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EXAMPLES OF STRUCTURES WHICH DO NOT ADMIT
RECURSIVE PRESENTATIONS™

ANGEL DITCHEV

Anzea Juves. IPUMEPHI CTPYKTYP, HELONYCKAIOIIUX PEKYPCUBHEIX MO-
IEJEN

B craThe NoKa3aHO CyI(eCTBOBaHME KJI4CCa CTPYKTYP € oo ¢ykumell u ¢ onuumM npe-
AUKATOM, KOTOpHE He JONycKaloT ofdekTUBHON HyMepaumm U JJAA KOTOPHIX Bce
T;-onpepennmete noaMuoxkectsa N asasiorcs LY (I = 1,2) mHOMécTBAMM B apudMeTH-
uyeckoif uepapxun.

Angel Ditchev. EXAMPLES OF STRUCTURES WHICH DO NOT ADMIT RECURSIVE P-
RESENTATIONS

In the paper it is proved that there exists a class of structures with a unary function and a
unary predicate which do not admit an effective enumeration, but all £;-definable subsets of N
are L0 (i = 1,2) sets in the arithmetical hierarchy.

In the Recursive Model Theory there are a lot of attempts to characterize
structures with denumerable domains which admit recursive presentation. First,
there are some necessary and some sufficient conditions [1]. Second, in many of
them the considerations are restricted to a given class of structures, for example,
Boolean algebras, partially ordered sets and so on [1]. Further, there are given
definitions which restrict or extend the class of structures satisfying these definitions
and attempts to characterize the corresponding classes are made. One of these
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definitions ié the well-known strong constructivization (recursive presentation) [1].
In [2] Soskova and Soskov have defined another notion of effective enumeration
(recursively enumerable (r.e.) presentation) of a partial structure. So they have
succeeded to characterize the structure satisfying their definition by means of REDS
[2] with finitely many constants. In connection with this and some other results [3,
4] 1. Soskov has stated a conjecture that if in a given partial structure every subset
of N, definable by means of SC [3] with finitely many constants, is r.e. then the
structure admits an effective enumeration.

In [5] a counter-example of Soskov’s conjecture is shown. A necessary and
sufficient condition of those structures with unary functions and predicates which
admit effective enumeration is obtained as well.

Keeping in mind [6] and the power of £,,, one could suppose that it will be
pdssible to characterize the structures which admit an effective enumeration in the
terms of L. . Soskov has made a suggestion that if in a given total structure
every subset of N definable by means of SC with finitely many constants is r.e. and
every Xp-definable set (cf. the definitions below) is £J in the arithmetical hierarchy,
then the structure admits effective enumeration. It has been found that is not true.
In any case we could not omit a condition like (iii) of Corollary 2 [5]. We should
have an effective way for every termal predicate (conjunction of atomic predicate
formulae and their negations) to find a type of an element which satisfies this termal
predicate. ‘

In this paper counter-examples of this suggestion are shown. Namely, it is
proved that there exists a class of structures with a unary function and a unary
predicate which do not admit an effective enumeration, but all £;-definable subsets
of N are X7 sets in the arithmetical hierarchy, i = 1,2. And the first order theories
of these structures (without constants of the structures) are decidable. The idea of
these counter-examples comes from the papers [7, 8, 9]. The problem here (keeping
in mind [5)) is to find a propriate family of sets which has no universal r.e. set and
which coincides with the family of all types of some structure. And meanwhile such
kind of results are obtained.

Let us remember some definitions from [5] which we need.

N denote the set of all natural numbers.

Let U be a subset of N**! and F be a family of subsets of N®*. The set
U is said to be universal for the family F iff for any a the set {z | (a,z) € U}
belongs to the family F and, conversely, for any A4 from F there exists such a, that
A={z|(a,z)€ U}.

We suppose that Ey, Ei, ... be a canonical enumeration of all finite sets of
natural numbers.

Let D; and D; be finite sets. Then we define the relations C, =, C, as follows:

D\ C D, iff 3kVz(z € D1 <> z+k € Ds);

Dik={z|2€ D&z L k};

D1ED2 iff Hk(Dgfk = Dl);

D.CD, iff EDI(DIEDl&D’ [ Dg).

Besides we define a binary operation “*” between two finite sets of natural
numbers as follows:
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Let E,, and F,, be given and k; = max{z | 2 € E,}, i = 1,2. Then

E,=E, *xE,, if E,[k; = FE,, and
Ve(ki+12z = (z€E, <= ¢2—-k1—1€E,)).

Let A = (B;61,...,0n; F1,..., F;) be a structure, where B is an arbitrary
denumerable set, 6, ..., 6, are functions of many arguments on B, and Fy, ...,
F are predicates of many arguments on B. We shall consider in the paper that all
0; (1 £ i< n)andall Fj (1 £ j £ k) are totally defined, so we have in mind only
total structures.

Effective enumeration (or r.e. presentation) of the structure % is every ordered
pair (o, B), where B = (N; ¢1,...,¢n;Gy,...,G) is a structure of the same rela-
tional type as 2 and a is a surjective mapping of N onto B such that the following
conditions hold:

() @1, --+, n; G1, ..., G are partial recursive; 4

(1) a(pi(z1, ..., 2q;)) = Oi(a(z1),. .., a(z,,;)) for all natural numbers z, ...,
zs, (L S i £ n);

(iii) Gj(z1,..., ;) = Fj(a(z1),...,a(zs,)) for all natural numbers z, ...,

25, (127 S B).

‘We say that the structure 2l admits an effective enumeration iff there exists an
effective enumeration of the structure 9.

We shall identify the predicates with the mappings which obtain values 0 or 1,
taking 0 for true and 1 for false.

" Let L be the first order language corresponding to the structure 2, i.e. L
consists of n functional symbols f;, ..., f, and k predicate symbols T, ..., T.
We suppose that there is denumerable set of variables.

If 7 is a term or a formula in the language £, then we write 7(X,..., X,) (or
shortly 7(X)) to denote that all variables occuring in 7 are among X, ..., X,. If
7(X1,...,X,) is a term or a formula and sy, ..., s, (or shortly s) are arbitrary
elements of B then by o(X1/s1,...,Xa/54) (or shortly 7(X/s)), we denote the
value of 7 in 2 over s.

Termal predicates in the language £ are all conjunctions of atomic predicates
or their negations. We assume fixed an effective coding of the atomic predicates,
the termal predicates and the disjunctions of termal predicates of the language L.

Let A be a subset of N. The set 4 is said to be X;-definable-in the structure
A iff for some recursive sequence {H"j } of termal predicates with free variables
among X, Y; and for some fixed elements s of B the following equivalence is true:

i€ A <= there exist j and elements #; of B such that [I'/ (X /s,Y;/t;) = 0.

The subset A of N is said to be Xy-definable in the structure 2 iff for some
recursive sequence {II‘ kL of {:junctions of termal predicates with free variables
among X, Y;, Z;; and for some fixed elements s of B the following equivalence
is true:

t € A <= there exist j and elements t; of B such that for any &
and for any elements p; ; of B, the equality

II"j”‘(X/s,Yj/tj,Zj,k/Pj,k) =0 holds.



Here one can see that the values of ¥;-formula and ¥,-formula are given in the
language Ly, over s in A. But for our purpose it is not necessary to give these
definitions and we omit them.

Theorem 1. There exists such set V of natural numbers that the set V]={v|
Jw € V(Ey E Ey)} is in the class £ of the arithmetical hierarchy and for every
v € N there exists such w € V C [V] that E,CEy and the family {E, | v € [V]}
has not an universal r.e. set.

Proof. Let U be subset of N? which is r.e. and universal for the r.e. subsets
of N2 and Uy, - = {y | (n,z,y) € U}.

The set V' we construct by steps, so that on step s we construct V;, such that

VWwCWc...CV,C... and at theend V = |J V,. Besides we construct the
seN

sequence Vg, Vi, ..., V;, ..., so that v € V, be a AJ set relatively v, s. Thus we
ensure V (and [V] as well) to be a X9 set.

On the other hand, on step s we need some elements which are canonical codes
of some finite sets not belonging to V. For this purpose we construct set C of
prohibited elements. Again we do that on steps sothat Co CC1 C...CC, C...

and C = |J C,. The set C plays only an auxiliary role.
seN
When we want to add some elements to C, we have to know if some Usz is

finite. In this case we find v such that E, = U, ;. For this aim when on some step
we don’t know if U, ; is finite we put (s, z) in the set I. The set I consists of these
(s, z) for which U, , is eventually infinite set. When on step s we understand that
some Uy » is finite then we force (¢,z) out of I.

Construction. Step s=0. FixVp=Co=I =O.

Step s+1. Let my = max{z |z € E, }, k;41 = min {m, | Yw € V,(E, L Ey)}
and v ,41 be the least positive integer v such that m, = k,4; Yw € V, (EyLEy).
We verify if there exists (t,2:) € I, such that Vy(y < ks41 +5+3 V y & U z,)-
If that is so let all of them be Uy, 4, , ..., Ut,,z,,- We find wi, ..., w; such that
Ew, =U 20y -y Buy = Uty p,, . We fix

C-3+1 =CS U{TU1,...,U)I}, I.:+1 = Is \{(tl’zh)’ sy (tl’ztl)}‘

Let
rs41 = min{m, | By, ,CE, &Vw € Cy41(Ey T E,)}

and v,41 be the least positive integer v such that
my =1,418&Ey,,,CE, &Vw € Cyy1(Ey L Ey).

We denote such v by v,,; and fix V,11 = V,U{v,41}. At the end we verify whether
there exists = such that

Vv e Ver1 VE £ vEIy(y € U,+1,, Ly+k ¢ E, & ,U8+1,-‘CI 2 2).
If it is so let @, be the least such z. In this case we fix
L1 = I U{(s +1,2,41)},

otherwise ;41 =1, ;. The construction is completed.
First, it is easy to check by induction on s that Vs(v € V, = |E,| 2 2).



One could see easily that for each s the sets V; and I, contain at most s
elements, as well.

Lemma. For every s > 0 and for every finite sets Ep , ..., Ep,, each of them
containing at least 2 elements, there ezists such finite set Ey that

max{z |z € Ep} £ s+1

and for allv, E,, L Ey xEp,i=1,...,s

The proof of this lemma one could easily do by induction on s and it is more
or less combinatorial one.

Now we can see that there exists such v that

CE, &VYw € Cy11(Ew L Ey).
Indeed, according to the above lemma there exists such p that
Yw € Cy41(Ew L Ey,,, * Ep) and max{z |z € Ep} £ s+2,

i.e. v,41 exists on every step s + 1 and max{z | ¢ € Ey,,,} £ ksp1 + 5+ 3.
Obviously, for all v there exists w € V, such that E,CEy.

Let us prove that Vv € VVw € C(Ey [ E,). For this purpose it is enough to
prove that VsVv € V, Vi, < ,(Ure, £ Eyv).

It is obvious that Yo € Vo V¢, < o (Ut,z, £ Ey).

Let us assume that Yo € V; Vt, < , (Ut z, € Ey). On step s+ 1 we have V1 =

ViU{vs41}. Let us remember that we chose v, such that V¢, < , (Ut T Ev,“).
Besides, we chose (s + 1,z,41) such that B

Vv € VS+1 ka S ay (y € U3+171‘.+1 &y+ k ¢ E, & lUS+1,I.+1| 2 2) .

Therefore, Us 15,41 T Ev, 1.€. Y0 € Voa Y, < 11 (Ute, £ Ey).

So it is proved that Vv € VVw € C(E, £ E,).

Let us note that the construction is AJ, since the conditions which we verify
are 119 or 2(1’. Note that we define w such that Ey, = U, z,, and that w is a function
of 5. So V is XY set and since [V] is 3 set, as well.

At the end let us assume that the famlly {Ey, | v €[V]} has an universal r.e.
set. Let it be A. Denote by A; = {y | (z,y) € A} and U, = {(z,y) | (s,z,9) € U}.
Then A = U, for some s.

Let us consider step s + 1. It is clear that

JzVv € Vit Vb, < W (W EUini o &y +k EE, & [Ust1,0] 2 2).

Vel

Then
Ust1,0041 = Azoy € {Ev | v €[V]} and Ustie,y, = By for some w,

i.e. there exist w € C and v € [V] such that E, C E,, which is a contradiction.
So, the family- {E, [ v € [V]} has not a universal r.e. set and Theorem 1 is
proved.
One can prove in the same way the following relativized version of Theorem 1.
Theorem 1'. For any set of natural numbers A there ezists such subset V 4 of
N that the set [V 4] = {v | Jw € V4[E, T E,]} is in the class £9[A] and for every
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v there ezists such w € V4 C [V 4] that E,CE, and the family {E, | v € V 4}
has not a universal r.e. in A set.

Now we can prove the following

Theorem 2. There ezists a structure % = (B;0; F) with unary 6, F, which
does not admit an effective enumeration but all £,-definadle in A subsets of N are
r.e. and all To-definable in U subsets of N are X3 sets in the arithmetical hierarchy.

Proof. Let V be such a set which exists according to Theorem 1 and
V = {vg,v1,...}. Let in addition B be the set {bn | k,n € N}, where all be,n are
distinct, k,n € N. We define # and F as follows:

0(bk,n) = bk,n+1 and F(bk,n) =0 << n€k,, k,neN.

It would be useful to give some intuitive explanations about the above struc-
ture. For each fixed k we can consider the set {by n | n € N} as a copy of the set of
natural numbers and the function F over this set as the succesor function.

If s is an arbitrary element of B then we use [s] to denote the type {k | -
F(8%(s)) = 0} of the element 5. Thus v € [V] <= E, is a type of some element
of B. So for any element s there exist finitely many k such that F(6*(s)) = 0 and
infinitely many k such that F(6%(s)) = 1.

In the case which we consider the language is with a single unary functional
symbol f and a single unary predicate symbol 7. We use f¥(X) to denote the term
F(...(f(X))...), where the symbol f occurs k times in the term. If Y is a variable
and II is a termal predicate, then we denote by [Y; II] the set

{k | T(f*(Y)) join in II as a conjuctive member }
and by —[Y;II] the set
{k | =T(f*(Y)) join in II as a conjuctive member }.

It is obvious that for any fixed element s € B, any variable Y and any termal
predicate II there exists effective way to verify whether [Y;II] C [s] or not and
whether —[Y; 1] N [s] = @ or not. :

First, we prove that every closed consistent existential formula in this language
is true in .

It is obvious, that is enough to show that every formula of the kind 3XTI(X)
is true in %, where II(X) is a termal predicate on the form

T X)) & ... &T (F(X)) &-T (f(X)) & ... &~T (f*(X))

and {kl,...,ka}n{ll,...,lt} =0d.

We can consider that k, = max{ky,...,k,,1;,...,1;} and let v be such that
Ey, = {ky,...,k,}. We find v such that E, CE\,,. This means that for some E’,
E,FE'C E,,,i.e. E, = E'lk, and Vz(z € E' <= z+ m € E,,) for some m.
Now it is easy to check that II(X/6™(bz,0)) = 0, i.e. IX II(X) is true in 2.

It is obvious now that every closed universal formula YXTI(X), where I(Xx)
is a termal predicate, is not true in 9.

Second, we show that every T;-definable subset of N in 2 is r.e.



Indeed, let A be ¥;-definable subset of N in the structure %, i. e. there exists
a recursive sequence {II*?} of termal predicates with free variables among X, Y ;
and for some fixed elements s of B the following equivalence is true:

i€ A < there exist j and elements #; of B such that II*/(X /s,Y;/t;) = 0.

Let us represent the formula II*Y(X,Y;) in the form P"/(X)& Q" (Y;),
where some of them could be empty. There is an effective way to find P (X)
and Q% (Y ;) from II*4(X,Y ;). Then keeping in mind that every closed consis-
tent existential formula is true in 2, we obtain

i€ A <= there exists j such that P/ (X /s) =0

& cotradictory conjunctive members do not join in Q*7,
1. e. . N
1€A — aj([Xl, PZ’J] - [Sll&ﬁ[Xl;PG’]]ﬂ [31] =D& ...
& [Xa; PY] C [sa) & ~[Xa; PH] N [50] = @

& contradictory members do not join in Q%7).

Therefore the set A is r.e. (X9 set).

If IT is a disjunction of termal predicates with free variables among Xy, ...,
Xo (X), Y1,.., Y5 (Y), 21,...,2.(Z),and s1, ..., s, (8) are elements of B and
E,,, ..., E,, are finite sets, then by {H;S;Evl, . ..,E,_,b} we denote the formula
with free variables among Z, obtained from II as follows:

a) If II ia a termal predicate and II = P(X,Y) & Q(Z), then
{;8; Eyy, ..., Eu} = Q'(2), if

(X, C 1] & [X;MN[s1] =D& ... &[Xa; ) C [s0] & —[Xo; M N [ss) = B

&Yy C By, &Y MINE, =D& .. &Yy, O] C B\ &-[Yy, OINE, =D
and {II;8; Ey,, ..., Ey,} = T(Z1)&—T(Z1), otherwise. Here Q'(Z) = Q(Z) if

Q(Z) is nonempty, and Q'(Z) = T(Z:1) V ~T(Z;), otherwise.
b) If Il = (II' v II?), then

{H;s;E,,l,...,Evb} = {Hl;s;Evl,...,Eub} Vv {HZ;S;E’W...,EU,,}.

There is an effective way to find {H;.s;Evl, . ..,Evb} from II, s and £y, ...,
Ey,.

Now let us note that if we have a disjunction of termal predicates II with free
variables among X, Z, then the formula YZ(II(X, Z)) is true in 2 over 8 iff the
formula {II; s} (here b = 0) is a tautology in propositional logic, taking the atomic
predicates as atoms. Here one has to keep in mind that for every atomic predicate
there is an element which it is true in 2 for and there is an element which it is
not true in U for. Besides there is an effective way to verify if given disjunction of
conjunctions of atoms and their negations is a tautology or not.

Now let A be ¥y-definable subset of N in the structure %, i.e. there exists a
recursive sequence {Hi'j ”“} of disjunctions of termal predicates with free variables

9



among X, Y;, Z; ; and for some fixed elements s of B the following equivalence is
true:
i € A <> there exist j and elements #; of B such that for any k

and for any elements p; ; of B, the equation
k(X /s, Y;/ti,Z;x/p; ) =0 holds.
Hence,
i1 € A <= 3j 3finite sequence vy, ...,vzj(vl EV]&... &u; €[V]
&Vk({Il'*: s, E,,,..., ij} is a tautology)).

Now it is obvious that A is £J set.

At the end let us assume that the structure 2 admits an effective enumeration.
Then the partial structure % = (B; 8, F), where @ is the same as in 2 and F is
the restriction of F' over those elements which obtain value 0, admits an effective
enumeration too. Let us note again that v € [V] <= E, is a type of some
element of B in the structure 2. According to the main theorem in [5], the family
{Ey | v € [V]} has a universal r.e. set, which contradict to Theorem 1. So, 2 does
not admit effective enumerations. ,

Theorem 2'. For any A C N there ezists a structure Ay = (B;0; F) with
unary 0, F, which does not admit an effective enumeration (even effective in A)
but all £4- deﬁnable in Ay subsels of N are r.e. in A and all Zo-definable in Uy
subsets of N are LI[A] sets in the arithmetical hierarchy.

Let us note that in fact we obtain also the following

Theorem 3. There ezxists an infinite class of structures

{4 | ACN&U, = (B;6; F)}

with unary 8, F, and decidable first order theory (without constants of the struc-
ture) such that for any A, A4 does not admit an effective (even effective in A)
enumeration.

