irreducible curve, cut by homoge-
neous polynomials fi,..., fi € Fy[zo,...,z,] with coefficients from F,, X is said

to be defined over F, and denoted by X/F;, C P*(F,). The &-action on P*(F,)
restricts to a locally finite &-action on X, due to the G-invariance of f1,..., fi.

Here are some trivial properties of the locally finite Z-actions.

Lemma 4. Let & = @ be the profinite completion of an infinite cyclic group
(¢) = (Z,+), M be a locally finite -module with closed stabilizers, Orbg(z) C M
be a B-orbit on M of degree m = degOrbg(z) and &, = (gp/"7> be the profinite
completion of (™) ~ (Z,+). Then:

(i) any y € Orbg () has stabilizer Stabg (y) = Stabg (z) = &,,;

(i) the orbits Orbg(x) = Orb, (z) = {z,¢(x),...,¢™ ()} coincide;

(i) Vr € N with greatest common divisor GCD(r,m) = d € N, the -orbit

d
Orbg (z) = H Orboﬁr(@ij (z))

of = decomposes into a disjoint union of d orbits of degree m1 = 7 with respect to

—

the action of &, = (¢7).

Proof. If &' = Gal(F,/F,) = <</I>Z> is the absolute Galois group of the finite
field Fy, then the group isomorphism f : {(¢) — (@), f(¢®) = @, Vs € N extends
uniquely to a group isomorphism

FiE=(p) — (@) =0, flpmodd), = (@kmda)), e TT((®,)/(85))

seEN

of the corresponding pro-finite completions. That is why it suffices to prove the
lemma for & = ($,).
(i) By assumption, Stabe(z) is a closed subgroup of & of index

[& : Stabg (z)] = deg Orbg (z) = m.
According to Gal(F,m /F,) = Gal(F,/F,)/Gal(F,/Fym) = &'/& for &/ = @,
the closed subgroup &/ of &’ is of index m and the closed subgroup &,,, of & is of
index [& : &,,,] = m. If H is a closed subgroup of & of [ : H] = m then &/H is an
abelian group of order m and ¢™ € H, Vo € &. Therefore the closure &, = (™)

of (¢™) in & is contained in H and [H : &,,] = [%%] = 1. Thus, H = &, is the
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only closed subgroup of & of index m and Stabg (z) = &,,. Since & is an abelian
group, any y € Orbg () has the same stabilizer Stabg (y) = Stabg (z) = &, as .

(ii) The inclusion (@) C @ = & of groups implies the inclusion Orb,(z) C
Orbgs () of the corresponding orbits. It suffices to show that z, o(z), ..., ™ *(z)
are pairwise different, in order to conclude that deg Orb ., (x) > m = deg Orbg (),
whereas Orb ) (7) = Orbg (7). Indeed, if ¢*(z) = ¢’ (z) for some 0 < i < j <m—1
then z = 7~ (z) implies ¢/~ € Stabg ()N {p) = @ﬁ(@ = (¢™) and m divides
0 <j—1i<m—1. Thisis an absurd, justifying Orb (z) = Orbg(z).

(iii) It suffices to check that Yy € Orbg(z) has stabilizer Stabg (y) = &,y ,
in order to apply (i) and to conclude that deg Orbg, (y) = my. Bearing in mind
that Stabg, (y) = Stabg (y) N &, = 6, NG, and the least common multiple of m
and r is LCM(m,r) = rm; = mr; € N for r; = £

%, we reduce the statement to
G NG, = Brem(m,r)- According to

6,/(BpNG,) = 6,6,/6, <6/6,,

the index s == [6 : 6, NG, ] = [6 : 6,][&, : (&, N&,)] < rm is finite and
6,NG, =6, By 6, < 8,, < & and 6, < 8, < & the integer s € Nis a
common multiple of m,r, so that LCM(m,r) € N divides s. Since SreMim,r) =
B, = &, is contained in &, and &,, there follows @LCM(W,,) <6,NG, =8,
so that s divides LCM(m,r) and s = LCM(m, 7). O

If M and L are modules over a group G then the G-equivariant maps
&M — L, ¢é(z)=¢&(gxr) Yge G, Ve e M

are called morphisms of G-modules. Let £ : M — L be a morphism of locally finite
6 = Gal(IF_q/ F,)-modules. The next proposition provides a numerical description
of the restriction of £ on a preimage of a ®-orbit, by the means of the inertia
indices of £&. Note that the image £(M) is ®-invariant and for any complete set
Yu(E(M)) C (M) of B-orbit representatives on {(M), the G-orbit decomposition

§M) = 11 Orbg () pulls back to a disjoint &-module decomposition
2€Xe (§(M))
M= J] ¢ 'Orbs(a). (2.1)
20 (§(M))

Thus, the morphism § : M — L of &-modules is completely determined by the
surjective morphisms £ : £ 1Orbg () — Orbg () of -modules YV € Ygs (E(M)).

Proposition 5. Let & : M — L be a morphism of locally finite modules with
closed stabilizers over the pro-finite completion & = (¢) of an infinite cyclic group

(p) = (2, 1),

0 =degOrbg : L — N, 6(z) = degOrbg(z) for Vee L and
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deg Orbg (y)

e M — Q70 ecly) = deg Orbs (£(y))

Yy € M.

Then:
(i) Stabg(y) 48 a subgroup of Stabg(&(y)) for all the points y € M, so that
ee(y) = [Stabg (£(y)) : Stabg (y)] € N takes natural values;

(ii) for any = € £(M) there is a subset S, C £ 1(x), such that

£ 0rbg (z H Orbg (y) with degOrbg(y) = d(x)ee(y); (2.2)
YyE Sy

(ii) Yo € E(M) the fibre £ 1 (x) is a G5,)-module with orbit decomposition
= H Orbg, . (y) of degOrbg; , (y) = ec(y). (2.3)
yE Sz

The correspondence e¢ : M — N 1is called the imertia map of £ : M — L. The
values e¢(y), y € M of eg are called inertia indices of &.

Proof. (i) The B-equivariance of ¢ implies that Stabg (y) < Stabg (&(y)) < 6.
Combining with Lemma 4 (i), one expresses

~[® : Stabg(y)]
ee(y) = [& : Stabg (&(y))]

= [Stabe (£(y)) : Stabe (y)] € N.

(i) We claim that Yz € £(M) all -orbits on £ 1Orbg(z) intersect the fibre
€7 (z). Indeed, assuming £(z) = ¢*(x) for some z € M and 0 < s < §(z) — 1, one
observes that £(¥®)732) = @) 73¢(2) = z, whereas y == @*@73(2) € ¢ 1(x)
with Orbg(2) = Orbg(y). That allows to choose a complete set S, C £ () of
®-orbit representatives on £ 1Orbg () and to obtain (2.2) by the very definition
of e¢(y) with y € 5, C & (x).

(iii) If = € (M), y € & '(z) then £("Py) = PPe(y) = "D (z) = =
implies ¢*®) (y) € € (z), so that ffl(x) is acted by &5,y = (¢ 5(W)> That justifies
the inclusion Uyes, Orbe,,,(y) C 1y ) For any y,y’ € S, the assumption

y' € Orbg,,,, (y) C Orbg (y) implies that ' = y, so that the union [ Orbs,,, (y)
yE Sz
is disjoint. By the very definition of S,, any

z€& Hz) CEOhe(z) = [] Orbely

yES,

is of the form z = ¢*(y) for some y € S, and 0 < s < d(z)ee(y) — 1. Due to
x/f\f( z) = e°(y)) = ¢°¢(y) = ¢°(z), there follows ¢° € Stabg(z) N (@) =
(@Y N () = (L*®), whereas s = §(z)r for some € ZZ°. Thus, z = @*@)7(y) €
Orbe,,,, (y) and £ '(x) € [] Orbe,,, (y). That justifies the &;,y-orbit decom-

y< Sy
position (2.3). By (ii) and the proof of Lemma 4 (iii), one has Stabg;,, (y) =
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Stabg (y) ﬁ@g(z) = @5(90)55(11) ﬁ@g(z) = @5(90)55(11), as far as LCI\/I((S(Zli)Q(y)7 (5(:17))
d(z)e¢(y). Now, Lemma 4(i) applies to provide deg Orbes, ., (y) = ee(y).

O

3. LOCALLY FINITE MODULES WITH A POLYNOMIAL ¢-QUOTIENT

In order to provide two more expressions for the (-function of a locally fi-
nite module M over & = Gal(F,/F,), let us recall that on an arbitrary smooth

irreducible curve X/F, C P*(F,), defined over IF,, the fixed points
X% = {z € X |®)(z) = z} = X(Fy)

of an arbitrary power ®;, r € N of the Frobenius automorphism ®, coincide with
the F,r-rational ones. That is why, for an arbitrary locally finite module M over
the pro-finite completion & = @ of an infinite cyclic group {(¢) ~ (Z,+), the fixed
points
M? ={ze M|y (z) =z}

of " with 7 € N are called ¢"-rational. Note that if degOrbg(z) = m then
r € M¥" if and only if ¢” € Stabg(z) = &,,, = @ and this holds exactly when
m divides r. Since any fixed » € N has finitely many natural divisors m and for
any m € N there are at most finitely many ®-orbits on M of degree m, the sets
M¥#" are finite.

Let us consider the free abelian group (Div(M), +), generated by the &-orbits
v € Orbg(M). lts elements are called divisors on M and are of the form D =
ajvy + ...+ asv, for some v; € Orbg (M), a; € Z. The terminology arises from the
case of a smooth irreducible curve X/F, C P*(F,), in which the & = Gal(F,/F,)-
orbits v are in a bijective correspondence with the places ¥ of the function field
F,(X) of X over F,. If Ry is the discrete valuation ring, associated with the place
U then the residue field R;/9; of Ry is of degree [Ry;/My : Fy] = degv.

Note that the degree of a ®-orbit extends to a group homomorphism

deg : (Div(M),+) — (Z,4), deg Z av | = Z a, deg v.
vEOrbg (M) vEOrbg (M)

A divisor D = a1y + ...+ asvs > 0 is effective if all of its non-zero coefficients
are positive. Let Divs¢(M) be the set of the effective divisors on M. Note that
the effective divisors D = ajv1 + ... + asvs > 0 on M of fixed degree deg D =
ardegiy + ...+ asdegys = m € Z=° have bounded coefficients 1 < a; < m and
bounded degrees degv; < m of the ®-orbits from the support of D. Bearing in
mind that M has at most finitely many &-orbits v; of degree degr; < m, one
concludes that there are at most finitely many effective divisors on M of degree
m € Z7° and denotes their number by A,,,(M).
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The following statement generalizes two of the well known expressions of the
local Weil ¢-function (x(¢) of a smooth irreducible curve X/F, C P*(F,) to the

(-function of any locally finite & = ( y-module M. The proofs are similar to the
ones for X/F, C P*(F,), given in [5] or in [2].

Proposition 6. Let & = @ be the pro-finite completion of an infinite cyclic
group () and M be a locally finite & -module. Then the (-function of M equals

t) = exp (Z‘M‘PT g) = ZAm(M)t

where ‘M‘P ‘ is the number of ¢ -rational points on M and A,,,(M) is the number
of the effective divisors on M of degree m € Z=Y.

Proof. If By, (M) is the number of &-orbits on M of degree k then

o I (k) ()™

vEOrbe (M)

Therefore

log Car (t) = —in( M)log(1 —t*) = ZBk (i tl::)
k=1 n—=1
= fj (Z /ka(M)) t;

k/r

according to the equality of formal power series

o0

7
g1 -2) = =3 7 €l (3.1)
If M#" = 11 Orbg (1) is the decomposition of M%" into a disjoint union
of @—orbitsd etgh(zi?ezlilze)gumber of the ¢"-rational points on M is
‘MW =3 kBu(M), (3.2)
k/r
whereas log (3s(t) = io:l ‘M‘PT %

On the other hand, there is an equality of formal power series

o= T (3]~ 3 mr oS aane
l/EOI“b@(M) n=0 DEDiVZo(M)

For an arbitrary group G, the bijective morphisms £ : M — L of G-modules

are called isomorphisms of G-modules.
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Corollary 7. Locally finite & = @—modules M, L admit an isomorphism of
&-modules £ : M — L if and only if their (-functions (a(t) = (L(t) coincide.

Proof. Let & : M — L be an isomorphism of &-modules and =z € L be a
point with deg Orbg () = d(z). Then (2.3) from Proposition-Definition 5 (iii)
provides a decomposition £ 1(z) = ] Orbe,,,, (y) of the fibre €71(z) in a dis-

yE Sa
joint union of &;,y-orbits of degOrbg, ., (y) = e¢(y). Therefore |S,| = 1, Vz €
L, ec(y) = 1, Yy € M and { 'Orbg(z) = Orbgl !(z) is of degree d(z) by
(2.2) from Proposition-Definition 5 (ii). As a result, (2.1) takes the form M =

[I Orbs& t(zx) for any complete set Y (L) of G-orbit representatives on L
€Y e (L)

and (i) = [T (b ) = Cel0).
2EXe (L)
Conversely, assume that the locally finite &-modules M and L have one and a
same (-function (az(t) = ¢ (¢). Then by Proposition 6, there follows the equality

i\MW\gloch() tog ¢ (1) Z\Lﬂ@ Qe

of formal power series of ¢, whereas the equalities

S dBy(M) = ‘MW = S dBy(I)

d/r d/r

of their coefficients ¥r € N. By an induction on r, one derives that By(M) = B4(L),
¥d € N. For any k € N note that M%) .= {2 € M | deg Orbgs(z) < k} is a finite
®-submodule of M and the locally finite &-module M = Uile(gk) is exhausted
by MR Tf LEER) .= {y € L] deg Orbg(y) < k} then by an induction on k € N
one constructs isomorphisms ¢ : M(SF) — L(ER) of B-modules and obtains an
isomorphism of &-modules £ : M = Uzole(gk) — UzozlL(gk) =1L (|

Lemma 8. If M is a locally finite & = Gal(F,/F,)-module with (-function
Cum(t) € Z[[t]] then the quotient

Puy(t) = Z a;it’ € It

CPI(F @ =

is a formal power series with integral coefficients a,, € Z, which is invertible in
Z[[t]]. Its coefficients a,, € Z satisfy the equality

m

A (M) = Za [P (F,)|

and can be interpreted as “multiplicities” of the projective spaces P™*(F,), "ex-
hausting” the effective divisors on M of degree m.
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Proof. If Py(t) = Z amt™ € CJJt]] is a formal power series with complex

coefficients a,, € C then the comparison of the coefficients of

Zam = Par(t) = Cur(0)(1 = ) (1 — qt) = (ZA )1—<q+1>t+qt1

yields
tm = Am(M) — (¢ + DAp_1 (M) + A, 2(M) € Z Ym € Z=°, (3.3)
as far as A, (M) € Z7°% ¥Ym € Z7% and A (M) = A (M) = 0. In particular,
ag = Ag(M) = (y(0) = 1 and Py(t) = 1+ . a;t* € Z[[t]]* is invertible by
i=1
a formal power series Pyl (t) = 1 + 3 b,,t™ € Z[[t]] with integral coefficients.
m=1

(The existence of b,, € Z with [1 + > ant™][1 + > b,t™] = 1 follows from
m=1 m=1

m—1
b + > biam—i + am = 0 by an induction on m € N.)
i=1
The comparison of the coefficients of

S A (M)E™ = Car(t) = Pas (6)Gor gy (1) (Zamf“) (Zts) (qut’“)

m=0
provides
m—1 m m 7,+1 1 m )
Am (M Z (Z q ) > a < > = a; [P"TUE,)|. (3.4)
= 7=0 1=0 =0

O

According to the Riemann-Roch Theorem for a divisor D of degree deg D =
n > 2g — 1 on a smooth irreducible curve X/F, C P*(F,) of genus g > 0, the
linear equivalence class of D is isomorphic to P*74(F,). For any n € Z>9 there
exist one and a same number h of linear equivalence classes of divisors on X of
degree n. The natural number h = Px(1) equals the value of the (-polynomial

29 .
Px() = C]pf;‘(:)(t) = Zo a;t7 € ZJt] of X at 1 and is called the class number of X.

Thus, for any natural number n > 2g — 1 there are

_ qnfgqtl -1
An(X) = P [P = Pl (L)
effective divisors of X of degree n. Note that the {-function (x(t) = %

1
has residua Res:((x(t)) = Pffs), Res; (Cx (t)) = Pq’i(ll) at its simple poles % &
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respectively, 1. The (-polynomial Px(t) of X satisfies the functional equation
Px(t) = Px <$> q9t%9, according to Theorem 4.1.13 from [5] or to Theorem V.1.15

(b) from [2]. In particular, Px <%> =q 9Px(1) and
A (X) = —q”HRes%(CX(t)) —Resy (Cx (1)) Vn>2g—1.

Definition 9. A locally finite module M over & = Gal(F,/F,) satisfies the
Generic Riemann-Roch Conditions if M has

An(M) = —anReS%(CM(t)) — Resy (Cu (1))
effective divisors of degree n for sufficiently large natural numbers n > n,.

One can compare the Generic Riemann-Roch Conditions with the Polarized
Riemann-Roch Conditions from [6], which are shown to be equivalent to Mac
Williams identities for linear codes over finite fields. A generalized version of [6],
concerning additive codes will appear elsewhere.

Here is a characterization of the locally finite &-modules M with a polynomial

¢-quotient Pys(t) = Cp?(\;(:zt) € Z[t].

Proposition 10. The following conditions are equivalent for the (-function
Cu(t) of a locally finite module M over & = Gal(F,/F,):

(i) Pu(t) = ¢ i‘ﬂ:it) € Z[t] is a polynomial of deg Py(t) =d < € N;
Pl (F,

() M satisfies the Generic Riemann-Roch Conditions

"t Py (1) = Pur(1)

A (M) = =" Ress (Gas (1)) — Resi (Car (1) = L (35)
for alln>6—1;
d
(iii) \Pl(w_q)ﬂ - ‘M@Z — YW} for VreN (3.6)
j=1
d
and some w; € C*, which turn out to satisfy Py (t) = [] (1 — w;t).
j=1
¢ g ;
Proof. (i) = (i) If Py(t) = Ci\i()zt) = > a;t7 € Z[t] is a polynomial of
pl (T, =0

deg Pps(t) = d <6 € N then (3.4) reduces to

. mA-1 I

Am(M):Zal q—l q—l

=0
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Moreover, (3.4) implies that

[ ()= 5] P _ ()
qg—1 - g1 .

As_1 (M) =

__ Pu@®)
) T -H-g)
poles are Res1 ((u (7)) = Plfi(qa), respectively, Resy ({3 (t)) = P;‘f(ll).

(4) = (¢) Plugging (3.5) in (3.3), one obtains a,, (M) = 0, Ym > § + 1.
5

Now (3.5) follows from the fact that the residua of (s (¢) at its simple

Therefore Py(t) = Y a;(M)t' € Z[t] is a polynomial of degree deg Py () < 4.

i=0
(4) = (did) If Py(t) = Ci\i(:zt) € Z[t] is a polynomial of degree deg Py (t) =
Pl (F,
d
d <4, then Py (0) = CP?(%(?()O) = 1 allows to express Pys(t) = j];[l(l — w;t) by some

complex numbers w; € C*. According to Proposition 6,

Cam(t) = exp (; ‘M@Z g) and CPl(E)(t) = exp (; ‘]}Dl(F_q)@Z‘ g) , (3.7)

whereas

d oo . tr
Zlog(l—wjt)zlog P (t)=log (ar(t)—log CPl(E)(t):ZQM@q — ‘]Pl(ﬂi‘q)@q > -
i=1 r=1

— [P ) £
r=1 \j=1

0 d =)
Making use of (3.1), one obtains — > (Z wj”) =3 <‘M<I>q
r=1

The comparison of the coefficients of %, Vr € N provides (3.6).
(447) = (4) Multiplying (3.6) by %, summing ¥r € N and making use of (3.1),

d
one obtains log Cp: gy (t) — log Car(t) = — > log(1 — w;t). The change of the sign
q jzl

d

and an exponentiation provides Py (t) = 4,?”7% = [ (1 —wy;t) € Z[t]. O
P (Fq) j=1

Corollary 11. Let M and L be locally finite & = Gal(F,/F,)-modules with

polynomial (-quotients Py (t) = cp?(ﬁ—(fztw Prit) = Cpf(Lr(t))(t) € Z[t] of degree

deg Prs(t) < 8, deg P(t) < 0. Then M and L are isomorphic (as ®-modules)
if and only if they have one and the same number By(M) = Br(L) of &-orbits of
degree k for all 1 < k < 4.

Proof. According to Corollary 7, it suffices to prove that By(M) = B (L) for
all 1 < k < ¢ is equivalent to the coincidence (s(t) = (1 (¢) of the corresponding
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¢-functions. The infinite product expressions

w0 =T (%) wo=-T1 ()

k=1 k=1
reveals that (u7(t) = (r(¢) if and only if Bp(M) = Bi(L), Yk € N. There remains
to be shown that if deg Py (t) < d then Bi(M) with 1 < k < § determine uniquely

d
By (M) for Yk € N. Let Py (t) = [] (1 — w;t) for some d < 9, w; € C* and denote

=1

Z wf, ¥r € N. By (3.6) from Proposition 10 and (3.2) from the proof of

i=
Pr0p051t10n 6 one has

Sr:(qr+1)_ ‘M(ﬁ

(¢" +1)= > kBi(M) for ¥reN. (3.8)
k/r

Thus Br(M) with 1 < k < ¢ determine uniquely S,, V1 < r < 4. Since Py (t)

is of deg Pys(t) = d < 9, S, with 1 < 7 < § determine uniquely S,, Vr € N by

Newton formulae. By an induction on » € N and making use of (3.8), S, with

r € N determine uniquely B, (M), Vr € N. O

Pr0p051t10n 12. Let M be a locally finite module over the pro-fir -finite com-

pletion & = ( ) of (@) =~ (Z,+) and M, be the locally finite &, ( ") -module,
supported by M for some r € N. Then the (-functions of M and M, are related by

the equality
r—1
=TT cu (). (3.9)
k=0

Cm(t)
Sty (D)

e

In particular, if M has polynomial (-quotient Py (t) = (1 —wjt) of

=1

d
deg Py (t) = d then M, has Py (t) := C};i‘;%% = JT(1 —wjt) of deg Py, (t) = d
ar P

and M satisfies the Riemann Hypothesis Analogue with respect to P! (IF_q) as a G-
module if and only if M, satisfies the Riemann Hypothesis Analogue with respect
to PL(F,), as a &,-module.

Proof. According to (1.7) from subsection V.1 of [2], for any m,r € N with
greatest common divisor GCD(m, ) = d € N there holds the equality of polynomi-

als
r—1

Q-3 = 11 {1— < 2”’“t>m} .

k=0
By Lemma 4 (iii), any ®-orbit v of degy = m splits in d orbits v = v, [] .. Hl/d

over &, of degr; = 7, V1 < j < d. The contribution of v to { IT ¢ums <e B tﬂ is

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 99-137. 113



=l ’ m d

I [1 - <e 2 t> } =(1- t”%)d = [I (1 —¢"9°2%5) and equals the contribution
k=0 j

of vy [I...[Iva to Car.(t7) L. That justifies the equality of power series (3.9).

For any w € C* note that

ﬁ(p&"ﬁkwt) - (wt)’“;l_[:(é—ew> — (wt)” {(wi)r_l} — 1—w't". (3.10)

k=0

d

If Py (t) == C@(wi% = I (1 — w;t) € Z[t] with ag = LC(Py(t)) = (—1)%1 ... wq
q =1

for some w; € C* and P*(F,), is the &,-module, supported by P*(F,) = P*(F,-)
then (3.9) and (3.10) yield

Py = )T LQ) e (e
k=0

e ) e Cp1 (F,) <62?kt

r—1 d d r—1 d
*HH(l—wjeZTkt> HH(l—wjeZTkt> H l—w
k=05=1 3=1k=0 j=1

d
Thus, Py, ()= H (1—wjt) is a polynomial of deg Py, (t) = d €N with [LC( Py, (t))]

=|wi...wg| = |ad| and |w;| = {/|aq] if and only if ‘w ‘ = {|LC(Pas, (t))]|. That
justifies the equivalence of the Riemann Hypothesis Analogue for M and M with
respect to the projective line, whenever M has a polynomial (-quotient Pns(t). O

4. FINITE UNRAMIFIED COVERING OF LOCALLY FINITE MODULES

Extracting some properties of the finite unramified coverings f : X — Y of
quasi-projective curves X, Y or topological spaces X, Y, we introduce the notion of
a finite unramified covering of locally finite & = Gal(F,/IF,)-modules.

Definition 13. A surjective morphism ¢ : M — L of & = Gal(F,/F,)-modules
is an unramified covering of degree deg & = k if all the fibres ¢ 1(z), x € L of £ are
of one and a same cardinality ‘ffl(x)‘ =k.

The inertia map ec : M — N of an unramified covering § : M — L of deg{ = k
takes values in {1,...,k}. This follows from Proposition-Definition 5 (iii), ac-
cording to which £71(z) = Hyes, Orbgfé(m)( ), Vx € M 5(z) = degOrbg(z),

deg Orbg, . (v) = e¢(y), whereas k = ‘f ‘ = ) with es(y) € N.
yE x
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The next proposition establishes that an arbitrary irreducible quasi-projective
curve X C P*(F,) of genus g > 1 contains a locally finite &,,, = Gal(F,/Fym )-
submodule X, with at most finite complement X \ X,, which admits a finite un-
ramified covering f : X, — f(X,) onto a &,,-submodule f(X,) C P(F,) with
|PL(F,) \ f(X,)| < oo for some m € N.