So, the problem of characterization of those structures Wthh admit an effective
enumeration is still open.

Acknowledgements. I would like to thank A. Soskova and I. Soskov for the
useful discussions on the theme and for finding out some mistakes in one of the
preliminary versions of this paper.
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ON THE AVERAGE DELAY
OF THE DETECTION OF CYCLIC LOOPS”

DIMITER SKORDEV

Jusmump Cropdes. O CPEIHEN 3ANEP¥KU OBHAPY KEHUA 3ALUKJIUBAHUN

B oanolt npeamecTByiomet pabore aBTop HacTosAmeR! pabGoTH NPEIJIOKMII OOMH Me-
ToX OGHAPY>KEeHUA HEKOTODHIX 3aUMKIMBaHMN B BLIUMCINTENbHLIX NpolleccaX. DEIN yka3aH
OAMH YAaCTHHMU ciayua¥i MeTosa, ONTMMAJbHHIA B ONpEeleIEHHOM CMBICJIE M MCHOJb3YIO-
muit uncna Pubonavun. B HacTosmel pabore menaerca cpasHeHMe MeXAy ehPeKTUBHOC-
TM TOr0 YACTHOIO CJyUad M OLHOrO APYIOr0 UACTHOrO Clayuas, NPEAJIOMKEHHOrO DaHbIle
P. II. BpertoM. YcTanaBJIMBaeTCA OAHO AaJjbHelflllee ONTUMAaJbHOE CBOMCTBO YACTHOIO
cnyyad, ucnonas3symomero unciaa PuboxHauun.

Dimiter Skordev. ON THE AVERAGE DELAY OF THE DETECTION OF CYCLIC LOOPS

In a previous paper the author of the present paper has proposed a method for the detection
of some kinds of cyclic loops in computational processes. A particular case of the method has been
indicated, which is optimal in a certain sense and makes use of Fibonacci numbers. In the present
paper a comparison is made between the effectiveness of that particular case and the effectiveness
of another partlcular case proposed earlier by R. P. Brent. A further optimal property of the
particular case using Fibonacci numbers is established.

1. INTRODUCTION

In the paper [1}, a method has been proposed for the detection of some kinds
of cyclic loops in computational processes, and a particular case of this method

* Research partially supported by the Ministry of Science and Higher Education, Contract
MM 43/91.
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has been indicated, which is optimal in a certain sense and makes use of Fibonacci
numbers. For the sake of brevity, we shall call this particular case the F-method.
No previous work on loop detection has been quoted in that paper, due to the lack
of information in this respect at the moment of writing of the paper. When the
paper was published, the author found out about Floyd’s loop detection method
presented in Section 3.1 of the book [2] (the book was available in its Russian
translation of the first edition). Several years later, in 1990, the author had the
occasion to see the second edition of [2], and then he observed that a particular case
of his method from [1] (but not an optimal one) has been used much earlier by R. P.
Brent (cf. Exercise 7 in Section 3.1 of the second edition of [2]). From the optimal
property proved in [1] a certain advantage of the F-method over the Brent’s one
can be seen, but a further comparison of the efficiency of both methods is desirable.
Some calculations providing elements of such a comparison will be presented in this
paper, and another optimal property of the F-method will be established.

2. DISCRETE AUTONOMOUS PROCESSES, CYCLIC LOOPS IN THEM
AND SEQUENCES FOR DETECTION OF SUCH LOOPS

We shall first recollect some definitions from the paper [1].
By definition, a discrete autonomous process is a function P with dom P = N
(the set of the non-negative integers') such that for all ¢, and ¢; in N the implication

P(to) = P(tl) = P(to + 1) = P(tl + 1)

holds (as an example, the sequence can be mentioned which consists of the consec-
utive memory states of a non-terminating computational process using no external
information sources). If P is a discrete autonomous process, and t; € N, then we
say that a cyclic loop is present in P at the moment t; iff there is a ¢y in N such
that to < t; and P(to) = P(t1).

Let 7 = {r;};2, be a strictly increasing sequence of elements of N. For each ¢
in N satisfying the inequality t > 7o, let 8, (t) denote the greatest number 7; such
that ¢ > 7 (the subscript 7 of the expression 6, (t) is omitted in [1]). Lemma 1
of [1] states that, whenever P is a discrete autonomous process, and tg, t1, 7 are
natural numbers satisfying the conditions

to <t1, P(to)=P(t1), i 2 to, Tig1 — 7 2 t1 — g,

then the equality P(8,(t)) = P(t) holds for t = 7; + (t; — o).

The strictly increasing sequence of natural numbers T is called a DCL-sequence
(a sequence for detection of cyclic loops) iff, whenever P is a discrete autonomous
process, and a cyclic loop is present in P at some moment from N, then P(6,(¢)) =
P(t) for some integer ¢ > 1. It is shown in [1] that 7 is a DCL-sequence iff the
sequence {741 — 7';}?;0 is unbounded.

1 The terminology will be adopted at which the mentioned set N is the set of the natural
numbers (i. e. 0 is considered a natural number).
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A DCL-sequence 7 can be used for the detection of cyclic loops in the following
way: when given a discrete autonomous process P, we look for the least integer
t > 7o satisfying the equality P(6,(t)) = P(t). Brent’s method mentioned in the
introduction consists in using in such a way the sequence {2‘ - 1}::0, and the
F-method proposed in [1] makes use of the sequence

(1) 0,1, 3,8, 21, 55, 144, ...,

consisting of the Fibonacci numbers with even subscripts.

Some additional definitions and statements will be given now.

Definition 1. A discrete autonomous process P will be called cyelic iff a cyclic
loop is present in P at some moment from N.

Definition 2. Let P be a cyclic discrete autonomous process, and 7 be a
DCL-sequence. We shall denote by t;(P) the earliest moment at which a cyclic
loop is present in P. By to(P) the natural number #y (obviously unique) will be
denoted, which satisfies the conditions

o <t1(P), P(to) =P(t1(P))‘
Let t{(P) be the least integer ¢ which is greater than 7o and satisfies the condition
P(8-(t)) = P(t) (such a number t exists by the assumption that 7 is a DCL-
sequence). Then the difference t|(P)—t;(P) will be called the delay of the detection
of the loop in P by means of T.

Example 1. Let 7 be the sequence {2‘ - I}ZO, used by R. P. Brent, n be a
natural number, and P be the sequence of natural numbers defined by the condition
that P(t) is the remainder of ¢ modulo 2" + 1 for all t in N. Then P is a cyclic
discrete autonomous process, the equalities t;(P) = 2" + 1, tj(P) = 2"+ + 27
hold, and hence the delay of the detection of the loop in P by means of 7 is
ntl 1 =12t;(P)-3. ’

The optimal property of the DCL-sequence (1), mentioned above, can be for-
mulated as follows:

(i) if P is an arbitrary cyclic discrete autonomous process, then the delay of
the detection of the loop in P by means of (1) is not greater than the number

L+ 5, (p)- 1)

T2

(ii) whenever 7 is a DCL-sequence, and a, b are real numbers such that for any
cyclic discrete autonomous process P the delay of the detection of the loop in P
by means of 7 is not greater than at;(P) + b, then the inequality

1+5
5—(t—1)

at+b 2

1+

2 Since = 1.618... < 2, it follows that using the F-method instead of the Brent’s

IS

one will lead to a smaller delay of the detection of the loop in the discrete autonomous process
P from Example 1 if the value of n is sufficiently large (in fact this will be the case whenever
n 2 2,and if n = 0 or n = 1 then the delay will be one and the same, no matter which one of
both methods is used).
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holds for all positive integers .3
Lemma 1. Let P be a discrete autonomous process to, 11, tg, ¢} be natural
numbers satisfying the conditions

to < ty, to < t17 P(to) - P(t1)1 P(tﬁ) = P(tll):

and let P(t) # P(to) for each integer t satisfying the inequalities to < t < t;. Then
=ty 2ty —to.
Proof. Whenever t € Nandt 2 tg, then
P(t+ (t1 —10)) = P(t1 + (t — 1)) = P(to + (t — t0)) = P(2).

Hence P(t + n(t; —ty)) = P(t) for any such ¢ and any natural number n. Let us
choose the natural number n in such a way that the inequality to + n(t; — o) 2 tg
holds, and hence
t0+n(t1 —to) =t6+h
for some h in N. Then
P(t] + h) = P(t5 + h) = P(to + n(t1 — o)) = P(to).
Now we set t = ¢} +h—n(ti—to). Thent > ¢; and the equalities t+n(ty—to) = t|+h,
t—to=1t] —t§ hold From the first of them we get
P(t) = P(t+n(t, — to)) = P(t] + h) = P(to).
Therefore ¢ 2 ¢), and hence, by the second of the same equalities,
-ty 2t —1o.um

Lemma 2. Let P be a cyclic discrete autonomous process, T be a DCL-
sequence, and m be the least natural number i satisfying the inequalities
(2) 7 2 00(P), Tiyr— 7 2 41(P) —to(P).

Then the delay of the detection of the loop in P by means of T is equal to T, —to(P).
Proof. By the definitions of the numbker ¢{(P) and of the function 4., a
natural number n exists, such that

o <t3(P) € Tat1,  P(ma) = P(ty(P)).
Moreover, for every integer ¢ which satisfies the inequalities 7, < ¢ < ¢{(P), the
inequality P(t) # P(r,) holds, since 6,(t) = r,, and hence P(6,(t)) = P(r,) for
any such ¢. Using Lemma 1 and the definitions of ¢;(P) and to(P), we get the
inequality
t1(P) — to(P) 2 t§(P) — .

’

3 This optimal property of the sequence (1) does not mean that using (1) always guarantees
a not greater delay of the loop detection than using any other DCL-sequence. For example, if the
discrete autonomous process P is defined by the condition that P(t) is the remainder of t modulo
14, then the delay of the detection of the loop by means of the F-method is equal to 21, whereas
the delay of the detection of the loop by means of Brent’s method is equal to 15.
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An inequality in the opposite direction also follows from Lemma 1, since P(t) #
P(to(P)) for any integer ¢ satisfying the inequalities to(P) < t < ¢1(P). Therefore
the equality .

tl(P) - to(P) = tll(P) - Tn
holds. From this equality we conclude that

t1(P) = t1(P) = ma — to(P),

i.e. the delay of the detection of the loop in P is equal to the difference 7, —
to(P). To complete the proof, we shall show that the equality n = m holds. Since
1(P) 2 t1(P), it is clear that 7, 2 to(P). Moreover, Tat1 — o 2 t1(P)— T, and
thus n is one of the natural numbers i which satisfy the inequalities (2). Let j be
an arbitrary one among these numbers, and let ¢ = 7; + (£1(P) — to(P)). Clearly,
t 2 70, and Lemma 1 from [1] (recollected above) leads to the conclusion that
the equality P(8,(t) = P(t) holds. Therefore ¢t 2 t(P), and hence 7; 2 t{(P) —
(t1(P) — to(P)) = 7. This implies the needed inequality j 2 n. m

Definition 3. If 7 is a DCL-sequence, and to, t; are natural numbers satisfying
the inequality to < 3, then we set

pr(to,t1)) =min{i EN| 7 2 to, g1 — 7 2 t1 —to}

(this number is denoted by i(to,t1) in the proof of the corollary of Lemma 3 in [1]).

In the denotations of the above definition, the statement of Lemma 2 can be
formulated as follows: if P is a cyclic discrete autonomous process and 7 is a DCL-
sequence, then the delay of the detection of the loop in P by means of 7 is equal
to the difference 7, (¢,,t,) — to, Where to = to(P), t1 = t1(P).

3. AVERAGE DELAY OF THE DETECTION OF CYCLIC LOOPS
BY MEANS OF A GIVEN DCL-SEQUENCE

Throughout this and the next section, a DCL-sequence 7 will be supposed to
be given.

Suppose t; is a positive integer, and P is a cyclic discrete autonomous process
such that the equality ¢;(P) = t; holds. Then the possible values of to(P) are 0,
1,2, ...,t — 1, and if no additional information about the process P is available,
we could assume that these values have equal probabilities. Together with the last
paragraph of the previous section, this makes the following definition acceptable.

Definition 4. If ¢; is a positive integer, then the rational number

t1—-1

1
() = - D (Turttos) = to)

to:O

will be called the average delay of detection by means of T of the loops arising at
the moment t1.
Obviously,

5:(t1) = %o-,(tl) _ %@t1 - 1),
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where
t1—-1

aT(tl) = Z Tur(to,ta)-
to=0
Hence the calculation of é,(¢;) can be reduced to the calculation of o, (¢1).
Lemma 3. Let 1, be a positive integer, and j be the least natural number ¢
satisfying the inequality 141 2 t1. Then the inequality

(3) or(t1) 2 75 +(t = )74
holds, where :
_fmin{rjq1—-t1,5}+1 ifn>mn

7= { min {r; — 70,41} otherwise.
An equality is present in the inequality (3) iff at least one of the following fwo cases
is present: : ‘

(a) Ti42 = Ti41 2 ty;

(b) jq1—7 2 tiand Tijpa—Tiy1 21— 1 — L.
A sufficient condition for the presence of an equality in (3) is the ineguality
Ti+2 2 27j41.

Proof. Let usconsider an arbitrary integer o, which satisfies the inequalities
0 £tp £t1 — 1. If for a certain natural number ¢ the inequalities ©; 2 ¢ and
Tit1—Ti 2 t1—1o hold, then 734y = (fi1—7)+7 2 1, and hence ¢ 2 j. Therefore
the inequality u,(%0,%1) 2 j holds, and an equality is present in it iff the inequalities
Tj 2 to, Tj+1 — 7 2 t1 — %o hold, i.e. iff ¢, — Tji41+ 7 S 1o £ 75. Let

a =max{t; — 7541+ 73,0}, B =min{r,t; -1}.
Evidently, the inequalities 0 £ o £ 8 £ t1—1hold. Hence the integers ¢, satisfying
the conditions 0 £ to' < t1—1 and p,(Yo,1) = j are exactly the integers ¢, satisfying
the inequalities & £ ¢y £ B. Consequently, there are exactly
B—a+1=F+min{-t; +7j4; — 7,0} +1

such integers. We shall show that in fact # — « + 1 = v, where v is the number
defined in the formulation of the lemma. If t; > 7y then it is easily seen that 7; < ¢;
(one has to consider separately the case when j > 0 and the case when j = 0).
Therefore, if t; > 79 then § = 7; and hence '

B—a+l=r+min{~t; + 741 -7,0}+1=min{-t; + 741,75} + 1= 1.
On the other hand, if t; < 7 then j =0, ¢; £ 7;, hence # =t; — 1 and therefore
B-a+l=t; =14+ min{-t; +7 — 7,0} +1 = min{r — 10,81} = 4.

Thus there are exactly 4 numbers ¢ in the set
Nt1)={0,1,2,..., ¢t - 1}

which satisfy the condition u,(fo,t;) = j. Of course, the equality Tur(tots) =
7; will also hold for them. For the remaining t; — v numbers ¢y in N(#;) the
inequality - (f0,%1) 2 j+ 1 and hence the inequality Tu,(to,t1) = Tj+1 holds. Thus
the inequality (3) is established. It is clear also that an equality will be present
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in (3) iff all ¢o from N(t1), violating the condition o £ to £ B, satisfy the equality
pr(to,t1) = j + 1. Making use of the definition of p,(to,%1) and of the fact that
7541 > to for all to in N(t,) (since 7541 2 ?1), we see that an equality will be present
in (3) iff all ¢ from N(t,), violating the condition & < to £ B, satisfy the inequality
Ti42—Tj4+1 2 t1—to. A trivial possibility for this is that there are no ¢o from N(t,)
violating the condition & £ ¢ € S at all. This happens if a =0 and g =1t; — 1,
i.e ifft; £ 1541 —75 andt; £ 75+1. If there is at least one ¢ in N(t;) violating the
condition o £ ty £ B, then the inequality 7542 — 7541 2 t1 — 2o is satisfied for all
such o iff it is satisfied for the least among them. If o > 0,i.e. t; > 7j41 — 75, then
the least such ¢y is 0, whereas if e =0 and f <ty —l,ie. 741 — 75 2 81 > 75+ 1,
then the least such to is #+ 1 = 77 + 1. And so we showed that an equality is
present in (3) iff at least one of the following three cases is present:

t1 ST41—T1jandty £ 75 +1;

(i) 42— 41 2 1> T - T

(lll) Ti+1—Ti 2 >7+ 1 and Tiy2—Ti+1 21— 7 — 1.
But it can be easily verified that the disjunction of (i), (ii) and (iii) is equivalent to
the disjunction of (a) and (b) from the formulation of the lemma (since the impli-
cations (i) == (b), (if) = (a), (iil))=>(b), (a) = (ii)V(i)V(iii) and (b)=>(i)V(iii)
hold). Finally, if the inequality 7j42 2 27;41 holds, then 7543 — 741 2 7540 2 &)
and hence the case (a) is present. g

Remark 1. If the sequence {741 — 7i};o, is monotonically increasing then
the implication (b) = (a) holds. Thus in this case an equality is present in (3) iff
the case (a) is present.

Corollary 1. Lett; € N,t; > m, and j be the least natural number i satisfying
the inequality Tiy1 2 t1. Then:

(A) If ty £ 741 — 75 then

(4) or(t1) 2 m4rtr — (75 + (7541 — 75),
and an equality is present in (4) iff 742 — Tj41 2 81 — 75 — 1, the inequality
Ti+2 2 2(7j41 ~ 7j) — 1 being sufficient for this

(B) Ift, > Ti+l — 7§ then
(8) or(t1) 2 (27541 — 750t = (Tj41 — 73 )(Ti41 + 1)
and an equality is present in (5) iff Tj42 — Tj41 2 t1, the inequality 742 2 27j 41
being sufficient for this.

Remark 2. In the case when ¢; = 7j ;1 — 7; the values of the right-hand sides
of the inequalities (4) and (5) are equal.

Example 2. Let 7 be the sequence {2‘ - 1} , and let the integer t; satisfy
the inequalities 2/ < t; < 29+1, where j € N. Obv1ously T4l =21+ 1 > 27 for
all in N. Then Corollary 1 yields the equality

or(t1) = (3.2 = 1)t; — 29+

(to obtain this equality in the case when ¢; = 27 it is convenient to use also Remark
2). From the above equality we get

!

§,(t) =2 (3- 3;%) - —(t1+1)
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Making use of the methods of the infinitesimal calculus, it is easy to obtain the
following inequalities from the above result:

1 5 1
Z(t;—1) < 2ty - =
2(t1 1) by 6r(t1) < 8t1 3
(an equality is present in the left of them iff ¢; = 29).
Example 3. Let 7 be the sequence (1), i.e.

T = P2, i=0y13273)'-'3

where 0o =0, 01 =1, Y = -1+ pn-2 for n > 1. Then
Titl — Ti = P2i42 — P2i = P2i41 > P2i = T,

hence 741 > 27 for all ¢ in N.. Now let the integer ¢; satisfy the inequalities
¢1 < t1 £ i1, where [ € N. By application of Corollary 1 we get the equality

or(t1) = prezts — g(pr + 1),
where ¢ and r are the odd and the even one, respectively, among the numbers ! and
I+ 1 (part (A) of the corollary is applied in the case when [ is even and part (B)
is applied in the opposite case). Of course, the above equality implies the equality

+1 1
br(tr) = puya = 2D 2y

From this result easily follows that again the inequality
1
z{t1=1) £ é:(t1)

holds (an equality is now present in it iff some of the equalities t1 = p,, t1 = pr +1
holds, i. e. in the case when [ is even and some of the equalities ¢; = pp41, 81 = @1 +1
holds).