Proposition 14. For any irreducible quasi-projective curve X C P*(F,) of
positive genus there exist m € N and locally finite &,,, = Gal(F,/F m)-submodules
X, C XnF," cP(F,), L, CF, c P(F,) with at most finite complements X\ X,,,
PYF,) \ L,, related by a finite unramified covering f : X, — L, of ®,,-modules
and quasi-affine curves, which induces the identical inclusion f* = 1d : Fy(L,) =
F,(PY(F,)) — F,(X) = F,(X,) of the corresponding function fields. Moreover,
there exist a plane quasi-affine curve 'Y, C F_qg, which is a locally finite 8, -module,
as well as an isomorphism ¢ : X, — Y, of quasi-affine curves and &,,-modules,
such that f factors through ¢ and the first canonical projection pry @ Y, — L,
Pry(Ue, Vo) = Uy, Y(Us,v,) € Y, along the commutative diagram

X, —2~ Y,

N

L,

Proof. According to Proposition 1 from 4 of Algebraic Preliminaries of [7],
there exist such generators u,v of the function field F,(X) = F,(u,v) of X over
F, that w is transcendental over F, and v is separable over F,(u). If g(z) =

Bi(w)
polynomial of v over F,(u) and g(u) € F,fu] is a least common multiple of the
denominators 3;(w) of the coefficients of §(z) then

zk: o) i c F_q(u)[x] with «;(u), Bi(u) € IE‘_q[uL ap(u) = Br(u) = 1 is the minimal
i=0

is a polynomial in two variables w,z of positive degree k := deg,(¢(u)g(z)) € N
with respect to x. Dividing by the greatest common divisor of the coefficients
% € Fylu], 0 < i < k of g(u)g(z), one obtains a primitive and therefore

irreducible polynomial g(u, ) € F,[u, z]. The affine curve

Y = V(g(u,2)) = {(t0,0,) € Fy” | gltig, v,) = 0}

has function field F,(Y) = F,(u,v) = F,(X). That suffices for the existence of a
birational map ¢ : X -—> Y, inducing the identity ¢* = Id : Y = F,(u,v) —
F,(u,v) = F,(X) of F,-algebras. In other words, there are quasi-affine curves
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X1CX,X;C IF_qn, respectively, Y1 CY C F_q2 with an isomorphism ¢ : Xj — V)
of quasi-affine varieties. For any 1 < j < 2 let pr; : IF_q2 — F,, pr;(r1,72) = 75
be the canonical projection on the j-th component. Then ¢; := pryp : X1 —
F,, 1 < j < 2 are regular functions on X; and there are such polynomials

g5 (1, x0), b1, . x,) € Fylzy, ..., z,] that o5 o = % oy

replacing X, by its sufficiently small Zariski open subset. The proper Zariski closed
subvarieties of curves are finite sets of points, so that | X \ X1| < oo, [V \ V1| < co.
IFY\YL = {y1,...,ys} then Yo := Y \ pry {pr,(v1),...,pr;(ys)} C Y is a quasi-
affine curve, on which the fibres pr; ! (u,) = {(uo,v,) € F_q2 | g(to,v,) =0} = {v, €
F, | (s, v,) = 0} of pry : Yo — pry(Y3) coincide with the corresponding fibres of
pr; : Y — F, and are of cardinality ‘prfl(ua)‘ < k. Note that X5 := o 1(Y3) is a
quasi-affine curve, | X1\ Xa| < oo, |Y1\Ya| < oo and ¢ : X9 — V5 is an isomorphism
of quasi-affine curves. The discriminant D,(g) € F,[u] of g(u,z) with respect to
x is a polynomial of u and has a finite set of zeroes V(D,(g)) C pr;(Y2). All the
fibres of

after

pr; Y, = Yo \pr; ' (V(Do(g))) — F,

are of cardinality k& and ¢ : X, = ¢~ 1(Y,) = Y, is an isomorphism of quasi-affine
varieties with | X7 \ X,| < oo, Y1\ Y, <oo. F X, =V (gy,...,00) \V(P},...,h])
consists of the common zeroes of the polynomials g(z1,...,7,) € Fy[z1,...,7,],
which are not a common zero of ) (z1,...,%,), ..., ho(z1, ..., 7,) € Fylzy, ..., 2,],
then the minimal finite extension F,. O F,, which contains the coefficients of
all gi(z1,...,2n), My(z1,...,2,) is called the definition field of X,. One sees im-

mediately that for any Fgs O F,. the quasi-affine curve X, is a locally finite

®, = Gal(F,/F,s)-module. The minimal finite extension F,» 2 F,, containing
the coefficients of the numerators g;(z1,...,z,) € Fy[z1,...,2,] and the denomi-
nators h;(zy,...,z,) € Fy[z1,...,z,] of the components ¢; of ¢ = (1, p2) : X, —

Y, C F_q2 is said to be the definition field of ¢. We choose such m € N that Fgm
contains the definition fields of Xy, Yy, ¢ and observe that ¢ : Xy — Y, is an
isomorphism of locally finite &, = Gal(F,/F,m )-modules.

Moreover, L, := pr; (Y,) C F, C P}(F,) is a quasi-affine curve since ‘IF_q \ LO‘ <
co and pry : Y, = L, is an unramified covering of quasi-affine varieties. If Fym
contains the definition field of L, then pry : Y, — L, is a finite unramified covering
of locally finite ®,,-modules of degree k. We put f := pr;¢ : X, — L, and note
that under the aforementioned choices f : X, — L, is a finite unramified covering of
locally finite &,,,-modules and quasi-affine varieties, inducing the identical inclusion
fr=¢"pr] =pri 1 Fo(Lo) = Fo(u) < Fo(u,v) = Fo(Xo). L

An automorphism « of a -module M is a self-isomorphism o : M — M of
®-modules. We denote by Autg (M) the automorphism group of M. Since & is
an abelian group, any ¢ € ® induces an automorphism ¢ : M — M. In such a
way there arises a group homomorphism ¥ : & — Autg(M). If W is injective, the
&-module M is said to be faithful and & is identified with W(®) < Auty(M).
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Lemma 15. A locally finite module M over & = Gal(F,/F,) with closed
stabilizers is faithful if and only if M is an infinite set.

Proof. By the very definition of the homomorphism ¥ : & — Autg (M), its
kernel
ker W = NMyeprStabeg ()

is the intersection of the stabilizers of all the points of M. In the proof of Lemma
4 (iii) we have established that &,, N &, = Grcomann)- f M = {z1,...,7,} is a
finite set then the map deg Orbg : M — N has finitely many values mq,...,m,,
v < 7. Asarvesult, ker W = NY_, &, = GreM(m, |1<j<v) 7 10} and M is not a
faithful &-module.

Suppose that M is an infinite locally finite &-module and

o= (<I>f;(m0d 5))56N € ker W = NyeprStabe ()

= NeeMBeg Orbo (z) = NacM {<I>2eg Orhe{a)ms(mods) }SEN.
Then for any point © € M and any s € N the degree deg Orbg () of the B-orbit of
z divides I;. For an infinite locally finite &-module M the map deg Orbg : M — N
has an infinite image, so that any [, is divisible by infinitely many different natural
numbers deg Orbg (), © € M. That implies [; = 0, Vs € N, whereas ker ¥ = {0}.
Thus, any infinite locally finite &-module M is faithful. d

Definition 16. If £ : M — L is a finite unramified covering of locally finite
®-modules then the fixed-point free automorphisms of &-modules o : M — M
with £a = £ are called deck transformations of &.

Any subgroup H of Autg (M), which consists of deck transformations of
& : M — L is called a deck transformation group of .

Note that an automorphism a : M — M of a locally finite &-module M and
a finite unramified covering £ : M — L of &-modules are subject to the equality
€a = £ if and only if « restricts to a bijection o : £71(z) — £ (z) on any fibre
€ Yz), = € L of & Namely, y € ¢ (z) maps to a(y) € £ 1(z) exactly when
Ealy) = z = &(y). Thus, for any deck transformation group H of £ : M — L and
any point z € L there arises a group homomorphism

W, : H = Sym(§(x)) = Sym(k),

where k = deg(&). Due to the lack of fixed points of H, W, are injective and H is a
finite group, whose orbits on ¢ *(z) are of one and a same cardinality |H| < k!. In
particular, H acts transitively on some fibre £71(z,), z, € L of a finite unramified
covering £ : M — L exactly when |H| = k = deg(§). If so, then H acts transitively
on all the fibres ¢ 1(z), z € L of £.
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Definition 17. A finite unramified covering £ : M — L of locally finite
® = Gal(F,/F,)-modules is H-Galois if there is a deck transformation group
H < Autg(M), acting transitively on one and, therefore, on any fibre £71(z),
xeLof€.

Proposition 18. In the notations from Proposition 14, the Galois group
H = Gal(F,(X) /F, (P (F,)

of the finite separable function fields extension F,(PY(F,)) C F,(X) is a deck trans-
formation group of the finite unramified covering f = pri¢ : X, — L, of locally
finite &, = Gal(F,/F,m)-modules. If F,(PY(F,)) C F,(X) is a Galois extension
then f = prip : X, = L, is an H-Galois covering. If f = pryp : X, — L, has
a deck transformation group H, which consists of birational maps h : X, > X,
and acts transitively on the fibres of f : X, — L, then the finite separable extension
of function fields F,(PY(F,)) C F (X) is Galois and H ~ Gal(F,(X)/F,(P1(F,))).

Proof. As far as ¢ : X, — Y, is an isomorphism of locally finite &.,,,-modules,
inducing the identity ¢* = Id : F,(Y,) = F,(u,v) = F,(X,) = F,(X) of the
corresponding function fields, it suffices to prove the corresponding statements for
pr, : Y, — L,. More precisely, we claim that H = Gal(F,(Y,)/F,(L,)) with
F (]IDl (F,)) = F,(L,) = F,(u) is a deck transformation group of the finite unramified
covering pry : Y, — L, of locally finite &,,-modules. If F,(u) C F,(u,v) is a Galois
extension then pr; : Y, — L, is a Galois covering. If pry : Y, — L, has a deck
transformation group H, which consists of birational maps h : Y, - > Y, and
acts transitively on the fibres of pr; : Y, — L, then the finite separable extension
F,(u) C Fy(u,v) of function fields is Galois.

Note that for any fixed u, € L, the Galois group H = Gal( (1, 0) /Ty ()

acts without fixed points on the fibre pry*(u,) = {(u,,v,) € IFq | 9(to,v,) = 0}
of the projection pr; : Y, — L,. That allows to view H as a fixed-point free
subgroup of the symmetric group Sym(Y,) of Y,. If deg, g(u,z) = k then F,(u,v)
is a k-dimensional vector space over F,(u) with basis 1,v, ..., v¥~1. The Frobenius
automorphism ®,m : F,(u,v) — F,(u,v) acts on the coefficients of the rational

functions g1Eug € F,(u) with g (u), g2(u) € F,[u], g2(u) # 0 and fixes v’ for V0 < i <

k — 1. By their very definition, all h € H = Gal(F,(u, v)/F,(u)) act identically on
F,(u) and permute the roots z; € F, of g(u,z) = 0. That is why hdym = & mh as
an automorphism of the function field F,(w, v) = F,(Y,) and of the affine coordinate
ving F[Y,] — Fylu, 2]/ (g(u,)) — Fylu, o] — Fylu] + Fyfulo + ... + Fylulo* 1 of Y,
The affine closure Y = V(g(u,z)) C F_q2 of Y, in IF_q2 has the same affine coordinate
ring F,[Y] = F,[Y,] as Y,. The F,-algebra automorphisms of F,[Y] are in a bijective
correspondence with the automorphisms ¥ — Y of the affine curve Y, so that
h®gm = O mh coincide as automorphisms of Y. By the very choice of m € N, the
quasi-affine curve Y, is ®,m-invariant. According to Y, =Y \ pr; "{u1,...,u,} for
some uq,...,u, € IF_q, the fibres of pry : Y, — pry(Y,) coincide with the fibres of
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pr; : Y — T, over pry(Y,). Since h acts on the fibres of pr; : Y — F, without fixed
points, the curve Y, is preserved by h and h®,» = ®,m= h coincide as automorphisms
of Y,. In such a way we have justified that H is a deck transformation group of the
unramified covering pr; : Y, — L, of &,,-modules.

If the finite separable extension IF_q(u) C IF‘_q(u7 v) is normal, i.e., Galois, then
its Galois group H = Gal(F,(u,v)/F,(u)) is of order |H| = [F,(u,v) : F,(u)] =
deg, g(u,z) = k = deg(pry). Therefore H acts transitively on the fibres of pry :
Y, = L, and pry : Y, — L, is an H-Galois covering of locally finite &,,,-modules.

Let H be a deck transformation group of pr; : Y, — L,, which consists of
birational maps h : Y, - > Y, and acts transitively on the fibres of pry. After
replacing Y, by a non-empty Zariski open subset Y; C Y,, one can assume that all
h € H are injective morphisms h : Y7 — Y,. Any such h = (hq, he) is a pair of
regular functions h; : Y7 — F,, 1 <4 < 2. The equality pr;h = pry, Yh = (hq, ha)
is equivalent to hi(u,v) = u, so that h; = pr;. Any birational map h : Y, — Y,
induces an isomorphism h* : F,(Y,) = F,(u,v) = F,(u,v) = F,(Y,) of F,-algebras.
According to u = pry (u,v) one has h*(u) = h*(pry)(u,v) = pryh(u,v) = h(u,v) =
u, Yh € H. Moreover, h* acts identically on the constant field IF_q and, therefore,
fixes any element of F,(u). That allows to view h* € Gal(F,(u,v)/F,(u)) as an
element of the Galois group of the finite separable extension F,(u) C F,(u,v). The
group H, acting transitively on the fibres of pr; : Y, — L, is of order |H| =
deg(pry) = k = deg, g(u,z) = [F,(u,v) : F,(u)] and the extension F,(u) C F,(u,v)
is Galois. (|

Note that, in general, if the finite coveringspry : Y, = L,, f =pryp : X, = L,
of locally finite &,,-modules are H-Galois for some deck transformation group H of
pr; and f then the finite separable extension F,(L,) = F,(u) C F,(u,v) =F,(Y,) =
IF_q(X o) 18 not supposed to be Galois. The reason is that the automorphisms h € H
of the &,,-modules Y,, X, are not necessarily birational maps of Y,, X,.

Let £ : M — L be a finite unramified covering of locally finite &-modules.
Then any deck transformation group H of £ is a finite fixed-point free subgroup
of the automorphism group Autg (M) of M. The next lemma establishes that the
orbit space Orb g (M) of an arbitrary finite fixed-point free subgroup H < Autg (M)
has natural structure of a locally finite &-module, with respect to which the map
Ey M — Orby (M), {y(z) = Orby(z), associating to a point z € M its H-orbit
Orbg(x) is an H-Galois covering.

Lemma 19. Let M be an infinite locally finite & = Gal(F,/F,)-module and
H be a finite fized-point free subgroup of Aute(M). Then:

() the product H® ~ H x & of the subgroups H and & of Aute (M) is direct;

(i1) the set Orby(M) = {Orbp(z) |z € M} of the H-orbits on M is a locally

finite &-module with respect to the action
& x Orbg (M) — Orbg (M),

4.1
(¢, Orbg(z)) — ¢Orby(z) = Orbgyp(z) Vo € 8, Ve M; (4.1
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(#4) the correspondence
& : M — Orby (M), &p(z) =Otby(r) Vee M
is a finite unramified H-Galois covering of degree degép = |H|.

Proof. (i) According to Lemma 15, the infinite locally finite -module M is
faithful and one can view & as a subgroup of Autg(M). By its very definition,
Autg (M) centralizes &. In particular, hyp = @h, Yh € H and Vo € &. The
isomorphism & ~ (Z, 4) ~ I (ZW +) with the direct product of the additive

prime p
groups (ZW +) of the p-adic integers reveals that any ¢ € Z\ {0} is of infinite order.
As far as any entry h of the finite group H is of finite order in Aute (M), there
follows H N ® = {Idss} and the product H® ~ H x & of subgroups of Aute (M)
is direct.

(ii)) Note that the map (4.1) is correctly defined, as far as Vo € M, Yy € &,
Vh € H one has ¢Orby(hz) = Orby(ph(z)) = Orby(he(z)) = Orby(p(x)) =
©Orbg (z). The axioms for a G-action on Orbg (M) follow from the ones for the
®-action on M. Since H centralizes & the B-orbits Orbg{g(z) = OrbgsOrby(z) =
OrbyOrbg (z) = {gOrbg (x) on Orby (M) are the images of the G-orbits on M un-
der £p, so that deg Orbgép (z) < oo, Yz € M. If degOrbgéy(z) = |{gOrbg (z)| =
m then the restriction {g|orbe () : Orbes(z) = Orbg&u () of (g : M — Orby (M)
is of degree deg(Em o (2)) < deg(€n) = |H|, so that

deg Orbg (7) = deg(€H [0rbe (2)) deg Orbe&m(z) < m|H].

By assumption, the $-action on M is locally finite and there are finitely many &-
orbits Orbg (z) on M of degree < m|H|. Therefore, there are finitely many &-orbits
Orbg&p () on Orby (M) of degree m and Orby (M) is a locally finite -module.

(iii) The B-equivariance of g is an immediate consequence of the definition
of the &-action on Orbg (M) O

Let M be an infinite locally finite & = Gal(F,/F,)-module. The next proposi-
tion describes the "twist” of the &-action on M by a fixed-point free automorphism
h € Autg (M) of finite order.

Proposition 20. Let M be an infinite locally finite & = &(d,) = <</I>;>—
module with closed stabilizers, H be a finite fixed-point free subgroup of Aute(M)
and ¢ = h®; for some h € H and some natural number v € N. Then:

(i) the pro-finite completion &(p) = @ of the infinite cyclic group {(¢) ~ (Z, +)
s a subgroup of H®& ~ H X 6;

(1) M is a locally finite &(p) = @—module;
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(#i1) the second canonical projection pro : H X & — &, pro(h,v) = ~, VI € H,
Vv € & provides a locally finite &(p)-action

&(p) x Orby (M) — Orby (M),
(7, Orby () = pry(y)Orby(z) = Orbp (pry(v)z);

(iv) the map
&g M — Orby(M), &u(z)=Orby(z) Ve e M
is an H-Galois covering of locally finite &(p)-modules.

Proof. (i) First of all, ¢ = h® is of infinite order. Otherwise, for h of order
m and ¢ of order [, one has Idy = @™ = hmq);ml = @;ml and the Frobenius

automorphism ®, : M — M turns to be of finite order. This is an absurd, justifying
(¢) = (Z,+). Note that ¢ = h®] € H® suffices for (¢) to be a subgroup of the

compact group H®. The pro-finite completion &(p) = () is the closure of {y)
with respect to the discrete topology, so that &(¢) = @ < H® since H® is closed
with respect to the discrete topology.

(ii) In order to show that all the &(p)-orbits on M are of finite degree, let us
consider a point x € M with deg Orbg(z) =4. If h € H < Autg (M) is of order m

then

R

B(p™) = (pmd) = (Bpor) = B(B17) < B(D) = Stabe (r) < Staby. o (z),
whereas & (™) < G(¢) N Staby . () = Stabe,)(x) < &(p). Therefore
[6(p) : 8(¢™)]

[Stabe () (=) : &(¢™)]
md

= eN
[Stabe () () - &(™?)]
and all the &(p)-orbits on M are finite. lLet n € N and y € M be a point

with deg Orbg(,y(y) = n or, equivalently, with Stabey(y) = &(¢"). If § =
deg Orbg(y) and h € H < Autg (M) is of order m then

deg Orbgs () (z) = [6(p) : Stabg () (z)] =

B("™) = B(PI™) < & N Staby . (y) = Stabe (z) = (D).

Therefore ¢ is a natural divisor of nmr. By assumption, M contains finitely many
B-orbits of degree §. For any fixed n € N there are finitely many natural divisors §
of nmr and, therefore, finitely many &(¢)-orbits on M of degree n. In such a way
we have checked that the &(y)-action on M is locally finite.

(iii) is an immediate consequence of Lemma 19 (ii).

(iv) Towards the &(p)-equivariance of g : M — Orby (M), (g (z) = Orby(x),
Yz e M, let us consider the first canonical projection pry : Hx® — &, pry(h/, ) =N,
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Vi € H, Vv € B. An arbitrary p € &(¢) < H® ~ H x & has an unique
factorization p = pry(p)pra(p) into a product of pry(p) € H and pry(p) € &. Then

§u(pz) = Sa(pri(p)pra(p)z) = Cu(pra(p)z) = pro(p)éu(x), Vo € M verifies that
&m is an H-Galois covering of locally finite &(¢)-modules. |

From now on, we identify the isomorphic locally finite & = Gal(F,/F,)-
modules, in order to avoid cumbersome notations.

Definition 21. A Galois closure of a finite unramified covering & : M — L
of locally finite & = Gal(F,/F,)-modules is a triple (N, H, H;), which consists of
a locally finite &,, = Gal(F,/Fm)-module N for some m € N, a finite fixed-point
free subgroup H of Auty (N) and a subgroup H; of H, such that Orby, (N) is
isomorphic to M as a &,,-module, Orby(N) is isomorphic to L as a &,,-module
and the H-Galois covering &g : N — L, £g(x) = Orbg(x), Vo € N factors through
the Hy-Galois covering £y, : N — M, &y, (z) = Orbpy, (z), Yz € N and £ along a
commutative diagram

§Hy

N—M
o~
L

of finite unramified coverings of &,,-modules.
We say that (N, H, Hy) is defined over Fym.

I

Proposition 22. For any irreducible quasi-projective curve X of positive
genus over B, there exist s € N, locally finite &, = Gal(F,/F s )-submodules X' C X,
L C PL(F,) with at most finite complements X \ X', P*(F,)\ L, a finite unramified
covering f : X' — L of B-modules and a Galois closure (Z, H, Hy) of f, such that
Z is an trreducible quasi-projective curve Z C P"(F,), H = Gal(F,(Z)/F,(P'(F,))),
Hy — Gal(Fy(2)/F,(X)).

Proof. Let f : X, — L, be the finite unramified covering of locally finite
8 ,,-modules from Proposition 14. The finite separable extension

Fo(X) = Fy(X,) = Fy(u,v) D Fy(u) = Fy(Lo) = Fy(P'(Fy))

of the corresponding function fields admits a Galois closure K 2 F,(u,v) 2 F,(u) of
finite degree [K : F,(u)] < oo, i.e., K is normal over F,(u) and F,(u, v). Then there
is an irreducible quasi-projective curve Z; C P"(F,) with function field F,(Z;) = K
and dominant rational maps fy : Zg ——> Lg, f1 : Zg ——3> X, inducing the identical
inclusions fi = Id : F,(L,) = F,(u) — F,(Zy), respectively, f; = Id : F (X,) =
F,(u,v) < F,(Zy) of the associated function fields. Bearing in mind that the finite
covering f : X, — L, induces the identity f* =1Id : F (L,) = F,(u) < F,(u,v) =
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F,(X,), one obtains a commutative diagram

_ v
Fo(Zy) ~——— Fo(X,)

Fy(Lo)

of identical inclusions of function fields over IF_q. Therefore, the composition f f;
coincides with the dominant rational map fy. Let Z] C F_qr be a quasi-affine curve,
contained in the regularity domains of fy and fi. Then fo : Z] — fo(Z]) is a finite
covering of affine curves. Removing from Z] the branch locus of f| 7}, one obtains a
quasi-affine curve Z C Z; C Z;. The finite set Zy\ Z{ has finite image f(Zo\ Z{),
so that Ly := L, \ fo(Zo\ Z}), X1 == f (L), Z1 := fo " (I1) = f7 1 (X1) € ZY

are quasi-affine curves, subject to a commutative diagram

Z1LX1

N

Ly

of finite unramified coverings of quasi-affine curves. In particular, Zo\ 71, X, \ X1,
L, \ Ly are finite sets.

The normal separable extension F,(L,) C F,(Z;) is finite, so that its Galois
group H = Gal(F,(%)/F,(L,)) = Gal(F,(Z,)/F,(Ly)) is finite. Any h € H
transforms the affine coordinates z;, 1 < 7 <ron Z; C F_qr to rational functions
h(z;) € F (7). Let Z} be the intersection of the regularity domains of h(z;) :

7y —>» F,,Vh € H and V1 < j < r. Then for any h € H the map
h:Zy —sWZ) CZ CTF,,

E(uh cotg) = (h(z) (ur), o h(2) (w) Yu = (ug, ..., u,) € Zb

is a morphism of quasi-affine varieties. Since H is a finite group, Z§ = Npe H?L(Zé)

is a quasi-affine curve, so that |Z \ Z| < co. Moreover, Yu € Z) and Vh,,h € H
e s o Pags e
one has v € h, h(Z}), whereas h,(u) € h(Z}). Thus, ho(u) € Npegh(Z) = ZY,

Yu € Z, ¥Yh, € H and Z} is H-invariant. Note that for any h € H the equation
h(u) = u has at most finitely many solutions on ZJ. Therefore H has at most
finitely many fixed points on ZJ. After removing the H-orbits of the H-fixed
points on Zj, one obtains a quasi-affine curve Zy C ZJ, acted by H without fixed
points.
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By the very construction of Zj, the function fields extensions

Fo(Zo) =Fy(Z1) =Fy(Z2) 2 F,(X1) =F¢(X,) and
Fo(Zo) = Fo(Z1) =Fq(Z2) D Fy(L1) = Fy(Lo)
are Galois. Therefore the Galois groups

H = Gal(Fy(Z)/Fy(L1)) and Hy = Gal(Fy(Zo) /Fy(Xo)) = Gal(Fy(Z2) /Fy(X1))

have invariant fields F,(Z2)% = F,(L;), respectively, F,(Z)#1 = F,(X;). The
correspondence

fr:Zs — Orby(4y) = Zo/H, fu(z) =Orby(z) Vz € Zs,

associating to z € Zy its H-orbit is a surjective morphism of algebraic curves,
which induces an isomorphism f}; : Fy(Z2/H) — Fy(Z2)" =TF,(L) of F-algebras.
Therefore there is a birational map ¢g : Ly —2> Z5/H with ¢f = f};. Similarly,

le Py — OI"le (Zg) — Zg/]fl7 le(Z) = OI"le (Z) Vz € Zy

is a surjective morphism of algebraic curves, inducing an isomorphism of F_q—algebras
fti, i Fo(ZafHy) — Fy(Zo)Tr =TFy(X1). Let ¢y : Xy ——> Zy/H, be the birational

map with ¢ = f; . The commutative diagrams
&

*

F (L) ~— F(Z/H) (X)) ~2— F,(Zo/H))

F_q(ZQ) Fq(ZQ)

fh
1d , 1d

*

of embeddings Id, f7, f, of F_q—algebras and isomorphisms ¢{, @] of F_q—algebras
induce commutative diagrams

Zg Z2

fu fry

fo f1

Ly i’ Z2/H X1 L Zg/Hl

of morphisms fo, fg, f1, fH, and birational maps ¢q, ¢1.

There is a quasi-affine curve L, C Ly, such that ¢q : Ly —- > 7o/ H restricts
to an isomorphism g : Ly — @o(Ly) C Zo/H of algebraic varieties. Similarly, one
can choose a quasi-affine curve X} C X, such that ¢1 : X}, — 1 (X)) C Zy/H; is
an isomorphism of algebraic curves. Since Ly \ L} and X; \ X} are finite sets and
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fo:Zy = Ly, f1 : 71 — X, arefinite coverings, S := fo '(L1\ L) U f; H(X1\ X3) is
a finite subset of Z5. Removing from 75 the H-orbit of S, one obtains a quasi-affine
curve Z3 C Zs, acted by H without fixed points. The factorization fr|z, = ¢ofo|z.
with a biregular g : fo(Z3) — fu(Z3) implies the coincidence of the fibres of fy
and fo. Therefore, fr : Z3 — fu(Zs) and fo : Z3 — L3 := fo(Z3) are finite
unramified coverings of algebraic curves of degree |H|. Similarly, fu, |z, = ¢1f1|z.
with biregular 1 : f1(Z3) — fu, (Zs) reveals that fm, : Z3 — fm,(Z43) and fi :
Z3 — X3 = fi1(43) are finite unramified coverings of algebraic curves of degree
|H;|. There exists a sufficiently large s € N, such that F,s contains the definition
fields of the curves Zs, X3, Ls, Z3/H, Z3/H1, as well as the coefficients of the
components of the regular maps f, fo, fi, fo, fg,- Then

Za/Hy
le 1
7 /H fu Zs f1 X,
®o fo £
Ls

turns out to be a commutative diagram of finite unramified coverings of locally
finite &,-modules with bijective ¢q, @1, H-Galois covering fp, Hi-Galois covering
fu,. Introducing Z = Z3, X' := X3, L := Ls, one concludes that (Z, H, H) is a
Galois closure of the finite unramified covering f : X' — L. (|

5. RIEMANN HYPOTHESIS ANALOGUE FOR LOCALLY FINITE
MODULES

The next proposition provides a numerical necessary and sufficient condition
for a locally finite & = Gal(F,/F,)-module with a polynomial (-quotient to satisfy
the Riemann Hypothesis Analogue with respect to the projective line P(F,).

Proposition 23. The following conditions are equivalent for a locally finite

module M over & = Gal(F,/F,) with a polynomial {-quotient Py(t) = z fl(‘i(:zt)
Pl (F,

Z[t] of degPp(t) = d € N with leading coefficient LC( Py (t)) = aq € Z\ {0} and
for X :=log, /]aq] € R=":

(i) M satisfies the Riemann Hypothesis Analogue with respect to PY(F,) as a
& -module,

(it) ¢ +1—dg™ < [M®a| < q" +1+dg*, Vr € N;
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(iii) there exist constants C1,Cy € RV v 1,9 € N, such that
|M<I>ZT| <@gTH+14+C¢M"" VreN, r>r and

|M<I>ZT| > ¢ +1—Cog™" VYreN, r>r.

d .
Proof. (i) = (i) If Py (t) = [] (1 — ¢*e#3t) for some ; € [0,27) then
j=1

[Pt (F,) %

— ‘M@Z

d
= Z g for VreN
j=1
by (3.6) from Proposition 10. Therefore,

d
“Még‘_(qr+1)‘ - ‘qureim@j
j=1

d d
< Z ‘q)\reinpj‘ : Zq)\r - dq>w’7
j=1 j=1

hence (ii) holds.

(43) = (444) is trivial

d
i11) = (i) Let Py (t) = 1 —w;t) € Z[t]. The formal power series
(#id) = (i) i p
j=1
d
wXt
H(t) = i
B Z 1—w¥t
i=1 7
has radius of convergence p = min <W7 R W) , e, H(t) < oo converges

vt € C with |t| < p and H(t) = co diverges V¢ € C with || > p. Making use of the

1
lfw;t

formal series expansion = ¥ ws't" and exchanging the summation order,

=0
one represents

H(t) = i <zd:w;’(i+1)>ti+1.

Let C' = max(C1,Cs), rg = max(r1,r2) and note that assumption (iii) implies

that
d
vr
‘ >
j=1

— “M@ZT\ _(qW+1)‘ <Cg™m VreN, r> 1,

according to (3.6) from Proposition 10. Thus,

d , 4
D w;’(z+1)‘ < OV i e 7,
=1
> 19— 1and

oI Y|

v(i+1)
Wy

-

Ftl < Czq)\v(i+1)ti+1 _ CZ(unt)iJrl.
1 i=0 i=0

)
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As aresult, H(t) < oo, ¥t € C with [t| < q%, whereas q% <p< ﬁ, vl <7 <d.
v &

Bearing in mind that for any fixed v € N the function f(z) = z” is non-decreasing

on z € [0,00) C R, one concludes that ¢* > |w;|. Therefore, the leading coefficient
d d

aq = LC(Py () = [] (~w;) € Z\ {0} has modulus |ag| = [] |w;] < ¢*¢ = |ag],
j=1 j=1

whereas |w;| = ¢*, V1l <j < dand M satisfies the Riemann Hypothesis Analogue

with respect to P*(F,) as a module over & = Gal(F,/F,). O

In the case of a smooth irreducible projective curve X/F, C P*(F,) of genus g,
defined over I, condition (ii) from Proposition 23 reduces to the celebrated Hasse
- Weil bound

“Xﬂ‘—(q”Jrl)‘ < 2%/ VreN (5.1)

on the number ‘Xﬂ‘ = |X(Fyr)| = | X NP*(F,)| of the F r-rational points of X.
The equivalence of the conditions (i) and (iii) from Proposition (23) is well known
and shown by Theorem V.2.3 and Lemma V.2.5 from Stichtenoth’s monograph [2].
The proof of the Riemann Hypothesis Analogue for X with respect to P* (IF_q) from
[2] makes use of the bound

2r
‘Xéq

<@ +1+(29+1)¢" VreN, (5.2)

which is established in [2, Proposition V.2.6]. Bearing in mind that ‘]P)1 (F_q)é?
¢ +1> ¢°7, we note that (5.2) implies

1,
i 2r |2
‘Xi)q A €N

- [P @

< (204 D|P'(F)?

and think of A :=log, ¥/LC(Px (t)) = log, %/q7 = % as of the Hasse - Weil order
of X with respect to P*(F,). That motivates the following

Definition 24. Let M and L be locally finite & = Gal(F,/F,)-modules. If
there exist constants p € RZ%, C € R*Y, v,r, € N, such that

‘M@ZT

_ ‘L@ZT

vr |P
< C‘L%

vreN, r>r,, (5.3)

M is said to be of finite Hasse - Weil order with respect to L.

The minimal p € RZY, subject to (5.3) for some C' € R>?, v, 7, € N is called
the Hasse - Weil order of M with respect to L and denoted by ordg(M/L).

The following simple lemma collects some properties of the Hasse - Weil order
of locally finite &-modules.

Lemma 25. (i) If M, L are infinite locally finite & = Gal(F,/F,)-modules
and M, C M, L, C L are &-submodules with at most finite complements M \ M,,
L\ L,, then

ordg (M/L) = ordg(M,/L,).

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 99-137. 127



(i5) If € : M — L is a finite unramified covering of locally finite & = Gal(F,/F,)-
modules, then ords(M/L) < 1.

(i4) Let M be a locally finite & = Gal(F,/F,)-module such that (y(t) =
Py (t)Cprg,y(t) for a polynomial Py(t) € Z[t] of degPuy(t) = d € N with
LC(Py(t)) = aq and A = log, laq|. If M satisfies the Riemann Hypothesis
Analogue with respect to P1(F,), then ordg (M /PL(F,)) < A.

Proof. (i) Tt suffices to show that if there exist C € R>?, v, +' € N with

‘M@ZT < ‘L@ZT +C‘L<I>ZT " WreN, r>v, (5.4)
then there exist C, € R*%, v, v, € N with
‘Mfgor <|2¥ v o, [LE] wreNr >0 (5.5)
and if there are C, € R>Y, i, e N with
‘MZI{N < e ven s - (5.6)
then there are C € R>Y, 7.+/ € N with
‘M@ZNT < ‘L@T +5‘L{>5T " WreN, r>7 (5.7)

To this end, let us denote m = |M \ M,|, s :== |L \ L,| € Z=° and observe that

)= 155 [ 1) 125
‘M@ZT — M +‘M<I>ZT\MO < M +m, YreN.

Since L, is an infinite locally finite $-module, the map
degOrbg : L, = N, z — degOrbg(x)

takes infinitely many values and there exists o, € N with o, > max (s, ¢/s) from
the image of deg Orbg : L, — N. In other words, the number B, (L,) > 1 of the
®&-orbits on L, of degree o, is positive. If v, .= vo, € N, then by (3.2) one has

Pror
L,

= Z kBr(L,) > 0,B,,(L,) > 0, > max (37 \’VE) Vr € N.
k/vor

Similarly, there exists o € N with o > ¢/m and B,(L,) > 1. Thus, for v := 7,0 € N
there holds

o
L,*?

= > kBi(Lo) 2 0Bs(Lo) 2 0 > {/m VreN.
k/vr
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Now (5.4) implies

‘Mfgor < ‘M@Z‘” < ‘L@Z“ +C‘L<I>Z“ F < | +s+o (| +s>p
vor vor (P vor P vor vor [P
<[22+ || o (2]2SF|)" = 12| + @re + e

vreN, r> ;—/, which is equivalent to (5.5) with C, = 2°C + 1 and some 7/, € N,
vl > ;—/ Similarly, (5.6) yields

. or or — or | P or P
[p2e7| < M| o < 27| 4 L [L37| |2
@’77‘ ol CE';T & @57‘ —~ @57‘ P
— L3 |+ (G )| S‘Lq‘Jr(COJrl)‘Lq

VreN, r> %, and hence (5.7) holds with C = a, +1 and some 7/ € N, 7/ > %

(ii)) The &-equivariance of & implies that f(Még) C L%, ¥r € N. The cardi-
nalities of the fibres of ¢| @y do not exceed k= deg¢, so that

e
|25 = e =
and
‘M@q —‘L% g(lf—1)‘L<I>q :

That suffices for ordg (M/L) < 1.

(iii) By Proposition 23, if M satisfies the Riemann Hypothesis Analogue with
respect to P*(F,) as a &-module, then
A
_ 1>

‘M@Z

<1 = [P

+d<‘IP1(IF_q)<I>Z

- A
< \Pl(u?q)% +d‘]P1(IE‘q)<I>q vr e N,

so that orde(M/PY(F,)) < . O

Definition 26. Let M and L be locally finite & = Gal(F,/F,)-modules and H
be a finite fixed-point free subgroup of Aute (M). If there exist constants p € RZ9,
C € R>° v,r, € N, such that

e °
|

_ ‘L@ZT

<cC ‘L%T

for VreN, r>r, and VYhe H, (58)

then M is said to be of finite Hasse - Weil H-order with respect to L.

The minimal p € RZ%, subject to (5.8) for some C' € R>Y, v, 7, € N is called
the Hasse - Weil H-order of M with respect to L and denoted by ord (M/L).
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Proposition 27. (i) If M is an infinite locally finite & = Gal(F,/F,)-module,
H < Auts(M) is a finite fized-point free subgroup and M, C M is an H X &-
submodule of M with |M \ M,| < oo, then

ordf (M/Orby (M) = ordf (M, /Orby (M.,)).

(i) If M s a locally finite & = Gal(F,/F,)-module and H < Autg(M) is a
finite fixed-point free subgroup, then ordg(M/OrbH(M)) <1.

(iii) Let X/F, C P*(F,) be a smooth irreducible curve of genus g > 1 and H
be a finite fixed-point free subgroup of Aute (X). Then ordg(X/]Pl(F_q)) < %

Proof. (i) As in the proof of Lemma 25 (i), one has to check that if there exist
peRZY CeR>Y v+ €N with

vr

R 3 e /
M"™a | < |Orbg(M)%e Vhe HVreN, r>7", (5.9)

e ‘OrbH(M)i)ZT

then there exist C, € R*Y, v, 7, € N with

Mz +C, |Orbr (M) % | Whe H, ¥r €N, r >+, (5.10)

< ‘orbH(MO)@Z‘”

and if there are C, € R>% 7,.7, € N with

‘M:@Z“ "+, [orba (M) % | h e H, vr €N, r 2 7, (5.11)

< ‘orbH(MO)@?

then there are C' € R>?, 7,7 € N with

\M’@ZNT "VheH, ¥reN, r>7  (5.12)

< ‘OrbH(M)i)ZT

+C ‘OrbH(M)i)ZT

Note that if |M \ M,| = m, then Orbg (M) \ Orbg(M,) = Orby (M \ M,) is of
cardinality |Orby (M \ M,)| = 1 and Orbg(M,) is an infinite locally finite &-
module. As in the proof of Lemma 25 (i), one has

or

Orby (M)®:°" < ‘Mﬁ@q

+m VreN.

< ‘orbH(MO)@Z‘”

m o
+-— and ‘Mhéq
|H|

Further, there exist v, := vo, and v := v,0 with 0,,0 € N, such that

o . )

‘orbH(MO)@?

respectively,
>0 > {m VreN.
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Then from

hEo” o

B

< ] s ot

1@ ‘orbH(M)@Z‘”

n m>p
|H|

"+ <2 ‘orbH(MO)@Z‘”

< ‘orbH(MO)@Z‘”

m vor
SRRLLINN' <‘OrbH(MO)<I>q
|H|

< |Orbi (M) | + [Orbs (M) %"

>p
VreN, r> ;—/, we deduce (5.10) with C, :=2°C + 1, and from

vr
q

or
éq

‘M’@ +m

h
e

or

< ‘orbH(Ma)% +C, |orby (M) *

"+ |orb (M) 7|

P
’

< ‘OrbH(M)i)ZT

4 (G, + 1) ‘OrbH(M)i)ZT

VreN, r> %", we obtain (5.12) with C:=C,+1.

(ii) For any h € H and r € N the map {y : M — Orby(M) is an H-Galois
covering of locally finite modules over &(hd]) = @ by Proposition 20. If
y € M"a, then the B (h®])-equivariance of {y implies ®7¢y(y) = Eu(Pry) =
r(h®hy) = Eu(y), so that {u(y) € Orby(M)®s and &y(M"®1) C Orby(M)® .
Bearing in mind that the restriction &g : M"®a — Orb (M )ég has fibres of cardi-

. AMRes
> ‘fH(Mh<I>4) > . Therefore

nality < |H|, one concludes that ‘OrbH(M)ég b

|ares

. ‘orbH(M)@Z

< (|H| = 1) [Orby (M)

?

Yh e H, Vr € N and ord¥ (M/Orby(M)) < 1.

(iii) The argument is a slight modification of Grothedieck’s proof of the Hasse -
Weil Theorem (see Theorem 3.6 from Mustata’s book [8]). Namely, let S := X x X
be the Cartesian square of X, A := {(z,z) € S|z € X} be the diagonal of S,
Ly := X x {z2} be a generic fibre of the second canonical projection pry : S — X,
pro(xy,@e) = x5 and Ly := {x1} X X be a generic fibre of the first canonical
projection pr; : S — X, pri(z1,22) = z1. For arbitrary h € H and r € N put
¢ = h®y and denote by I'(¢) := {(z, ¢(x)) |z € X} the graph of ¢ : X — X. Then
the intersection number I'(¢).A = | X¥| equals the number of the ¢-rational points
of X. One checks immediately that L? = L2 =0, L1.Ly = 1, AL; = ALy = 1,
L(p).Ly = 1 and I'(¢).Ly = I'(®y).L; = q", as far as the equation h®j(x) = zo
is equivalent to ®7(x) = h~'(xy) and has ¢" solutions on a smooth irreducible
projective curve X, defined over F,. The canonical class Kg of S is numerically
equivalent to (2g — 2)(L1 + L) and the application of the Adjunction Formula to
A and I'(¢) provides

29 —2=A(A+ Kg) = A? +2(29 — 2),
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29 —2=T(p).(T(¢) + Ks) =T(¢)* + (¢" +1)(29 — 2),

whereas A2 = —(2g — 2), I'(¢)? = —¢"(2g — 2). The Hodge Index Theorem on
S = X x X asserts that if a divisor ¥ C S has vanishing intersection number
E.H = 0 with an ample divisor H C § then E has non-positive self-intersection
E? < 0. For an arbitrary divisor D C S let us put F := D —(D.Ly)Ly— (D.L3) Ly,
H := L1 4+ L, and note that H is an ample divisor on S with F.H = 0. Therefore

0> E? =D?—2(D.L1)(D.Ly). (5.13)
If D := aA+b(y) for some a,b € Z, b # 0 and f(z) := gz° +(¢"+1—|X%?|)2+gq" €
Z[z], then (5.13) is equivalent to f (%) > 0, V¢ € Q and holds exactly when the
discriminant D(f) = (¢" + 1 — | X%])? — 4¢"¢g? < 0. Thus,
—2gq% < |X¥|—(¢" +1) < 2gq% VreN
and, in particular,

e b
‘Xh@q 2

%
_1>

p— P
< (¢ +1)+29¢" = ‘Pl(]Fq)éq
1

+ 29| ()" |

+2g <‘]P)1(11‘“_q)<I>

< \Pl(w_q)@? Vr e N,

That establishes the inequality ordf (X/P(F,)) < L. O
The following simple lemma is crucial for the proof of the main Theorem 29.

Lemma 28. Let {g : N — L be an H-Galois covering of infinite locally
finite modules over & = Gal(F,/F,) for some finite fized-point free subgroup H <
Autg(N). Then

> [NPPe| = [H||L*].
heH
Proof. The lack of fixed points of H implies that N*1®a 0 N#2®a — § for all

hi,ho € H, hy # ho. It suffices to check that 5131(L<I>4) =nen N?®a_in order to
conclude that

[H||LP| = &g (LP)| = Y [N"Pa].
hcH

If y € &4 (LF4), then &x(y) = ®,&u(y) = Eu(P,(y)) implies the existence of
h € H with h(y) = ®,4(y). Therefore y € Nh"%4 and & (L®9) C 11y NMEa.
Conversely, for any y € N"®4 one has h~!(y) = ®,(y), whereas

uly) = En(h(y) = Eu(®q(y) = Pln(y).
That justifies N*®« C 1 (LP4) and &' (LP9) = [[,cpp N"%e. O

Here is the main result of the article.
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Theorem 29. Let M be an infinite locally finite module over & = Gal(F,/F,)

d .
with closed stabilizers and a polynomial (-quotient Py (t) = z i‘i(:)(t) = > at’ €
B (Fg 5=0

Z[t] of deg Py (t) = d € N with leading coefficient LC(Py(t)) = aq € Z\ {0} and
A = log, ag| € R*. Suppose that there exist m € N and &, = Gal(F,/Fym )-
submodules M, C M, L, C PL(F,) with |M \ M,| < oo, |PL(F,)\ LO‘ < oo, which
are related by a finite unramified covering € : M, — L, of ®,,-modules with a
Galois closure (N, H, Hy), defined over Fym.

(i) If X > 1, then M satisfies the Riemann Hypothesis Analogue with respect
to the projective line PL(F,) as a &-module.

(ii) If

max <ordg§(M/]P1(IF_q))7 ord!l (N/]Pl(IE‘_q)> <A<,

then M satisfies the Riemann Hypothesis Analogue with respect to P1(F,) as a
& -module.

Proof. Tt suffices to prove that if
1rnaux(01r(flg5(]\4/1[’)1(19‘_(1))701r(fl{,§rm(]\f/]P)1 (F,)) < A, (5.14)

then M satisfies the Riemann Hypothesis Analogue with respect to P*(F,) as a
®-module. Namely, if A > 1, then by Lemma 25 (i), (ii) one has

orde (M /P'(F,)) = orde (M,/L,) < 1 < A,
while Proposition 27 (i), (ii) guarantee that
ordi (N/P'(F,)) =ordi (N/L,) <1<,

whence (5.14) holds.

Since f(x) = a” is an increasing function on = € R for a € N, a > 2, the
assumption ordg (M /P*(F,)) < X implies the existence of constants C; € R>
v1,r1 € N, such that

‘Méglr S(qy1r+1)+cl(qy1r+1)>\<(qy1r+1)+cl(2qy1r)>\:(qy1r+1)+(2>\cl)q>\v1r7

VYr € N, r > ri. Similarly, ordgm (N/PY(F,)) < X provides the presence of constants
Cy € R*Y, 1y, 79 € N with

‘Nh@gw

< (@7 + 1) + Co(¢? + D < (¢ + 1) + (22 o)™,

Vr € N, r > ro. For an arbitrary common multiple v € N of 11 and 15, one has

< (@7 +D)+ @) WreN, 1>

‘M@Z* (5.15)

14
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and o
< (g7 +1) +(2XC)e™ VreN, r> 22

‘Nh<I>ZT
14

If ‘]P)l(IF_q) \LO‘ — s, then the decomposition P*(F,)®: = Lfgr [J(PL(F,)®< \ L,)

P
into a disjoint union provides the inequality ¢*” + 1 < ‘LO ? | + s, whereas

‘Nhégr qu T+ s+ (2)\02)(])\1/7’ < qu

<

+(22Cy + D)™, (5.16)

’Av
tion 23, it suffices to show the existence of constants C € R>Y, r, € N with

Vr € N, r > r, and a fixed natural number r, > max <% w). By Proposi-

‘M@ZT > (¢ +1) - Cg™ VYreN

, T, (5.17)

and to combine with (5.15), in order to conclude that M satisfies the Riemann
Hypothesis Analogue with respect to P1(F,) as a module over & = Gal(F,/F,).

To this end, note that Lemma 28 implies

vr e¥T vr
E ‘N’@q = |H]| ‘qu and E ‘Nhi)q
heH hcHy

Vr € N.

o
— |H| M

Putting together with (5.16), one obtains that

[ [ | = 3 || 137 - S |
heH, heH
i) e
he H\H1
- -

> |HI|E5% | = (HI = 1D |Lo* | = (H] = [HD@ACs + g

= || |17 | = (H| - [H)(@C2 + )™ VreN, r2,.
Denoting C := <%> (22Cy + 1) € RZY and dividing by |H;|, one obtains

‘Mf? > L3 — o VreN, r>r,.

vr

Bearing in mind ‘qu > (@ + 1) —s5>(¢" +1) = ¢ for r > %, one

concludes that

M7 |2 (@ +1) = (Ca+ D" VreN, r2r,

Combining with ‘Mégr > ‘Mfgr , one verifies (5.17) with C' := C3 4+ 1 and con-
cludes the proof of the theorem. (I
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According to Proposition 22, Lemma 25 (iv) and Proposition 27 (iii), any
smooth irreducible curve X/F, C P*(F,) of genus g > 1 satisfies the assumptions
of Theorem 29 with A = 1 as a locally finite & = Gal(F,/F,)-module. Here is an
example of a locally finite &-module M, which is subject to the assumptions of
Theorem 29 with A = 0. Therefore M satisfies the Riemann Hypothesis Analogue
with respect to P!}(F,) as a &-module and is not isomorphic (as a -module) to a
smooth irreducible projective curve, defined over F,.

Proposition 30. For any finite field Fy and Vr1 € Fp2 \ F, the quasi-affine
curve M .= F,\{z1, 2]}, defined overTF 2 is a locally finite & = Gal(F, /F,)-module
with
(1—=t)(1+¢)

1—gqt
which satisfies the assumptions of Theorem 29. Thus, M is subject to the Riemann
Hypothesis Analogue with respect to Pl(IF_q) as a module over & and M is not
isomorphic (as a &-module) to a smooth irreducible projective curve X/F, C P*(F,)
of genus g > 1, defined over IF,.

Cv(t) = , (5.18)

Proof. The identical inclusion Id : M — PY(F,) = F, U {cc} is a finite un-
ramified covering of &-modules of degree 1 over its image. It has a Galois closure
(M, {Idas}, {Idas}). If Car(2) is given by (5.18) then

__Sm(®) (1 _ 2
Pu(t) = @ (1—t)2(1+1t) € Z[t]

is a polynomial of deg Py(t) = 3 with a3 = LC(Py(t)) = 1, so that A :=
log, /as| = 0. Since M is a -submodule of P'(F,) with ‘]P)1 \M‘ =3 < oo,
the relative order orde (M /P (F,)) = ords(M/M) = 0= X by Lemma 25 (i) and
M is subject to the assumptions of Theorem 29. If M were isomorphic to a smooth
irreducible curve X/F, C P*(F,) as a module over & then Py (t) = Px(t) € Z[t]
would have an even degree deg Py (t) = 2g € N and A :=log, %/|LC(Py (1))
which contradicts (5.18).

Towards the calculation of (ur (t), let us note that F, is a locally finite & =
Gal(F,/F,)-module and Orbg(z1) = {z1,z]}, in order to conclude that M is a
2

A |
= o

_ 5 (I>2r+1

locally finite ®-module. Moreover, z1,z] € F, ¢ = Fpr and z1,2] ¢ F, —
r —=B2r -

F2ri1 for Vr € Z=°. Therefore ‘Mﬁ = ‘]Fq 11-2=¢"-2,VreN, ‘Mﬁ =

__p2r+l

F, = ¢> 11, vr € Z7°, whereas

log Car(2) Z ‘My

71
— 1" 1 1 1—t?
—Z ——7—:10g m —lOg m :lOg l—q‘t 5
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by (3.1). That suffices for(5.18). O

The next corollary establishes that the Riemann Hypothesis Analogue with
respect to the projective line P1(F,) for a locally finite & = Gal(F,/F,)-module M

implies a functional equation for the polynomial (-quotient Pys(t) = z fl(‘i(:z 5 € Z[t].
Pl (F,

Corollary 31. Let M be an infinite locally finite module over & = Gid(IF_q/Fq),

which satisfies the Riemann Hypothesis Analogue with respect to P(F,). Then
d

the polynomial (-quotient Py(t) = 4,?”7% = Y a;t! € Z[t] of M satisfies the
P (Fq) 5=0

Sfunctional equation

. 1
Py (t) = sign(aq) Py <m> Pt for X i=log, {/|adl.

d .
Proof. If Py(t) = [](1 — q*e™¥it) for some ¢; € [0,27) then the leading
=1

d
il > @j)
coefficient LC(Pys(t)) = ag = (—1)%¢ e (j:1 , Whereas

d
1 aq A —ios
Pur <W> = paga L= a7,
i=1

The polynomial Py, (t) € Z[t] has real coefficients and is invariant under the complex
conjugation. Thus, the sets {ei‘foﬂ' [1<5< d} = {e*i% [1<5< d} coincide when
d

counted with multiplicities and Py (t) = [] (1 — ¢*e~¥3¢). That allows to express

j=1

1 a4 —d
P () o

Making use of |ag| = ¢** and a4 = sign(aq) |aq|, one concludes that

1 sign(ag) _d
P () - St o :
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ON A DIFFERENTIAL INEQUALITY

ROSSEN NIKOLOV

We show that the existing methods for estimating the distance of a two-dimensional
normed space with modulus of smoothness of power type 2 to the Euclidean space
generated by the John sphere of the former, are not exact. To this end, we construct
a class of simple counterexamples in the plane.

Keywords: Banach spaces geometry, moduli of convexity and smoothness, Banach—Mazur

distance.
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1. INTRODUCTION

The moduli of convexity and smoothness of a Banach space X:

dx(g) :inf{l — x;ry

H Jell = gl = 1, ||x—y||e}7 0<e<a,

and

{ lz + 7yl +llz — 7yl — 2
sup

px(1) = ! ell =l =1} 720,

respectively, are fundamental concepts in Banach space theory. The duality be-
tween them is given by Lindenstrauss formula, see e.g. [6, p. 61]

£
px+(7) :sup{%—éx(s): OSESQ}.
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According to the Nordlander Theorem [7], a Hilbert space H is in a sense the most
convex and the most smooth among Banach spaces, that is, for any Banach space

X
Sx(e) <6gl(e) =1—/1—e2/4=2%/8 + O(c*)
and
px (1) 2 pu(T) = V1+ 712 = 1=7%/2+0(7%).
The Taylor expansion is written down not only for sake of greater clarity, but also
because the asymptotic behaviors at 0 play an important role.

For technical reasons, further we concentrate on the asymptotic behavior at 0
of the modulus of smoothness. The results concerning the modulus of convexity
can be derived through the Lindenstrauss formula.

Let a > 0 and let X, be the class of all Banach spaces X such that

1
s a2y o(1?).

px(T)

Several authors independently showed that Xy contains only Hilbert spaces [5, 9,
8].