In the above examples we have the case of 75 = 0. For the case of 7y > 0 the
following complement to Corollary 1 can be made.

Corollary 1'. Let t; be an integer satisfying the inequalities 0 < t; < 7.
Then: ‘

(A") Ift; £ 11— 70 then

4) or(t1) = 7ot.
(B') Ifty > 11 — 10 then
(5) or(t1) 2 ity ~ (11 — 1),

and an inequality is present in (5') iff To— 1 2 t1, the inequality 7 2 71+ 70 being
sufficient for this.

Remark 2'. In the case when t; = 7 — 7 the values of the right-hand sides
of the inequalities (4') and (5') are equal.

Now we shall prove the general validity of that inequality which occurs in both
Example 2 and Example 3.
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Theorem 1. For any positive inleger t1 the inequality
' 1
©) (1) 2 500 ~1)

holds, and an equality is present in (6) iff for some natural number j satisfying the
inequality
) Ti+1 2 215+ 1
at least one of the following two cases is present:

Mti=7+1

(H) =741 —Tj and Tit+2 2 2(Tj+1 - Tj) - 1.

Proof. The inequality (6) is equivalent to the inequality
(8) or(t1) 2 ti(ta — 1),
and an equality is present in (6) iff an equality is present in (8). To prove the
inequality (8) and to study when an equality is present in it, we shall use the
following fact: for any two real numbers a and b and any t,, satisfying the condition
a £ t; £ b, the inequality
(9) (a+b—1)t1 —ab 2 tl(tl—l)
holds, and an equality is present in it iff {1 = a or t; = 5.4 Now let ¢; be an
arbitrary positive integer. To prove the statement of the theorem for it, we shall
consider several cases.

We shall first study the case when t; > 79. Let j be the least natural number
i satisfying the inequality 7341 2 1.

Suppose first that

(10) ty £ iy — T
Then the inequality (4) holds, as well as the inequalities
(11) T]+1 gtl é Ti+1 — Tj-

Making use of the above formulated fact for

a:rj-+1, b=7'j+1—7'j,
we get the inequality
(12) i+t = (75 + 1741 — 75) 2 ta(t1 — 1),
and this inequality together with (4) implies the needed inequality (8). Obviously,
the inequalities (11) imply the inequality (7). An equality will be present in (8) iff
an equality is present in each of the inequalities (4) and (12). This is equivalent

to the requirement that the inequality 7j42 — 7j41 2 1 — 7j — 1 holds together
with some of the equalities t; = 7; + 1, t; = 7541 — 7j. The above inequality is

4 This is an obvious consequence of the equality

t1(t1 — 1) = ((a + b = 1)t; — ab) = (t1 — a)(t1 — b).
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obviously satisfied for ¢; = 7; + 1, and it is equivalent to Tj4 2 2(7j41 — 75) — 1
for ¢y = 71541 — 7. Thus 7743 2 27; +1 in the considered situation and an equality
is present in (8) iff some of the cases (I) and (II) is present.

Now, remaining in the case when t; > 79, we shall suppose that
t > T4 -7
Then the inequality (5) holds, as well as the inequalities
Ti+1— T <t1 < Tjp1+ 1.

Applying the inequality (9) for @ = 741 — 75, b = 7j41 + 1 together with the
‘information when an equality is present in it, we get the inequality

2741 = )t = (T — ) ma + 1) >t - 1).
From this inequality and the inequality (5) we conclude that
O'-,-(tl) > t1(t1 - 1),

i.e. (8) holds again, but without the possibility of an equality in it.
Now we go to the case when ¢; £ 7. Ift; £ 7 —7p then the equality (4’) holds,

and hence the inequality (8) holds again without the possibility of an equality in
it. Suppose t; > 71 — 75. Then the inequality (5’) holds, and since

ity — tl(tl - 1) = t1(1‘1 - (t] - 1)) > (Tl - TO)2

in this case, we again see that (8) holds without the possibility of an equality in it.

So we proved that the inequality (8) is always true and an equality is present
in it iff the inequalities ¢; > 75 and (10) are present together with some of the cases
(I) and (II) when j is the least natural number ¢ satisfying the inequality 7,41 2 ¢;.
Moreover, we showed that the inequality (7) holds for this j if an equality is present
in (8). Suppose now that j is an arbitrary natural number, such that (7) holds and
some of the cases (I) and (II) is present. If we succeed to show that j is the least
natural number ¢ satisfying the inequality 7;4; 2 ¢;, and the inequalities £; > g
and (10) hold, then we shall be able to apply the above result and to conclude that
an equality is present in (8). But it is just this case, since (7) implies that

i<T+12T-7 ST,

Remark 3. If the sequence {r;4; ~ 7:};2, is monotonically increasing, then

the inequality 7542 2 2(7j41 — 7j) — 1 (occurring in Corollary 1 and Theorem 1)
will be surely satisfied, since 7543 — 7541 2 Tj4+1 — 7j implies
Ti+2 2 21417 > 2Amjp1 —15) — L.

Consequently, if the sequence {r41 — 7 };2, is monotonically increasing, then the
inequality sign in (4) can be replaced by an equality sign, and the case (II) in
Theorem 1 can be characterized simply by the equality ¢; = 7541 — 7;.
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4. ASYMPTOTIC BEHAVIOUR OF THE AVERAGE DELAY
OF THE DETECTION OF CYCLIC LOOPS BY MEANS OF DCL-SEQUENCES

Theorem 1 shows that

liminfw)— = liminf-(s—r-—(—?—l—Z 2 l .
t1—oo 1y t1—oo 1y~ 2

Sufficient conditions will be given now for having an equality in the above inequality.
Theorem 2. Let infinitely many natural numbers i ezist, such that 71 2 27.
Then

b)) 1
09 it = 5

4

Proof. An infinite sequence of positive integers j can .be found satisfying
the inequality 7j4+2 2 27j41. For each of them, applying Corollary 1 for {1 = 7541,
we conclude that
or(tj41) = (2741 = )T+ — (41 = )01 + 1) = Ha(G41 — D + 75,
and, consequently,
1 T
br(ri41) = (41 = 1) + =2,
2 Tj+1
br(mj41) _ 1 T
-1 20 ha(ha—1)
Now it is sufficient to make use of the fact that
Tj 1

0< <
Tie1(Ti1—1)  Tip -1

for all j in question, and, consequently, the corresponding sequence of values of
br(rj41)
Ti4+1 —

Example 4. If 7 is the DCL-sequence (1), mentioned in Section 2, or the DCL-
sequence {2‘ - 1};:0, used in Brent’s method, then, by Theorem 2, the equality
(13) holds.

The next example shows that the equality (13) cannot be asserted without
additional assumptions about the DCL-sequence 7.

Example 5. Let the DCL-sequence 7 be determined by means of the equality

1
converges to L

r~=ﬁ-‘;—9, i=0,1,23, ...

. (2 . .
We shall show that . lim —-T—t(—ll = +o00. For that purpose consider an arbitrary pos-
31— 1
t

itive integer t; and an arbitrary integer ¢, satisfying the inequalities 0 £ #p £ 3
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. 2t
If we set j = ps(to,t1), then 141 — 75 2 t1 —1p 2 —51—, ie.j+12 Tl and hence
2
jz —3—1 — 1. From here we get

](] + 1) 1 /2ty - 2t 2t 1
Tt =T~ 25 5 7 3 =g T

Therefore, whenever ¢; > 1 we have
[t/3]

2t 1
orty 2 E Tur(tots) > 3 3 (_9—1 - §) i,
to=0

and consequently

6(t1)> (2t1 1) 1,-1_ 2t 11
3

t 9 73) iy Tw B

ﬁr_t(_t_ll will be given.
1

2ab
a+b-—1'

Under some assumptions, an expression for lim sup
t1—00

Lemma 4. Let a and b be inlegers such that 0 < a £ b. Lett* =
t=[t"]ifa<b andi=aifa=0b. Then
(a+b-1)t—ab _ (a+b-1)?
t2 = 4ab

for all non-zero real numberst, and the integer t satisfies the inequalitiesa < < b
and the inequality

(a+b—-1)F—ab _ (a+b-1)? 1

(14)

Moreover, if b — a > 1 then the strict inequalities a <t < b hold.
Proof. The inequality (14) is an immediate consequence of the fact that

2 2
(16) (a+b-1)t-ab _(a+b-1) (1_1(_ 2ab ))

12 4ab 12 a+b—1

for all non-zero real numbers ¢. If a = b then (15) reduces to the easily verifiable

inequality
(2a - 1)a — a? s (2a-1) (1_ _1_)

a? = 4a? a?
Suppose now that @ < b. Then
—@+l)= (a—-l) 1 > 0, b—t*zbb_"%% 0.
Consequently, the inequalities a + 1 g t* £ b hold, and t* < b in the case when
b—a>1. Thus

(17) a<ish [-t"]<1,
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and in fact we have ¥ < b in the case when b —a > 1. Now it remains to note
that (15) follows from the second of the inequalities (17) and the case ¢t = of the
equality (16). g

Theorem 3. Let ;41 = 27 for all sufficiently large natural numbers i. Then

L Gt 1 * (Q-12) 1
(18) limsup == = 7 m“{L 1T a=i 2
where < ’

. T . o Tig1
L =limsup =2}, 1=liminf “*%
imoo i imoo T

(in the case when L = +oo the right-hand side of (18) is considered as denoting
+00).

Proof. Let n be a natural number such that 7,41 2 27; for all i greater than
n. For all positive integers j we set

O’T(tl)
t

T a1 K (2k~1)?
k= M”4max{k,-—1’(k,-—1)k,~ '

mj:max{ ltleN,rj<t1§rj+1},

We shall prove the inequalities

1
(19) M; > m; > M; (1—-——) (1-——12-)
i i

for all j greater than n. Let j > n. To prove the first of the inequalities (19),
we consider an arbitrary integer t; satisfying the conditions 7; < t; £ 7541, If
t1 £ 7j+1 — 7; then, by part (A) of Corollary 1, the equality

(20) or(ts) = maats — (5 + 1)(7401 — 75)

holds, and the inequality (14) from Lemma 4 witha =7+ 1,b =741 — 75, t = 13,
yields

o:(t) a1 < T =1 i < M;
] T A+ 1)  An(a-n)  4k-17 77

Suppose now that t; > 7541 — 7;. Then, by part (B) of Corollary 1, the equality

(21) () =Q2rp - )t = (G4 - )74+ 1)
holds. Using (14) with a = 741 — T, b=Tip + 1,1 =1y, we get
or(t1) . (2Hpi—m)? @ripi—n) _1(2k-12
] T Ann-n)ha+l) T Ama-n)na o 4k -1k T
Ur(tl)

» Thus we proved that 2 < M; for any integer {; satisfying the inequalities
75 < t1 £ 7j41, and hence the first of the inequalities (19) holds. To prove the
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second one, it is sufficient to prove the existence of an integer t; satisfying the
inequalities

ot 1 1
(22) 75 <ty S Ti4, ’t(zl) > M; (1 - f) 1-= .
1 Tj 75

The existence of such a t; will be proved first in the case when
2
k-1 K
(kj - l)kj - lcj -1
1(2k; —1)2
4 (kj — 1)k;
with a = 7541 — 73, b = 741 + 1, we conclude that an integer ¢; exists satisfying
the inequalities

In this case we have the equality M; = Again applying Lemma 4

(23) Ti+1 — T < ) < Ti+1 + 1,
(275141 = )t = (1541 — ) (T340 + 1) (2141 = 7;)? _1
(24) ; 2 1- ).
151 4(rj41 — 7)(m541 + 1) 51

Since 7; £ Tj41 — 7j < t3 £ 741 for the same ¢;, part (B) of Corollary 1 shows
the validity of the equality (21) for this ¢;, and hence the above inequality can be
written in the form

(25) orlty) , (s o) (1 1).

T Adma-n)ma+h) 8
Hence
o-(t 27501 — 15 )2 1
i (41— 75)(Tj41 + 1) 75

5 (2mim — 1)’ (1_ 1 ) - L
ATit1 = Ti)Tin Tj+1 7]

Lk -1 () 1Y ( 1
> 3o, (! )(1 )

It remains to study the case when

(26 -1 K

(kj —1k; " kj—1°
It is immediately seen that k; # 2 in this case, and therefore k; > 2. Hence
Tj+1 > 275, and consequently 7541 £ 741 —7;. Applying Lemma 4 with a = 7541,
b = 7j41 — 75, we conclude that an integer #; exists, which satisfies the inequalities

Tj+1 £t g Ti4+l ~ Tj,

Hsih — (5 + (11— 1) T ( - _1_)
2 = A1 + 1)(r541 = 75) t
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By part (A) of Corollary 1, for the same #; also the equality (20) holds, and the
above inequality can be written in the form

07(t1) _12+1 (1 _ l) .
2 T 4+ 1)(1j41 — ) t}

Therefore

ar(t1) i+t (1 _ 1 )
T Hn+ D) (15 +1)?
2
47i(Tj41 — 75) 7j (i +1)

() ) (D) (3)

So the validity of the inequalities (19) for all j greater than n is proved. This fact
implies the equality

(27) limsup m; = limsupM;.
J -+ 00 ] — 00
Obviously,
t
(28) limsup m; = limsup —3—= ( 1)
J —00 t1—+00 1

and it is easily seen that
1 k? (2k; — 1)2
(29) h;’nsup M; = 7 max {hﬁgp m ll;llil:p W .

Making use of the fact that k; 2 2 for all j greater than n and of the fact that
k2
k-1
easy to get the equality

is a monotonically increasing and continuous function of k when k 2 2, it is

k? L?
30 limsu ! ,
(30) Pk —1 L—1

where the right-hand side is interpreted as +oo if L = +00. In a similar way we
establish the equahty

, (2k; —1)? (21— 1)?
(3D lmsup Dk, ~ (=D
where the right-hand side is interpreted as 4 if I = +oo (the fact is used that
(2k —1)?
(k=1k
sidered values of k). Of course, we have also the equality

is a monotonically decreasing and continuous function of k for the con-

(32) limsup ir—(—tl—) = lim "( 1) _1

t1—00 1 tx—»oo 1 2
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Combining the equalities (27)—(32), we get the equality (18) which had to be
proven. g

Example 6. If 7 is the DCL-sequence {2 — 1}‘ —g» used in Brent’s method,
then L =1 =2 and Theorem 3 ylelds

lim sup 6Tt( 1) = —ma.x {4, g} N g = 0.625.

t1—00 1 4 2 2
Corollary 2. Under the assumption of Theorem 3 the inequality
5
(33 - limsupM 2 £
11—*00 1 4

holds, and an equality is present in it iff

(34) lim Tt _ 35,
im0 T 2
Proof. In the denotations of Theorem 3 it will be proved that
L (21-1)
>
(35) ma.x{ I-1 = 1)1} 2246
and an equality is present in this inequality iff
(36) L=1=3+2‘/5.

For that purpose we note that

B (k-1
k-1 (k- Dk =2+v5

for k =

. Suppose now that

L2 (21-1)?
m{zor o) 5246

3+V5
2

l.e L < 2+ 5, (21 - l) < 24 /5. Making use of the last two inequalities

" L—- ( 1)

k? and (2k — 1)?
k=1 (k- 1)k
has been mentioned in the proof of Theorem 3, is a strict one, we conclude that

3+f

in that case

and of the fact that the monotonicity of the functions , which

Lx

< l. Since I £ L, this is possible only if the equalities (36) hold, and

2 (-1 _
‘”‘{ I-17 a- 1)1}‘“‘/5'.

Therefore the inequality

max{ L_zl, ((211“11))12} <2+V5
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is impossible and an equality is present in (35) iff the equalities (36) hold. But the
last condition is equivalent to the equality (34) and it remains only to apply the
equality (18). g

3+v5

Remark 4. Since > 2, any DCL-sequence 7 satisfying the condition

(34) satisfies also the assumption of Theorem 3. As an example of a DCL-sequence
7 satisfying (34), the sequence (1), mentioned in Section 2, can be indicated. Hence

the equality
limsup ——= b (tl) ‘/_

= 0.559..
11—+ tl 4

holds if = is the sequence (1). Having in mind Examples 4 and 6, we may conclude
from the above fact that the F-method is in some sense better than the Brent’s one
with respect to the average delay of loop detection.

5. A PARTIAL GENERALIZATION OF COROLLARY 2

In Corollary 2 the inequality (33) has been proved under the assumption of
Theorem 3 that ;43 2 2r; for all sufficiently large natural numbers i. We shall
show now that this assumption is in fact not needed for the validity of (33).

Theorem 4. For any DCL-sequence 7 the inequality (33) holds.

Proof. The inequality (33) is equivalent to the following statement: when-

VB e B(0)
4

ever ¢ is a real number less than T then > ¢ for infinitely many positive

1
integers ¢;. And the validity of the above statement will be established by showing
that for any sufficiently large natural number m a positive integer ¢; exists such
that £; > 7, and the inequality

o () 0o2) 0

br(ts) ( 1)

131 G
s (1) (-2) (-4

and the right-hand side of the last inequality converges to -éi when m — 00).

For the time being let m be an arbitrary positive integer. We choose an integer T’
greater than 7, and satisfying the inequality

T-m)T—7m+1) _ 3

2 >3
(such an integer T can be found since the left-hand side of (38) converges to 1 when
T — 0o. Two cases will be studied separately.

holds (since ——= %, the inequality (37) implies the inequality

(38)
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Case 1. For any integer to, satisfying the inequalities 7, S to < T, the in-
equality Tur (t0,T)+1 < ;E"'u.-(to,T) holds. For any such tp if we set j = u,(to, T),
then we have 5 1

T-toSmn—7 2 3%~7= 3%
hence 75 2 4(T — to). Thus 7, (1,,7) 2 4T —to) for any integer to, satisfying the
inequalities 7, S to < T. Therefore

or(T) | (T — )T —Tm+1) _ 3
Tz T2 Z Tﬂr('D-T) Tz Z (T_t ) T? = > =

to=Tm t0=Tm
3 1
and since = > - + —

(-]

\/5
272

Case 2. There is an integer %o, satisfying the inequalities 7,, £ tp < T and

, the inequality (37) will be surely satisfied for ¢; = T.

. . 5 .
the inequality 7y, (¢0,7)41 > 7 Tue(taT): We choose such an integer ¢y and set

5 . .
—7j, Tj 2 to 2 Tm. Three subcases will be considered

J = pr(to,T). Then 141 > 2

separately.