So, it stands to reason that for small ¢ > 0 the spaces in X, might be close
to a Hilbert space in some sense. This is indeed so and the sense is made precise
below.

Recall that the Banach-Mazur distance between two isomorphic Banach spaces
Y and Z is given by

d(Y, Z) =inf{|T||.|IT"*||: T:Y — Z arbitrary isomorphism}.
Now, for a Banach space X one defines
dy(X) = inf{d(Y, 1) 1 Y € X, dimY = 2},

where lgg) denotes the two-dimensional Hilbert space, or, in other words, the Eu-
clidean plane.

Obviously, do(X) measures how far from an ellipse the two-dimensional sec-
tions of the sphere of X are. The famous Jordan-von Neumann Theorem [3] reads
da(X) = 1 if and only if X is a Hilbert space. The measure do(X) is very useful
for estimating the type and cotype of X.

The standard way of estimating do(X) is through the use of the John Sphere,
[4]. In the pioneering work [4] John showed that dy(X) < /2 for any X.

Elaborating on this idea, let Y be a two-dimensional space. It is clear that
there is an ellipse , say &, of maximal volume contained in the unit ball of Y. Define

JY) = max o] M)
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Then, of course,

do(X) <sup{j(Y): Y C X, dimY = 2}.
Let for a > 0

g(a) =sup{j(Y): Y € X,, dimY =2}.

Then
do(X) < gla), Va>0, VX € X,.

From the above considerations we know that g(0) = 1. Rakov [8] estimated j(Y)
for Y € &, his estimate as ¢ — 0 reads

gla) <1+ kva

with some constant k which is not important here. An asymptotically sharp esti-
mate was given in [1, 2]:

g(a) < 1+m~ (2)

From the method of [1, 2] it is not clear if (2) is exact. In this work we show that
it is not.

We will explain briefly the method of [1, 2].

Let Y be a two-dimensional space in &, for some a > 0. We may assume that
Y is realized in such a way in R? that the unit circle 22 + 2 = 1 of R? is the John
sphere of X. Denote the standard basis of R? by e; = (1,0) and ey = (0, 1). Define

r(o) == |le1 coso + egsing||.

Then in this polar annotation the unit sphere Sy of Y is
Sy = { —(cosarsine) : o € [-ma]
y = o) coso,sino): o |y

If z,y € Sy, = = v 10)(e; cosO + exsin®), y = 7 1(p)(e; cosp + ezsiny),
then Lemma 3.2 from [1] states that if +”/(0) exists, then

i lz 4+ 7yl + |z — 7yl —2 sin?(0 — o)
im -
70 72 r2(¢p)

r(@)(r(0) +7(0)).
Since Y € A, we have that for almost all 6 € [0, 27]

@es[lolgw] WT(@)(T(@) +77(0)) <1+a. (3)

From John Theorem it follows that on each arc of the unit circle of length 7/2 there
is a contact point, that is such that = = 1. Therefore, without loss of generality,
there is o € (0, w/2] such that

r(0) = r(a) =1, (4)
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and
1

J(Y) = B s (5)

So, we may consider the system (3), (4) and try to estimate j(Y).

However, with ¢ in (3) the problem is non-local and probably very difficult. In
order to handle it [1, 2] substitute ¢ = 04+ 7/2 and use r(¢) < 1 to derive from (3)

r(0)(r(6) +77(8)) <1+ a for almost all 8 € [0, 27]. (6)

Then the system (6), (4) is used to estimate j(Y') through (5).

We will demonstrate that for a close to zero the outlined approach can never
produce the exact value of sup (V) for Y € &, denoted above as g(a).

For sake of clarity, for a > 0 denote by G, the class of all m-periodic functions
r=r(0), 0 <0 <, such that

i) 0<r(d) <1, r(0)=r(r/2)=1;

(ii) r'(#) is absolutely continuous and 0 < r(8)(r(6) + r”(#)) < 1 + a almost
everywhere;

(iii) the region B, inside the curve

S, = {Tle)(cosasme) o€ [—mr]}

is convex.

(It is easy to check that (iii) follows from r++" > 0, which is contained in (ii), but
we do not need this fact.)

Finally we introduce the class F, of all m-periodic functions, which satisfy (i),
(ii), (iil) and additionally

(iv)
sin?(p — 0)

sup r(0)(r(8) +7(8)) =1 +a.

©,0 ()
It is clear that F, C G,.

Theorem 1.1. There exist an interval I and a class X, (R?,||.||a) € Xa, a € 1
of Banach spaces, such that for all a € I there are b = b(a) > a which satisfy:

(i) 1o € Gu, 15 € Fy, 15 & Fy;
()
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where 1,(0) = ||cosoe; +sinoes|n, 15(0) = | cosoe; +sinoes|s.

2. CONSTRUCTION OF A CLASS OF TWO-DIMENSIONAL SPACES

Pick A € [0,1] and set g =1— X\, v =22 — A% = A2 — 4\ + 2.
For 61,0, = £1 we denote with Dy, 4, the Euclidean disk of radius A centered at
091,92 - (01M7 02/‘)7 Le.

Dy, .0, = {x = (z1,29) € R? : (x1 — 01;1)2 + (22 — ng)g < )\2} .
Also let
2 2 2 2
091792:{x:(x17x2)€]1% sy — 01 p)” 4 (g — Oap)” = A }

and
D= D171 U D17,1 U D*l,l U D*l,*h B)\ = convD

We can say that By is a rotund square (see Figure 1). Clearly B; is the unit
(Euclidean ) disk.

Figure 1: A rotund square

X
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It is easy to see that By = () where @ is the unit square, i.e.
Q:{$:($17$2)€R21 |z1] <1, |x2|§1}.
We set Yy = (R?, ||.||5), where ||.||x is the Minkowski functional of By, i.e.
) ®
||x||>\:1nf{t>0: ?EBA}.

Since B) is symmetric with respect to the coordinate system, the line z; =
x9 and the origin O(0,0), we have that (z1,z2), (6121, 0222) € By, 61,05 = %1
provided (z2,21) € Bx. So

lzoer + z1eal|x = ||fr1z1e1 + Gazaes||n,

where e, ey is the unit vector basis in R2, e; = (1,0), e = (0,1).

This implies monotonicity of the basis, i.e. ||z1e1 + zaea|la < |lyrer + yaealln
whenever |z1| < |y1], 2| < |yl

Let us mention that d <Y>\7 lég)> is the radius of the circumcircle of B) centered
at the origin. Thus

dg(Y,\):d<Y,\7l§2)>:R:\/§M+)\:\/§+<1—\/§>)\.

In order to find the asymptotic behavior of py, (7) at O, we need an explicit formula
for the norm of Y¥). Fix A € (0,1]. Further we omit the index A, i.e. we write YV
instead of Yy, ||.|| instead of ||.|[x, B and S stand for the unit ball and the unit
sphere of Yy. Let z = (pcosao,psino) be the representation of z € R? in polar
coordinates. We set ¢ = arg z. Having in mind the symmetry of B, it is enough to
find an explicit formula for ||z||, 7 = (z1,z2), when 0 < z; < z3,ie. § <argr < 7.
Denote by z(u, 1) the unique common point of the circle

Cl,l = {(117171172) & RQ g (1171 = /,L)Q + (:172 = M)Q = )\2}
and the straight line [ = {(117171172) eR2: 5= 1}.

Set v = argz. Obviously 7 < v < T and [|z|| = z2 for all points z with

argz € [, 5|. If z € [§ —,7], then the vector z/||z|| belongs to the circle C ;.
Setting f(xz1,z2) = ||z|| = [|(x1, z2)]|, we obtain

(7o) (30 -

Calculating the roots of the above equation we get :

L (w4 23) = VR T 2]) — 2@ — 7)), A£2-42
L<x1+$2——2%1%2>7 A=2-V2.

2u r1+x2

flz,20) =
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T if 0<argr < 5 —v
Izl = § flz1,22)  if §—v<argz <y
T if y<argr < 3.

We mention here that the function f is defined not only on the sector
{x ER?: T —~y<argz < fy} . Actually f is defined on the set

z_
E:{xERQ:)\Q(x%er%)Zug(xl—xg)g}D{xERQ: g—fygargngy}.
It is easy to see that ¥ D {x ER?: 0<arge < %} for A > 1/2, while

E{xERQ:k1§E§k2}7
(o

where ki < ko are the roots of
(2 =Nk — 2%k + (u® =A%) =0 for 0<A<1/2
Fact 2.1. For all x € E we have:
() f(z) > ||z|| for z€ En{z: 0<argz < %}

) If x(xy,29) €SNz T —vy<argx <~¢f, then
5 — Y

A2z2 Mgz
7 _ 2 . " _ 142
iz, 22) = Tr.ea) Ji2(71,72) J@r. )’
A2z2
fio(m1,0) = ——,
22( ) 9(3717372)

where g(xy,x9) = (u(z1 + z9) —v)°.

Proof. We prove only (i). Since f(z1,z2) is homogeneous, i.e. f(kxi,kry) =
kf(zq,zq) for all k > 0, it suffices to check (i) only for z € S.

Ifze{ueR?: T —y<argu<~}, then f(z) =1=|z|.
If z € Eﬁ{u€R2 cy <argu < g}, then zo = 1. From <%7%> € C,it
follows % <1,ie. f(z)= flz1,29) >1=]z|. O

Set
(Il + 7yl +llz — 7yl = 2| z]]).

DN =

AQ(:E7y7 7—) -

Evidently,
py (1) =sup{As(z,y,7) : =,y €5}.

Due to the symmetry of S:

T
py (1) = sup{Ag(x7y77') cx,y €S, argx € [Z7 5]}
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Fact 2.2. Letxz,y€ S, argz € [, 5], |7| < §. Then

A2($7y77—) S A2(27 Y, 7—)'

Proof. Since ||ly|| = 1, we get |y1| < 1. So |ryi| < &. Since argz € [y, 5], we
have 0 < 27 < p and o = 1, |21 £ 71| < p = 7y1. The monotonicity of the basis
implies:

[z £ 7yl = [[(z1 £ Ty1)er + (1 £ 7y2) el
< (e £ 7yr)er + (1 +Ty2)es|| = |1z £ 7yll.

Corollary 2.3. If |7| < £, then
py (1) = sup{As(z,y,7) : T €A, yeS},
where A is the arc{x €S, T <argr < fy}.
Proposition 2.4. The following estimate holds:

— py(1) _ N
< —
In o~ S5 ep

Ty T2
Yy Yo

——z€A yeS,.
g(w1,72)

Proof. Pick a convex compact set F' C I such that its interior contains the
arc A. Choose 7 € (O7 %) in such a way that z £ 7y € I/ whenever z € A, y € S,
|7] < 15

Set

(fz+7y) + fz — Ty) — 2f(x)).

Mo —

Aof(z,y,7) =
From Fact 2.1(i) we have
fletry) >z Lry|l, z€A yes, |7|<1p.
Since f(z) = ||z|| for x € A we get
Ao(z,y,7) < Ao f(z,y,7)
whenever z € A, y € S, || < 7r. Using that, we get for 7 € (0, 7r]
py (1) < sup{Agf(z,y,7): T €A, y€eS}.

Take z € A, y € S. Applying Taylor’s formula to (1) = f(z+7y) — f(z) and
¢(7') - f(ilj - Ty) - f($)7 we can find 01 = 01($7y77'), 02 = 02($7y77—) € (07 1) in
such a way that

Asfle,y,m) 1
# =7 L@+ 0ry)el + 26150z + Ormy)ynys + foo(e + O17y)3) }

1
+3 {11z + Oary)yi + 2f15(x + Oomy)nys + fiy(z + ary)ys) } -
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Having in mind that the second derivatives are uniformly continuous on F', we
get :
w—py(n) _1

lim —= <

Tim == < S {(F1 (@9} + 2f5(@)mye + fia(a)ys - 7€ A, y€S5)}

To finish the proof, it is enough to use Fact 2.1 (ii). O

Lemma 2.5. Let © = (x1,29) € A. Then

2 2
= <u(x1 +39) + A/ 22 +x§> ‘

Proof. The determinant represents the oriented area of the parallelogram,
defined by the vectors z and y. Therefore, for a fixed z, the left-hand side achieves
its greatest value when the distance from the point (y1,¥2) to the support of the
vector z is maximal. This is satisfied for some § € ¢4 _1 NS or y € C_;; NS.
Without loss of generality we assume that § € C1 1 : (s — p)? + (¢ + p)? = A%
The tangent to C7 1 at the point (1, y2) is parallel to the support of z, i.e. the
normal to C7 _; is orthogonal to z. Therefore the scalar product < v,z >= 0,
where v = (g1 — p, g2 + ). We get for 41, 4o the system:

Ty T2

su
2 Yy Y2

(y1,y2)€S

(g1 —p) +z2(g2 +p) =0
(1 — )+ (G2 + p)? = X2

with solution:
P

WY T

— Axq

A

ZTq o - _ _ 2 2
=T —x = —plxy +x9) — M/ 2% + x5.
T ‘ 1Y2 291 M( 1 2) 1 2

Hence,

Proposition 2.6. Let 0 < A < 2 — V2. Then

— 1
Tim ”Y(QT) < ~h(N),
7—0 T 2

where

1/, - 2
h(A):XQ A2+ AV —2)\+2> .

Proof. From Proposition 2.4 and Lemma 2.5 it follows

2
iy e, (e o ovETTSY)

lim < —su
=0 T2 T 2 P g(z1, z29)

c(my,m0) €A,
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where g(z1,29) = (u(z1 4 22) — v)% is defined in Fact 2.1. For brevity, we denote

ON$1+$Q‘¥AV$%+1€>

2
g(z1,22) '

M($17$2) ==

On the arc A we have :
22+ 23 — 2z + ) + 22 = N2,

Le.
23 + 15 = 2u(z1 + 72) — (20 — N?) = 2u(z1 + 32) — V.

Set \/x? + x2 = t, then u(z; + z2) = ﬁ%, and after substituting we get

5 2

<¢tzy+/\t> 2 (62 42Xt + 1)

M($17$2) = - 3 = 3 s
- @y

We need to examine the function

2 42X +v)°
m(t) = —( > 3 )
(2 —v)

By the cosine formula we get

VI @2 <t<Vp+A=vV2+ (1 -V

The left-hand side expression represents the distance from the origin O(0,0) to
z(, 1), while the right-hand side expression is the distance to the middle of arc A.
From

2>1+p?=22-22+2> 22 -4 +2=v
it is clear that m(t) is defined in this interval. Calculating m’ and simplifying, we

obtain:
2 (82 42Xt +v) (¢ 4 4NE% + 5wt + 20v)

(2w
We now show that m’ < 0 for 0 < A < 2 — /2, i.e. m is decreasing in the
interval I = {\/1 + 2,2+ (1 - \/5))\} Obviously I C [17 m The quadratic

polynomial u(t) = t2 + 2\t + v is increasing in [—\, o], whence

m'(t) = —

wt) >u(l) =1 +22+ A2 —ax +2=22—2X +3>2>0.

Obviously v = A2 — 4\ +2 > 0. It follows that the coefficients of v(t) = 3 + 4Xt2 +
5vt 4+ 2\v are positive, which implies ©(¢) > 0 when ¢ € I. Finally, in order to find
the greatest value of M we use :

Lhp v =14+1=X2+2(1=N2 =22 =2)% — 6\ +4,
LT+ —v=1+1=-X2=21=-XN2+A2=2)
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ie.

2
2<1+u2+2/\ 1+M2+1/>

M(M71):2m<\/1+/12>: (1+M2_V)3
1 <)\2—3)\+2+)\\/)\2—2)\+2>2.

P

The above and the remark at the beginning complete the proof. (I

Theorem 2.7. For 0 < A < 2 — /2 we have

opy(r) 1
PL% 72 72h()\)'

Proof. According to Proposition 2.6, the function m is continuous and decreas-

ing in the interval {m7 V2 + (1 — \/5) )\] Let
€€ <O7m<m>—m<\/§+<l—\/§>)\>>.

There exists
26(213172172)6147 (231:331(6)7232:232(6))7

o (Ve as) = (VITHR) -

M(z) = M(z1,22) = 2m <m> — 2e.

Choose 7, > 0, such that

such that

‘Whence

™
{(p,0) s max(lp —21],lg — 7)) < 7.} < {we R : T~y Sargu <4}

If |7| < 7o, then Ag(z.,y,7) = Agf(z.,y,7) for all y € S. By Lemma 2.5, similarly
as in Proposition 2.4 we get :

A € ? . A €3 ?
iy, P s gy oy DB e o, B BT
e T04e8 T T=04e8 T
X X 1 5
= 7M(aj17x2) =5 <2m <\/1 +u2> — 2€> = §h()\) — N,
which combined with Proposition 2.6 concludes the proof. (I
Remark 2.8. Let us point out that for arbitrary small 7,
e + ||z — -2
py (T) = sup { Iz + 7yl gx 7| , €A ye S}
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is not attained at the point z(u, 1). Indeed, for 7 € (0, 7.) there holds either

vis vis
——y<arg(z+Ty) <y, y<Larglz—7y) <

2 2
or

vis vis

§—v§arg(z—7y)§% vSarg(z+Ty)§§.

Similarly as in Proposition 2.4, we have

2
7
Ao(zy, ) = — [(Fli(= + 0m9)y? + 2f(5(2 + Ory)mnys + F5(= + 07y)w3) ],
where § = 0(y,7) € (0,1)). Thus
. Iz + 7yl +llz — 7yl — 2 _ 1
PL%SUP{ 5,2 , yESE = Zh()\)

This is because " (o) does not exists at ¢ = (r(o) is defined in the Introduction).

3. PROOF OF THE MAIN THEOREM

We start by establishing
Fact 3.1. The function

h(\) =

<)\2 —3/\+2+/\\/m>2
is decreasing in (0, 1].
Proof. Tt is sufficient to check that
AN = A2 —3A+ 24+ A/AZ—2) +2

is decreasing. The derivative

WO = (2A=3)VAZ —2X + 242X —3X +2
VAZ —2X +2

is negative if

(A =3)VAZ —2X +2+2X% =30 +2<0, A€ (0,1).

The latter is equivalent to the inequality

VA2 2[VA2 oA 2420 =3] £ AA—1) <0, A€ (0,1),

which is true because both summands are negative for A € (0, 1). O
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Lemma 3.2. Let 0 < X < 1, ||.||x correspond to the space Yy and
72 (0) = || cos Oey + sin fes||x

be the function which describes the sphere of “rotund square”. Then

s(A) = sup A(6) (rA(6) +7X(0)) <

= m(1+a(Y>\)) <l+4+a(Yy),

where we have set
1+ a(Yy) =2 lim py*—y) — h(\).

p—0 T
Above, we assumed that 0 #+ v = argz. Also, 8 does not correspond to any other
common point of the circle and the straight line, because for such points v’ (6) does
not exist.

Proof. If x= %w)(cos 6,sin 0) belongs to a segment of S, then 7 (6)+r}(6)=0.
Let z € A (see Corollary 2.3) and z # z(p,1). From

aup ) 0) 1 (0) 1510 = 1+ (15,

0. Ti(%p)

™

by substituting ¢ =6 — % we get

O O A O) ST ah).
Hence,
() ((0) +75(0) £ 13(9) (1 + (1) < g (1 + 0 (13)

Above we have used the inequality

1
() < e where ||zlla = V1+p2 = VA2 —2)\+2.
2

O

Proof of Theorem 1.1

At the beginning we note that dy (Y) = v/2 + (1 = \/5) A is a decreasing
function of A\. From Lemma 3.2,

1 1 -
A) = 0 0 10) € ——h(A) = —————h*(\).
S0 = 3 rA(0) (2(6) + 75(0) < 35 ~ sE gy )
We denote the right-hand side with k(X). As e 712>\+2) is decreasing in (0, 1),

kE(A) decreases in this interval too, due to Fact 3.1.
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Thus for all A € (0,2 — v/2) we have
s(A) < KA) < h(N) (7)

and
lim k(A) = lim h(\) = occ.
A—0t A—0TF
Let a € I = (h(2—+/2) —1,00). There exists a unique A = A(a) < 2 —V/2,
such that a = h(A) — 1 = h(A(a)) — 1, i.e. A(a) is the inverse function of a =
h(\) — 1, considered in the interval (0,2 —+/2). We define X, = Y}(,), which means
Xo = (B2, |||-/lla), where [[|[|la = ||-lxa)- Respectively let

To(0) = ||| cosoe; +sinoes|||la = || cosoe; +sinoes||na) = 7a(0).

By definition it is clear that X, € &, for all @ € I. Let a € [ is fixed and XA = A(a)
is as above. From (7) it follows that there exists a unique A; : 0 < A\ < A, for
which a = h(A\)—1=k(A)—1. Let b= h(X1)—1,1.e. Ay = A(b). Obviously b > a.
For ry, (o) we have:

A (0) (12 (0) + 74, (0)) < s(A\) < k(M) <h(A)=1+a=1+a(Yn).

But this is equivalent to 7,(0) = ry,(0) € G,. Also it is clear that 74(0) € I}
whence 74(0) € F,. From the note in the beginning

1 1
=dy (X,) < do (Xp) = o
max gy ~ 42 (Ka) < d2 (Xp) = max =7
In the wording of the theorem we write r, and ||.||4, instead of 7, and |||.||l.. O
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A sequence of definite quadrature formulae of order three with equidistant nodes is con-
structed. The error constants of these quadratures are evaluated and simple a posteriori
error estimates derived under the assumption that the integrand’s third derivative does
not change its sign in the integration interval.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

For the purposes of numerical integration, the definite integral

1
1)~ [ fo)do (L1)
0
is approximated by a quadrature formula, i.e., a linear functional of the form

Q[f]zzaif(ﬂfi)7 0<zo<z1 <---<zp £1. (1.2)
i=0
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Quadrature formula (1.2) is said to have algebraic degree of precision m (in
short, AD P(Q) = m), if its remainder

R[Q; f1:=1[f] - Qlf]

vanishes whenever f € 7,,, and R[Q; f] # 0 when f is a polynomial of degree m+1.
Here and henceforth, m; stands for the set of algebraic polynomials of degree not
exceeding k.

We are interested in definite quadrature formulae.

Definition 1. Quadrature formula (1.2) is said to be definite of order r, r € N,
if there exists a real non-zero constant ¢,(Q) such that its remainder functional
admits the representation

RIQ; f1=1I[f] - Qlf] = ¢ (@) f (&)

for every real-valued function f € C”[0, 1], with some & € [0, 1] depending on f .

Furthermore, @ is called positive definite (resp., negative definite) of order r,

if (@) >0 (e(Q) <0).

The importance of the definite quadrature formulae of order r stems in the fact
that they provide one-sided approximation to I[f] whenever f (") has a permanent
sign in the integration interval. For brevity sake, we adopt the following

Definition 2. A real-valued function f € C7[0,1] is called r—positive (resp.,
r—negative) if ") (z) >0 (resp. f)(z) <0) for every z € [0,1].

If {QT, @} is a pair of a positive and a negative definite quadrature formula
of order r and f is an r-positive function, then for the true value of I[f] we have
the inclusion QT[f] < I[f] < @ [f]. This simple observation serves as a base for
derivation of a posteriori error estimates and rules for termination of calculations
(stopping rules) in the algorithms for automatic numerical integration (see [3] for a
survey). Most of quadratures used in practice (e.g., quadrature formulae of Gauss,
Radau, Lobatto, Newton-Cotes) are definite of certain order.

Perhaps, the best known definite quadrature formulae are the midpoint and
the trapezium rules,

i 1~ 2k—1 NPT 1k
Q=52 (%) Q=500 +rm)+ -3 7(=),

=1 k=1

they are respectively positive and negative definite of order two. Moreover, QM?

and QT are the optimal definite quadrature formulae of order two. The latter
means that cy(QM?) = > 41n2 is the smallest possible error constant of a n-point
positive definite quadrature formula of order two, and CQ(QZL) = —ﬁg is the
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largest possible error constant of a (n + 1)-point negative definite quadrature for-
mulae of order two. Additional advantages of QM and QI7, are that they use
equispaced nodes and equal weights.

The optimal definite quadrature formulae of higher order are not known ex-
plicitly, although their existence and uniqueness is known, see [10, 4, 6, 7]. In [10]
Schmeisser [10] constructed optimal definite quadrature formulae of even order with
equidistant nodes. Kohler and Nikolov [5] showed that certain Gauss-type quadra-
tures for spaces of polynomial splines with double equidistant knots are asymp-
totically optimal definite quadrature formulae, and based on this result, Nikolov
[8] proposed an algorithm for the construction of asymptotically optimal definite
quadrature formulae of order four. In a recent paper [1] two of the authors con-
structed sequences of asymptotically optimal definite quadrature formulae of order
four with all but few boundary nodes being equidistant; moreover, for suitable pairs
of such definite quadrature formulae they derived a posteriori error estimates.

The simplest example of a pair of definite quadrature formulae of odd order is
the left- and the right- rectangle rules,

PRUEES SV CANNNPRT ES ST (4}
k=0 k=1

which are a positive and a negative definite quadrature formula, respectively, of
order one. Indeed, if f is an 1—positive (or simply nondecreasing) function, then

R[Q+7f] Z 07 R[Q*vf] < 07 and

RIQLA)] < Q1] — Q1) = (F(1) — £(0)) . (13)

n

We observe some differences with the definite quadrature formulae of even or-
der: while, most often, definite quadrature formulae of even order are symmetrical,
the left and the right rectangles formulae are non-symmetrical. Furthermore, each
of them is obtained from the other one by a reflection.

Definition 3. Quadrature formula (1.2) is called:
e symmetrical, if

A = Gt , kE=0,...,n; (1.4)
rp=1—1z, 4, E=0,...,n; (1.5)

e nodes-symmetrical, if only condition (1.5) is satisfied;

e Quadrature formula
Qlf1 = QI@; 1= ar f(zn ) (1.6)
k=0
is called the reflected quadrature formula to (1.2).
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Thus, a quadrature formula ) is symmetrical if and only if it coincides with
its reflected, . By adding (if necessary) nodes with weights equal to zero, each
quadrature formula may be considered as nodes-symmetrical.

The following simple statement shows that our observations about the left- and
the right- rectangle rules apply to a more general situation.

Proposition 1. (i) If Q is a positive definite quadrature formula of order
r, T - odd, then its reflected quadrature formula @ +is negative definite of
order r and vice versa. Moreover,

& (Q) = - (Q). (1.7)

(i) If Q is a nodes-symmetrical definite quadrature formula of order v, r - odd,
and [ is an r— positive or r—negative function, then, with Q)% standing for
either Q) or Q we have

L5)
|RIQ™; f1| < BI@; f] = (ak — an—1) (f(@a—r) — f(zx))]- (1.8)

k=0

(iii) Under the same assumptions for Q and [ as in (i), for the remainder of
quadrature formula Q = % (Q@+ Q) we have

BlQ; f]. (1.9)

| =

|RIQ; f]] <

Proof. (i) Let f(z)= f(1—xz),then I[f] = I[f]. If Q is a definite quadrature
formula of order 7, 7 - odd, and f is an r—positive or r—negative function, then

Qlf1=Qlf] and

RIG; 1] =111 = QU1 =111 - QU = (@I () = =@ 17 (1 - 9),
which shows that @ is also definite of order 7 and ¢,(Q) = —¢,(Q) .

Now we prove (ii) and (iii). If, e.g., @ is a nodes-symmetrical positive definite
quadrature formulae of order r and f is an r—positive function, then

QU < I1f] < QlfI, (1.10)

and consequently

0< RQ; f1 <QIf1 - QA =D au(f(@ni) — flax) =Y (an—k — az) f(zx)
k=0 k=0
L5
= (ar = ani) (f(@a—r) — f(zx)) = BQ; f]

k=0

w3
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Inequality (1.9) is an obvious consequence of (1.10). The proof of the other cases
is completely analogous, and therefore is omitted. (I

Proposition 1 implies, in particular, that definite quadrature formulae of odd
order are never symmetrical. The error estimate (1.8) is especially simple when Q
is of almost Chebyshev type, i.e. almost all weights of () are equal to each other.
The definite quadrature formulae constructed in this paper enjoy this property.

Before formulating our main result, let us introduce some notation.

For n € N and a function f defined on the interval [0, 1], we set

xi7n:E7 f'L:f(xz,n)7 2:0777/

Recall that the finite differences A*f; are defined recursively by
Af;=ANfi:=fii1—f; and AP = A(AY), E>1.
Theorem 1. For every n > 8, quadrature formula

n—1 E
Qn[f] = Z Ak,n f(xk,n) ) xk,n = E ’
k=0

1
with coefficients Ap, = —, 3 <k <n—4, and
n

4 _81++8 _126—+/3 ~207+43
%n = Tol6n Le ™ 1080 ' Zn ™ Tolen
297 — /3 V3—18 495 — /3
Anf&n o e n—2n " T 1ho. Anfl,n i e——
216n 108n 216n

is positive definite of order 3 with the error constant

3 27—/3
Cs(Qn):21\/6;3+ 727;/—. (1.11)

If f is a 3-positive or 3-negative function, then

|RIQus 1] € 57 [81(A% s = A%) + VE(A% s + A% — Ao — A%1)]

As an immediate consequence of Theorem 1 and Proposition 1 we have:

Corollary 1. The reflected to @, quadrature formula @n 18 negative definite
of order 3 with the error constant c3(Q,) = —c3(Qn).

If  is a 3-positive or 3-negative function and Qn — % (Qn + @n) , then
~ 1
| RIQn; S| € g [81(A%a5 — A%0) + VB(A oz + A5 — Ao — A’f1)],

|RIGu 1] € o [81(A% s = M%) + VE(A% o + A% — Ao — A%1)]
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Let us point out that, while error estimates of the form

|R[Qn; f1 < ea(@u)llf " loo,n)

and alike require knowledge about the magnitude of integrand’s derivative, the
bounds in Theorem 1 and Corollary 1 in terms of finite differences involve only
eight values of the integrand and may serve as a simple criteria for the number of
nodes n needed to guarantee the evaluation of I[f] with a prescribed tolerance. In
this respect, it is preferable to use quadrature formula Qn rather than the definite
quadrature formulae @, and @n

The rest of the paper is organised as follows. Section 2 provides known
facts about the Peano kernel representation of linear functionals and the Euler-
MacLaurin expansion formula for the remainder of the trapezium quadrature for-
mula. In Sections 3 we present the proof of Theorem 1. In our construction of
quadrature formula (1.10) we perform some optimization, minimizing its error con-
stant and at the same time trying to preserve its almost Chebyshev structure.

2. PRELIMINARIES

By W7 =W7[0,1], r € N, we denote the Sobolev class of functions
1
Wr0,1] = {f € C"[0,1] : &Y abs. continuous, / |F ()| dt < oo} .
0

In particular, W70, 1] contains the class C"[0, 1].
If £ is a linear functional defined in W7 [0, 1] which vanishes on 7,_1, then, by
a classical result of Peano [9], £ admits the integral representation

o= [ Kwrowe  Ko-c[S00) e,

where
uy(t) = max{t,0}, teR.

In the case when £ is the remainder R[Q; ] of a quadrature formula ¢ with
ADP(Q) > r — 1, the function K, (t) = K,(Q;t) is referred to as the r-th Peano
kernel of Q. For ) as in (2.1), explicit representations for K,.(Q;t), t € [0,1], are

Ko@) = S - o Y e =t (2.1
K (@0) = (1) [5 — =g el =)y ). (22
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Since for f € C7[0,1] we have

1
RIQ; fl= | K(Q;t) f7(t)dt,
[rc@

it is clear that @ is a positive (negative) definite quadrature formula of order r
if and only if ADP(Q) =r—1 and K,.(Q;t) > 0 (resp. K,(Q;t) < 0) for all
te[0,1].

Throughout this paper, {zy,}7_, will stand for the nodes of the n-th com-
pound trapezium formula QZL ,

so that
wlf) = %(f(ﬂ?o n) + f(@nn) Z Flann) - (2.3)

Our deﬁnite quadrature formulae are obtained by an appropriate modifica-
tion of @), +1 The following lemma gives a particular case of the Euler-Maclaurin
formula, see, e.g., [2, Satz 98]:

Lemma 1. Assume that f € WP. Then

1
1 1
_ NI / ///
1) = Q1) = 5 [P ) = O] = o [ Batw) (@) e, (24)
0
where By is the 1-periodic extension of the third Bernoulli polynomial
2 22 oz
B =— - —4+ —.

@) =5 -7t

Note that Bs(z) = Bs({z}), = € R, where {z} stands for the fractional part
of z. In the sequel, we shall use the fact that

\/§<§ <\/g

_ﬁ_ 3(37)_ﬁ7 reR. (2.5)

3. PROOF OF THE RESULTS.

We rewrite formula (2.4) in Lemma 1 in the following form:

V3

1 =QT0[f] — —— [F(1) = F(0)] — [£(1) - £(0)]

12 n? 216 n3
+ %/ <2_\/1§6 — Bg(naj)> O (x) d (3.1)
=QUf1+RIQ; /1,
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\/g 1 1 ! \/g
216n3f @)= 12n2f (1= 216n3

QU1 = QUlf) + ——1/(0) + . (32)

12n2
By (3.1) and (2.5) it follows that @ is a positive definite quadrature formula,
however, it is not of the desired form as it involves values of integrand’s derivatives.
That is why we approximate the derivatives values at the end-points appearing in
@ by pairs of formulae for numerical differentiation involving values at the closest
nodes. The reason for not using single formulae for numerical differentiation is that
it is not a priory clear whether they will result in a positive definite quadrature
formula, so we need some flexibility to achieve definiteness.

Thus, f'(0) is approximated as follows:

51(0) % 5 [ = 8F(@o,0) + 47 (21,0) + f(22,0) = Duaf],
F10) % 5 [ 5f(@1,0) + 85 (22.) = 3f(23,0) = Daalf].

and for any o € R we have

f(0) = aDy[f] + (1 —a)Dy o[ f] = DY[f],

L1[f] = f'(0) — D[f] vanishes on 7. (3:3)
Likewise, £”(0) is approximated by
F1(0) = 0? [f(zon) = 2f (21,0) + f(22,0) =t Doalf],
F7(0) = 0? [f(z1,0) = 2f (22,0) + f(3,0) = Da2lf],
and for any 8 € R
1"(0) % BD2,[f] 4 (1= B)Daplf] = D3], (34)

Lo[f] == f"(0) — DZ[f] vanishes on my.

For the approximation of f/(1) and f”(1) we use the above formulae for
numerical differentiation, applied to —f(1 —z) and f(1—x), respectively. For the
first derivative this yields

S~ 5 [3f@nn) = 4f(2n1,0) = f(@n-2,) = Dralf],

n ~
f/(l) ~ 5 [5f($nfl,n) = 8f(Tn—2,n) + 3f(Tn-3,) = D12[f],
and for any v € R we have

F'Q) ~yDyalf] + (1 — ) Dio[f] = D71,

£ N (3.5)
L1[f] :== f/(1) — DY[f] vanishes on 7.
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Similarly,
f//(l) ~ n? [f(xn,n) —2f(Tn-1,n) + f(Tn-2n) = f)Q,l[f] )

(1) = n’ [f(xnfl,n) —2f(Tn—2,n) t+ f(Tnz,n) = EQ,Q[H )
and for any 6 € R

F'(1) & 6Da 1 [f] + (1 — 8)Dao[ f] =: D3[f],

¢ N (3.6)
Ly[f] = f"(1) — D5[f] vanishes on 7.

The replacement of f'(0), f7(0), f/(1) and f”(1) in (3.2) by D{|f], Dg[f] ,
D][f] and D3[f], respectively, yields a quadrature formula

Q] = zn:Ak,nf<§>7 (3.7)
k=0

which, by construction, evaluates I[f] to the exact value whenever f € mo.

Assuming that n > 8, we have Ay, = 1/n for 4 < k < n — 4. Formally,
coefficients Ay ,, 0 < k < 3, depend on parameters o and 3, while coefficients
Agn, n —3 < k < n depend on parameters v and J. In fact, it is not difficult to
see that {Ag ,}2 depend on a single parameter, say @, while {Ag ,}"_ 5 depend
on another single parameter, say ¢, where

0 :=27a — V38, 0:=2Ty+36.

Specifically, we have

108 — 6 171 4+ V3 + 36
Ay 7 A, = L V338
’ 216n ’ 216n
288 — 2¢/3 — 36 189 +3+0
A2 n = —7 AS 7 = 77
’ 216n ; 216n
189 — V3 40 288 + 2v/3 — 3p
A?’L*Sn — 77 A?’L*Q?’L — —7
: 216n : 216n
P 171 —+/3+3p 108 —p
algm 2M6n T 0160

1
Ak,n:_7 4§k§n—4
n

Our next goal is to determine the values of parameters # and ¢ which ensure
that quadrature formula (3.7) is positive definite of order 3. Not only want we (3.7)
to be positive definite, but also require # and p to be chosen in such a way that

its error constant, c3(Q), is as small as possible. To this end, let us look closer at
the third Peano kernel of ).
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From (3.2)—(3.6) we observe that

~ 1 3 1 3 -~
R[Q; f] :R[Q;f]JFWleJF 31673 L2[f]+WL1[f]+W\/;3L2m7
therefore
~ 1 3
K3(Q;t) :KS(Q;t)+WKS(L1;t) +W\/;3K3(L2;t) 38
1 as 3 =
g KoTa) + s Kot

Based on the definition of Peano kernels, it is not difficult to see that K3(L1;-)
and K3(Lo;-) vanish identically on the interval [z3,,1] whereas K3(L1;-) and
K3(Lo;-) vanish identically on the interval [0,z,_3,]. Hence, in view of (3.1),

3 V3

KS(Qvt) - K3(@7t) =n ﬁ - EB(nt) Z 07 t e [xB,n7xn73,n]7 (39)

therefore we have to verify condition K3(@;t) > 0 only on the intervals [0, 3]
and [z,_3,,,1]. Assuming that this condition is satisfied, for the error constant of
@ we have

V3(n — 6)

TR (3.10)

230 1
e3(Q) = | K3(@Q;t)dt + K3(Q;t) dt +
[ w@na |

where the last summand comes from the integral of K3(Q;-) over the interval
[£3.1, Tn—3,n] , and we have used that Bs has mean value zero on the period.

We aim to minimize ¢3(Q), i.e., to minimize the integrals in (3.10) with respect
to parameters 6 and p, respectively, subject to the requirement K3(Q;t) > 0 on
the intervals [0,z3,] and [z,_3,,1].

3.1. POSITIVITY OF K3(Q;t) ON [0,z3,,]

We make use of formula (2.2) for Peano kernels, with » = 3, and after the

change of variable ¢ = Z arrive at the following representation of K3(Q;t) for
te0,z3,]:
1 108—6 , 171++/3+30 288—2v/3-30
K I 3_ 2 _ _12_7 _22
3(Q; 1) 6n® U 7 u 7 (u—1)% 79 (u—2)1

1 1
:_@@(evu):_@@(u)7 U € [073]
Thus, we have the equivalence

Ko@) 20, tel0,ms,] & @w<0, uel03] (3.11)
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Before verifying what values of 6 ensure condition ¢(u) < 0,u € [0,3], we
evaluate the first integral in (3.10):

T3 n
1 334430
Ky(Q:t) dt = —— = . 3.12
/ S(Qv ) 6nt gp 216”4 ( )
0 0

To minimize the latter integral and thereby, in view of (3.10), ¢3(Q), we have to
find the largest value of 6 ensuring that ¢(u) <0, w € [0, 3].

Case 1: w € [0,1]. In this case

2
u
= —(72u— 108 4- 6
plu) = (70— 108 1.6),
and condition ¢(u) <0, w € [0,1] is equivalent to 6 < 36.

Case 2: uw € [1,2]. Weset v =u—1, v € [0,1], and using Wolfram’s Mathe-
matica, find

108 — @ 1714+ V3 + 36
o(u) = u® — =5 u? — = (u—1)
. 63+3 , 0 1

1 2 :
=@ —— @ —§+%<—v +v—§> = ¢1(v).
Since —v? + v —1/2 < 0 for all v € [0,1], it follows that ¢(u) < 0 for every
€ [1,2] provided 6 is big enough; in addition, if the latter condition holds for
some 0y, it will hold also for all 6 > 6y. The largest value of 6 such that ¢(v) <0
for all v € [0, 1] should be such that ¢; has a double zero in (0,1), i.e. € is a zero
of D(ip1), the discriminant of ¢q. Using Wolfram’s Mathematica, we find D(¢p1),
which is a quintic polynomial of 8 with four distinct real zeros: 6; = —57.5774,
0, = 28.0556, A3 = 30.7503 and 6, = 92.4621. Only for 8 = 65 the polynomial
@1 has a double zero in (0,1). Therefore, in this case we have the restriction
0 < 0y = 28.0556.

Case 3: uw € [2,3]. Weset v=u—2, ve|0,1], and find with Mathematica

108—6 , 171++/3+30 288 — 2v/3 — 30
plu) = o® ~ of LR (U—l)g——\/_

72 72 72 2"
7—12[72113 — (135 — v3) v + (90 — 2v/3) v — 27 — V3 + 8(v — 1)?]
=:p2(v) = @2(6;v).

Since @y(1) = —v/3/36 < 0, it is clear that y(v) < 0 for all v € [0,1]
provided @ is small enough; moreover, if the above condition on ¢4 is satisfied for
some 6y, then it is satisfied for all @ < 6y. The critical value 6* should be such
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that o has a double zero in (0,1), i.e., 6% is a zero of D(py), the discriminant
of ¢o. With the help of Mathematica, we find

D
% = V36% + (171 + 243v/3)0% + (27702 + 8352+/3)0 — 802134 — 386370v/3 .

By Descartes’ rule of signs, the latter polynomial has a unique positive root 8*. In
fact, using again Mathematica, we find that 6* = 27 — /3 =25.2679... and

D(pa) = 8(6 — 0°) [V30% + 6(28 + 45V/3)0 + 6(5238 + 2579v/3)] .

Thus, the optimal value of # in Case 8 is 6 = 6* = 27 — /3. Just for one more
check, we verify that

3 1 3 3423 3—/3\2
pal07i0) — vt =Sy Lo VB (BARBY SV e
Summarizing the three cases considered above, we see that the optimal value

of @ ensuring that ¢(#;u) <0 for all w € [0,3] is 6 = 6" = 27 — /3. We have

(0" u) = u® — L jQ\/g u? — 1263_6\5 (w—1)F — W (w—2)%.
The graph of —¢(0;u) is depicted in Figure 1.
-¢p
020f
01sf
010f
00s|
05 10 15 20 25 30 "

Figure. 1. The graph of —¢(0*;u), 0 <wu < 3.

In view of (3.11), # = 6" ensures that K3(Q;t) >0 for all ¢t € [0,z3,].

With the optimal value 6 = 0* | the coefficients {4y, ,,}3 of quadrature formula
(3.7) are given by

_ 81++3 126 —+4/3 20743

1
A n — 5 n — 5 n — 5 A n = 5
% 216n L 1080 2 216n qn
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e., {Arn}3 coincide with the coefficients of quadrature formula (),, in Theorem 1.
Moreover, (3.12) with 6 = 6* yields

3+43

/Kth Jdt = ot

(3.13)

3.2. POSITIVITY OF K3(Q;t) ON [z,,—3 5, 1]

We apply (2.1) with r =3 and @ being quadrature formula (3.7) to obtain:

1
K3(@;t) = : — 0%

(1-t)° 1 2

== S Apa(l—t—zp p0)2
k=0
it 22 1 & 2 7
=3 -5 ZAn,km(x — Tpn)t = Ka(Q; ).
k=0

Hence,

n4

Al Ka(Qit) dt = / Re(@2)d ““ifwwmu

n—3,n

with ¥ (u) = ¢¥(o;u) given by

108—0 , 171—+3+3p 288 +2v/3 — 3p

— 4,3 2 2
Y(u) = v — W~ 5 (u—1)7 — 5 (vw—2)7.
Now we have the equivalence
KS(Q;t) Z 07 t e [xnf&rw 1] ~ w(gvu) Z 07 u [07 3] g
By a straightforward calculation we obtain
1
ot V3 —33
t 3.14
[ m@na= e, (314

therefore, to minimize the error constant c3(Q), we need to find the smallest o
such that ¢(g;w) > 0 for all w € [0,3]. A necessary condition for the latter
requirement to hold is ¢ > 108, since

dow) = (wt ), wel1l.
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0.5~

Figure. 2. The graph of ¥(p*;u), 0 <u <3.

It turns out that the choice ¢ = p* = 108 is optimal, as it guarantees the non-
negativity of ¢ on the interval [0, 3], see the graph of ¥(¢*;-) in Figure 2.

With ¢ = o, coefficients {Ay ,,}7_,,_5 of quadrature formula (3.7) are given
by

216n AT T q08n 0 L T o16n

297 — /3 A V3 —18 " 495 — /3

Anf&n - An,n =0.

Let us summarize: with the optimal values (6, 0) = (0%, 0%) = (27 — /3, 108)
the nodes of quadrature formula (3.7) are given in Table 1:

Table 1. The coefficients of quadrature formula (3.7).

AOJL Al,n Agm Akz,ru 3<k<n—-1
8143 126—/3 | 207+v3 1
216n 108n 216n n
Anf&n An72,n Anfl,n An,n
2073 v/3-18 495—+/3 0

216n 108n 216n

It is clear now that (3.7) is the positive definite quadrature formula @, in
Theorem 1.

From (3.14) with o = po* we find

/1 i+ /6 (3.15)

K3(@Q;t)ydt = ————.
S(Qv ) 216”4

n—3,n
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Now (3.10), (3.13) and (3.15) yields
C34V3 T V3 VB(n—6) V3 21—/3

¢3(@n) = 108n4 216n4 216t 216m3 2nt

which proves (1.10).

To prove the last claim of Theorem 1, we apply Proposition 1(ii) with Q@ = Q,, .
Since Ay, =1/n for 3 <k <n—4, we have, with f; = f(z;,),

3

|R[Qu; f1] < BlQn; f1 = ‘ > (Akn— Ankn) (Frk — fk)‘ : (3.16)
k=0
On using
AOn_Ann7%7 Al,n_Anfln %7

and the explicit form of finite differences,
A™ = -1 m—k (T 3
S ()

we obtain from (3.16), after rearrangement,

BIQw £) = g [81(A% s — A%0) + VE(AY, 2 + A%, 5 — A% — A%)].

The proof of Theorem 1 is complete. (I
Proof of Corollary 1. Since @n[f] = Qn[f] and ﬁ = fnos, 0 <4 < n,

we deduce from (3.16) that B[Q,; f] = B[Qx; f], which proves the first claim of
Corollary 1. The second claim follows from Proposition 1(iii). O
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We consider the equation [p§] 4 [p§] + [p§] = N, where N is a sufficiently large integer,
and [t] denotes the integer part of t. We prove that if 1 < ¢ < %, then it has a solution
in prime numbers p1, p2, p3 such that each of the numbers p1 + 2, p2 + 2, p3 + 2 has

at most [%] prime factors, counted with their multiplicities.

Keywords: Waring’s problem, sieve methods.
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1. INTRODUCTION AND STATEMENT OF THE RESULT

In 1937 1. M. Vinogradov [16] proved that for every sufficiently large odd integer
N the equation
p1+p2+p3=N (1.1)
has a solution in prime numbers py, p2, p3.

Analogous problem was considered in 1952 by Piatetski-Shapiro [9]. If H(c)
denotes the least integer s such that the diophantine inequality

lpf + - +p; — N| <,

has a solution in primes pi,...,ps, where ¢ > 1 is not an integer, £ > 0 is small,
and N is large real number, then Piatetski-Shapiro proved that
H(c
lim sup L <4.

c—oo Cloge ™
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He also proved that if 1 < ¢ < 3/2, then H(c) < 5. In 1992, Tolev [14] established
that if 1 < ¢ < %, then the diophantine inequality

Ipf +p3 +ps— N|<N"

has a solution in prime numbers p1, po, ps for certain Kk = x(c) > 0. Several
improvements were made and the strongest of them is due to Baker and Weingartner
[1], who improved Tolev’s result with 1 < ¢ < 4.

In 1995, M. B. Laporta and D. 1. Tolev [7] considered the equation

[pY] + [p3] + [p3] = N, (1.2)

where ce R, ¢ > 1, N € N and [t] denotes the integer part of £. They showed that
ifl <e< % and N is a sufficiently large integer, then the equation (1.2) has a
solution in prime numbers py, po, ps.

For any natural number r, let P, denote the set of r-almost primes, i.e. the
set of natural numbers having at most r prime factors counted with multiplicities.
There are many papers devoted to the study of problems involving primes and
almost primes. For example, in 1973 J. R. Chen [4] established that there exist
infinitely many primes p such that p + 2 € Py. In 2000 Tolev [12] proved that for
every sufficiently large integer N = 3 (mod 6) the equation (1.1) has a solution
in prime numbers py, po, p3 such that py +2 € Py, po +2 € Ps, p3 +2 € Ps.
Thereafter this result was improved by Matoméiki and Shao [8], who showed that
for every sufficiently large integer N =3 (mod 6) the equation (1.1) has a solution
in prime numbers p1, pa, p3 such that p; +2,ps + 2,p3 + 2 € Ps.

Recently Tolev [15] established that if N is sufficiently large, £ > 0 is an
arbitrarily large constant and 1 < ¢ < %, then the inequality

b5 + PS5 + 95 — N| < (log N) ™
has a solution in prime numbers p1, ps, ps3, such that each of the numbers p; + 2,

pa+2, p3+2 has at most {% prime factors, counted with their multiplicities.

In this paper, we prove the following

Theorem 1.1. Suppose that 1 < ¢ < %. Then for every sufficiently large N

the equation (1.2) has a solution in prime numbers p1, p2, pa, such that each of the

95

—177166} prime factors, counted with

numbers p1 +2, po + 2, p3 + 2 has at most [

their multiplicities.

We note that the integer [

if ¢ is close to %.

To prove Theorem 1.1 we combine ideas developed by Laporta and Tolev [7] and
Tolev [15]. First we apply a version of the vector sieve and then the circle method.
In section 4 we find an asymptotic formula for the integrals T} and T”) (defined by

%} is equal to 95 if ¢ is close to 1 and it is large
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(3.11) and (3.14) respectively). In section 5 we estimate T/ and T'] (defined by
(3.12) and (3.15) respectively) and we then complete the proof of Theorem 1.1.

2. NOTATION AND SOME LEMMAS

We use the following notations: with {t} = ¢ — [t] we denote the fractional part
of t. With ||¢|| we denote the distance from ¢ to the nearest integer. As usual with
w(n), @(n) and A(n) we denote respectively, Mébius’ function, Euler’s function and
von Mangoldt’s function. Also e(t) = €27,

We use Vinogradov’s notation A < B, which is equivalent to A = O(B). If we
have simultaneously A < B and B <« A, then we shall write A < B.

We reserve p, p1, p2, p3 for prime numbers. By € we denote an arbitrarily small
positive number, which is not necessarily the same in the different formulae.

With N, Z and R we will denote respectively the set of natural numbers, the
set of integer numbers and the set of real numbers.

Now we quote some lemmas, which shall be used later.

Lemma 2.1. Suppose that D € R, D > 4. There exist arithmetical functions
AE(d) (Rosser’s functions of level D) with the following properties:

1. For any positive integer d we have

INE(d)] < 1, M(d)=0 if d>D or p(d) =0.

2. If n € N, then

SN (D) <D ud) <> AT ().
d|n d|n d|n

3. If z € R is such that 2> < D < 2% and if

2< p<z 2<p<z P— 1 (2 1)
. .
N = Z )\((dc;)7 30:%7
api ¥ &
then we have
B< Nt < B<F(so) +0<(1ogD)*%>> (2.2)
B>N~ 2B (f(s0)+0((og D) })), (2.3)

where F(s) and f(s) satisfy
f(s) =2e"stlog(s — 1), F(s)=2e"s"! for 2<s<3. (2.4)

Here v is Fuler’s constant.
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Proof. See Greaves [5, Chapter 4, Theorem 3]. O

Lemma 2.2. Suppose that Ai7A,?: are real numbers satisfying A; = 0 or 1,
A7 <A <AS,i=1,2,3. Then

AjAgAz > ATATAT + ATASAT + ATATA; —2ATATAY. (2.5)
Proof. The proof is similar to the proof of Lemma 13 in [2]. O

Lemma 2.3. Suppose that z, y € R and M € N, M > 3. Then

(e} = 3 eme(mn) +0 (min (1,370 ).

|m|<M
where .
em = 2= AZT) (2.6)
2mi(x + m)
Proof. Proof can be find in Buriev [3, Lemma 12]. O

Lemma 2.4. Consider the integral

b

1- [ etrtan,

a

where f(x) is real function with continuous second derivative and monotonous first
derivative. If |f'(z)|> h > 0 for allz € |a,b], then I < h™1.

Proof. See [10, Lemma 4.3]. O

3. BEGINNING OF THE PROOF

Let 5, 6, £ and p be positive real numbers depending on ¢. We shall specify
them later. Now we only assume that they satisfy the conditions

12 5

35 < — 2<—-<3 1. 3.1
§+30< o, <n<7 p < (3.1)

We denote .
X =N-=, z=X" =X A=Xée (3.2)

and
Py =] » (3.3)
2<p<z
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Consider the sum

I'= > (log p1)(log p2) (log pa). (34)
pX <p1,p2,p3<X
[p7]+[ps]+[p51=N
(pi+2,P(2))=1, i=1,2,3

If we prove the inequality
I'> 0, (3.5)

then equation (1.2) would have a solution in primes p1, pa, ps satisfying conditions
in the sum I'. Suppose that p; + 2 has [ prime factors, counted with multiplicities.
From (3.2), (3.3) and (p; + 2, P(%)) = 1 we have

X+22p+2224=x"

and then [ < % This means that p; + 2 has at most [p~!] prime factors counted
with multiplicities. Therefore, to prove Theorem 1.1 we have to establish (3.5) for
an appropriate choice of 7.