Subcase 2.1. The inequality 7j41 < %Tj holds. We shall show that for all
sufficiently large values of m the inequality (37) will be satisfied by ¢t; = 75 + 1.
Indeed, let ¢, = 7; + 1. Singe Tig1 — T < gTj < t, part (B) of Corollary 1 can be
applied and the validity of the inequality (5) is seen. From here we get

or(t1) o Qrn - )7 +1) - (G —5)(Ga +1)
- (5 +1)

.9
Since 37 <71 <

% let us consider the function
(@) =2 -7)(m + 1) - -5)E+1)
5 7 . . . " 5 19 ,
for 17 gtg YUk This function is concave and the inequalities v ZTj > Tk
9 2

") (ZTJ) 191- can be easily verified. Therefore the inequality ¢ (7j41) > i 57

4 16 /
also holds and consequently
arts) 19 i
2 16 (r; +1)2

19 1 5
Smce-ig> -{-4

large values of m, the made choice of ¢; guarantees the inequality
4 r(tl) ‘/g

A §+_

and 7; 2 T, it is clear that t; > 7, and, for all sufficiently
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and hence also the inequality (37).
Subcase 2.2. The inequalities %Tj S 7i4+1 < 275 hold. Let a = 741 — 73,

b= 741+ 1, and let #; =7, where 7 is constructed as in Lemma 4, i.e. t; = [t*],
where
o 2T =) + 1)
- 21— Tj

We shall show that the inequalities ¢; > 7, and (37) will be satisfied by this ¢, if
m is sufficiently large. We have

2rj41 — 1) =7 +1)

t-(n+)= 2Tj41— 75
3 2
> 2 (ZT’) A __mi(—8) |
- 21— 7 8(27j 41 — 73)

Supposing that 7, > 8, we see that t* 2 7;+1, and consequently t; 2 73 +1 > 7.
By Lemma 4 we have the inequalities (23) and (24). Then part (B) of Corollary
1 yields also the inequality (5), and we get the inequality (25). As in the proof of
Theorem 3, from (25) we obtain the inequalities (26), i. e.

o(t)  1(2k;=1)% (. 1 1
t?l g Z(k,-J— 1)k; (I—T_j> (1_ ;,2-)
(26— 1)

with k; = T+l Gince we have the inequalities 1 < kj < 2 and =Dk is a
Tj . et

monotonically decreasing function of k for k > 1, it follows that

O'r(tl) 9 1 1
# >8(1 Tj)(l Tf)

Taking into account that 3 > :;12' + —?, we again see the validity of the inequality
(37). .

Subcase 2.3. The inequality 7j41 2 27; holds. Then, defining M; in the same
way as in- the proof of Theorem 3, we can prove the existence of an integer ?;
satisfying the inequalities (22). The only difference in the proof is that we have to
use the inequalities (4) and (5) instead of equalities (20) and (21). Clearly, this #;
will be greater than 7,,. To show that the inequality (37) will be also satisfied, it

is sufficient to prove the inequality

M;

v
Do

+

»l&
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2

But this follows from certain already mentioned properties of the functions Py
(2k - 1)? A .

and W, namely from the fact that the first of these functions is monoton-

ically increasing for k£ 2 2, the second one is mbnc;tonically decreasing, and both

3+V5
2

Theorem 4 is only -a partial generalization of Corollary 2, since this theorem
gives no information about the cases when an equality is present in the inequality
(33). Remark 4 shows that the condition (34) is a sufficient condition for having an
equality in (33). Although this sufficient condition is also a necessary one under the
assumption of Theorem 3 (as stated in Corollary 2), we shall give now an example
showing that (34) is not a necessary condition for (33) in the general case.

Example 7. Suppose T is a DCL-sequence satisfying the condition (34), such
that 7541 — 73 > 1 holds for all { in N (such a sequence 7 is, for instance, the
sequence obtained from (1) by omitting its initial term). We define a new sequence
7 by setting

functions have the value 2 + /5 for k =-

Tok =Tk, Tok41 =Tk +1.

The sequence 7 is obviously a DCL-sequence again, but the condition lim T;—'H =
f—00 Tg
3 . . . .
+2\/§ is not satisfied. Nevertheless, we shall establish the equality
lim sup ?i(jl_) = ﬁ .
1 —00 tl 4

For that purpose we shall first show that -

Ty, +1 '
(39) br(ty) s BOEELS 15, (1)
for any integer t; greater than 1. We have the equality
1 =l
or(t1) = o Z (?;.-,-(to,tl) —t),
tu=0

where

pr(to,t1) =min{i €N | 7 2 to, Fip1 ~ T 2 t1 — 1o}
Let t; be an arbitrary integer greater than 1. If ¢, — ¢; > 1 then the inequality
Ti+1 —Ti 2 t1 — 1o is possible only for odd values of i and therefore

pr(to, 1) =min{2k+1 | keN, ne +1 2 to, mq -+ 2t —to},
l.e. »

,u?'(to,tl) =min{’2k+1 l keN, . 2t -, i~ 24 —(to—l)}.
Hence

pr(to, t1) = 2p, (20— 1,21) + 1,
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 Tus(tot) —t0 = (T (to=1,8) + 1) =10 = Ty (to-1,8) — (to — 1)
whenever 0 < ¢y < t1 — 1, and for tg = 0 we have

pr(to,t) =min{2k +1 | k€N, 7eqs — 7 2 t1 +1} = 2u,(0, 81 +1) +1,

Tus(tots) — 10 = Tu (0,t41) + 1.
To calculate the value of 6(t1), it remains to calculate the difference Ty (¢o,1,) — to
for to = t; — 1. In this case the inequality Ti41 —7; 2 t1 — %o 18 satisfied for all ¢
in N, and therefore
pr(to, 1) =min{i €N | 7 2 to}.
Ift; — 1 = 7 + 1 for some k in N, then to = 73441 and hence
pr(to,t1) =2k +1, Tu_(10,6,) —to = T2k+1 — 10 = 0.
Let t; — 1 be not of the form 7 + 1. Then Tar41 2 to is equivalent to 7o 2 to for
any k in N, and hence
pr(to,t1) = min{2k | k €N, 7 2 to} = 24, (to, 1),
—fll';(fo,tx) —ty = Tur(totr) — to
Thus
?u?(fo,tl) —t £ Tur(to,t1) — to
whenever g = t; — 1. And so we have
11—2

1 {_ - _
6?(t1) = E (T#';(O,h) + Z (Tll7(to,tx) - to) + Tus(ti=1,t1) — (tl - 1))

to=1

1 ' ty=-2
Sy (Tur(o,tm) F14 ) (Turto-1,00) = (b0 = 1)) + T (ta-1,8) — (1 = 1))

to=1

1 t,-3
= 5 (Tur(O,t1+1) +1+ Z (T,‘,(to,tl) - to) + Ty (ta-1,y) — (b1 — 1)).
to:O

1 t1—1 Ty, 0,41 +1
=5 (Tuf(o,tm) +14+ Y (Tutoty) = t0)> = L}‘{l_ + 8 (ta)-

t0=0

Thus we established the validity of (39) for all mtegers 151 greater than 1. Now we
shall show that

(40) Ty (0,t,41) 2t

for all sufficiently large positive integers t;. To show this, we make use of the
assumption (34) and choose such a number m in N that 7341 2 27; whenever { 2 m.
Let t; 2 Tm41 and j = p,(0,¢; + 1). By definition,

(41) j=min{i EN| ry1— 7 2ty +1}.
Hence 7j41 — 7; 2 t1 + 1, and this inequality together with the inequalities

Tj+1 2 Tj+1—Tj, t1 2 Tmy1 enables us to conclude that 741 > 7n41 and therefore
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J > m. Thus j—1 2 m and consequently j — 1 € N. Therefore (41) implies the in-
equality 7; — 751 £ ?;. The inequality j — 1 2 m guarantees also that ; > 27;_;.
Hence 7; £ 2(7; — 7j~1) £ 2t1, i.e. the inequality (40) holds. Thus we proved
that all sufficiently large positive integers ¢; satisfy the inequalities (39) and (40).
Consequently, for all such t; the inequality

67(t1) < 2t1;|-1 + 6-(t1)
i1 t1 131

holds, and therefore

lim supéi(t}_) < limsup b (t1) |
$1—00 tl t1 =00 tl
Since
t
‘ nmsupw > [é, ﬁmsup.&"_(_ll - V5
timoo 1 4 ti—oo 11 4

by Theorem 4 and Corollary 2, respectively, we conclude that the equality

I 8+(t1) _ \/g
imsup ——£% = —
t1—00 tl 4
holds indeed,
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SOME REMARKS ON THE STRICTLY POSITIVE MEASURES

GEORGE ALEXANDROV

Teopsu Anexcandpos. HECKOJIBKO 3AMEUAHUM O CTPOTO NO3UTUBHLIX MEP

IMokasano, uro ecnim K xomnaxr I'porenauxa, Torzma K uMMeeT CTpPoro no3MTUBHYIO
Mepy TOrZa U TOJbXO TOrAa, KOrAA CYIRECTBYEeT HenpepHBHHIN nuHeRHHA MHbeKTHBHLIN

onepatop T:C(K) — co(T').

George Alezandrov. SOME REMARKS ON THE STRICTLY POSITIVE MEASURES

-

It is shown that if K is a Grothendieck compact space, then K admits a strictly positive
measure if and only if there exists a linear bounded one-to-one operator T: C(K) — co(T’).

1. INTRODUCTION

A finite nonnegative regular Borel measure y on the compact Hausdorff space
K is called strictly positive if u(U) > 0 for every nonemnty open subset U of K.

A compact Hausdorff space K is called Grothendieck-compact if the space C(K)
is the Grothendieck space, i. e. the weak® and weak convergence of sequences coin-
cide in C(K)*.

A compact Hausdorff space K is eztremally disconnected if the closure of every
open subset of K is open-and-closed (for the remaining definitions see below).

Every extremally disconnected compact space is a Grothendieck compact space.

It is known that if a compact space K has a strictly positive measure, then
there exists a bounded linear one-to-one operator T: C(K) — co(T) ([2], p. 179).
Therefore the space C(K) admits an equivalent strictly convex norm ({3, p. 101).
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The converse is not true. Argyros, Mercourakis and Negrepontis ([1],
Theorem 1. 11) proved the existence of a bounded linear one-to-one operator
T:C(K) — ¢o(') and so C(K) has an equivalent strictly convex norm for the
known example of Gaifman (see (2], Theorem 6. 23) of a compact Hausdorff space
K without a strictly positive measure.

However, on the class of extremally disconnected compact spaces we have the
following

Theorem ([1]). Let K be an extremally disconnected compact space. Then
K admits a strictly positive measure if and only if there ezists a linear bounded
one-to-one operator T:C(K) — ¢o(T).

Naturally, the question arises: Is there a class of compact spaces, essential-
ly wider than the class of extremally disconnected compact space, for which this
theorem holds?

Here we give the positive answer to this question.

2. DEFINITIONS, NOTATIONS AND SOME PROPOSITIONS

If (X, [I.]l) is a Banach space, X* denotes its dual; X* = {z* : X — R:z* is
linear and continuous }.

The weak™ topology on X* is the topology induced on X* by X, i.e. 2z} — z*
is weak™ convergent in X* if z}(z) — z*(z) for all z € X.

The unit ball of a Banach space X is denoted by B;(X); thus By(X) = {z €
X :fjall < 13,

IfT:X — Y is a linear bounded operator between Banach spaces, then
T*:Y" — X* is the conjugate operator of T' given by T*(y*) = y* o T for all
y* € Y* . Every conjugate operator T* is weak*~weak* continuous.

A norm ||| of a Banach space X is strictly convez, if for all z,y € X with
llzll = lyll = 1 we have ||(z + y)/2|| < 1 whenever z # y.

The subset A C X* is total if the linear closure lin(A) of A is a total subspace,
i.e.if z € X and we have z*(z) = 0 for all z* € lin(4), then z = 0.

Given a compact Hausdorff space K, C(K) denotes the space of all real-valued
continuous functions on K with supremum norm. :

Given a set T, I(I') denotes the Banach space of all bounded functions
f:T — R, with Hf]] = sup,er [f(7)| , and ¢o(T) = {f € lo(T) : for all € > 0
{y € T : |f(¥)] > €} is finite }. Also, I;(T') denotes the Banach space of all

functions f:T' — R such that E [£(7)] < oo with the norm ||f]| = Z [f(7)l.

The support of a nonnegatlve regular Borel measure y on the compact Haus-
dorff space K, denoted by supp(y), is the set of all z € K for which p(U) > 0 for
every open set U containing z. The support of a measure is a closed subset of K.
It is clear that if a nonnegative regular Borel measure y is stnctly positive, then

supp(u) =
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Proposition (Rosenthal [6]). Let K be a compact Hausdorff space. Then K
admits a strictly positive measure if and only if C(K)" contains a weakly compact
total subset.

A compact Hausdorff space K is called Rosenthal-compact if K is homeomor-
phic to a subspace of the space of functions of the first Baire class with the pointwise
convergence for some complete separable metric space.

The Rosenthal-compacts are introduced by H. Rosenthal in connection with the
characterization of the Banach spaces isomorphically containing I;(N) (N denote
the set of positive integers) [7]. The class of these compacts extends in a natural
way the class of metrizable compacts.

Proposition (Godefroy [4]). Let K be a Rosenthal-compact space and p is a
nonnegative reqular Borel measure, then the supp(u) is a separable space.

3. RESULTS

Theorem 1. Let K be a Grothendieck-compact. Then K admits a strictly
positive measure if and only if there exists a linear bounded one-to-one operator
T:C(K) — co(T).

Proof. We need to prove only the “if” part. Let T:C(K) — co(') be a
linear bounded one-to-one operator and let T*:{;(I') — C(K)* be the conjugate
operator of T'.

The unite ball B; = B;(I;(T)) of the space I, (T') is weak*-sequentially compact.
Then T*(B,) is also weak*-sequentially compact, because the conjugate operator
T* is weak*~weak* continuous. Since K is a Grothendieck-compact space, then
on the set T*(B;) the weak* and weak convergence of sequences coincide and,
consequently, T*(B1) is a weak compact.

On the other hand, T*(B;) is a total set, because T*(Iy(T')) (T*(1y(T)) is a
linear closure of T*(B;)) is a total subspace in C(K)*.

Really, let f € C(K) and (T*g)(f) = 0 for all g € [;(T'). Since

(T*g)(f) = g(Tf) =0, Vg € ll(r)a
and 11 (T) is a dual space to the space co(T'), then T'f = 0. However, the operator
T is one-to-one and therefore f = 0.

Thus we have a weak compact total subset T*(Bi) in C(K)* and then the
assertion follows from the result of Rosenthal.

Corollary 1. There ezists a Grothendieck-compact K whcch is not an
extremally disconnected compact with a strictly positive measure.

Haydon [5] constructed a Grothendieck-compact K which is not extremally
disconnected, such that the space C(K) is isomorphic to a subspace of lo(N).
Consequently, there is a linear bounded one-to-one operator T: C(K) — co(N).

Really, let 71 be an isomorphism from C(K) into lo(N). The map
Ty:lo(N) — co(N), defined by the equality -

Tz(z) = {zn/"}go:n z= {z"}zo=1 € l°°(N)r
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is obviously bounded linear one-to-one operator. Then our operator is T'= T} o T5.

Corollary 2. If K is a Grothendieck-compact with a strictly positive measure,
then the space C(K) admits an equivalent sirictly conver norm.

Theorem 2. Let K be a Rosenthal-compact. Then K admils a strictly positive
measure if and only if K is separable.

Proof. Let K be a separable compact, in particular, a separable Rosenthal-
compact, and let {z,}32, be a dense subset in K, then we define a srictly positive

measure y on K by
pU) =3 51;
. zn €U

~ for all open sets U.

If now a separable Rosenthal-compact space K has a strictly positive measure
4, then the support of u is equal to K. Therefore, the assertion follows from a
result of Godefroy.

Corollary 3. If K is a separable Rosenthal-compact, then the space C(K)
admits an equivalent strictly convez norm.

4. QUESTION
A norm [|.|| of a Banach space X is locally uniformly convez if for every
sequence {Z,}3%; C X and every z € X, such that [lz,]] = [lz|| = 1, if

lim||(z + 2n)/2|| = 1 then lim ||z, — z|| = 0.
If the norm is locally uniformly convex then this norm is strictly convex.
Question. Let K be a separable Rosenthal-compact. Does the space C(K)
admit an equivalent locally uniformly convex norm?
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A CHARACTERIZATION OF THE COMPLEX SPACE FORMS"

GROZIO STANILOV, VESELIN VIDEV

I'posro Cmanuaos, Beceaun Budes. XAPAKTEPUCTUKA KOMIIJIEKCHBIX ITPOCT-
PAHCTBEHHBIX ®OPM

B nouTu epMuTOBON reoMeTpuM BMeCTe ¢ Kaaccuueckum onepaTopoMm Hkobu MEL BBO-
AMM B PACCMOTDEHMHM TakKiKe JUHeHHHH cUMMeTpuuecknit onepaTop Ax,sx, e X Kaca-
TensHH BekTOp B Touke p € M. IlokasuiBaeMm chenyioman TeopeMma: Keneposoe MHOroo6-
pa3ue PasMepHOCTH 2n 2 4 eCTh KOMIJIEKCHaf NPOCTPAHCTBEHHAN (POPMA TOrAa U TONBLKO
Torza, Koraa AnA moboro X B mwoboit Touku p € M onepatop Ax,sx MMeeT CoGCTBEHHMIE
BekTOPH B mnockocTy X AJX.

Grozio Stanilov, Veselin Videv. A CHARACTERIZATION OF THE COMPLEX SPACE
FORMS

In the almost Hermitian geometry together with the classical Jacobi operator A x we define
also the linear symmetric operator Ax,yx, where X is a tangent vector at a point p € M. Then
we prove the following theorem: A Kaehlerian manifold of dimension 2n 2 4 is a complex space
form iff for every X at any point p the operator Ax, yx has eigen vectors in the plane X A JX.

Let (M, g,J) be an almost Hermitian manifold with curvature tensor R. If X
is a tangent (unit) vector at a point p of M, the well-known Jacobi operator Ax is
defined as linear mapping Ax : M, — M, by the equality

Ax(u) = R(u, X, X), u€M,.

* Partially supported by the Ministry of Education and Science of Bulgaria under Contract
MM — 18, 1991.
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In the same way we define the linear operator
Axox(n) = 5 (B(u, X, JX) + R(u, JX, X)),

which is also a symmetric operator.

Now we state the following problem: to describe the manifolds for which at
every point p € M and for any vector X € M, the linear operator Ax,sx has eigen
vectors u belonging to the holomorphic plane E%(p; X A JX). If we take

u=aX +8JX, o*+p%2=1,

from the condition
Ax,sx(u) = cu,

%(R(U, X,JX)+ R(u,J X, X)) = cu,

by multiplication with X and JX we get the result: the vectors
1
V2
are eigen vectors with corresponding eigen values
1
Cl=—§H(X), Cz:%H(X)

Here H(X) is the holomorphic sectional curvature of X.

+J
V2

ulz-\—}.-z—(X-i-JX), uy = —(X - JX)

Now we express that the vectors are eigen vectors of the operator

AXIX:

1 X+JX X+JX HX)X +JX
(R{E=2 X, UX )+ R =22 0X, X ) ) =722 -
2( < V3 )* ( V3 )) T/

Using the properties of R we see that these equalities are equivalent to the relations
(1) R(X,JX,JX)=H(X)X, R(JX,X,X)=H(X)JX.