For ¢ =1,2,3 we define

1 it (p+2,P(2) = 1,

N Y { . -
d|(pi+2,P(2)) 0 otherwise.

Then we find that

= > AiAsAs(logpy)(log ps)(log ps).
pX <p1,p2,p3<X
[p7]+[p3]+[p5]1=N

We can write I' as

I= > AAsAs(logpr)(logpo)(log ps)

pX <p1,p2,pa<X

e(a([pi] + [p3] + [p5] — N))da.

|
m\u\w‘,_‘

Suppose that A*(d) are the Rosser functions of level D. Let also denote

AF = > M), =123 (3.7)
d|(ps-+2,P(2))

Then from Lemma 2.1, (3.6) and (3.7) we find that
A7 <A <AS
We use Lemma 2.2 and find that

[>Ty +Ty+T5— 2Ty,
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where I'y, ..., I"y are the contributions coming from the consecutive terms of the
right-hand side of (2.5). We have 'y ="y =I'3 and

Iy = > AIAﬁAﬁ(logm)(lOgm)(logps)/e(a([PiH[PSH[P%]—N))dcu

pX <p1,p2,p3<X

(ST

L= Y ATAJAS (ogp)(ogpa)logps) [elal(pi]+Ips]+1p5] - N))do.

pX <p1,p2,p3<X

2

Hence, we get
r>3r, —2ry. (3.8)

Let us first consider I';. We have
1
2
T, - / e(— Na)L~(a)[*+{a)2da, (3.9)
1
—3

where

LH(a)= Y (ogplelalp?]) > I(d).

pX<p<X d|(p+2,P(2))

Changing the order of summation we get

LEe)= > 2@ > (ogple(alp’]).
d|P(z) pnX<p<X
p+2=0( mod d)

We divide the integral from (3.9) into two parts:

r, =T +T7, (3.10)
where
I} / e(—=No)L™ (o)L T () da, (3.11)
| <A
= / e(—=No)L™ (o)L T (a)?da, (3.12)
A<\a\<%
with A defined by (3.2).
Similarly, for I'y we have
Ly=T,+TY, (3.13)
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where

= / e(=Na)LT(a)da, (3.14)
Ja|<A

Iy = / e(—No)LT(a)*da, (3.15)
A<\a\<%

and A is defined by (3.2).

4. THE INTEGRALS I} AND T

We shall find an asymptotic formula for the integrals '] and I') defined by
(3.11) and (3.14), respectively. The arithmetic structure of the Rosser weights
A% (d) is not important here, so we consider a sum of the form

Le)=> Xd) Y (ogple(a[p]), (4.1)
d<D pX<p<X
p+2=0( mod d)

where A(d) are real numbers satisfying

Md|<1,  Md)=0 if 2ld or pu(d)=0. (4.2)

It is easy to see that

L@)=> Ad) Y (logpe(ap® +O(jal])
d<D pX<p<X
p+2=0( mod d)

S > (logp)e(ap”)(1+ O(|a]))
d<D

pX<p<X
p+2=0( mod d)

= T(a) + O(AX (log X)), (4.3)

where

L@)=> Ad) > (logple(ap”).
d<D pX <p<X
p+2=0( mod d)

For L(a) we use the asymptotic formula from Lemma 10 in [15]. From (3.1)
and (3.2) we see that, when |a| < A, then for every constant A > 0, we have

L) = %I(a) +O(X (log X)=4), (4.4)
d<D
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where

X
o) = / e(at®)dt. (4.5)
nX
Hence from (3.2), (4.3) and (4.4) we see that
L(a) = d;; %I(a) +O(X (log X)~4). (4.6)

From (2.1) and (4.6) we find
L (o) = NEI(a) + O(X (log X) ™), for |a| < A. (4.7)

Let
ME = NFI(a). (4.8)

It is easy to see that
NT < log X. (4.9)

We use (4.7), (4.8) and the identity
L= (L2 = (L7 =ML HLT=-M)M LT LT - MMM M (MT)?
to find that
IL7(LH)2 =M~ (MD?| < X(log X) A (LT + M P+ M), (4.10)
Let
B- / e(—Na)M™(a)(M™(a)) da. (4.11)

| <A
From (3.11), (4.9) — (4.11) we have

I — B < X(log X)>~4 / |LT ()2 de + / |1(a)]2da
al<A Jo| <A
We need the next lemma, which is an analog of Lemma 11 in [15].

Lemma 4.5. If A < X'=°, then for the sum L(«) defined by (4.1) and for
the integral 1(a) defined by (4.5) we have

|L(a)|da < X?¢(log X)°,
RN
[I(a))?da < X?“(log X)°,
<A
/ |L(a)]?do < X (log X)°.

|l <1
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Proof. The proof is similar to the proof of Lemma 11 in [15]. O

Hence
I — B < X* °(log X)34. (4.12)

Consider now the integral

Blz/e(—Na)I(a)Sda. (4.13)

Using the method in Lemma 5.6.1 in [11] we find
B> X%e. (4.14)

For I(c) we apply Lemma 2.4 and see that I(a) < |o| ' X'~°. Then from
(3.2), (4.8), (4.11) and (4.13) we find

INT(NT)2B; — Bl < (log X)? / [I(a))?da < (logz)3 X372, (4.15)
loe>A
If A= 12, then using (4.12) and (4.15) we find
=N (NT)?Bi + 0(X?* “(log X)™%). (4.16)
We proceed with I} in the same way and prove that

I, = (NT)PBy + O(X* “(log X)*). (4.17)
5. ESTIMATION OF INTEGRALS I’/ AND I} AND COMPLETION OF THE

PROOF

In this section we consider the integrals I'Y and I'/ defined by (3.12) and (3.15)
respectively. We shall show that I']/ and I'} are small enough. Now we assume that

16c—5 17 — 16¢
= 60— ——. 5.1
f=—5— 5 (5.1)
It is obvious that for I'] defined by (3.12) we have
1
I'' < max |L (o) / |LT ()] da.
A<|al<t
0
We use Lemma 4.5 and find that
Il < X(log X)° max |L ™ (a)]. (5.2)

INSETRS
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From (4.1) we see that

where

d<D pX<n<X
n+2=0( mod d)

Let M = X* for some &, which will be specified later. Now for L («) we apply
Lemma 2.3 with parameters z = «, y = n° and M (note that [t] =t — {t}). We
obtain

Lifa)= Y cwd X)) > Am)e((a+m)n)
|m|<M  d<D uX<n<X
n+2=0( mod d)

1
+0 | X* min <17 7>
M
We need the following

Lemma 5.6. Suppose that D, A are defined by (3.2) and &, § are specified by
(5.1). Suppose also that A\(d) satisfy (4.2) and ¢, are defined by (2.6). Then

Agglgj)\(4+1 Z Cm Z Ad) Z A(n)e(an®)

Iml<M  d<D pX<n<X
n+2=0( mod d)

<o (x¥EpME 4 X EATE 4 xEHEDEME 4 x4 X iDL X AT,
Proof. See Lemma 15 in [15]. O
We also need the following result.

Lemma 5.7. One has

1 .
> min <17 7> < X© <XM*1 + M%)ﬁ) : (5.5)
P Mfne||

Proof. From [13, Lemma 5.2.3] we know that the Fourier series

)
min |1, ——— | = b (k)e(kn®), (5.6)
(v 3m) =
has Fourier coefficients satisfying
4log M if k € Z,
bar(B)| < § o™ s (5.7)
Iz 1 € Z7 k ?A 0.
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From (5.6) we get
1
> min <17 M7> = > D bu(k)e(kne). (5.8)
pX<n<X ||n || puX<n<X keN
Changing the order of summation in last formula we obtain
> min <17 #> = bu(k)H(k),
nX<n<X M||n || keN

where

H(k)y= > e(kn®).

pX<n<X

Now using (5.7) and (5.8) and the identity |H (k)| = |H(—k)| we find

) 1 XlogM logM |H (k)|
> min <17 - ><< + SO HEBHM > =5 (5.9)
pX<n<X M”n || o ag 1<k<M k>M b

If 0(z) = kz°, then 0" (x) = c(c— 1)kz°"2 x kX° 2 uniformly for z € [uX, X].
Hence, we can apply Van der Corput’s theorem (see [6, Chapt. 1, Theorem 5] to

obtain . .
H(k) < kzX? +k2X173, (5.10)

Hence from (5.9) and (5.10) we prove (5.5). O
When combining Lemma 5.6, Lemma 5.7 and (5.3) — (5.4) we find that

max |L(e)| < of(X3TEDME 4 X1TEATE 4 xHTEDIM
A<a< M1

+ XX EDEATE X E AT s XM,
Then from last formula, (3.2) and (5.2) we find

I« z° <X§+§+5+g 4o xErEtEe Lo x4 x2te-d +X2*H> ) (5.11)

If we choose k = 2225 then from (5.1) and (5.11) we conclude that if 1 < ¢ < 1%
then
I < X%,

From (3.8), (3.10), (3.13) and (4.14) — (4.17) we conclude that
I > [BN~ = 2N T|(NT)B; + O(X?* “(logz)™4). (5.12)

Now we shall find a lower bound for the difference 3/~ — 2N T, It is easy to see
that
Bx (log X))t (5.13)
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From (2.2) and (2.3) we see that

where sg is defined by (2.1) and F(s

BN = 2N 2 B(3f(s0) = F(s0)) + O (log X)7#),

nd f(s) are defined by (2.4). If we choose

(s) a
sp = 2.95, then from (2.1), (3.2) and (5.1) we find

) 17 — 16¢

T 595 o044

and also from (2.4) we find 3f(so) — F'(s0) > 0.

Now from (2.2), (4.14), (5.12) and (5.13) we obtain

> X2 <(log X) 2.

Therefore I' > 0 and this proves Theorem 1.1. (Il
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CONSTANT
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The aim of the paper is to apply an exponential trapezoidal quadrature rule to an
integral representation of the Euler-Mascheroni constant. The resulting sequence has
subexponential convergence rate and is particularly useful for estimating the subrecur-
sive complexity of the constant.

Keywords: computable real number, subrecursive complexity, Euler-Mascheroni con-
stant, exponential trapezoidal rule.
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1. INTRODUCTION

The Euler-Mascheroni constant is usually denoted by v and is defined by the

equality
) 1 1
fyntLH;O <1+§+~~~+E—lnn>.

Since this sequence converges to v very slowly, it is not suitable for the effective
computation of . This is why other much faster methods are invented, like the
method of Karatsuba in [2], which is suitable to prove polynomial-time computabil-
ity of ~.

Our aim is to study the complexity of + in another context, namely the sub-
recursive class M?, contained in the third level £2 of Grzegorczyk’s hierarchy. It

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 185-191. 185



appears that the known methods for effective computation of v are not suitable in
this context.

The author has proven in [1] that + is M?2-computable, as a consequence of
some results on M2-computability of integration. The aim of the present paper is
to extract an actual sequence from this proof, which converges to v with subexpo-
nential convergence rate. This will be done by a careful estimation of the error of
approximation.

The starting point is the following well-known representation

—y = / e "lnzdr.
0

1 feel
I :/ e “Inz de = —/ T ef%llrltclt7
0 1

12:/ e “Inzdx,
1

Let us define

so that v =—1I — I».

2. EXPONENTIAL TRAPEZOIDAL RULE

The trapezoidal quadrature rule is a famous method for numerical integration.
It approximates the definite integral of a real function over an interval with the
area of a trapezoid. In practice, the initial interval is split into sufficiently many
subintervals of equal length, the rule is applied to each one of them and the ob-
tained results are summed. It is known that in certain situations the result of this
method approaches the exact answer very quickly when increasing the number of
subintervals. This phenomenon is described in great detail in the paper [3]. The
results from Section 1.5 in [3] can be used to estimate the subrecursive complexity
of the integration operation. More concretely, the author has proved in [1] that the
definite integral of an analytic real function, belonging to a certain low subrecursive
class of computable real functions, is itself computable in this class. The steps in
this proof proceed as follows:

1. We start with a function 8, which is analytic on an open set of the com-
plex plane containing the interval [, 5] and we wish to approximate I =

ff 0(z) dz.
2. By a linear change of variables we may assume [o, 8] = [—1,1].

3. We apply the transformation z = tanh(¢) and thus we obtain the integral

+oo
I— 1 H(tanh(t))m dt.

(This is the so-called tanh-rule.)

186 Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 185-191.



4. We discretise the integral by the trapezoidal quadrature rule with step h and
then truncate the obtained infinite series to its (two-way) n-th partial sum.

1
Finally, we put h = — and the result is

\/ﬁ
m_ N RS T - LEY T
=)y H(tanh(kh))coshg(kh) =— k;ne <tanh(ﬁ)> oo ()

k=—n n

for every positive integer number n.
5. The error of the approximation is

M(@2m +4)

-1 < =7,

where C, M depend on 6, a, 8 only. (See the proof of Theorem 5.3 in [1].)

3. APPROXIMATION OF I

Let ¢ : [1,00) — R be defined by
o(t) =t 2e 7 Int.

Lemma 1. For any fized £ > 0, the function ¢ has an analytic continuation
to an open set of the complex plane C containing the set
5

Df{ZGC‘ReZE[Lf‘FlL Imze {—575}}. (1)

Moreover, |¢(z)| <In(€+ 1)+ L for z€ De.

Proof. The first claim is obviously true, assuming the principal value of the
logarithmic function with branch cut the non-positive real numbers. In fact, ¢ has
an analytic continuation defined on the whole halfplane Re z > 0.

Now we estimate |¢(z)|, z € D¢. Let £ > 0 and z € D¢, where z = z+ B with
1<z <€+1 and |B|§%. We have

1 1
lo(2)| = o le”=|.|Inz|.

For the first two factors we have

1 1 1

- — < <1
E 2 B 1B
|eié| — eRe(fé) — 67;2%2 < 1.
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The third factor is estimated as follows:

|Inz| = 4/In? |z| + Arg? z < |In|z|| + | Arg 2|
52

In(z? + B) + 7 < %ln((er DL g

<
- 4

NN R

ln(g(f +1)) +r<In(é+1) + ;

N

The result follows trivially. (I

We replace the integral —I; = floo o(t) dt by

£+l
I = /1 o(t) dt,

where ¢ > 0 will be specified later. For the truncation error e;(§) we have (using
that e=* < 1 for any = > 0)

=~ — L ﬁ —x
e1(§) = t e tintdt= (—Inz)e *dz
3 0

+1

o CIn(é+1)+1
S/o ( lnx)dxfingl .

Following the steps from the previous section we have

1
n=5 [ atwo

where

o, =0 (552,

Then we approximate .J 51 by

- 1

L €1 k
.= W k;n b1 <tanh(ﬁ)7§> (LT

B

In the proof of Theorem 5.3 in [1] we can arrange A’ = 1,a = 27 C =1 and by

Lemma 1 we obtain

£+ +HEr+4)
2

Ir— | <
£ évn‘_ e\/ﬁ_l

for any & > 0 and positive integer number n.
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4. APPROXIMATION OF I

Let ¢ : [1,00) — R be defined by
Y(z)=e "Inz.

Lemma 2. For any fized £ > 0, the function ¢ has an analytic continuation
to an open set in C containing the set D¢ defined in (1).

Moreover, |tp(z)] <In(€ + 1)+ L for z € De.

Proof. Analogous to the proof of Lemma 1, this time using that

|67Z| _ eRe(fz) o Re(z) <1,

for any complex number z with Rez > 0. (I

We replace Is by

where £ > 0. For the error es(§) after this replacement we have (using Inz < x for
any real number = > 1)

oo oo 2
eg(f):/ e “Inz dtg/ e “x dx:%.
g &+1 ¢

Following the steps from Section 2 we have

1
=5 [ e de

where

n(wg —v (o 7).

Then we approximate J 52 by

_ELy : ;
Jzn W k;n% <tanh(ﬁ)7§> @'

Again we can arrange C' = 1 in the proof of Theorem 5.3 in [1] and similarly obtain

In(¢+1) + I)(2m +4)
2_ 12 | < §( 2
Te—Jal <5 eV —1

for any & > 0 and positive integer number n.
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5. MAIN RESULT

After approximating —I; by J, éln and Iy by J, 527”, we are ready to approximate
v = —1I; — I, and estimate the error of the approximation by choosing a suitable &
depending on n.

Inz+1
Let p(z) = . It is easy to see that p is decreasing in the interval
&

[1, +o0). Therefore,

ea(§) = p(efT) < p(€ +1) = e (),

since et > ¢ 41 for £ > 0.

Now the approximation of v by J, éln —-J §2n leads to an error, which is bounded
above by

¢(In(¢+ 1)+ L)(2r +4)

¢n(€+1) + 2)(2r +4)
61(5)+€2(§)+2§ T 1

evrn — 1

<2e(8) +

for any £ > 0 and any positive integer number n. To produce the desired sequence
A, we choose £ = \/Eﬁ — 1 to obtain

Vn s
-1 k 1
Ay =7, =72, =Y 1 S g (a2 et o1 — L
(n) i~ Jén NG k;ﬂ anh( n)m/E coshg(%y

where 0(u, &) = ¢1(u, &) — Y1 (u, ).

For any positive integer n, the error of approximation of v by A(n) satisfies

eﬁ— L 4 Do
[A(n) — 7] < 26 (ve"" — 1)+ foi?)@ +4)

_ 2z t1) +(\/ﬁ+7)(7r+2) 3Vt Tr+16
\/E\/E \/E\/Eﬁ»l - \/E\/E ’

6. CONCLUSION

The sequence A is suitable for proving M?-computability of ~. It turns out
that the sequence B, defined by

B(m) = A([logy(m + 1)),

is M?2-computable and has polynomial convergence rate.

Unfortunately, the expression for the general term of A is too complex to be
used in practice for computation of many decimal digits of ~. Simple numerical
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experiments with Simulink/Matlab using high precision calculations give 18 correct
decimal digits for n = 10000 and 30 correct decimal digits for n = 25000.
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A generalization of the results for two-type decomposable branching processes model
in continuous time derived in [9] is obtained. More precisely, the system of integral
equations for probability generating functions (p.g.f.) of the (n + 1)—type processes
is obtained. Another important result is the recursive equations satisfied by the p.g.f.
of the number of mutations. The results obtained are the base for further research of
probabilities of extinction and estimation of the risk of cancer recurrence.

Keywords: decomposable multi—type branching processes, continuous time,
mutations.
2000 Math. Subject Classification: 60J85, 60J80.

1. INTRODUCTION

The aim of this paper stems from the attempts to model mathematically the
behavior of cancer cell populations subjected to some treatment, i.e. chemotherapy,
radiotherapy or another type of medical treatment. As a result of the treatment, the
reproduction rate of the cancer cells decreases. In terms of the branching process
theory, the reproduction of these cells acquires subcritical characteristics meaning
that the mean of the offspring per progenitor is less than 1. It is well-known (see
e.g. [1]) that a subcritical population goes extinct with probability 1 (or almost
surely) given a sufficiently long period of time. The empirical experience, however,
shows that during the division of the subcritical cells it is possible for mutations to
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occur. These mutant cells may have supercritical characteristics, i.e. the mean of
cells per progenitor is greater than 1, meaning that after a sufficiently long period
of time either the population completely disappears with probability 0 < ¢ < 1, or
it increases (theoretically) indefinitely with probability 1 — ¢. Models in discrete
time with more than one subcritical cell type and one supercritical cell type are
considered in [7], [8] and others. Similar models, but in a continuous time are
studied in [2], [9] and [10].

The framework of classical branching theory, on which the results in the current
paper are based, is developed in the classical books [3, 1, 4, 6]. Further development
on the application of branching processes in biology can be found in [5] and [2].

This work aims to expand the results in [9] and [10], in the case of more than one
subcritical cell types. Let us note that considering a branching process with more
than one type of subcritical cancer cells is actually of interest from a practical point
of view. Cancer is a multi-stage disease and frequently metastases are observed after
local eradication of the tumor and subsequent adequate treatment meaning that
the cancer spreads to different parts of the body, depending on the particular type
of cancer. The differences in the environment may encourage the variation in the
characteristics of the cancer cells, leading to the differentiation of different types.
This motivates studying a more complicated model allowing more than one type of
subcritical cells.

In what follows, we will discuss the general case in which the offspring of
a subcritical cell of an arbitrary type may be of any other type, i.e. from one
of the subcritical types or from the supercritical one. On the other hand, we
will limit ourselves to the case of one supercritical type, where the generation of
supercritical type cells can only be of the supercritical type. This means we will
explore a decomposable branching process (for this type of branching processes,
the theoretical results are far less abundant).

The paper is organized as follows: Section 2 introduces the branching process
model with n + 1 types of cells in continuous time. Section 3 contains the main
results and proofs. In Theorem 1 we prove the basic functional equations for p.g.f.
of the process itself. In Theorem 2 we obtain the p.g.f. of both the number of
mutations occurred up to time ¢ and the number of mutations to the escape type
cells in the whole process.

2. FORMULATION OF THE MODEL

Before proceeding with the main model in Definition 2 let us recall:

Definition 1. An age—dependent branching process {Z(¢),¢ > 0} with one
type of cells, being the number of cells alive at time ¢, starting at time 0 with a
single progenitor of age 0, i.e. Z(0), is called a Bellman—Harris branching process

(BHBP), if:
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(i) The life-length 7 of the progenitor has distribution G(t)= P(7 < t), G(0T) =0;

(ii) Each cell produces k, k > 0, similar cells of age 0 at the end of its life with
probability pr,0 < pr < 1, which have the same life-length distribution G(¢)

and reproduce independently according to {pg}, Z pr = 1.
k=0

The single-type Bellman—Harris branching process together with proper bio-
logical applications is studied by Jagers [4] and more theoretically by Athreya and
Ney [1].

Now we will state the constructive definition of the main model, as a model
of a multi-stage cancer process, where type 0 is reserved for the malignant-type
(supercritical) cells, characterized by high capacity of division, and the types i, i =
1,...,n, correspond to the successfully treated (subcritical) types of cancer cells.

Definition 2. Define the multi-type branching model of mutations with n+1
types of cells as follows:

(i) There are n+ 1, n > 1 different types of cells;

(ii) Each cell type has the properties stated in the definition of the single-type
BHBP (although it is not necessary for the offspring to be of the same type
as the mother cell, see (iii)). Each type has a (possibly) distinctive (contin-
uous) distribution G;(t) = P(7; < t), G;(0T) = 0, of the life-length 7, and

(possibly) distinctive (discrete) distribution {p;z}, Zpik = 1 of the number
k=0
of cells in the offspring v;, ¢ =0, ..., n;

(iii) Each of the descendants of a subcritical type 4, ¢ = 1,...,n, can mutate at
birth, independently of other cells, to any other type, with probabilities w;z,
0<wur<1, k=0,...,n, ZZ:O u;p, = 1. Descendants of the supercritical
type 0 can not mutate to another type, i. e. ugg = 1, meaning that there is no
backward mutation. Because of the mutation scheme of type 0 the branching
process is decomposable.

(iv) Cells of type 4, ¢ = 1,...,n, have subcritical reproduction, i.e. for the off-
spring mean m;, we have 0 < m; < 1. Cells of type 0 have supercritical
reproduction, i.e. have reproduction mean mg, with 1 < mg < o0;

(v) Formally, we denote {Z(t) = (Z°t),Z%(t),...,2"(t)),t > 0}, where
{Z(t),t > 0} stands for the number of cells of type i, 4 =0, ..., n, at time ¢,
respectively.

From now on, unless stated otherwise, we assume that the process starts with
just one cell of type 4,7 =1,...,n, i.e. Z°(0) =0, Z:(0) =1 and Z7(0) =0, j # 1.
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The p.g.f. of the offspring v; of type ¢ cells will be denoted by f;(s), i =0,...,n,
and

fi(s) = E(s*) =Y pas®, [s|<L.
k=0
In addition, we introduce the following notation for the p.g.f. of the process:

1. For each type i =0, ..., n, we denote
Filt;so,...,80) = E(sf 52" O|70(0) = 1, 29(0) = 0,5 # )
2. The p.g.f. of the whole process is

F(t;8) = (Fo(t;8),..., Fu(t;8)) , s = (S0, .., 8n).

3. MAIN RESULTS

3.1. BASIC FUNCTIONAL EQUATIONS

In the following theorem we will obtain the basic non-linear integral equations
for the p.g.f. of the age—dependent branching process defined in Section 2.

Theorem 1. The probability generating function F(t;so, ..., s,) satisfies the
following non-linear integral equations

1. For type O:

Fo(t; 80,81, ..., 80) = Fo(t; 50)
b

= 80(1 — Go(t)) +/f0(F0(t — Y, 80))dG0(y)

0

(3.1)

2. For type i, 1<i<n:
Fi(t; 80,81, -5 80) = 8i(1 — Gy(t))

b
" (3.2)
4 /fi <Ui0F0(t —y;s0) + Zuika(t —Y; 80,81, -, 3n)>dGi(y)~
4 =i
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Proof. 1). Let us consider the case when the process starts with one cell of
type 0. The independence assumption of the cells’ evolution allows us to consider
our process as consisting of & separate processes, after first splitting of the initial
cell, which gives us the following relation:

Folt; s0,51,. .. ,8n) = B(E(sZ D2 @ sZ"®)2°(0) = 1, 27 (0) = 0,50, (0, v0)))

t

= s0(1—Golt /ZPOkE Z (=) Z -y Zn(tfy”ZO(O):k,Zj(O):O,j#O)dGo(y)

k=0

o(1 = Gol(t /Zm E(sZ° 9 2°(0) = 1, Z7(0) = 0, j#0))*dGo (y)
1—G0 /ZPOkFO t—y,So) dGo( )

so(1— Go(t) /fo (Fo(t — 3 50))dGo(y)-

Notice that this equation is the integral equation obtained for the classical BHBP.

2). Consider the case where the process starts with one cell of type 4, 1<i<n.
Again, using the independence assumption, a decomposition of the sample space Q2
in accordance with the life-length 7, and number v; of offspring of the initial cell
of type ¢ and multinomial distribution yields the relation:

Filti s0,51,. . ,8n) = B(E(sZ W20 2" O|240) = 1, 29 (0) = 0,54, (7:,14)))
= si(1 - Ga(t))

ko, ki1

Uzg Uy um — : )
/ Zp““ b3 kf!k; kB (s, ZUn ZH) N 70(0) = by, ¥5)dGaly)
k=0 >0 ky=

ko

[e] k1
U;q U, e U — i .
:Si(1—ai(t>>+/2pik > {7]:1)%;1 KU (sg 2209 20(0) =1, 27 (0) =0, j£0)*°

k=0 0 kp=k

H (20 Z ) gy — 1, 79 (0) = O,j#m)km}dGi(y)

g ; . ko
Kko,kl,...,kn>“zoFo<t y; 50)]

n

¢ T et = 530,50, 3] | d6)

= : / me

k=0 P ko=

¢
oo 7 k
=s(1—Gi(t) + /szk [uioFo(t —y;80) + Zui,,F,,(t — Y;80,81,... ,sn)] dGi(y)
o k=0 v=1
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¢
= s (1 = G5(t)) + /fZ (uioFo(t —y;80) + Zui,,F,,(t — Y; 80,81, .,sn)>dGi(y).
0 v=1

O

3.2. NUMBER OF MUTANTS
Definition 3. In the context of the model under discussion a ”mutant” cell
is each cell of type 0, whose mother cell is of type i, 1<i<n.