- Thus we can formulate the following
Theorem 1. If the operator Ax sx has eigen vectors in the plane E*(p; X A
JX) then the Jacobi operator Ax has as eigen vector JX and the Jacobi operator
Asx has as eigen vector X.
Now we try to prove the converse of this assertion. N amely, using (1) we get
immediately:

X+JX 1
b} = R(JX,X,JX)+ R(X,JX,
X,JX ( 7 ) = 2‘/§(i ( JX)+ R(X,JX, X))

T FHOOX — HX)IX) = F3H(X) =22

V2

Thus we have the following
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Theorem 2. If the operator Ax has as eigen vector JX and the operator Ay x

+J
V2
Ax, x-

Example. Let us consider the complex space form that is the Kaehlerian
manifold of constant holomorphic sectional curvature p. In this case the curvature
tensor is of the form

R(X,Y,2,U) = 3(s(Y, 2)9(X,U) - 4(X, 2)¢(¥,U) + ¢(7Y, 2)g(JX, V)

has as eigen vector X then the vectors are eigen veciors of the operator

-9(JX,Z)g(JY,U) - 2¢(JX,Y)g(J Z,U)).
Then the Jacobi operator is represented by

Ax(u) = %(u - g(u,X)X + 3g(u, JX)J X).

We can see immediately Ax has as eigen vector JX and Ajx has as eigen
vector X.

We shall prove the converse of this assertion. Namely, the main result of this
paper is the following characterization of the complex space forms: '

Theorem 3. Let (M,g,7) be a Kaehlerian manifold of dimension 2n 2 4.
Then it is a complez space form iff for any unit vector X € M, at every point
P € M the operator Ax,sx has eigen vectors in the plane E*(p; X A J X).

Proof. Let X,Y, JX, JY is an orthonormal quadruple. Using (1) we get
the relation R(X,JX,JX,Y) = 0. We apply this relation for the vectors X + Y,
X-Y,JX+JY,JX —JY and after some calculations we have

R(X,JX +JY,JX +JY,X) = R(Y,JX +JY,JX +JY,Y).
Since the manifold is a Kaehlerian one, the last equality is equivalent to the relation
H(X) = H(Y).

We take now the vector u = cosaX + sinaY in the plane E3(p; X A Y).
Following (1) we can write the relation R(Ju,u,u) = H(u)Ju and after some long
calculations we get the equality

cos® aR(J X, X, X) + cos? asinaR(J X, X,Y) + cos? asinaR(J X, Y, X)

+ cosasin? aR(JX,Y,Y) + cos® asin aR(JY, X, X) +sin® aR(JY,Y,Y)

+ cosasin’ aR(JY, X,Y) + cosasin? aR(JY, Y, X) = H(u)(cos aJ X + sin alJY).
If we multiply by JX we get the relation

cos? aH(X) + 2sin’ aR(JX,Y,Y,J X) +sin? aR(JY,Y, X, JX) = H(u)
and after multiplying by JY we have

cos? aR(J X, X,Y,JY )+ 2cos’ aR(J X,Y,Y, JX) + sin? aH(Y) = H(u).
From the last two equalities we can get

cos* aH(X) — sin* aH(Y) = H(u)(cos? a — sin® a)
and since H(X) = H(Y) then H(u) = H(X) = H(Y).

41



To finish the proof we must show that the relation
H(v) =H(X)=H(Y)
holds good for any vector
v=aX+bY +eJX+dJY (a?+¥2+2+d%=1)
in the 4-dimensional space spaned by vectors X, Y, JX, JY.
If we put
aX +cJX =cosaX’, cosa=+a2+c?,
bY +dJY =sinaY’, sina = /b2 1 d2, '
we reach to v = cosa X’ +sin oY’ and since XAJX = X'AJX', YAJY =Y'AJY’,
then H(v) = H(X") = H(Y') = H(X) = H(Y).
If the dimension 2n > 4, we take vector Z orthogonal to X, Y, JX, JY and
apply the same considerations for the orthonormal quadruple X, Z, /X, JZ.
Evidently, the main result can be expressed also in the following way: A Kaehle-

rian manifold of dimension 2n > 4 is a complex space form iff for every X € M, at
every point p € M the Jacobi operator Ax has as eigen vector JX.
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SURJECTIVE CHARACTERIZATIONS OF METRIZABLE
LC>-SPACES

VESKO VALOV

Becxo Buaoce. CIOPEKTHBHBIE XAPAKTEPUCTUKM METPU3YEMBIX LC*®-
NMPOCTPAHCTB

B paboTe noxasnBaeTcs CleAyIOIad TeOpeMa (Teopema 1. 1):

MeTpusyemoe npocrpanctso Y apnserca LC® (coorpercrnenHo LC®&C™) rorna u
TOJNILKO TOTA8, KOrJa JUIA KaX<OOro MapaKoMNAKTHOrO p-npocrpaHcTBa X M KawmOOro ero
3aMKHYTOro JIOKa/IbHO—KOHEUHOMEDHO BJIOXKEHRHOTO MOAMHOXecTa A, moboe nenpepulsHOE
oTobpaenue f: A — Y MMeeT HenmpephiBHOE NPOJOKEHUME Ha OKPECTHOCTH MHOXeCTBa A
(cooTBeTcTBenHO Ha X).

TIpu noMomm eTolt TeopeMe NoNyUaeTCH HOOKUTENBHEI OTBET ClIeAYIONIEro BONpPoOCa
A. Yurornase: Bepro nu uto merpusyembie LC®&C-npocTpaHCTBa XapaKTePU3YIOTCH
KaK HelpephIBHEE 06pa3bi aBCONIOTHRIX PETPAKTOB NDM MHAYKTUBHO OO-MATKMX O0TOGpa-
wenmax?

Vesko Valov. SURJECTIVE CHARACTERIZATIONS OF METRIZABLE LC*-SPACES

In this note the following theorem is proved (theorem 1. 1):

A metrizable space Y is LC™ (resp. LC®&C ™) if and only if for any paracompact p-space
X and any closed locally finite—dimensionally embedded subset 4 of X, any map f:A — Y can
be continuously extended to a neighborhood of A in X (resp. to X).

Using this theorem we give a positive answer of the following question of A. Chigogidze: Is it
true that a metrizable space ¥ is LO®&C® if and only if Y is an image of an absolute extensor
for metrizable spaces under a co-soft map?

INTRODUCTION

In this note we prove the following theorem:
Theorem 1.1. A metrizable space Y is LC*® (resp. LC®&C™) if and only
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tf jor any paracompact p-space X, any closed locally finite-dimensionally embedded
subset A of X, any map f: A — Y can be continuously extended to a neighborhood
of A in X (resp. to X).

Let us note that all maps are assumed to be continuous and all spaces—normal.
A space Y is LC™ (resp. LC®&C*™) if Y is LC™ (resp. LC"&C™) for every
natural n. A subset H of a space X is said to be locally finite-dimensionally
embedded in X [6] if every point # € X has a neighborhood O(z) in X such that
rdx(H N O(z)) < oo, where

rdx(H NO(z)) = sup{dim(P) : P is closed in X and P C H N O(z)}.

The first motivation for the above result was the obvious parallelism between
the following theorems:

Theorem 2.- ([2]) A metrizable space Y is LC™ (resp. LC"&C™) if and only if
for any metrizable space X and any closed subspace A of X with dim(X—A) £ n+1,
any map f: A —Y can be continuously extended to a neighborhood of A in X (resp.
to the whole of X).

Theorem 3. ([1]) A metrizable space Y is LC™ (resp. LC"&C™) if and only
if for every metrizable space X and any closed subspace A of X with dim(A) £ n,
any map f: A —Y can be continuously extended to a neighborhood of A in X (resp.
to the whole of X).

In the class of compact metrizable spaces the above theorem was proved by
Dranishnikov [3].

The second motivation was the following result:

. Theorem 4. ([7]) A metrizable space Y is LC*™ (resp. LC®&C™) if and
only if for every paracompact p-space X and any closed subset A of X, having a
neighborhood U in X such that U — A is locally finite-dimensionally embedded in
U, any map f:A =Y can be continuously extended to a neighborhood of A in X
(resp. to the whole of X).

. As a consequence of Theorem 1.1 we get surjective characterizations of metriz-
able LO®&C*-spaces. It is proved in [1] that the metrizable space X is LC™&C™
(resp. LC™) if and only if X is an inductively n-soft image of an AE (resp. of an
ANE). In this connection A. Chigogidze asked whether a similar characterization
is true for metrizable LC* &C™-spaces. The following theorem is a positive answer
of this question.

Theorem 2.1. For a metrizable space X the following conditions are equiva-
lent:

() X is LC®&C™ (resp. LC*Y);

(i) X is an inductively co-soft image of an AE {resp. AN E);

(iif) X is an co-invertible image of an AE (resp. AN E).

By AE (resp. AN E) we denote the class of metrizable spaces which are absolute
(resp. absolute neighborhood) extensors for metrizable spaces. Let fiX—>Ybea
map between metrizable spaces and n > 0. Then:

[ is n-soft [10] if for any at most n-dimensional paracompact space 7, any
closed subspace A of Z and any two maps g: 7 — Y, h: A — X with f.h = g|4,
there exists a map k: Z — X such that f.k = g and k|A=h;
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f is inductively oo-soft if it is inductively n-soft for every natural n,
i. e. for every n there is a closed subspace A(n) of X such that the restriction
flA(n): A(n) — Y is n-soft;

f is n-invertible [4] if for any at most n-dimensional metrizable space Z and
any map g: Z — Y there exists a map h: Z — X such that g = f. h;

f is oo-invertible if it is n-invertible for every natural n.

Obviously, any n-soft map is n-invertible, n € N. So, every inductively co-soft
map is oo-invertible.

1. PROOF OF THEOREM 1.1

Let Y be a metrizable LC®&C™-space. Suppose X is a paracompact p-space,
A is a closed locally finite—dimensionally embedded subset of X and f is a map
from A into Y. For every z € X take an open neighborhood O(z) of z in X such
that rdx(O(z) N A) < oo and consider the open cover a = {O(z) : £ € X} of
X. Let v be an open locally finite closure-refinement of a. Then for every U € v
we have dim(cix(U) N A) < co. Put y(k) = {U € v : dim(cix(U) N A) £ k} and
F(k) = U{clx(U) : U € y(k)},k = 1,2,... Obviously {F(k) : k € N} is an
increasing sequence of closed subsets of X and X = U{F(k): k € N}. Since for
every k the family v(k) is locally finite, dim(A(k)) < k, where A(k) = F(k) N A.
By the well-known factorization theorem of Pasynkov [8] there are a metrizable
space Z, closed subsets Z(k) of Z, k € N, and maps g:A — Z, h:Z — Y, such
that h.g = £, g(A(k)) C Z(k) and dim(Z(k)) < k for every k € N. Without a loss
of generality we can suppose that Z(k) is contained in Z(k + 1) for each k.

Now for every k € N we construct inductively an AE-space P(k) containing
Z(k) as a closed subset and maps g(k): F(k) — P(k), h(k): P(k) — Y such that
the following conditions are fulfilled:

(1) P(k)U Z(k + 1) is a closed subspace of P(k + 1);

(2) P(1) is attached to Z in the points of Z(1) and P(k + 1) is attached to
Z U P(k) in the points of P(k) U Z(k + 1);

(3) g(R)A(K) = g|A(E) and g(k + )|F () = g(k);

(4) h(k)|Z(k) = h|Z(k) and h(k + 1)|P(k) = h(k);

(5) dim(P(k)) £ k+1.

Suppose we have already constructed P(k), g(k) and h(k) for every k £ n.
Consider the union P(n)U Z(n + 1). Obviously, it is metrizable and dim(P(n) U
Z(n+1)) € n+ 1. By a result of Kodama [5] there is an AE-space P(n + 1)
with dim(P(n + 1)) € n + 2 containing P(n) U Z(n + 1) as a closed subset. We
can assume that P(n + 1) is attached to the space Z U P(n) in the points of
P(n)U Z(n + 1). The space P(n + 1), being an absolute extensor for metrizable
spaces, is an absolute extensor for paracompact p-spaces [6]. Consequently, there is
amap g(n+1) from F(n+1) to P(n+1) such that g(n+1)|A(n+1) = g|A(n+1) and
g(n + 1)|F(n) = g(n). Let h*(n): P(n)U Z(n+ 1) — Y be defined by h*(n)(z) =
h(n)(z) if z € P(n), and h*(n)(z) = h(2) if z € Z(n +1). It follows from (1) — (4)
that h*(n) is well defined and continuous. Now, by Theorem 2 and Y € LC®&C*,
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there is a continuous extension h(n + 1): P(n + 1) — Y of h*(n). The verification
of the conditions (1) — (5) is left to the reader. "

Let f(k) = h(k).g(k) for every k € N. It follows from our construction that
f(k): F(k) — Y is a continuous map, f(k)|A(k) = f|A(k) and f(k+1)|F (k) = f(k).
Therefore, we can define a map f: X — Y by f(z) = f(k)(z) provided z € F(k).
Obviously, f is an extension of f. It remains only to prove the continuity of f.
This can be done by the following arguments: For every U € 7 its closure clx (U) is
contained in some F(k). So, we have that f|U is continuous for each "€ v. Thus,
f is continuous.

Suppose now Y is LC®, X is a paracompact p-space, A is a closed locally
finite-dimensionally embedded subset of X and f is a map from A into Y. Then the
cone con(Y) of Y is a metrizable LC®&C>-space. Next, by standard arguments
(using the previous case), we can get an extension f:U — Y of f, where U is a
neighborhood of A in X.

The sufficiency in Theorem 1.1 follows from Theorem 2 and the obvious fact
that every subset of a finite dimensional space X is locally finite-dimensionally
embedded in X.

Remark 1.2. If in Theorem 1.1 Y is completely metrizable then X can be
suppposed to be collectionwise normal. In this case the space Z (see the proof of
Theorem 1.1) can be assumed to be complete. Then, by a result of Tsuda [11], the
spaces P(k) can be chosen to be also comlete. Finally, the existence of the maps
g(k), k € N, follows from the fact that every complete AE is an absolute extensor
for collectionwise normal spaces [9].

2. PROOF OF THEOREM 2.1

We shall prove only the global variant. The local one follows from the same
arguments.

(f) — (7). Let 7 be the weight of Y. Then for every n € N there exist
an n-dimensional metrizable space A(n,T) of weight 7 and an n-soft map f(n)
from A(n,7) onto Y [1, Corollary 2.3]. Consider the discrete sum A of the
spaces A(n,7), n € N, and the map f:A — Y, defined by f(z) = f(n)(z)
if z € A(n,7). Embed 4 into an AE-space X as a closed subset. Since 4 is
locally finite-dimensionally embedded in X, by Theorem 1.1 there is an extension
f:X =Y of f. Clearly, f is inductively co-soft.

(¢6) — (44i). This implication is trivial, because any inductively co-soft map is
oco-invertible.

(#4) — (i). Let X be an AE-space and f be an co-invertible map from X
onto Y. Suppose B is an n-dimensional closed subset of a metrizable space Z and
9:B — Y is a map, where n € N. Since f is n-invertible, there exists a map
h: B — X such that f.h = g. Take any extension k: Z — X of h (the existence of k
follows from X € AE). Then the map f.k is an extension of g. Hence, by Theorem
3,Y is LC"&C™. Thus, we prove that Y € LC®&C°.

Let us consider the proof of Theorem 1.1, implication (i) — (ii). K'Y is a
complete metrizable space of weight 7, then by [1, Corollary 2.3] the spaces A(n, 1)
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are also complete. Consequently, A can be embedded as a closed subset in the
Hilbert space I3(7). So, we can suppose that X is the space I3(r). Thus, the
following theorem is true.

Theorem 2.2. Let Y be a completely metrizable space of weight 7 2 w. Then
the following conditions are equivalent:

(i) X is LC®&C™ (resp. LC™);

(i) X is an inductively co-soft image of lo(7) (resp. of an open subspace

of 1(7));
(iii) X is an co-invertible image of Iz(7) (resp. of an open subset of lp(1)).
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Yaedap Josanoe, lepzana Enesa. O TEOMETPUUM IIOATPYIIIl I'PYIIIIBI CY3YKU B
KOHEUYHBIX HEMUKEJIEBBIX UHBEPCHBIX IIJIOCKOCTAX

Ilpoctyio rpynny Cysykm Sz(227t!) mowno paccmaTpuBaTh kKax NOArpyuny rpynmel
KoNNuHeanu# TpeXMepHOro NPOoeKTUBHOro npocrpaHcTea PG(3, 22"“) Haj GF(22"+1), KO-
Topan ¢uxcupyer oBoun Turca t(y). DTa rpynna onpenenfieT KOHEUHYIO HEMHKENEBYIO
OBOMAANbHYIO MHBEDPCHYIO NJIOCKOCTH 3(0) NopAAKa ¢, KOTOPpas COCTOMTCH M3 TOYEK U Ce-
KyHmuX IJIOCKoCcTel HaHHOro oBouaa, korgaa ¢ = 22711, B e1oli pabore aeransno paccmaT-
puBaeTcA reomerpua noarpynn Sz(227*!) ormocuTensHO HeMmKenesof uHBepcHOH maoc-
xoctu S(g).

Chavdar Lozanov, Gergana Eneva. ON THE GEOMETRY OF SUBGROUPS OF SUZUKI
GROUP IN FINITE NON-MIQUELIAN INVERSIVE PLANES

The simple Suzuki group S$z(227t1) can be considered as a subgroup of the group of colli-
neations of 3-dimensional projective space PG(3,227+1) over GF(227+1), fixing the special Tits
ovoid t(1). This group determines a finite non-miquelian egglike Mobius plane J(0) of order g,
consisting of points and plane sections of the above ovoid, when ¢ = 227+!, In this paper a detailed
picture of the geometry of the subgroups of §z(227+1) is given with respect to the non-miquelian
Mobius plane S(q).

In 1958 Suzuki discovered a class of simple groups Sz(22"+!) with properties
similar to that of the little projective group PSL(3,2") over Galois field GF(2").

* This investigation is partialy supported by the Contract No MM 24/91 of Ministry of
Science and Education.
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The group PSL(3,27) can be considered as a subgroup of the collineations of -
3-dimensional projective space PG(3,2") over GF(2"), leaving invariant an ovoid
which is non-ruled quadric. Later Tits showed that there exist an ovoid (%) such
that the group Sz(2?"+!) also can be considered as a subgroup of the collineations
of 3-dimensional projective space PG(3,2%+') over GF(227+1), leaving invariant
the ovoid t(¢). .

Each of these groups determine a class of finite egglike Mobius planes J(0),
consisting of points and plane sections of the above ovoids. The two classes are:
miquelian planes —" M(q), where o is non-ruled quadric in PG(3,9) and non-
miquelian — S(g), where o is the Tits ovoid ¢(1), and ¢ = 227+1,

A Mobius (inversive) plane can be considered also as an incidence structure
J = (*B,B, z), whose blocks are called circles, such that the following axiom is
satisfied: '

For every point P € ‘B the internal structure Jp is an affine plane.

The automorfism group of S(g) — AutS(g), is the semidirect product
Sz(q). AutGF(q). AutS(q) is doubly transitive on the points of S(g) and tran-
sitive on circles of S(g).

The structure of Suzuki group G = Sz(g) is investigated by Luneburg in [,
where some geometric characteristics of subgroups of Sz(gq) are given.

Suzuki group G has order o(G) = (¢° + 1)¢%(g — 1) and contains the following
subgroups:

1) Sylow 2-subgroup S of order ¢2;

2) The normalizer F = M¢S of S, which is Frobenius group of order ¢%(qg — 1);

3) Dihedral group D of order 2(g — 1);

4) Two cyclic subgroups: Z' of order ¢ ++/2¢+ 1 and Z" of order 9—V2q+1;

5) The normalizers: N’ = ReZ' of order 4(¢ + /2 + 1) and N” = RgZ" of
order 4(q¢ — /2 + 1);

6) The group S(k), when ¢ = k" and k 2 § [1].