It is worth noticing that, at any moment of time, the random variable (r.v.)
"number of cells of type 07 is rather different from the r.v. "number of mutants”.

Let us denote by I;(t), 1<i<n, the r.v. "number of mutants that occurred in
the process until time ¢, for a process starting with one cell of type i”. We denote
the p.g.f. of I;(t), 1<i<n as:

hrgo (5) = B(sH®),  [s]<1. (33)

Let I;,1<i<n be the r.v. "total number of mutant cells, that occurred in a
process with one initial cell of type ¢, for the duration of the whole process”.

The p.g.f. of I;,1<i<n is denoted by:
hi,(s) = B(s), |sl<1. (3.4)

Theorem 2. The probability generating functions hy,(s) of Ii(t) and hy,(s)
of I; satisfy the integral equations:

t
hi(s) = 1_Gi(t)+/0 Filwsostua by gy (8)+ - Fuinhy, 1y (5))dGi(y), (3.5)

h1,(8) = filwios +winhr, (8) + - +uinhr, (8)). (3.6)
Proof. 1). Let us consider hy,(s). We have
hiyey(s) = B(s") = E(B(s"O|(m;, 1))

t
= k ko, k kn ok
=1-Gi(t) +/Zpik Z K%?kl?“.?kn)%@%f e Uiy 87
0 k=0 P ke=k

x B(sh(9| 79 (0) = jJ#O)} 4Gi(y)

t
= k ko, k G 5 TT 227 o g
+/ > pik k|:<k07k17~~~7kn>Ui8uill Uy 8T HlE(S v)Em | dGi(y)
0 i

il
<
iy
R
&
1
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—1 —Gi(t)

/szk

k=0 Eokz k
t
ao+ |
0

=1-Gi(t) + /fi(uios Fuithpy(t—y)(8) + - Fuimby, -y (8))dGi(y).
0

]{; n
{<k07 ki,....k >uf§u5f Uf;{ Skon];[l(hlm(ty)(s))km} 4G4(y)

pzk ;oS + uzlhll(t y)( ) -t uznhln(tfy)(s))dez(y)

Mg

Rl
Il

0

2). In a similar manner, for hz,(s) we obtain:
(73, vi)))
- [ k ko, k ko,
=S x> <l€07k17 . kn>u0u1 b sk (ST

k=0  rke=k"

N [ k ko, k Fe ko T I\
“ 2 D <ko7k17...7/~cn>%8ulf"'ui”8OylE(s )

k=0 Yrky=k "

5 [ k ko, k Fn ko T o
=D pie ) (Mk >%8qu oy 0 I b (o)

k=0 rky=k "

hi,(s) = B(s') = E(BE(s"

(0) = k5,570)

== Zpik(uios + uilhh (8) + -+ umhln(s))k
k=0

= filuios +uirhy (8) + -+ +uinhr, (8)).
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The main purpose of the present paper is to initiate the application of methods from
Spectral graph theory to the analysis of multidimensional genetic data, and in particular
to the problem of detecting differential expression based on RNA-Seq data. Here we
introduce a new algorithm, that is based on the method of Spectral Clustering and
integrates an additional information about a priori given relations among the genes.

Keywords: spectral clustering, multidimensional data analysis, RNA-Seq data
analysis.
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1. INTRODUCTION

In recent years large amounts of DNA-Seq and RNA-Seq data were produced
as a consequence of the advancements of the high-throughput sequencing technolo-
gies. One of the most interesting questions that can be answered by analyzing
RNA-Seq data is finding differentially expressed genes or transcripts, for which the
overall levels in one group of subjects (e.g. patients with a particular disease) is
significantly different than the overall levels in another group (e.g. healthy con-
trols). Ever since the first RNA-Seq datasets became available, researchers started
developing different methods for analyzing it in order to find differentially expressed

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 201-215. 201



genes and nowadays there are dozens such methods. Further in this article we will
show that even for the same dataset, some of these methods produce very different
results than the others.

Such differences of the results naturally raise the questions whether some meth-
ods are better than others, and more generally how to compare and evaluate such
methods.

Comparing the results of differentially expressed genes is difficult because typ-
ically researchers are only able to biologically validate some portion of the genes
being determined as differentially expressed by the method. In addition, very few or
even none of the ones not being determined as differentially expressed are validated
as such. There are issues even in cases in which generated or in-silico data is used
and therefore we know the true differentially expressed genes, e.g. Soneson and De-
lorenzi (2013). In these cases the data generation assumes certain distributions, e.g.
NB or Poisson, or includes artificially added outliers, which gives and advantage to
differential expression methods that assume the respective distributions.

Here we discuss some general methods, in particular Spectral Clustering, for
calibrating binary classifications that can also be used to compare and evaluate such
classifications. Starting with an initial guess for the clusters (a split of number of
points into two groups, i.e. initial classification) and an a priori information about
the correlations, the method "moves” some of them between the clusters in order
to improve the classification, in a sense that the resulting (calibrated) classification
is closer to the "true” classification.

The research is structured in the following way: in section 2 we give a brief
review of the spectral clustering algorithm, in section 3 we explain the used method-
ology and the corresponding results, and finally in section 4 in a short Appendix,
we provide a curious relation between the method of Spectral Clustering and kernel
PCA.

More details of the present research and the experimental results will be pro-
vided in subsequent publication.

2. INTRODUCTION TO THE SPECTRAL CLUSTERING

In the present introduction we provide a short description of the method of
Spectral Clustering (SC) and provide some useful references related to recent de-
velopments and applications of the method.

The search for clusters is called traditionally clustering, but more recently
synonyms were introduced as community detection or modularity maximization,
cf. Clauset et al. (2004), Newman (2006), Newman (2008), and Fortunato and
Barthelemy (2007). It is one of the main problems in Data Analysis, when studying
data which are identified as points not only in a Euclidean space but also in an
abstract graph where the weights of the edges may be used to generate a similarity
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matrix. The role of the similarity matrix is to reflect the neighborhood relations
between data points.

Unlike the usual methods for data clustering and graph partitions, as e.g.
k—means, the method of Spectral Clustering is based on a completely different
view on partition of graphs. In principle, SC may be applied to graphs where
one has a naturally defined similarity matrix; in particular, if the data may be
embedded into an Euclidean space, then we may use various approaches to defining
a similarity matrix. Hence, we may apply the SC to very abstract situations.

Whereas the standard approach to clustering, as the method of k—means em-
phasizes upon the "compactness” of the data points, the SC makes the point on the
?connectivity” or the "modularity” of the data points. The method of SC may be
considered as a method for partitioning of graphs. Assume that the vertices of an
undirected graph are enumerated as z; € V' (the set of vertices) and the similarity
between them is defined by a weight matrix

W = (wij), i
with coefficients
wi; =w(z;,z;) >0

where the function w regulates the size of the neigbourhoods. Then the set of edges
is defined as those couples E;; := (z;,z;) € E for which w;; > 0. The main idea of
the graph partitioning is to subdivide it into groups of vertices, so that edges E;;
for which z; and z; belong to the same group have large weights w;;, while edges
E;; with z; and z; in different groups have small weight w;;.

The simplest example would be if we consider a graph consisting of points
z; € R®. One may take a weight function of the form

wy; =g (z; —x4)

in particular, the Gaussian one

—
Wy; = exp (” 202j” ) -

A standard method for clustering is the Min-Cut: For every two sets A and B
we define the "strength of interaction” as

cut (4, B) Z wi;

icA,jeB

Now the intuitive idea of the method of Min-Cut is based on minimizing the weight
of edges connecting vertices in A to vertices in B. This very intuitive algorithm
takes O (|V||E|) time for the calculations, where |V| denotes the set of elements in
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the set V. However, it is not a very successful algorithm as it often isolates vertices.
It is essentially improved by the method of Normalized-Cut defined as

1 1
Neut (4, B) = cut (4, B)<||A|| ||B||>

where for every subset A in the graph we have put

1Al =" di

€A

and d; is the degree of the vertex 7. The method of Normalized Cut is based on
the minimization of Neut (4, B), i.e. the weights of edges connecting vertices in
A to vertices in B, while keeping the sizes of A and B very similar. However it is
NP-hard to solve.

An interesting approach to understanding the idea of the SC method is by first
introducing the Normalized Cut. A main observation is that if we are given two
sets A and B and define now the vector [ = (fj)j by putting

1 :
/L y
m fOr]EB

then we have

2
Try— i (fi— £)2 = 1<L L)
foLf ;wa(f I5) zj:wa ||A||+||B||

and
1

TD Cl _
¥= Z ifi = ||A|| 1Bl

Here we see that the important notions appear in a natural way: the diagonal
matrix D has its diagonal given by the vector (dj)j and L is the unnormalized
Laplacian matrix defined by

L=D-W
We see easily that
JTLf
Neut (4, B) = TDf
hence .
. [ Lf
i Neut (4, B) = mln BTD

where the minimum is taken over the sets A7 B. Obviously, we may apply a re-
laxation by considering only those f for which fTD1 = 0. Hence, we obtain the
solutions to the above problems as a solution to the generalized eigenvalue problem

Lf = ADfJ.
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For details, we refer to Chung (1997) and von Luxburg (2007).

The spectral properties of the Laplacian are closely related to the topological
properties of the graph, as the following classical result shows.

Proposition 1. The matriz L is symmetric and positive semi-definite; as such
it has n non-negative, real eigenvalues, and the smallest one satisfies Ay = 0; the
corresponding etgenvector has all elements equal to 1. If G is an undirected graph
with nonnegative weights w;; > 0, then the multiplicity k of the eigenvalue \; is
equal to the number of connected components of G.

We see that the eigenvalue \; gives the basic information about the clustering
of the graph into disconnected components, hence, it is very natural to ask for a
deeper knowledge of the cluster structure by inspecting the next eigenvalues. Thus,
these thought follow naturally the historical steps undertaken in 1973 in the paper
of Donath and Hoffman (1973) and the paper of Fiedler (1973), who considered the
second eigenvalue.

2.1. SPECTRAL CLUSTERING ALGORITHM

The general scheme of the SC algorithm is given by the following steps (see
e.g. von Luxburg (2007)):

1. Let W & R™*"™ be the similarity matrix with elements w;;. Let also put

d; = Y. w;; and define D as the diagonal matrix having diagonal elements
G Lo
d;. Let us assume that the number of clusters is k.

Compute the Laplacian matrix by putting L = D — W.

2. Compute the first k eigenvectors uq, ..., ug of L.

Let U € R"* be the matrix constructed from the vectors wy,...,u; as
columns.

3. Let y; € R*, for i = 1, ..., n, be the corresponding i-th row of U.

Cluster the vectors y;,¢ = 1,...,n, in k clusters, Cy,Cs, ..., Cy, using the k-
means algorithm.

4. The clusters, Aj, Ao, ..., Ag, of the initial data are recomputed by A; =
{4,9; € Ci}.

The success of the SC method is usually illustrated by a relatively simple toy
example, with data points located on the real axis, ¢f. von Luxburg (2007), p.
399. This toy data set consists of a random sample of 200 points xq, ..., 2200 € R
drawn according to a mixture of four Gaussians. Since the main applications which
we intend are in the area of genetic analysis using gene expressions which are at
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least two-dimensional, we will be more interested in demonstrating the power of
the SC method for simulated two-dimensional data. In Figure 1 below we have
examples of two-dimensional graphs which are generated in a way very analogous
to the one-dimensional. In Figure 1a we have generated a random sample of 20000
points in the plane drawn according to a mixture of four two-dimensional Gaussians
which are located on four ellipses (5000 points on each one). The semiaxes of the
ellipses are (1,1), (2,3), (5,4), and (30, 5), respectively. In Figure 1b these are seven
mixtures with total of 35000 points located in seven ellipses (again 5000 points on
each one). In addition to the ellipses in Figure 1a we generate three other with
semiaxes (2,3), (7,2), and (6,1), respectively. After the deterministic generation
of each point, we move it on random distance in every axes (normally distributed
with parameters (0,0.1)).

In fact, in Figure 1 one sees the result of the application of SC - it provides a
perfect clustering.

3. ENHANCEMENT OF INITIAL CLUSTERING BY INCORPORATING A
PRIORI INFORMATION

The purpose of this section is to introduce our methodology for enhancing an
already available clustering, which is based on the appropriate usage of additional
information in the form of a priori given correlations between the elements. We
present the performance of our method on simulated data.

3.1. ALGORITHM

Suppose we are given data which is already clustered using some method. For
simplicity we shall use two clusters, the sets I and NI with significantly different
sizes — the smaller one I will be considered to be containing the significant elements
(important genes), and for this reason will be called ”important set”, while NI will
be bigger and will contain the not important elements. If we have in addition some
information for the relations between the elements of the graph, especially in the
form of correlations, we will use it to improve the initial clustering. Our aim is
(1) to incorporate in a proper way the a priori correlation information by means of
defining an appropriate similarity matrix (2) to keep as many elements as possible
in the set / and (3) to move to the set I those elements in NI which have a high
value of similarity w.r.t. any element in /.

In Statistical data analysis, the correlation matrix is an important statistical
technique which measures the relation between two variables. For our methodology
we develop a model for which we need to know (1) which elements are important,
i.e. the set I, and (2) a "good enough” correlation matrix, which will be used
for creating a similarity matrix. The proposed SC algorithm will enhance every
initially given clustering defined by initial sets I and NI in two respects: First, it
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will add some new elements to the set I, which have a high correlation with the
elements in I. Second, it will remove from the set I some elements which were
thought initially to be important, because of their large correlation with the set

NI.

For simplicity sake we will explain our methodology on an example which
appears in the analysis of expression levels of genes for RNA-Seq data. The most
important problem when analyzing RNA-Seq data, is to find differentially expressed
genes or transcripts, for which the overall levels in one group of subjects (e.g. pa-
tients with a particular disease) is significantly different than the overall levels in
another group (e.g. healthy controls). On the other hand, and important ingre-
dient of this difficult problem is a matrix with historically available correlations
between the genes which is however not positive-definite. It is important to find an
appropriate way to incorporate this a priori information in the algorithm. In the
present example, we assume that the number of expressed genes is 8824.1

Let the number of all subjects studied be n and n; be the disease patients,
while no, = n — n; be the number of the healthy controls. Thus the graph G
we have to study is the subset of all 8824 points in the euclidean space R™. To
simplify this setting, we calculate the average of the expression levels for each of
the 8824 genes for the ny subjects, and on the other hand, calculate the average
of the expression levels for each of the 8824 genes for the ny subjects. Thus we
obtain 8824 points in the real plane R? which reduces the problem to a clustering
problem in the plane. Although this situation seems to be too simplified, it remains
very non-trivial. It still makes deep sense to identify which are the important genes
since the intuitive expectation is that the averaged gene expression levels for the
disease patients would be in principle different from the averaged gene expression
levels for the healthy controls. Such identification of the important genes in the
plane would be very helpful to solve the genuine clustering problem in R™.

Our algorithm runs as follows:

1. Generation of simulated clustering

First, we generate a simulated clustering given by a partition of the graph
G given by G = I U NI. We generate the set I5po by selecting randomly
500 (respectively, the set Ijgo0 with 1000) points in the plane R? — normally
distributed with expectation one and standard deviation 0.1. This will be
defined as the important set I, and it is visualized in the top right corner
in Figure 2. We generate in a similar way the set of not important elements
NI (NIspp with 8324 points, and respectively NI1gpp with 7824 points) — the
center of their normal distribution is —1. This set is placed in the bottom
left corner in Figure 2.

1Here the number 8824 is not accidentally chosen, but is the number of genes with average
expressions at least 8 in the widely-used dataset by Bottomly et al. (2011).
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2. Correlation matriz

We generate a correlation matrix which would mimic the historically avail-
able correlations between the genes. We generate a correlation matrix C
by using an algorithm described in Numpacharoen and Atsawarungruangkit
(2012), modified by an introduction of a beta distribution. We provide two
experimental settings by generating two correlation matrices, C; and Csy:

(a) The matrix C is generated by using a beta distribution Beta(2,5) with
parameters 2 and 5

(b) The matrix Cs is generated in a similar way by the beta distribution
Beta(2,2).

The main difference between them is that C7 has a relatively low large values.

3. Similarity matrix

208

(a) Let us note that there are some elements in the cluster NI, which have
a very low correlations with the others (less than 0.03). The spectral
clustering algorithm can not decide correctly if such element is important
or not. For this reason, we state that such elements are closer to the
elements in NI, by assigning higher correlation levels.

(b) We will modify the correlation matrix C' by introducing the so-called
level of significance [. The meaning of this parameter is to increase the
role of the correlations which are higher than {. Here we use a power
function of the form

zP for z <1

f (=) { Z1/P for z > 1
for an appropriate integer number p. One may use also different func-
tions f which have similar ” amplification behavior”. We replace the ma-
trix C' with elements ¢; ; by the matrix C’ with elements c; ; = f(c; ;).
We carry out experiments with different significance levels [. Since the
maximal correlation of the first correlation matrix C7 is 0.8807, it makes
sense to make experiments with three different values { = {0.6,0.7,0.8}.

For the same reason, for the second matrix Cy we make experiments
with five values [ = {0.6,0.7,0.8,0.9,0.98}.

(¢) The core of our algorithm is the definition of a proper similarity ma-
trix which takes into account the correlation matrix €. We define the
similarity matrix W by putting:

i.

202

d($i7$j)2:|

W5 = exp |:—
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for the elements x;, z; in I; this is the Gaussian similarity coefficient
which preserves the geometrical closeness of the elements, as here
d (z;,z;) denotes the euclidean distance.

ii. for taking into account the a priori given correlations C’ we put
g
wm = Ci, j

for the rest of the pairs (z;, z;).

3.2. RESULTS

The results for the model with clustering sets Isgo and NIggo are presented in
Figure 2 and Tables 1, 2. The Figure representing the model with clustering sets
Too0 and NTqggg looks similar, and we do not provide it here. The set of important
elements after clustering are colored in red. The new important elements are the
red points in the bottom left corner. As we can expect, their number varies for
different levels of significance [ — these elements are more for smaller values. This
can be easily viewed in Figure 2. The initially accepted for important elements
in I, which after clustering are changed to not important, can not be seen clearly
in Figure 2 since they are only few, however one can observe their number in the
fourth column of Tables 1 and 2. These tables contain the following values:

1. The first column contains the values of the parameters — in the brackets
are the parameters of the beta distribution used for the generation of the
correlation matrix; the other parameter is the level of significance [.

2. The second column contains the number of the expected important elements
before the clustering — respectively 500 and 1000.

3. The third column contains the number of those expected important elements
which are important again after the clustering.

4. The fourth column contains the number of those expected important elements
which are NOT important after the clustering (column 2 - column 3).

5. The fifth column contains the number of the expected not important elements
before the clustering —respectively 8324 and 7824.

6. The sixth column contains the number of those expected not important ele-
ments which have moved to the important set after the clustering.

7. The last column contains the number of those expected not important ele-
ments which are again not important after the clustering. (column 5 - column
6).
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Also, it is reasonable to expect that the total number of the important ele-
ments after clustering varies for different levels of significance — they are more for
lower values of {. Table 1 shows that for beta distribution Beta(2,2) they vary,
respectively in the following ranges:

1. between 499 and 3434, for the model with clustering given by the sets I5p
and N[500 5

2. between 1000 and 3753, for the model with clustering given by the sets I1000
and N[1000~

The same observation is true when the correlation matrix C' is generated using
a beta distribution Beta(2,5) — we can see in the Table 2 that the number of
important elements varies in the following ranges:

1. between 515 and 844, for the model with clustering given by the sets I5q0 and
NIs00 ,

2. between 1010 and 1322, for the model with clustering given by the sets I1000
and N[1000~

We can see immediately that the number of the important elements when we use
beta distribution Beta(2,5) are significantly less than the corresponding number in
the model with beta distribution Beta(2,2). This is true because the high levels in
the (2, 2)-correlation matrix are significantly more than those in the (2, 5)-matrix.

We will only briefly explain the idea of our algorithm. Let us assume that we
have after clustering a set of important elements I. On the other hand, let Iy C [
be the set of those important elements, which before we perform clustering are not
expected to be important. And finally, let NI be the set of not important elements
after clustering. Now, the logic of our algorithm becomes clear from the following
inequalities:

min {maxﬂC’(mi?ij)H} >, m;€l,my; €l (1)
i j
max {max{|C(mi7nj)|}} <, m; € I,n; € NI (2)
i j

where [ is the level of significance and C' is the corresponding correlation matrix
introduced above. This means, that

1. For every important element, for which we initially thought that it is not im-
portant, there exists at least one important element such that the correlation
between them is larger than the level of significance .

2. For every not important element, there is no important one such that the
correlation between them is larger than the level of significance .
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4. APPENDIX ON SPECTRAL CLUSTERING AND KERNEL PCA

For a reader more used to the traditional methods for dimensionality reduction
in data analysis, we provide below a short comment about the relation between
the method of Spectral Clustering and the so-called kernel Principal Component
Analysis (PCA). This has been observed apparently for the first time by Bengio
et al. (2003), where the authors show how both methods are special cases of a
more general learning problem, that of learning the principal eigenfunctions of a
kernel. An essential role is played by the fact that the smallest eigenvectors of graph
Laplacians can also be interpreted as the largest eigenvectors of kernel matrices.

Before defining kernel PCA, let us remind that PCA is a basis transformation
to diagonalize an estimate of the covariance matrix of the data. Given N points in
d dimensions PCA essentially projects the data points onto p, directions (p < d)
which capture the maximum variance of the data. These directions correspond to
the eigenvectors of the covariance matrix of the training data points. Intuitively
PCA fits an ellipsoid in d dimensions and uses the projections of the data points
on the first p major axes of the ellipsoid. The "classic” PCA approach is a linear
projection technique that works well if the data is linearly separable. However, in
the case of linearly inseparable data, a nonlinear technique is required if the task
is to reduce the dimensionality of a dataset. An here we come to the Kernel PCA.
It is another unsupervised learning method that was proposed earlier and that is
based on the simple idea of performing PCA in the feature space of a kernel by
Schoelkopf, Smola and Muller in 1998. Schélkopf et al. (1997) propose the use
of integral operator kernel functions, for computing principal components in high
dimensional feature spaces, related to input space by some nonlinear map.

The basic idea of kernel PCA to deal with linearly inseparable data is to project
it onto a (much) higher dimensional space where it becomes linearly separable.
Let ¢ be this nonlinear mapping function so that a sample x can be mapped as
x — ¢(x). The term “kernel” represents a function that calculates the dot product
of the images of the samples z under ¢, namely,

5z, 75) = $(x:)p(z5) T

In other words, the function ¢ maps the original d-dimensional features into a larger,
k-dimensional feature space by creating nonlinear combinations of the original fea-
tures. Often, the mathematical definition of the Gaussian basis kernel function is
written and implemented as

K(wi, 25) = exp(—yllwi — j|*)

where v = 1/20? is a free parameter that is to be optimized.
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A. TABLES AND FIGURES

Table 1: Clustering results for data with 500 initially important elements

parameters Expected important Expected not important

Total Imp. Notimp. Total Imp. Not imp.
(2,2) 0 500 500 0 8324 2934 5390
(2,2) 0 500 490 10 8324 1778 6546
(2,2) 0 500 499 1 8324 850 7474
(2,2) 0. 500 487 13 8324 239 8085
(2,2) 0. 98 500 489 11 8324 10 8314
(2,5) 0 500 500 0 8324 344 7980
(2,5) 0 500 499 1 8324 80 8244
(2,5) 0 500 500 0 8324 15 8309

Table 2: Clustering results for data with 1000 initially important elements

parameters Expected important Expected not important

Total Imp. Notimp. Total Imp. Not imp.
(2,2) 0 1000 999 1 7824 2754 5070
(2,2) 0 1000 996 4 7824 1669 6155
(2,2) 0 1000 999 1 7824 801 7023
(2,2) 0 1000 990 10 7824 255 7599
(2,2) 0. 98 1000 991 9 7824 9 7815
(2,5) 0.6 1000 1000 0 7824 322 7502
(2,5) 0.7 1000 996 4 7824 74 7750
(2,5) 0.8 1000 997 3 7824 13 7811

Figure 1: SC succeeds to separate all ellipses in the Gaussian mix example

(a)

Clustered Data (clustered in 0.535)

(b)

Clustered Data (clustered in 1.015)
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Figure 2: Clustering with 500 initial important elements
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EM ALGORITHM FOR MAXIMUM LIKELIHOOD ESTIMATION
OF CORRELATED PROBIT MODEL FOR TWO
LONGITUDINAL ORDINAL OUTCOMES

DENITSA GRIGOROVA

Correlated probit models (CPMs) are widely used for modeling of ordinal data or joint
analyses of ordinal and continuous data which are common outcomes in medical stud-
ies. When we have clustered or longitudinal data CPMs with random effects are used
to take into account the dependence between clustered measurements. When the di-
mension of the random effects is large, finding of the maximum likelihood estimates
(MLEs) of the model parameters via standard numerical approximations is computa-
tionally cumbersome or in some cases impossible. EM algorithms for CPM for one
ordinal longitudinal variable [13] and a joint CPM for one ordinal and one continuous
longitudinal variable [14] are recently developed. ECM algorithm for ML estimation of
the parameters of a joint CPM for two longitudinal ordinal variables will be presented.
The algorithm is applied to estimation of CPM for the longitudinal ordinal outcomes
self-rated health and categorized body mass index from the Health and Retirement
Study (http://hrsonline.isr.umich.edu/, HRS). Results from fitting the model to the
data and also results from some simulation studies will be reported.

Keywords: correlated probit model, EM algorithm, ordinal data, random effects.
2000 Math. Subject Classification: 62H12, 62J10, 62P10.

1. INTRODUCTION

Bliss [3, 4] and Gaduum [11] were the first to introduce the probit models
for binary data. These models are also suitable for ordinal data as Aitchison and
Silvey [1] proposed. The main characteristic of the probit models is the assumption
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of a latent normally distributed variable behind the observed ordinal outcome.
The density of the latent variable is divided into as many pieces as the number
of the levels of the ordinal response through thresholds. The area of each density
piece represents the probability of observing the corresponding level of the ordinal
outcome. The usefulness of the model is not affected when the existence of the
latent variable does not seem natural.

Ashford and Sowden [2] introduced a multivariate extension of the probit model
based on an underlying multivariate normal distribution. Ochi and Prentice [24]
first introduced a correlated probit model but only for exchangeable binary data.
Extensions of this model were proposed by Hedeker and Gibbons [12], Catalano
[6], Grilli and Rampichini [15], Gueorguieva and Sanacora [17] among others. Gue-
orguieva [16] has a detailed overview on correlated probit models. Correlated pro-
bit models are widely used for modelling of multiple categorical variables or clus-
tered/longitudinal ordinal outcomes for these models have two main advantages.
They are easy for interpretation and they allow rich correlation structure of the
latent variables via random effects and/or correlated errors. That allows to take
into account the natural dependence of the measurements on the same subject or
within cluster.