In this paper we give more detailed picture of the geometry of the above sub-
groups. '

We use for our investigation a representation of non-miquelian inversive plane
S(¢), introduced in our paper [2]. The points of S(q) are the points (2,y) of the
corresponding affine plane A(2,¢) and the symbol (c0). The circles of S(g) are
the special ovals ¢ : D.W(z,y) + Az + By +C = 0 in A(2,q), where ¥(z,y) =
z°*? 4y’ +zyand D, A, B,C € GF(g) — Galois field of ¢ elements, ¢ = 2¢, e odd
and e 2 3, and o is the unique automorphism of GF'(q) satisfying 27" = 22 for all
z € GF(q). The point (oo) is incident only with circles with D = 0.

The elements of the automorphism group of S(g) — AutS(q) are explicitly
given by: -

(20)¢Gpsr = (a%,8%); (P, 8)0%,,, = (c0);
(00) iy = (00),
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where a,b,p,s,r k,I,m € GF(q),r # 0,k # 0, and o, 3 are inner automorphisms
of GF(g)-
The subgroup Sz(g) of AutS(q) is of type:

{Paspsrs Tflm ra=p8=1}
‘We shall use the following notations:
L — a set of pencils (parabolic pencils) with carrier L;
7% — a pencil (parabolic pencils) with carrier L;
¢AB _ the bundle (hyperbolic pencil) with carriers A, B;
xAB — the flock (elliptic pencil) with carriers A, B;
I'P — the subgroup of G = Sz(q) that fixes the point P;
P9 — the subgroup of G = Sz(g) that fixes the set of two points P and Q.

I. SUBGROUPS WHICH FIX A POINT OF S(Q)

1) As it is shown in [2] the Frobenius group F is the stabilizer of a fixed point
P, FP = StabP. A more detailed information on the geometry of I gives:

A. F = StabP is the stabilizer of the set I¥. There exists a unique pencil
7P € 1P, such that the F is transitive on the pencils of the set {? \ F} and
doubly transitive on the circles of 77 [3].

We call 7P the special pencil in the point P. Note that these special pencils
correspond to the special pencils of type VI.1 in Hering’s classification of Mobius
planes. .

2) The Sylow 2-subgroup S C F is characterized geometrically by

B. S” fixes given point P and TP, and is transitive on the pencils of the set
{11P \ #P}. It is transitive, but not doubly transitive, on the circles of =2 [3].

The 2-Sylow subgroup SP possesses an Abelian subgroup AP of order ¢ and
exponent 2. It fixes the point P and considered as a permutation group on the
points of {S(q) \ P} has ¢ orbits of length ¢. The points of each orbit are incident
with a circle of the special pencil #F in the point P.

. The stabilizer C of a fixed circle ¢ is a subgroup of order ¢(¢ — 1). Another
characterization of C is given by ‘

C. There exists a unique point P Z ¢ fixed by C, and CP is doubly transitive
on the point set {¢\ P}. C” is a subgroup of FP. We call P the special point of
the circle c.

In other words, P is the special point of the circle ¢, if and only if Stabe C
Stab P.

The subgroup C¥ also contains an Abelian subgroup AP of order ¢ and ex-
ponent 2. Consider the set M = {CP:Cfn (Cf = AP}. The set of circles ¢;

corresponding to the groups (C,P form the special pencil 7} in the point P.
Let A, B, C, D be four points incident with a circle c. If ¢o is a circle incident
with the points B and C, the pencils 7P and 7€ are determined. There exists a

51



unique circle ¢; € 78, ¢; Z A, and unique circle ¢z € 7€, ¢a 2 D. Then the circle
¢1 determines a pencil 74 with carrier A, and the circle ¢; determines a pencil w2
with carrier D. Let ¢/ be the circle of 74, incident with D, and ¢” be the circle of
7P, incident with A.

There are two possibilities for ¢/ and ¢’:

i. ¢ coincides with ¢”;

ii. ¢/ and ¢” are distinct.

The first case corresponds to the theorem of Miquel for 4 circles tangent two
by two. In miquelian Mobius planes — M(q), only this case is realized.

The second possibility corresponds to the degenerated case of the theorem of
Miquel for 5 points and there is no nontrivial realization of it in miquelian Mobius
plane. But in non-miquelian Mobius planes S(g) it can be realized particularly.

So the following definitions are natural:

A quadruple of concircular points (4, B, C, D) in S(q) is called miguelian if
for any circle ¢q incident with the points B and C the corresponding circles ¢/ and
¢’ coincide.

A quadruple of concircular points (4, B, C, D) in S(q) is called non-miquelian
if for any circle ¢o incident with the points B and C the corresponding circles ¢’
and ¢” are distinct. ‘

We proved in [4] that

D. A quadruple of concircular points (4, B, C, D) in S(q) is miquelian if and
only if there exists. ¢ € A such that

¢{A,B,C,D} = {4, B,C, D}

or, equivalently, if there exists an involution in which they are corresponding points.
Note that in miquelian Mobius planes M(q) there is always such involution —
the inversion which fixes the circle incident with A, B, C, D.
E. A quadruple of concircular points (4, B, C, D) in S(g) is non-miquelian if
and only if for any ¢ € C

¥{4,B,C, D} # {4, B,C, D}

or, equivalently, if there is no involution in which they are corresponding points.
Moreover, if one of the points 4, B, C, D is the special point of the circle ¢ then
the quadruple (4, B, C, D) is always non-miquelian.

1I. SUBGROUPS WITHOUT FIXED POINTS

3) The dihedral group D fixes a set of two points P and @, i. e. it is stabilizer
of the bundle £#9 with carriers P, Q. There exist exactly two circles ¢p, cy €ef9
such that D*? is transitive on the set of circles {€\ co,¢}} and on the set of points
{eoUcg \ PUQ}. Also D is stabilizer of the flock xP? with carriers P, @Q and is
transitive on it’s circles [3]. ’
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We call ¢y and c} special circles of the bundle €.

The dihedral group DP9, possesses a cyclic subgroup TP of order ¢—1. It fixes
the point P and considered as a permutation group on the points of {S(q)\ P U Q}
has g+ 1 orbits of length ¢ — 1. The points of exactly two orbits are incident with a
circle and these are the special circles of the bundle ¢PQ. The points of any other
orbit are not incident with a circle.

Note that in [2], [3] and [4] we consider the problem of realization of some
configurational propositions in S(g), while here we interpret some of the results
from the point of view of the geometry of subgroups of Sz(g).

4) At least we shall list some particular but interesting results about the ge-
ometry of the cyclic group Z' in the unique finite inversive non-miquelian plane
5(8).

Since the order of Sz(8) is o(Sz(8)) = 25.5.7.13 it follows that the groups Z'
and Z" are Sylow p-subgroups of Sz(8) with p = 13 and p'= 5 respectively.

An immediate consequence of the Theorems of Sylow is that the number of
Sylow p-subgroups of Sz(8) is equal to the index of the normalizer of any p-subgroup
in Sz(8). Also if A and B are Sylow p-subgroups of the group G considered as a
permutation group on the points of S(8), there exists element ¢ € G, such that if
{OA} and {OP} are the orbits of A and B respectively, then {0*}¢ = {O®}.

So we can consider any fixed cyclic subgroup Z'2 of Sz(8).

Since o(F) = 26.7, F® = {r},.} and o(Z') = 13, then

ZI = {‘Pclxbpn'}‘
A sufficient condition Z' to be generated by @abpsr i8 @ = p.

13
In the case of S(8) — ¢ = 23 from (ga}‘bp") = id follows

(1) 14 [r(d+5)]" +[r(d+8)° = 0.

Let z be a generator of Galois field GF(8). Then a solution of (1) is b = 2%,
s =0, r =1 and since a = p is not fixed, we put @ = p = 0. We denote by Z3? this
subgroup, i.e. Z§> = (03 ,5001)

F. Z.3 considered as a permutation group on the points of 5(8) has five distinct
orbits ©. On the other hand, Z§> considered as a permutation group on the circles
of S(8) has 40 distinct orbits w, such that each point orbit D generates exactly ten
circle orbits and every two point orbits have one circle orbit in common [5].

Let D' and ©" be two point orbits of Z}> and (D')y = D", where ¢ € Sz(8).
Then ¢ € Ng(Z(l,s). In fact for any such'y we have (11))'12(1,31[) = Z3®. From here
it is easy to prove

G. There are two point orbits D' and D" which are not isomorphic with respect
to the group Sz(8) and any other point orbit is isomorphic either to ©' or to D".

Every point orbit © of the group Z3 generates six circle orbits w, such that if
¢ € w then |cN®D| = 3, and four circle orbits 7, such that if ¢ € = then [cUD| = 4.
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H. Let w be a circle orbit generated by a point orbit D with |cND| = 3 if ¢ € w.
Then there exists automorphism ¢ € Z}3 such that w = {ei=(c)p’ |i=1= 13}
and (c;, ¢j+1) determine a bundle, and (¢i, cit+2) determine a pencil.

I Let 7 be a circle orbit D with |cND| = 4 if ¢ € 7. If consider 7 as an
incidence structure with “points” — the points of D, “blocks” — the circles of ,
and incidence the same as in S(8), then = is a projective 2-(13,3,1) design. So =
1s a projective plane of order 3. Since all finite projective planes of order n < 8 are
desarguesian, 7 is desarguesian. Then 7 is a desarguesian projective plane of order
3 [5).

The geometric characterization of the fact that ©’ and ®" are nonisomorphic
is given by:

J. Every quadruple of concircular points of the orbit @’ is miquelian. Every
two quadruples of concircular points of the orbit D’ are isomorphic.

K. Every quadruple concircular points of any orbit D" is non-miquelian.

Thus we obtain the following geometric characterization of a cyclic subgroup
Z" in S(8):

L. The quadruples of concircular points of one orbit form projective planes.
This planes are of two types with respect to S2(8). The “lines” of the planes of the
first type are incident with miquelias quadruples of points, and the “lines” of the
second type are incident with non-miquelian quadruples of points.
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A GENERALIZED JACOBI OPERATOR
IN THE 4-DIMENSIONAL RIEMANNIAN GEOMETRY*

GROZIO STANILOV, IRINA PETROVA

I'posvo Cmanuaoe, Hpuna Iempoea. OBOBILIEHHBI ONIEPATOP AKOBU B 4-MEP-
HO PUMAHOBOW T'EOMETPUH

PaccmoTpum pumaHoBoe MHoroo6pasue (M, g) Pa3MepHOCTH n C TEH30POM KPMBM3HEI
R. B Touke p 6epeM 2—MepHOe KacaTe/lbHOE NOANPOCTPAHCTBO E? xacarTenbHOr'O NPOCTPaH-
cTBO My, onpenenensoe opTOHOpManbHOi napoit BeKTOPOB X, Y. Beeaem B paccMOTPEHHUM
aunseineti onepatop Ax,y : Mp — Mp npn nomomn Ax,y(u) = R{u,X,X)+ R(v,Y,Y). 910
cummeTpuueckuii onepatop. OueHb BaXXHO TO, UTO BTOT ONEPATOP MHBAPUAHTHHIM OTHOCH-
Te/IbHO OPTOrOHAJILHBIX NPeoGpa3oBaHMiA B MIOCKOCTH E?. D10 naet HaM BO3MOXXHOCTH OIl-
pelesUT onepaTop OTHOCUTENbHO 060l 2-MepHOH naoCKOCTH E? B Touke p: Aga = Ax,y-
B ofmem ciayuae ero cob6CcTBeHHbBIE 3HAUEHMA 3aBUCAT OT TOUKM P M OT NJIOCKOCTH E?. Mu
HCC/IelyeM KNacc S—PUMaHOBBIX MHOrooGpa3uii pazmepHoOcTH 4, 1A KOTOPHIX BBINOJNHA-
eTcs ycioBue: cCOBCTBEHHBIE 3HAUCHUA c.‘(p;Ez), i=1, 2, 3, 4, Bcex omepaTOPOB Mgz He
3aBUCAT oT miockocT E? B Touke p.

Grozio Stanilov, Irina Petrova. A GENERALIZED JACOBI OPERATOR IN THE 4-DIMEN-
SIONAL RIEMANNIAN GEOMETRY

We consider a Riemannian manifold (M, g) of dimension n with curvature tensor R. At
a point p € M we take a 2—dimensional tangent plane E? of the tangent space Mp, spanned
by an orthonormal pair of vectors X, Y. We define the linear operator Ax,y : M, — Mp by
Mx,y(v) = R(u, X,X) + R(v,Y,Y). It is a symmetric operator and a very important fact is
namely the assertion it is invariant operator under the orthogonal transformations in E®. This
gives us the possibility to define an operator in respect to any E? in Mp: Agz = Mx,y- In

* Partially supported by the Ministry of Education and Science in Bulgaria under Contract
MM — 18, 1991. :
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the general case its eigen values depend of p and of E? also. Then we investigate the class of
S-Riemannian manifolds of dimension 4 with the property the eigen values ¢ci(p; E?), { =1, 2,
3, 4, of the operators A ga are independent of E2.

1. THE CLASS S-RIEMANNIAN MANIFOLDS

Let (M, g) be a Riemannian manifold of dimension n, R — its curvature tensor.
For p € M let X, Y be an orthonormal pair of vectors in M;. We define a linear
operator
by

Axy(z) = R(z, X, X) + R(z,Y,Y).
It is a symmetrical operator. The following important proposition holds: the opera-
tor Ax,y is invariant under the orthogonal transformations in the tangent subspace
E? = E*(p; X AY) spanned by X, Y. o

Indeed, if we have another orthonormal pair of vectors X, Y € E?2, then
Axy = Ax v

We can define the operator
by

A B3 = A XY
We call it generalized Jacobi operator in respect to E2.

Since Aga is a symmetric operator, it has a real eigen values c;(p, E?). Then
we consider the class of 4-dimensional Riemannian manifolds with the following
property:

) the operator Ag: has eigen values independent of E2:

ci(p, E*) = cilp), i=1,2,3,4.
Any 4-dimensional Riemannian manifold with the property (S) we call S-Rieman-
nian manifold.

In this paper we investigate the class S-Riemannian manifolds.

Remarks. 1. We suppose c1(p) £ c2(p) $ ca(p) S c(p).

2. If p is a fixed point we write c; instead of ¢;(p).

Proposition. Every 4-dimensional Riemannian manifold with constant sec-
tional curvature is an S-Riemannian manifold.

Proposition. Every S-Riemannian manifold is an Finsteinnian manifold.

Proof. Let X,Y is an orthonormal pair in M,. 1t is easy to get

Zci(p) = p(X, X)+ P(ny)a

i=1

where p is the Ricci tensor. Hence for each Z € M, 7] =1,

-
p(2,2) = 52ce(p)~

i=1
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From the second proposition and the well-known Herglotat theorem it follows that

4
Z ci(p) = const.
i=1

9. MATRICES OF THE GENERALIZED JACOBI OPERATOR AND
A LEMMA FOR THE SPECIAL BASES IN 4-DIMENSIONAL MANIFOLD

Let (M, g) be a 4-dimensional Riemannian manifold. We fix p € M and let
€1, T2, L3, T4 be an orthonormal base of My, and X,Y bean orthonormal pair in
M,. For the operator Mxy and for a real ¢ we define the matrix CXY (c) in the
following way

CX’Y (C) = (cik)i’kzl'gyg’q , Cik =4 (AX,Y(xi), ﬁk) — bike.
1t is a symmetric matrix since Axy is a symmetric operator. If ¢ is a k-multiple

eigen value of Axy, we have the relation

rang CX Y (c) + k=4

_ Zi+Ty
Next we write CHi(c) and Cii+k(c) instead of C*+®i(c) and Cz"JV'r(c),
respectively.
Lemma. Let (M, g) be a 4-dimensional manifold. For each p € M there
exists an orthonormal base z1, T2, ¥3, T4 of Mp, so that

R(ZZamlszlazii):Ou R(22,$1,$1,$4):0, R(Ts,xl,(l)]_,l?z;):o.

The first vector &1, |z1| = 1, can be chosen arbitrarily.

Proof. We take z1 € My with |z1] = 1 and complete z; to 1, £2, T3, T4
— an orthonormal base of eigen vectors of the symmetrical Jacobi operator Az,
defined by Az, (2) = R(z,z1,%1)-

The bases in the Lemma will be called special bases.

3. SOME NOTATIONS FOR S-RIEMANNIAN MANIFOLDS

Let (M, g) be an S-Riemannian manifold, p € M, z1, z2, T3, T4 be an
orthonormal base of M,. We set

Rijst = R(wi, 2,25, 81), Tij = Ristj + Ritsj,
Igj = R(il?,‘, Ts;Ts, :nj), kz'j = R(xi,xj,:cj,:c,-) ,
for all integers i, j, s, t from 1 to 4, different mutually. We have the following
Lemma. a) kij = kst;
b) It + 1 = 0. |
Proof a) It follows from the fact that (M, g) is an Einsteinnian mani-
fold [1].
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b) Since (M, g) is an Einsteinnian manifold, the Ricci tensor is proportional
to the metric tensor. Hence

0= p(zi, ;) = R(2i, 25,25, 2j) + R(2i, 2, 21, 25) = I; + 1.
If =1, 3, 23, %4 is a special base of M,, by lemma in section 2 we obtain
L = I%4 =134 =0.
For such a base the substantial components of R are Ri23s, Riza2, 135, 135, 134, k12,

ki3, k14. In these notations and for such base we write the matrix C12(c). From
section 2 we know

cl?= (Cat)s,¢=1,2,s,4 s

Cst = ¢ ()‘Zl,tg(ms))mi) — bs1c,

cst = R(x,,21,21,%:) + R(z4, 22, 22, 71) — bs2c.
Hence,
Ci1 = R(a:l,xx,a:l,zl) + R(Z’l,.’tz, .’tz,wl) - 5110 = klg - C,
c12 = R{z1,21,21,29) + R(21, 22, 22, 22) — 812¢ = 0,
c13 = R(xy, 21, 21, 23) + R(zy1, 22, 22, 73) — b13¢ = 125,
c14 = R(21, 21,21, 24) + R(21, T2, T3, 74) ~ by4c = 1F,,
ca2 = R(z3,21,21,22) + R(x2, 22, T3, 22) — b32¢ = k12 — ¢,
Co3 = R(xg,zl,:cl,xg) + R(wz,rz,xz,za) —by3c = 1;3 =0,
Cog4 = R(mz, 1,21, 024) + R(:L‘g, 9, T9, 1:4) — bpgc = I%4 =0,
cas = R(z3,21,%1,23) + R(23,22,22,23) — Szsc = kg + kaa —c = kja + k14 — ¢,
c3¢ = R(z3,%1,21,24) + R(x3,22,22,24) — S3ac =13, + 12, = 0, ’
caq = R(24,21,21,24) + R (24, 22, 22,24) — bagc = k1g + kaa —c = kg + k13 —c.