The correlated probit model does not have closed form expression for the like-
lihood function. Approximations need to be used in order to obtain estimates of
the unknown parameters. There are several methods of statistical inference based
on numerical, stochastic or analytical approximations. Most popular appear to be
extensions of numerical approximations such as Gauss-Hermite quadrature ([10] pp.
306-307) or adaptive Gaussian Quadrature [19]. Another approach is based on ana-
lytical approximations (Breslow and Clayton [5], Wolfinger and O’Connell [29]) but
it has been shown to produce bias in the parameter estimates especially for binary
data or ordinal data with few categories. A third approach is the Expectation-
Maximization (EM) algorithm [8]. An extension of the EM algorithm is the Ex-
pectation/Conditional Maximization (KCM) algorithm [23] which is used in cases
of complicated M-step.

Ruud [26] is the first to apply the EM algorithm for the estimation of the
parameters of probit models. Kawakatsu and Largey [18] extend Ruud’s work to a
joint model of a single ordinal and multivariate normal outcomes. Chan and Kuk
[7] consider a correlated model for a clustered binary variable and propose an ECM
algorithm for parameter estimation.

Our algorithm is a modification of the algorithm of Chan and Kuk [7] and
Grigorova and Gueorguieva [13] to estimation of a joint model for two longitudinal
ordinal outcomes by using the parameter transformation proposed by Ruud [26] for
estimation of the threshold parameters.

We apply the model to data on 12543 individuals from the Health and Retire-
ment Study (http://hrsonline.isr.umich.edu/, HRS). HRS is a longitudinal survey
among American citizens born between 1931 and 1941 and their spouses that as-
sesses changes in labor force participation and health status over the transition
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period from working to retirement and the years after. The launch of the study
was in 1992 and data were collected at intervals of two years. The study pro-
vides a wealth of information to address important questions about aging. In our
work the goal was to assess gender-related differences and the effects of smoking
on measures of physical health in this representative sample of individuals over 50
years of age. We considered two repeatedly measured dependent variables: cate-
gorized body mass index (CBMI) and self-rated health (SRH). CBMI was selected
because values different from normal weight might be predictive of a variety of
health problems. CBMI is also easy to measure and is objective. CBMI has four
levels: underweight (BMI<18.5, coded as 1), normal (18.5<BMI<25, coded as 2),
overweight (25<BMI<30, coded as 3), obese (BMI>30, coded as 4). SRH is an
ordinal measure that takes the following possible values: excellent (coded as 1),
very good (2), good (3), fair (4) and poor (5). This is a more direct measure of
health but is based on self-report and is more subjective. The two measures are
expected to be positively correlated and joint modeling would allow to estimate this
correlation cross-sectionally and over time and to test for overall effects of smoking
and gender on these measures over time.

The paper is organized as follows. Section 2 defines the correlated probit model
and outlines the estimation of the parameters and of their standard errors. Section
3 describes the simulation studies that were performed in order to examine the
performance of the proposed algorithm. An application of the model to the data
from the first seven waves of the HRS is included in Section 4. Section 5 contains
concluding remarks and discussion about possible extensions of the algorithm.

2. MODEL

From now on bold typeset is used for vectors and matrices.

Let y7;; is the measurement of the first ordinal variable with m; levels on the
sth subject at time j and yj3;; is the observation on second ordinal outcome with
my levels on the same subject at the same time, j = 1,...,n;,4 = 1,...,n. We
assume that there are two latent normal variables y;;; and ys2;; that generated the
observed ordinal variables. We consider the following random effects model:

Yiij = Ty 581 + 27,5610 + €14y, (2.1)
Yoij = Ty B2 + 25,;b2i + €945

The relation between the observed ordinal variable and the latent normal vari-
able is the following;:

1, yriy < opt;
y;ij = L ogi—1 <yrig <apg, 1=2,...,mp—1; (2.2)

Mk, Ykij > Okomp—1;

for some unknown thresholds oy 1,..., 0% my—1, k=1,2.
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We assume a normal distribution of the g-dimensional vector of the random
effects b; = (b7, b5,) ~ N(04,X). The covariance matrix X is a quadratic ¢ x g
positive semi-definite matrix:

b; Y11 Yo
X =Var = :
<b2i> <221 322
The error terms on the same subject at the same time are not necessarily
assumed independent (€y;;, €2;;)" ~ N (02, X.), where

¥, — <011 U12> .
012 022
The error terms among individuals and different time points are assumed to
be independent. We also assume that the random effects and the error terms are
independent of each other.
The regression parameters for the fixed effects in model (2.1) are denoted by the

vectors By, k = 1,2. The vectors of predictors for the fixed effects are xp,;, k= 1,2
and the predictors for the random effects are zp;5,k = 1, 2.

From the observed data it is not possible to uniquely estimate all of the
unknown parameters, so we pose the following restrictions: the first thresholds
a1,k = 1,2 are set to zero, the variance of the first normal error term oy is set
to 1 and the variance of the second error term given the first error term is also 1,
ie. o9 =099 — U%Q /o11 = 1. Some other restrictions and reparameterisations are
possible.

2.1. EM ALGORITHM FOR MLE

We propose an EM algorithm [8] for estimation of the unknown model param-
eters in (2.1) and thresholds in (2.2).

The EM algorithm is an iterative procedure for obtaining maximum likelihood
estimates for models that depend on unobserved data. In our model the unob-
served data are the latent variables and the random effects. Each iteration of the
EM algorithm consists of two steps: E-step (Expectation step) and M-step (Max-
imisation step). Let us denote with X the observed data, with Z the unobserved
data and with T’ the vector of unknown parameters of the model. The two steps at
the (k + 1)-st iteration of the algorithm are:

o E-step: Q(T|T®) = Ezix roo [In L(T; X, Z)], where the ‘complete data’ like-
lihood function is L(T; X, Z) = p(X, Z|T'), where p(.) is a density function,

o M-step: T, — argmaxp Q(T|T®).
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The algorithm starts with initial values for the unknown parameters I'®) | iterates
between the E-step and the M-step and stops when a converging criterion is met.
Our choice for converging criterion is when |[D®+1) — T®)| < ¢ for each element of
the vector, where € is a preselected small number.

The first difficulty in applying the EM algorithm to our model is the in-
troduction of the thresholds in the complete data likelihood. We adopt the ap-
proach by Kawakatsu and Largey [18] who extend Ruud’s work [26]. According to
their method, we define the differences between consecutive thresholds with 3 ; =
Ok — O i1, 0=2,...,my — 1,k =1,2 (we define additionally §g 1 = 6 m, = 1).
It follows the connection oy ; = 22:2 Ok, k=1,2, ¢ =2,... ,my — 1. Then we
consider new variables, which are a linear transformation of the latent variables.
The new variables are denoted by ygi;.... = (Yri; —ahyzijfl)/ék,yzij? k=1,2, where
a0 =0,k =12 and Ykipn.., = (Ykilnews YkiZnows - - Ykininew )

Since the new variables are a linear transformation of the latent variables, they
are also normally distributed. But given the observed ordinal variables, the trans-
formed variables have truncated multivariate normal distribution with boundaries
of truncation independent of the unknown threshold parameters. For example, if
we observe the first level of yj,;, the new variable y1;5,,, is truncated at (—co, 0],
if y7;; is between the first and the last level, the new variable is truncated at (0, 1],
and if we observe the last level of yj;;, the new variable is truncated at (0, c0).

We use the approach by Chan and Kuk [7] in order to find closed form ex-

pressions for the unknown parameters I' = (8], 35, 97, 05, vect(3)’, \)’, where

O = (0,2, -, Ok,me—1), k=1,2, vect(X) is the vector of unique elements in the
covariance matrix X and A = oq4.

2.1.1. COMPLETE DATA LOG-LIKELIHOOD

Complete data log-likelihood is the joint density of the transformed latent
variables and the random effects. It has the following form:

ML = (b Ytpens Y2uen) = D 0 (B0) f(Y1inens 108 f (Y260 |Bis Y1)
=1
= > In[f () [ [ Wi 103 F G2, B 0115,
i=1 j=1

where f(.) denotes a normal density function.

From the model definition and the assumption for the distribution of the ran-
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dom effects it follows that apart from the constants the log-likelihood is:

InL=— o.5zn:1n =) — O.Sibgﬁ—lbi - O.Siilnan + iilnél,yﬁj
=1 =l

i=1 j=1 i=1 j=1
2
~ 3 > D Gyt Ytignew —Figeen)” =05 D oy +> > Indy
Loy j=r i=1j=1 i=1 =1
1 n o g
— (62,05 Y2ijoon — H2i500n — MO ys Ylij.. — P1ij )]2
. 2,93 Y2 new — H20new Lyt Ylignew = MPlijnew )]
2[1 21 5=l
where
o ’ .
Mlijnew = ®13501 + 2155018 — gz, 1,
o ’ L
H2ijnew = @502 + 29,5026 — gy 1.

2.1.2. CLOSED FORM EXPRESSIONS FOR THE ESTIMATORS

We obtain closed form expressions for the estimators of the unknown parame-
ters by setting the first derivatives of the complete data log-likelihood to zero.

The estimator for the covariance matrix X of the random effects is:
1 k23
5= > bib)
i=0

The regression parameters for the fixed effects for the first variable 31 satisfy
the following system of equations:

n [ n ng
2 ’ 2 ’
(1 + A ) E E ililijilil,;jﬂl :(1 + A ) E E ((Slvyﬁjylijnew — Zlijbli + alvyﬁjfl)wl’:j

i=1 j=1 i=1j=1

7 g
7 7
—A E E (02,05, , Y2ijnew — (®2i582 + 2245020 —an,y5, —1)|@145.

i=15=1

The regression parameters for the fixed effects for the second variable 35 satisfy
the following system of equations:

n Ny n Ny

’ 7
YN maiahiBa=y Y (02,05, Y2iinew22i5b2iF 02,05, —17A(01,41, Yitjnewlignew )| 215

i=1j=1 i=1j=1

It follows that the regression parameters (o are a least square solution of the
regression of go;; on x2;5, where

7 = / . Jo— .. — s
G2i5 = 02,95, Y2ijnen — Z2i5020 + Q25 -1 = AO1yr, Ylijuew = Mlijuew)-
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The equation for A is:

AY D Orgg, Yrinew — Mline)’

i=1 j=1
n Ny
=3 o5, Yoiinew — Hiinen ) (01,01, Y1idnen — Flidnen)-
i=1 j=1
The equations for 6, ;, { =2,...,m; — 1, are quadratic equations of the form:

aléil + 0161, +¢; =0, which always have real roots and the bigger root is always
positive. The constants ay, by, c; are given as follows:

ap =(L+ X)) > (why,.) + (LX) (g +nupga + o+ 2w,

i yi,=l
by = — Z Z Yiigmew Mlidnew T )‘(52,y§ijy2ijmw — %o+ A1, )]
g vl
F3 0 [Bryr, Yriseen — @458 + 215010 — a1y, 1 1)]
g vl
-3 {A02,05,, ¥2isnen = B2 — A®]581 + 245010 — a1 yp, 1,0}
g vl

Cp =—"n11,

where n; ; is the number of the observations of the categorical variable y; at I-th
level and oy 1,1 = S10+ -0 F bt 51,1/@;’*1'

Analogously, the equations for d2;, [ =2,...,mg — 1, are quadratic equations
of the form: agéal +b9do + cg = 0, which always have real roots and the bigger
root is always positive. The constants aq, by, co are given as follows:

a2 :Z Z (Vi) P21 + 0240 + o Ny,

47 Y3 =l
by ==Y Y rijuen[B20e + AO1,y5,, Ylinew — Plijnew)]
47 Y3 =l
s z L
+ 3D [Boys, Y2isnew — (@582 + 2hi b2 — azys, 11)
7 iyl
= AO1,y5,, Ylijnew — Hlignew)]s
Cy = —"ng,

where nq; is the number of the observations of the categorical variable y; at I-th
level and 2,5, —1,—1 = So1+ - 481+ +F (52@“71.

In order to update the new estimates of the parameters, we need to express the
conditional expectations in the closed form expressions for the estimators. We will
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show that all of the conditional expectations depend only on the first two moments
of truncated multivariate normal distribution.

Let us introduce the following notation:

’ ’
w;m Z;m Br1
5 z,; J5;
ki2 ki2 k2
Xui = ) v Ly = . . Br— ) ; E=1,2,
’ ’
Thin, Zlin Prpn
O‘kvyﬁ“*l 1/51‘3791@1
Okylin—1 1 1/5kvy;¢2
Ok,i = . ’ 6k,i - q ’ k= 17 27
akvyzm' -1 1/5’“79;&“

_ o771 o 4 J¢;
8t = 1,4 ;= 152 - 1
P ) e () e (8)

‘ A Ylinew - ( Zy 0 (X1 O
yz"e“’<y2inew>7 Z’( 0 Z2i>7 X’< 0 Xa /-

Then the joint distribution of y1;__.,, Y2i,..,, and b; is multivariate normal:

Ylinew (X1iB1 — a13) 0 8y A B C
Y2inew | ¥ N (X2:82 —az;) 0 52_,11 .| B D E .
b 0 c E 3

where o is the Hadamard (element-wise) product, the elements of the covariance
matrix are:

= (ZuX11Zy, +ouly,) 051_,1‘151_,1‘1,7
= (213122}, +o121,,) 051_,1‘152_,1‘1,7
Z1;(E11X93) 0 Jnixqal_,il )
= (2232272}, +0001,,) 0 52_,1‘152_,1‘1, ;
= Z3i(X21X23) 0 Jni><q52_,i1 )

o QW
I

Jninak_j is n; X ¢ matrix with columns 6,:,117 k=1,2, and I, is the n; x n;
identity matrix.

Let us denote

| Ytinen — (X1iB1 —013) 005

M; = =i, — (XiB— ;) 08"
Y2inen — (X2iB2 — a2 5) 085 ; Yinew = (Xif — ) 00
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and .
A B\~
Zp, = (C E’><B/D> '

Then the conditional distribution of b; given yq,__,, and ya; ., is again nor-
mal:

C
D3| Ylinews Y2ine. ~ N[Xp,M;, X — Xp, < E >] .

In the expressions for the estimators we have to calculate the following condi-
tional expectations: E(b;|yy), E(b:bj|y;), E(biy; _ |y;). We will show that they
depend only on the first two moments of the distribution of the transformed latent
variables given the observed variables, i.e. they depend on the first two moments
of y;..... |y7, which distribution is truncated multivariate normal.

The expectation of the random effects given the observed variables is:
Ebilyy) = ElE®ilyi,...)y;]
= B[, (Yin, — (XiB— i) 08, 1)|y;]
= ZB,[E(Yin.|y) — (XiB — i) 0 677].

The expectation of the second moment of the random effects given the observed
variables is:

E(bib|y;)

E[E(bibg|yi.....)|y;]
EVar®i|¥i,c.) + B0ilYine ) B0 Yine )| Y]]

The last expectation that we need is:
Ebiy; i) = EEby; | |Yi...,)|Y]]
B{EB,[Yinw — (XiBB — i) 0 671y |y7
= 2B [EWinen ¥, ¥7) — (XiB — i) 087 By, ly})].

2.1.3. (K + 1)-ST ITERATION OF THE EM ALGORITHM

We use an extension of the EM algorithm called Expectation/Conditional Max-
imization (ECM) algorithm [23]. The E-step at the (k + 1)-st iteration of the pro-
posed algorithm consists of finding of the following expectations: FE(b;|y;; ey,
E(b;bl|y;; TF), E(biy; 1y T'*), where T'* are the k-th estimates of the un-
known parameters I'. The M-step consists of several computationally simpler
CM-steps. In each CM-step we maximise the expectation of the complete data
log-likelihood function in respect to some parameters while the other parameters
are held fixed. The algorithm starts with initial values for the uknown parameters
I'?, iterates between the E-step and M-step and stops when |[T¥t1 — T'¥| < ¢ for
each element of the vector, where € is a preselected small number (for example
e =0.0001).

Ann. Sofia Univ., Fac. Math and Inf., 104, 2017, 217-232. 225



2.2. STANDARD ERROR ESTIMATION

We use the bootstrap method for standard errors approximation described in
[22, pp. 130-131]. The steps are as follows:

1. We fit model (2.1) to the observed data set consisting of n individuals using
the proposed ECM algorithm and obtain the estimates of the unknown pa-
rameters I' = (ﬁi, ﬁé, 31, Sé, 'vect(f])’7 5\)/ To generate a bootstrap sample
first we generate n random effects bg from N (0, f]), i=1,...,n. Next we sim-
ulate normal values y'l’ , and yg , of dimension n; according to the fitted model
for every random effect bg. We use the estimated via 31 and 32 thresholds to
determine in which interval the normal data y'l’ , and ygi fall and determine

the levels of the bootstrap categorical variables yi’:‘ and yg:‘ The bootstrap
sample consists of the categorical variables yi’;‘ and yg;‘, =115 s

2. We apply the ECM algorithm to the bootstrap data y'l’;‘ and ygz‘, i=1,...,n
to obtain estimates for the generated bootstrap data set T'®.

3. We use Monte Carlo method to approximate the bootstrap covariance matrix.
That means that we repeat step 1 and step 2 B times and calculate the
covariance matrix of the B estimated parameters I'?, b=1,... B:

B b vTb_ PV
Cov(I) ~ Z (r g)(_l"l D )
b=1

where T’ = Zle Ir°/B.

3. SIMULATIONS

We simulated values from the following random intercept model:

Y15 = Pro+ Pty b +eng, 7=1,...,6,
Y2i5 = Poo + PBarti; +ba tegyy, j=1,...,6, (3.1)
where 8190 = —0.5, f11 = 1, fao = 1, Bo1 = =05, o011 = 0, a0 = 1.2, a3 = 3,

a1 = 0, ann = 2, A = 0.8. The covariance matrices of errors 3. and of the
random effects X are:

3 = g11 012 — 1 0.8
¢ O12 022 0.8 1.64 /’

b1, ol ob 1 -08
v (8)- (2 )= (4 %)
24 F31 T2 .
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Table 1: Estimates and standard errors in the simulation model 3.1

parameter | Bio | B11 | B2o | B2r | 812 | b1z [ S22 | X [ ol [ aby [ o5
Sample size 1500

true value -0.5 1 1 -0.5 1.2 1.8 2 0.8 1 -0.8 1

mean est. -0.51 1 0.99 -0.50 1.20 1.80 1.99 0.79 1.00 -0.79 0.99

stand.dev. | 0.041 | 0.010 | 0.047 | 0.012 | 0.018 0.024 | 0.039 | 0.026 | 0.047 | 0.039 | 0.055
of estim.
mean of 0.038 | 0.010 | 0.046 | 0.012 | 0.020 | 0.023 | 0.040 [ 0.026 | 0.049 | 0.042 | 0.058
boot.st.er.

Sample size 3000
mean est. | -0.51 1.00 1.01 -0.50 1.20 1.80 2.00 0.79 1.00 -0.79 0.98
stand.dev. | 0.025 | 0.006 | 0.036 | 0.009 | 0.011 0.019 | 0.029 | 0.023 | 0.033 | 0.027 | 0.041
of estim.
mean of 0.027 | 0.007 | 0.032 | 0.008 | 0.013 0.016 | 0.028 | 0.019 | 0.034 | 0.029 [ 0.040
boot.st.er.

We simulated 100 samples with two different sample sizes (n = 1500 and
n = 3000). For each approximation of the standard errors we used 50 bootstrap
samples which is within the recommended range of 50 to 100 bootstrap replications
(Efron and Tibshirani [9]). The results are presented in Table 1.

Note that due to the re-parametrization we estimate the differences in the
thresholds rather than the thresholds themselves, but they coincide in the case of
only three levels of the categorical variables. In both simulation studies most of
the averages of the estimated parameters are equal to the parameter values from
which the samples were generated and where they differ the difference is smaller
than 0.02.

As expected the standard errors get smaller when we increase the sample size.
All of the estimates are statistically significantly different from zero.

The approximate equality of the standard deviations of the estimates and the
means of the bootstrap standard errors confirms that the algorithm is converging
as expected. However, larger simulation study that varies the parameter settings
is necessary to confirm the above observations.

3.1. IMPLEMENTATION OF THE ALGORITHM

For the implementation of the algorithm we used the free software environment
for statistical computing and graphics R [25]. The R code for fitting the presented
models is available from the author.

We want to point out several things regarding the implementation of the pro-
posed ECM algorithm. In the package tmvtnorm [28] there are functions for
analytical finding of the first two moments of multivariate truncated normal distri-
bution based on the work by Manjunath and Wilhelm [21]. There are also functions
for generating random numbers using Gibbs sampling [27] which allows stochastic
approximation of the first two moments of the truncated normal distribution. But
for these models we recommend stochastic approximation because the analytical
calculation could be very slow when we have many observations per subject.
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A good choice for starting points for the regression parameters in model (2.1)
and thresholds in (2.2) for the proposed ECM algorithm are estimates from model
without random effects. Selecting large values as starting points for the variances of
the random effects should be avoided. Problems with performance of the algorithm
may occur with starting points corresponding to a multivariate truncated normal
distribution for which the truncation area is close to 0. In such cases finding
analytical solutions for the moments of the truncated normal distribution may fail.
Generating random numbers via Gibbs sampling may also fail.

4. APPLICATION OF THE MODEL

We analyzed the first seven waves of HRS data with 12,543 individuals. We
fitted the following correlated probit model to the data:

Y15 =P10 + P11ty + Bi2I(smoker) 4 B13I(female)
+ Brati;I(smoker) + Bisti; I(female)
+ BieI(smoker)I(female) 4 Birti;I(smoker)I(female)
+ b1i1 + braoti; + €14j,
Y245 =PB20 + Bo1ti; + BazI(smoker) 4 Basl(female)
+ Baati;I(smoker) + Bast;; I(female) (4.1)
+ B2¢I(smoker)I(female) 4 Barti;I(smoker)I(female)
+ bai1 + boioti; + €244,
1, yrij < o1 =0,
Ypis =3 b Arl—1 < Yrig S oy, L =2,...,my — 1

ME, Ykij > Ckymg—1

where k = 1,2, m1 = 5, my = 4 and where the covariance matrix of the errors

. o o . . .
is: Xe = i 12 and the covariance matrix of the random effects is:
021 022
b b b b
b1i1 F11 T2 O3 T4
biio ot o o o
_ — 21 22 23 24
X = Var bs; | ob, ot &b, of
241 31 32 33 34
baiz T41 Ta2 P43 44

The estimates of the parameters, their standard errors and z-scores are pre-
sented in Table 2 and Table 3. Z-scores are computed before rounding off the
estimates and their standard errors, and then rounded to the second decimal point
in Table 2 and third decimal point in Table 3.

The results show that all of the parameters in the model are statistically sig-
nificantly different from zero, except the regression parameters for the three-way
interactions between time, smoking and gender in both sub-models (817 and Ba27),
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Table 2: Table of estimates, standard errors and z-scores of the regression parameters
and threshold differences in model 4.1 fitted to the first seven waves of HRS data

Regression parameters for latent self-rated health
parameter B1o B11 B2 B1a B1a Bis Bis Bir
estimate 1.37 0.13 0.64 0.06 0.03 | -0.03 | -0.26 | 0.01
stand. error | 0.019 0.004 0.039 | 0.025 | 0.009 | 0.006 | 0.053 | 0.012
z-score 7111 30.61 16.46 2.44 2.81 | -4.73 | -4.91 | 1.09

Regression parameters for latent categorized body mass index
parameter B20 B21 B2z Baa Baa B2s Bae Bar
estimate 6.00 0.05 -0.88 | -0.28 | -0.01 | 0.05 | -0.09 | 0.01
stand. error | 0.053 0.006 0.038 | 0.030 | 0.010 | 0.007 | 0.061 | 0.015
z-score 113.4 8.94 -23.17 | -9.36 | -0.77 | 6.89 | -1.53 | 0.53
Threshold parameters for both latent variables

parameter 51’2 51’3 51’4 52’2 52’3

estimate 1.64 1.56 1.45 4.97 3.31

stand. error | 0.010 0.010 0.012 0.145 | 0.074

z-score 172.18 | 164.15 | 120.11 34.28 | 44.91

Table 3: Table of estimates, standard errors and z-scores of the covariance parameters in
model 4.1 fitted to the first seven waves of HRS data

b b b b b b b
parameter T11 To9 33 T44 T19 13 T14

estimate 3.541 0.038 8.185 0.082 -0.194 1.308 -0.074
stand. error | 0.065 0.001 0.311 0.005 0.006 0.071 0.007

z-score 54.872 | 47.948 | 26.294 | 17.507 | -30.277 | 18.345 | -10.151
parameter o5 o5, o, A
estimate -0.020 0.002 | -0.160 -0.002
stand. error 0.008 0.001 0.020 0.007
zZ-score -2.619 2.638 -8.122 -0.267

the regression parameter Ba4 for the two-way interaction between time and smok-
ing and the regression parameter Bag for the two-way interaction between smoking
and gender in the sub-model for the latent CBMI.

The correlation between the random intercept and random slope for the latent
self-rated health is estimated to —0.53 and for the BMI is estimated to —0.20.
The estimate for the correlation between the random intercepts is 0.24.

The trajectories of the latent variables for SRH and CBMI over time for four
individuals with zero random effects are presented in Figure 1. They reflect the
progress of the variables on average over time for each group of people: smoker
male, smoker female, non-smoker male and non-smoker female. As expected, for
the four groups of people on average the self-evaluation of health is worsening over
time and people are gaining weight with time. The group with the most gentle slope
for the self-rated health is the group of non-smoker female and with the steepest
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slope - smoker male, which means that, according to their own opinion on their
own health, smoker males are worsening most quickly, while non-smoker females are
worsening most slowly on average. For the BMI, smoker males are gaining weight
most slowly and non-smoker females are gaining weight most quickly on average
over time.

Figure 1: Latent SRH and latent CBMI over time for four individuals with zero random
effects

—

5. DISCUSSION

In this paper we considered a correlated probit model for a joint analysis of
two longitudinal ordinal outcomes. We proposed an extension of the EM algorithm
of Chan and Kuk [7] and the ECM algorithm of Grigorova and Gueorguieva [13]
for obtaining maximum likelihood estimates. The algorithm is implemented in the
free software environment for statistical computing and graphics R [25]. We stud-
ied its performance via simulations. We illustrated the approach on the data from
the Health and Retirement Study. Our approach has advantages over alternative
estimation methods in that it can handle a large dimension of the multivariate
outcome, it can be easily extended to any combination of binary, ordinal and con-
tinuous outcomes and it provides asymptotically unbiased estimates. It is also
easily implemented in the free open-source software environment R.

We used bootstrap method for standard error estimation which is computa-
tionally very intensive. While the bootstrap algorithm can always be applied, it is
not efficient. Other approaches may be possible. For example, one might consider
the Louis’s approximation method [20].
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Further research is needed to extend the algorithm to the estimation of a joint

model for time to drop-out and combinations of ordinal and continuous longitudinal
outcomes. Model selection and model diagnostics are also open areas of research.
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