Then C1*(c) is a symmetrical matrix of the form

k12 - C 0 11?3 1%4
0 kig—c¢ 0 0
Cl,2 - 12
(c) i, 0 kiz+kig—c 0
i, 0 0 kis+ kig—c
In the same way we find the matrices
kiz—c 3, 0 -1} \
CY3(c) = By kitkua-c 0 0
0 0 k13 - C 0 !
-—lh 0 0 k12+k14~0)
kig—c -3, -, 0 \
Cl4(e) = -8B, kup+ksz-c 0 0
~1f3 0 kig+kiz—c 0 ’
0 0 0 k14 - c)
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Cl,2+3(c)

k12 + k13— 2¢ 13, — 133 -(B;- 1%3) T14
- }_ I‘;’g - 1%3 2%k19+ k1a — 2¢ —k14 0 ’
21 - By - i25) ~k14 k13 + k1a — 2¢ 0
T4 0 0 kiz + k13 + 2k14 — 2¢
Cl,z+4(c)
kig 4+ k14 — 2c - (1?2 + 1%4) 13 1:132 + 1%4
= 11 -, + 12,) 2ki2+kiz— 2c 0 —k13 ’
2 r13 0 kg + 2k13 + k1a — 2¢ 0
B+, ~k13 0 ki3 + 2k14 — 2¢
CL3+4(c)
kg + k14 — 2¢ r12 - (1%3 — 1%4) 1%3 - 1%4
_1 r12 k1o + k13 + k14— 2¢ 0
3| (- 13y) 0 kip + 2k13 — 2¢ —k12
15— 134 0 —k12 ki + 2k14 — 2¢

4. THEOREM FOR THE LOCAL POSSIBILITIES. A CONSEQUENCE

Theorem. Let (M, g) be an S-Riemannian manifold. Then for everyp € M
one of the following possibilities holds:

a)0=c =ca=c3S ¢4 OT O <cp=ca3=cs=0;

b) ey =cp < 3= Ca
If 21, T2, 23, T4 is an orthonormal base of My, so that

lés = 1§4 = Ié‘l =0,

then a) implies k12 = ki3 = k1a = 0, and b) implies k12 + kiz + k1a = c1 + €3,
(kyz —c1) (kra—e3) =0, (kyz — c1) (k1a — c3) =0, (k1g—c1) (k14 —c3) =0.

Proof. Forc (i=1,234)we have the following logical possibilities:

P,. There are at least three equal among them;

P,. They are two by two equal;

P5. There are at least three different among them.

We prove that P; implies a), Py implies b) and P3 is impossible.

4.1. The case P;. We have
cir=ca=c3Sc4 OI C1 < cg = €3 = C4-

Hence ¢ is at least 3-multiple eigen value. Let zy, T2, €3, T4 be an orthonormal
base of Mp, so that l33 = Il = 13, = 0. Then rangCli(cg) $1 (=2, 3,4). All
minors of order 2 of these matrices are 0 and then k12 = ki3 =kia=c2=0.
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4.2. The case P,. We have ¢; = ¢y < ¢3 = ¢4. Let z,, @9, 3, ©4 be an
orthonormal base of M,, so that 33 = I}, = I, = 0. We have rang C1:%(c) = 2 for
¢ € {c1,c3}. It follows that (k12 — ¢) (k1s+k1a—¢) =0, c¢€{c1,c3}. Then

(k12 —e1) (kiz + k1s — 1) = (k12 — c3) (k13 + k14 — €3) .
The developing of this identity gives k12 + k13 + k14 = ¢1 + ¢3. Then follows
(k12— c1) (k12 — c3) = 0.

Considering the matrices C13(c) and C1%(c) we get the last two relations in the
theorem.

4.3. The case P3. Let Q = {c1, ¢, ¢3, c4}. Because of P3  has at least 3
different elements. Let again 1, 22, 23, 24 be an orthonormal base of M,, so that
Ba=8,=08,=0 Weset \y =13, A =%, X3 = 1?,. Since det C13+4(c) = 0
(c € ), we have \

fle) = (A2 —=A3) g9(c) =0 (ceq),
where
g(c) = (k13 + k1s — 2¢) (2k12 + ki + k14 — 2¢),
f\(c) = (2(k13 — ¢) (k14 — ¢) + k12 (k13 + k14 — 2¢)) (g(c) - 7'?2) .

Taking the base z1, z3, £3, T4 of M}, we get

F() = (M +23)%g(c) =0 (c€NQ).

Then
422239(c) =0 (ce Q).

The polynomial g(c) is of degree 2. It has no more than two different roots. But
2 has at least three different elements. Hence A2d3 = 0. C12*3(c) and C12+4(c)
provide analogously A;A; = 0, A;A3 = 0. Hence at least two among the A;, Ao, A3
are 0. Supposing that Ay = A3 = 0, from the equality det C*%(c) = 0 for ¢ € Q we
get

(k12 —c)(kiz+kia—c)=0,c€Q.
It is impossible because Q has at least three different elements.

4.4. A consequence. Let M, be S-Riemannian manifold, p € M, so that
€1 = ¢3 < ¢3 = c4. Let @1, 72, 23, 24 be an orthonormal base of M, with
B3 =14 =1, =0. Then

1) If 1 = 0 then {klz, k13, k14} = {O, 0, 03};

2) If ¢c3 = 0 then {klg, k13, k14} = {0, 0, cl};

) Ifes #£0, c3 # 0 then [c1] # |ea] and kg = k13 = kig = %, where
_ {Cl, if 161’ < )631,
®= .
C3, if |C3| < ICII.

Remark. {ki3, k13, k14} = {0, 0, c3} means that among the numbers ki3,
k13, k14 two of them are 0 and the third is cs.

The proof uses only the curvature relations in the theorem in this section.
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5. THE CLASS F-RIEMANNIAN MANIFOLDS

Let (M, g) be & 4-dimensional Riemannian manifold, p € M, X € M,
|X| = 1. The well-known Jacobi operator is defined in the following way:

Ax(z) = R(z,X,X).
It is a symmetrical operator and its eigen values are real numbers depending of p
and X. We consider the class of the 4-dimensional Riemannian manifolds with the
property
For each p € M and for every (unit) X € M the J acobi

(F) operator Ax has eigen values di(p, X) independent of X,
ie di(p, X)=di(p), 1= 1,2,3,4.

Any 4-dimensional Riemannian manifold with this property will be called F-
Riemannian manifold. This class is investigated in (2], [3], [4]. It Is well-known
that every 4-dimensional Riemannian manifold of constant sectional curvature is
F-Riemannian manifold and every F-Riemannian manifold is Einsteinnian mani-
fold. For such a manifold we have the relations kij = kge, I3 +15 = 0.

To every operator Ax we can associate the matrices DX (d) in a way like that
in section 2:

DX (d) = (dat),,t=1,2,3,41 dye = g (Mx (zs); zt) — b5:d.
If d is k-multiple eigen value of Ax, then rang DX(d) + k = 4. Instead of D*i(d)
z,+%; N
and D ¥ (d) we shall write D*(d) and D+ (d) respectively.

6. COMPARISON OF BOTH CLASSES

Theorem. If (M, g) is an S-Riemannian manifold, then it is also an F-
Riemannian manifold. The converse is not true.

Proof. 1) Let (M, g) be an S-Riemannian manifold, p € M. We take
X € M, with |X|=1. Let di(p),i=1,2,3,4, are the eigen values of Ax. We set

\I,(pJX) = {d,(p,X)h = 1) 2, 3, 4}

Then we consider the orthonormal base X = z1, &2, T3, T4 of eigen vectors of Ax
in M,. Hence l33 = 1}, = I3 = 0. Let di(p, X) corresponds to z;, i = 1, 2, 3,4
Then
di(p,X) =0, do(p, X) = kr2, ds(p, X) = k13, da(p, X) = kaa.
Hence
¥(p, X) = {0, k12, k13, kaa}.

From the theorem for the local possibilities in p one of the following cases holds:
a)0=cy=cy=cC3 ¢ O C1 Seg=cag=ca=0;
b)0=61=02<cazc4;
c)er=ca<ca=cs=0;
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d)0¢01202<63264¢0.
Using this theorem and the consequence of it we obtain for the cases a), b), ¢) and
d) correspondingly:

&) ¥(p, X) = {0,0,0,0},

b’) ¥(p, X) = {0,0,0, ca},

) ¥(p,X) = {0,0,0,¢1},

d’') ¥(p, X) = {0, %, %, x},
where x is the smaller by module number between ¢; and cs. It means that the
elements of ¥(p, X) are independent of X and hence (M, g) is an F-Riemannian
manifold.

2) The 4-dimensional Kaehlerian manifolds with constant non-zero holomor-
phic sectional curvature are F-Riemannian manifolds, but they are not S-Rieman-
nian manifolds.

7. LEMMA FOR THE SPECIAL BASES IN AN S-RIEMANNIAN MANIFOLD

From the theorem in section 6 we get the following

Consequence. If (M, g) is an S-Riemannian manifold and in pE M holds:

a)0=ci=cy=cgScy or ey Lea=c3=cs=0,
then every Ax has {-multiple eigen value 0;

b)0=ci=cy<caz=cs or c;=cy Sez=cy4 =0,
then every Ax has 3-multiple eigen value 0.

Using it, we can prove the following

Lemma. Let (M, g) be an S-Riemannian manifold, p€ M, and in p holds a)
or b) of the above consequence.

Then there is an orthonormal base of My, so that I}; =0 for all integers i, j,
s from 1 to 4, unequal mutually. The first vector 2, can be chosen arbitrarily.

Proof. Letzi, 23, 23, 24 be an orthonormal base so that Bs=1,=10}, =0.
If in p a) holds, we have

rang D*(0) = rang D3(0) = 0,
and if in p b) holds, we have
rang D*(0) = rang D*(0) = 1.

In both cases we obtain by considering suitable minors that B,=8,=0,=0.

8. A MORE PRECISE VARIANT OF THE THEOREM
FOR THE LOCAL POSSIBILITIES

Theorem. Let (M, g) be an S-Riemannian manifold, p € M. For p holds one
of the following possibilities:

a)er =cy=c3=cq =0.
In such case the sectional curvature of M inpis0;

b)0=¢c; =c3 < 3 =c4.
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In this case there is an orthonormal base z1, T2, T3, T4 of Mp, so that the only
substantial components of R are

c3
Risss = Rizaz = —, kia=cs

3
C) 01:C2<63:C4=0.
In this case there is an orthonormal base z1, Ta, T3, T4 of My, s0 that the substantial
components of R are

C1
Ri334 = Riza2 = 3 k14 = c1;

d)0<61262<63—‘264, c3 = 2¢;.

In this case the sectional curvature of M in p is ¢1;
e)cy =cy < cg=cg <0, c1 = 2c¢3.
In this case the sectional curvature of M in p is cs.

Proof. In p holds one of the following possibilities:

a)0=cy=cy=czg S cgorcs <ea=c3=cs =0,

b) 0 =c1 =c2 < c3=cq,

C)C1=Cz<63=64=0,

d)0#ci=ca<ca=ca #0.

1) Let in p holds a). We shall prove that if three of the numbers c1, ¢a, ¢3, ¢4
are 0, then the forth is also 0. Let suppose 0 = ¢; = ¢z = ¢3 £ ¢4 By the lemma
in section 7 we take an orthonormal base 1, z2, 3, 24 of My such that Ij; = 0 for
i, j, s from 1 to 4, unequal mutually. From the theorem for the local possibilities
we have kja = k13 = k14 = 0. The eigen value c4 is at least 1-multiple. Hence
det C**(cq) # 0 and then ¢4 = 0. Then ey =cp =c3=c4 = 0.

Let E2 be any 2-dimensional tangent subspace in M, and X, Y be an
orthonormal base of M,. We set z; = X and complete 21 to x1, T2, T3, T4 —
an orthonormal base of M, with the property 33 = B, = 1§, = 0. From the
theorem for the local possibilities we have k12 = ki3 = k14 = 0. Using Y = o'z;,

4
z:((xi)2 = 1, one can check easily that K(E?) =0.
=2
2) Let in p holds b), i. e.
0=c¢; =cy < c3=cq4.

We use again an orthonormal base z1, 22,23, z4 of My, s0 that If; =0 forall i, j, s
from 1 to 4 different mutually. From the consequence in section 4 {k13, k13, kis} =
{0,0,cs}. If it is necessary we can renumber the vectors z,, z2, z3, T4 to get
k12 = k13 = 0, k14 = c3. From the consequence in section 7 we know that every
operator Ax has 3-multiple eigen value 0. Then rang D'+*(0) = rang D*4(0) = 1.
This implies
Pig=—c3 or riz=¢c3 ria=0.

~ If it is necessary we can change z; with —z; to get ri2 = c3. Using the first Bianki

identity we obtain Riz3s = Risa2 = %3
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3). Let in p holds d), i.e.
O#eci=cy<ecg=cq #0.

We take the orthonormal base 21, z,, 23, 24 of M, such that I} = g =8, =0.
From the consequence in section 4 k,, = ki3 = k14 = %, where

_ {Cl, if |c1l<|63{
®= }
cs, if Jes] < Jey.

In p we have x = ¢; or x = ca.

Let in p holds » = ¢;. Then kyy = ki3 = k14 = ¢;. From the theorem of the
local possibilities we have kqg + k13 + k14 = c; + c3. Hence ¢3 = 2¢;. But ¢; < c3.
Hence ¢, > 0. Then 0 < ¢1 = ¢3 < ¢3 = ¢4, 3 = 2¢;. It is easy to check that for
every E* in M,

K(E?) = ¢,.

Consequence 1. Let (M, g) be an S-Riemannian manifold. If one of ¢;(p),

t=1, 2,3, 4, is a global constant the others are also global constants.

4
Proof. Wehave ) ci(p) = const (from the consequence in section 1) and
i=1

c1(p) = c2(p), ca(p) = ca(p) (from the above theorem).

Consequence 2. Let (M, g) be an S-Riemannian manifold and for every
point p € M holds ¢y = c3. Then M is flat.

Proof. At every point p € M holds a) from the above theorem.

Consequence 3. Let (M, g) be an S-Riemannian manifold and let for every
PEMbholdsc; #0,i=1,2, 3 4. Then M is non-flat with constant sectional
curvature.

Proof. In every point p € M holds e) or d) from the above theorem. Then
we apply the well-known Schur’s theorem.

Consequence 4. Let (M, g) be an S-Riemannian manifold with sectional
curvature K(p, E?) and let K(p, E*) # 0 for every point p and for every E? in M.
Then M is non-flat with constant sectional curvature.

Proof. Inevery point p € M holds e) or d) from the above theorem because
in the cases a), b), c) there are planes E2 with sectional curvature 0.
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OB OIHOI# TEOPEME XOII®A

HUKOJANM XATKUVBAHOB

Huxoaot Xadncuusanos. OB OJIHOUW TEOPEME XOII®A

Jloxaszano, 4To ANA MI06OTO HENPEPHIBHOTO OTODpaXKeHM f: 8" — R" n-mepuoit
coeput S™ = {z | z € R**1, ||z}| £ 1} B n-mMeprOE €BKAMAOBO MPOCTPAHCTBO R™ u ana nio-
Goro 8, 0 < § < 2, HaitmeTca napa Touek T, ¥, AJNA KOTOPHIX lz -yl = 6 n f{z) = f(y)-
C NoMoMbIO BTOrO NpedJIoKEeHN NPUBOINTCA AOKA3ATENbCTBO TEOPEMBL Xonga, cornacuo
KoTopo# Ansa no6oro NOKPHTUA chepul S" n+ 1 3aMKHYTHIMM NOAMHOXXECTBAMM XOTH 6353
OIHO M3 HUX COJEDXKUT Napy Touek Ha paccTosuum 6.

Nikolay Khadzhiivanov. ON A THEOREM OF HOPF

It is proved that for every continuous mapping f : 5* — R and 6, 0 < § < 2, there exists
a paire of points T, y with |jz — y|| = 6§ and f(z) = f(y). The well-known theorem of Hopf is
deduced from the above proposition: for every closed cover F1, F2, ..., Fp41 of the n-sphere sn
and for every 8, 0 < § < 2, there exists a triple &, y, F; such that |z~ || =6 and z,y € Fy.

1. BBEAEHUE

Bo n3berkanus HeJopa3yMeHMI HauHeM C HECKOJBKHX obosnauennii. He-
pesz R™*! oGosnauaem (n + 1)-MepHOE €BKIMAOBO NPOCTPAHCTBO, Ye€pe3 S* =

{z € R"*! | ||z|| = 1} — envmuunas n-mepnas cpepa, a D* = {z=(z1,...,2n,0)|
R g2 £ 1} — envnuuHBIi n-MepHBIA map B KOOp AMHATHOMN IIJIOCKOCTH
241 = 0. Orpesok B R"*!, coemummomuit Hagano O ¢ roukoit X = (0,...,0, 1),

o6o3naunm depes T, a muoxecrso I = D" UT Ha3oBeM n-mephod xHonxol.
CorylacHo Kiaccuueckoif TeopeMe Bopcyka—YaMa, 04d ecaxozo Henpe-
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phienozo omobpancenus f: S — R” cywecmeyem moxxa ¢ € S™, dux xomopotl
£(2) = f(~2).

B [1, 2] Hamu moka3aHa clelylowan TeopeMa O KHOIKE!

Ecau f : T™ — R™ — nenpepuignoe omobpancenue n-mepnoll xnonxy s R",
mo & I'™ cywecmeyem napa movex z, y, ydossemeopsoues Yycao8usm flz) =
f(), llz =yl =1 u donoanumeadsnomy ycaoeunw — ecau & u y npunadaexcam
D", moeda ompesox [z, y] codepxcum nanaso O, '

ITpu moMomu TeopeMsl 0 KHOIKe AOKAKeM CllelyIolee YCUTEHNE TeOpeMbl
Bopcyka—Y nama:

Teopema 1. ITyem» 0 < § S 2 v f : S® — R® — menpepuence omob-
paxcenue. Tozda cywecmeyem mowxu =,y € S™, 0ax Komopuz f(z) = f(y) u
le = gll = 6.

Hanomuum Teopemy Jliocrepunxa-Illnupemmana~-Bopceyka, cornacto ko-
TopoM, Maa moboro mokpertMa S” ¢ MOMOLIBIO N + 1 3aMKHYTHIX MHOMECTB
HaliIeTCA TaKoe U3 HUX, KOTOPOe CONePHMUT Napy AMaMeTPajbHO MPOTHBOMO-
JIOXKHEIX TOYEK.

Xon¢ ycumun a1y TeopeMy ciexyioumuM o6pasom:

Teopema 2. Ecau 0 <6 £ 2 u chepa S™ noxpuma obsedunenuvem n+1 sam-
KHYMbLT MRONCECTRE, M020a ZOMmA 6ol 00HO U3 HUT COePACUM MAPY MONER T, Y,
Paccmosnue MeNCOY KOmOpuMU pasnsemcs 6.

Bubauorpaduio mo 3aTpoHyTHIM BONpoCcaM YMTaTelb MOXKeT HaAWTH B Mo-
Horpa¢uu I'pionbayma [3].

AJOKA3ATEJBCTBO TEOPEMBI 1

CHauana nOKa)KeM 0JHO BCHOMATATENbHOE YTBEPIKACHUE:

Jlemma 1. Jas awbozo §, 0 < 6 < 2, u dax awbod mowxy Q € S* cy-
wecmeyem nenpepusnoe omobpaxcenuve ¢ @ D® — S manoe wmo 9(O) = Q
u, Kpome mozo, y0oaaemgopiem cAedyoUeMy MPebOBANUI: €CAU OMPEIOK (u, v]
(u,v € D"} codepacum nawaao O u |fu—v|| =1, mozda |jp(u) — p(v)|| = 6.

HdokasareabcrBo. IlocTpouM CHayama MCKOMOE 0TOGpaKeHHUe @
B JacCTHOM ciyyae, Korda 2 = X. Ilo cymecTBy sTMM M0Ka3aTeAnCTBO 3a-
BEpWAETCA ~— AOCTATOYHO B3ATH CYMEPHO3NIMIO NONYUEHHOTO OTOB paskeHMs
¥ M30MeTpHH cdeprl Ha cebs, npu Koropoit X nepexomut B Q.

.8
Honowum o = 2arcsin 3" Onpenenum uckoMoe oToGpaskeHre ¢ CIemyio-

mmM obpasom: ecimn u = (uy,...,u,,0), Toraa
o(u) = <Sm,—laul,‘,uJ uy,. ..,Si—n,ﬁt{’Tu“un,cosdHuH) .

Hero, uro Jlp(u)ll = 1, p(0) = K u ¢ : D* — S* — HenpepbiBHOE 0TOG-
paxenue. Ilyctb Temeps orpesox [u,v] (u,v € D™} comepsmr 0. Torza
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v u
W = = U3 npononmurensHoro mpeamnonoxenus ||u — v|| = 1 caeayer,

uto ||u|| + |[v]| = 1. Toraa

sin a||v]] sin a||v|]

g0 = (B, . B, - cnalol)
¥ TakuM o6pa3oM
lle(u) — ()| = /(sin aflul] + sin a|[v[[)2 + (cos al[ul| - cos af[v])?

=+/2(1 —cosa) = 2sin% =6.

Jlemma moka3saHa.

A Tenepn mepeiiaeM K AOKa3aTelbCTBY caMoll TeopeMul.

Hycts 0 < § £ 2 u f: S® — R" — HenpepriBHOe oToGpaKeHue. Ha-
[0 IOKA3aTh, 9TO CYIIECTBYIOT TOUKM Z,y € S", ana xoropwix f(z) = f(y) u
lz — ol = 6.

Tiycts ' — ohAHa M3 caMEIX yAAJEHHBIX OT Hauaja TOYEK Ha MHOMECTBE
f(S™) m Q — Takas Touxa m3 S”, anA KoTopo f(Q2) = Q.

Uepes T 0603HauMM HEKOTOPBI 0TPe30K ¢ HawainoM ', KOTOPEI NMeeT
e AMHCTBEHHYIO 06myio Touky ¢ f(S™) — MOXHO B3ATh 8TOT OTPE3OK HA Jyye
0, KoTOpOH, CoriacHo ompeeNeHnio TOUKN (', He COIePKUT TOUEK U3 f(S™)
BHe oTpe3ka [0, ©'). Hycts h: T — T’ — romeomopdusm u h(0) = Q'

CornacHo jeMMe, MMeeTCA HelpephlBHOe oTobpakenne ¢ : D" — S™, nna
koToporo ¢(0) = Q u, kpome Toro, ecimu € D*, v € D*, 0 € [y, v], lu—v|| =1,
soraa [jp(u) - p(W)}] = 6.

[Moctponm orobpaxenue F : I'" — R" caexyromum ob6pazom:

_ [ h(w), ecmu €T,
Hu) = {f((p(u)), ecan u € D™,
Oro6paskenne F onpeseseno KoppekTHo, oTomy uto h(0Q) = ' = f(Q) =
f(¢(Q)). OueBnnno 10 0TOGpaXKEHUE HENPEPLIBHO.
Onpenenennoe orobpakenne F MMeeT u clelylollee CBOHCTBO:

eciu F(u) = Flv) n u # v, Torna u € D" uv € D".

IleficTBUTENLHO, JOMYCTUM, 4To Hanpumep v ¢ D", Ecimu u ¢ D", Toraa
F(u) = h(u), F(v) = h(v) u Tax kax h — romeomopdusm, To h(u) # h(v), uto
aBaserca nporuBopeuneM. Ecam u € D", toraa p(u) € S™ u cnenosareib-
Ho F(u) = f(p(u)) € f(S™), a ¢ mpyroit croponsr F(v) = h(v) € T", Tak uro
F(u) = F(v) € f(S*)NT’. Ho nepeceuenme f(S™)NT' cocToMT 13 €AMHCTBEHHON
touxu Q' M cnenosatensHo h(v) = ), UTo ABJIAETCA NPOTUBOPEYNEM, TOTOMY
yro ' = h(0), a v # 0.

IonosEuTenpHOE cBOlicTBO 0ToGpaxkeHus F Ioka3aHo.

CoraacHo TeopeMe O KHOTKe, HenpepbiBHoe oToGpaxenme F : I — R
CKJIeMBaeT HEKOTOPYIO Iapy ToueK u, v KHomku I Ha paccrosnum 1, yaos-
JEeTBOPAIOLIME K TOMY e chaexyiomee: ecan u € D® u v € D™, Torxa oTpe3ok
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(4, v] conepxut Havamo O. B mamem ciydae mociemHee BEIIOJNHEHO, IOTOMY
YTO, KaK MBI TOJbKO-4TO JAoKasamu, us F(u) = F(v) n u # v cienyer u € Dn,
ve D"

Honoxum ¢ = ¢p(u), y = ¢(v). PasencrBo F(u) = F(v) ¥ BrmMOYenns
u € D", v € D" pawor (cm. onpexnenenne otobpaxenua F) r € S*, y € §7,
f(z) = f(y). Kpome Toro, cornacuo nemMe, ||z — y|| = 6.

Teopema g0Ka3aHa.

3. JOKA3ATEJNBCTBO ONHOI'O OBOBHIEHUA TEOPEMEI 2

Byzem roBoputb, 4TO Mempuvneckoe npocmpancmeo (X, p) umeem mun
(8" — R"), ecom ana moboro §, 0 < 6 < diamX, u ana n0GOro Hempeps-
BHOro orobpaxenus f : X — R" cymecTByer xoTa 651 0JHa IIapa TOYEK Z, ¥,
s KoTophxX p(z,y) = 6 u f(z) = f(y). OueBunno n-mepHan chepa S™ umeer
vn (S™ — R™) (cM. Teopemy 1).

Teopema 2 sABAAEeTCA TPUMBMAIbLHLIM CIEICTBMEM M3 CiaeAylomerc Goee
ob11ero yTBepXICHUA:

Teopema 3. Ilycms mempuneckoe npocmpancmeo (X, p) umeem mun (S* —
R™) u 6 ydosaemeopsem nepasencmeam 0 < 6 £ diamX. Tozda Oax awbozo
noxpaimmud npocmpancmea X 3aMENymMuMU MHONCecmaamu Fy, Fo, ..., Foqy
natidemca maxad napa moxex T, y xomMopre codepncamcs 8 oOnuz u mer xce Fj.

HoxasateabcTBO. Yepes Ri‘,-"l, i€ {1,2,...,n+1}, obosnauum
MHOKECTBO BCeX TOYeK Z = (I1,Z3,...,Zn41) € R™ mua xoroprix z1 2 0,
23 20, ..., Zny1 2 0w 2; = 0. Jlerxko coobpa3uTsh, 4YTO NOAIPOCTPAHCTBO

n+1
P= R'ﬂ'l npoctpancrsa R**! romeomopduo npocrpanctay R". Onpene-
i=1

JMM HelpepriBHOe oToGpaskenue f: X — R™! cnenyomum obpazom:
pep p y p

f(z) = (p(z,Fl),p(Z, F2)7 i ',p(z»Fn+1))'

Lna mo6oro r umeerca ¢ ¢ p(x, F;) = 0, tax uro f(z) € P. Caenosatemsno f
SBJIS€TCSA HEMPEPRIBHLIM 0TOGpaXkeHreM npocTpaHcrBa X B mpocTpancTio R”
u Tak kak X mMeer tun (S" — R"), 10 cymectByer mapa Touex z, y u3 X,
ans xoTophix p(z,y) =& u f(z) = f(y). Hocnemnee paBeHcTBO 03HAYAET, UTO

p(z, F1) = p(y, F1), p(z, F2) = p(y, F2), ..., p(2, Fuy1) = p(y, Fat1).

Taxum obpasom p(z, F;) = 0 Torza u Toabko Toraa, koraa p(y, F;) = 0. Muo-
XeCTBO F; — 3aMKHYTO M 10STOMY pPaBEHCTBO p(z,F;) = 0 okBUBaJjIeHTHO
BKJIIOYeHMIO & € Fj.

OxoruaTespHO, CyMIECTBYIOT To4YKM £ M y M3 X, A KoTopsix p(x,y) = 6
nzekl; <= yeF,i€{l,2,...,n+1}. Teopema nokasana.
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O (3,4)-TPA®AX PAMCES BE3 9-KJIUK

HEIAJIKO HEHOB

Hedsano Henoe. O (3,4)-TPA®PAX PAMCES BE3 9-KJIMK

MuoxkecTBO M3 p BeplIMH rpada Ha3BIBAETCA P-KAMKOM, ecau niobue OBe M3 HUX
cMexHul. ['pad HasmBaeTca (3,4)-rpa¢om Pamces, ecnu B nioboli 2-packpacke ero pebep
eCTH ofuoONBeTHAR 3-KiIWKa l-oro neera, nubo onnouseTHan 4-Kimka 2-oro nmetra; 8 oboa-
HayaeT HaMMeHbllee HaATYPanbHOE YUCIIO N AJA KoToporo cymectsyeT (3,4)-rpad Pamcen
¢ n BepmnHaMu u 6e3 9-xknuk. B eToit pabore nokasmiBaeTcs, uto § = 14.

Nedjalko Nenov. ON THE (3,4)-RAMSEY GRAPHS WITHOUT 9-CLIQUES

A set of p verticles of a graph is called p-clique if any two of them are adjacent. The graph
is called (3,4)-Ramsey graph if for every 2-colouring of the edges there exists a monochromatic
3-clique of the 1-th colour, or a monochromatic 4-clique of the 2-th colour; § denotes the minimal
natural number n such that there is a (3,4)-Ramsey graph with n verticles and without 9-cliques.
In this paper it is proved that 8 = 14.

1. OCHOBHBIE IIOHATHUA N OBO3HAYEHUA

Hox rpadom 6yaem normmarh ynopsamouensyro napy G = (V(G), E(G)),
rae V(G) — xoHeuHoe MHOKeCTBO, a E(G) — HekoTopas COBKYNHOCTb 2-aile-
MEHTHBHIX MOJMHOXeCTB MHOxecTBa V((G). Diementsl MHokecTBa V(G) Has-
HIBalOTCA BepmMHamu rpada (G, a siementhl MHOkecTBa F(G) — pebpamu
rpada G. Ecmu vy, vs € V(G) u [v1, v3] € E(G) 6ynem roopuTh, 4T0 BepUIVHEI
V] M vy CMexHbl. MHoXecTBO BepmuMH v1,...,VUp € V(G) Ha3bBaerca p-Kim-
kot rpada G, ecim moGele IBe w3 HuX cMmexHbl. HauBonpmiee uwucio p, AlA
koToporo rpad G MMeeT p-KIMKY, Ha3bBAeTCA KIMKOBBIM YMCIOM rpada G u
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o6osnavaerca cl(G), Hononnenue rpada G obosnavaerca G. Hamomuum,uro
V(@) = V(G) u [w,vy] € E(G) <« [w,v] ¢ E(G). Muoxecrso Bepumn
V! € V(G) HasbiBaeTcH He3aBUCHMBIM MHOMXeCTBOM Bepiuud rpada G, ecau
mobule ABe ero pepiuMHnl HecMexHel, Haubouabliee 4uciao n, A1A KoToporo
rpad G MMeer n BepUIMH, COCTABJIAIIMX He3aBMCHMOE MHOMECTBO BepIuH,
HA3LIBAETCA YHCIOM HesaBucumocTy rpaga G u obosnavaerca o(G). fcwo,
uro a(G) = cI(G). Pasnoxenue

ViGy=WViu...uW,

Ha3EIBAETCA r-XPOMATUYECKUM pasioxenneM rpada G, ecim VNV, =B, i £ j
u moboe u3 mHOkecTB V;,1 £ 1 £ r, ABNIAETCA He3aBUCHUMEIM MHOKECTBOM Bep-
muH rpada G. Haumensinee HaTypasibHOE Ymucio r 4is KoToporo rpad G o6-
AajaeT r-XPOMAaTUUYECKUM DPA3J0KEHUEM HA3BIBAETCA XPOMATUUECKAM YICIOM
rpada G u obosnavaerca x(G).

Ipap Gi1 = (V(G:1),E(Gy)) unasmBaerca moarpagom rpada G, ecim
V(G:1) C V(G) n E(Gy) C E(G). Nycts v1,...,v, € V(G). Yepes (vy,...,v,)
obosnaumm noarpa¢ rpada G, MOPOKIAEHHBI MHOMKECTBOM BEDIUMH Vi, ...,
vy, T. €. Takoit moarpad G mus koroporo V(Gi) = {vi,...,vs} u [v5,v;] €
E(G1) f— [’U,',’Uj] € E(G)

IIpocTeiM uMKIOM AIMHEL n pada G Ha3pIBaeTCA yIOPALOUYEHHOE MHOXKeC-
TBO €ro BEepIMH vi,...,V, € V(G) Takoe, uro [v1,vs), [v2,v3], ..., [Un-1,Vn),
[vn,v1] € E(G) n obosnavaerca C,. Ecim |V(G)| = n u mobrie ase BepmuHbl
rpada G cMexHbl, Toraa G Ha3bIBAETCA IOJHEIM rpadoM C n BEPIIMHAMHU M
obosnavaerca K,. Yepea G —v, v € V(G), obosnauaerca noarpad, moiayda-
jommitca or G mocie yAalleHUsA ero Bepinuasl v. Jlna moboro moJAMHOMECTBa
V! C V(G) uepes Ad(V') 6ymem 0603HauaTh MHOMKECTBO BCeX BEPIIMH rpada
G, KOTOphle CMEXKHBI BCEM BepIIMHAM MOAMHOXeCTBa, V',

IIyctes Gy u Gy — 1aBa rpada 6es obmux Bepuua. Yepes G+ Gy 0603Ha-
uum rpad G, ansa kotoporo V(G) = V(G1)UV(G2) u E(G) = E(G1)UE(G2)UE’,
rae E' = {[v,v3] | v1 € V(G1), vz € V(G2)}.

2. @OPMYJIMPOBKA OCHOBHOI'O PE3YJBLTATA

Onpenenenne. Jlo6oe pasnoxenue E(G) = EyU Fy, F1NE; = O, Hasw-
BaeTcA 2-packpacxodl pebep epaga G.

Onpenenerne. I'pad G HasweBaerca (3,4)-zpagom Pamces, ecnu B mo6oik
2-packpacke E(G) = E1 U E; ero pebep aubo cymecrsyer 3-KiIMKa Bce peb-
pa KoTopoif nmpunaaxexar Fy, mbo cymecrsyer 4-KauKa Bce pebpa KOTopoH
npuHaiaexat Fy.

Cambim npocTeiM npumepoM (3, 4)-rpaga Pamces apaserca rpad Ko, [4].
W3 aroro caenyer, uro ecau cl(G) 2 9, Torna rpad G apaserca (3,4)-rpadom
Pamcea. Cymectpyior (3,4)-rpadn Pamces ¢ KIMKOBLIM UMCIOM MeHbINe 9.
Taknm asasgerca rpad K4+ Cs + Cs, 1], [2]. B [1] u [3] nokasano, uro ecan
G aBasercsa (3,4)-rpadom Pamcen u cl(G) < 9, Toraa |V(G)| 2 13.
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Yepes § obo3HAUMM HaMMeHbliee eCTECTBEHHOE UMC/IO 7, A KOTOPOTo
cymecrsyert (3,4)-rpa¢ Pamces G ¢ n Bepumnamu u cl(G) < 9. U3 cxasanno-
ro BHITeKaeT, uTo 13 £ # £ 14. B HacToAmel paboTe OOKaeM:

Teopema. [ycme G — zpad, |[V(G)| = 13 u cl(G) < 9. Tozda zpag G ne
seagemes (3,4)-zpagom Pamces.

W3 »Toit TeopeMu CieAyeT, 4YTO OKOH4YAaTeNbHo f§ = 14.

3. HEOBXOIMMBIE JIEMMBI

Jemma 1 ([5]). Ecau x(G) £ 8, mozda G ne seazemcs (3,4)-zpapom
Pamces.
Jlemma 2 (1], [3]). Hycme

V(G)=WViU...UV,

fAeagemes 9-rpomamuneckum pasaoxcenuem zpapa G, maxoe wmo cpedu nod-

Mmuoxmcecme Vi, 1 < i £9, moxcno subpamd mpu, obsedunense KOmMopsr no-

poxcdaem nodzpad 6es 3-xaux. Tozda G ne geazemcs (3,4)-2papom Pamces.
Jlemma 3 ({1}, [3]). Hycma

V(G)_—_Vlu...qu

Foagemes 9-IPOMAMUNECKUM PAZAONCENLEM, MAKOE MO CPedL NOJMNOHCECME
Vi, 1 £1 <9, Moxwno awbpams wemvipe, obsedunenue Komopsr nopoxcdaem
nodzpad 6ez 4-xaux. Tozda G ne seagemes (3,4)-zpagom Pamces.

OueBunHo deMMma 1 1 gemva 2 cAeAyIOT U3 AeMMBI 3.

Jlemma 4 ([1], [3]). Hycms [V(G)| £ 12 v I(G) < 9. To20a G ne seazemen
(3,4)-2pagom Pamces.

Jlemma 5. Ilycms IV(G)I 13 u c(G) < 9. Ecau zpap G umeem ne-
cMemcnbie eepuwunsl u 4 v maxue, ymo Ad(u) C Ad(v), mozda G ne geagemes
(8,4)-2pagom Pamces.

HoxkxasaTeasbctBo. Paccmorpmm noarpad G—u. Cormacuo neMme
4 sroT moarpa¢ He Apagerca (3,4)-rpagom Pamces, 1. e. cymectByer 2-pac-
kpacka E{UEY ero pebep Takas, 4To HeT 3-KIMK noxarpaga G—u Bce pebpa Ko-
Topoit npuHaanexar E} u Her 4-kiuMku Bce peGpa KoTopoi mpuHamiexar Ej.
HononuuM oTy 2-packpacky lo 2-packpacku E1UFE; peGep rpada G cienyio-
umM obpasom: ecau [u,w] € E(G), torza [u,w] € E; < [v,w] € E, i = 1,2,
a ocrajbHble pebpa packpameHsl Kak B moarpagde G — u. W3 [u,v] € E(G)
un Ad(u) C Ad(v) BuTekaer, uro B Ey U Ey Her 3-knukm Bce peGpa KoTopoi
npuHaiexar Ey u Her 4-kiauky Bce peGpa koTopoll npuHainexat Ei. Dto
o3Hayaer, 4To G He aABaserca (3,4)-rpadpom Pamces.

Jemma 6. Mycms [V(G)| = 10, cl(G) < 9 2 o(G) = 2. Tozda donoanenue
G 2paga G umeem daa pebpa bes obuuz sepwun.

HoxaszaTtennbcrBo. M3cl(G) <9 caenyer, uro B G ecTh ABe Hec-
MeKHBIE BEPIIMHE v U v3. Ecam cpeiu ocTalbHBIX BEPLIMH Vs, ..., V1o €CTh
ZIBe HECMEXKHBIE, TOTJA YTBEPXKIAeHNE NOKa3aHo. I109TOMY NpEIONOKUM, UTO
(vs,...,v10) = Ks. U3 cl(G) < 9 caenyer, uro v; HecMexHa HeKoTOpO# M3
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BEpIOMH v3, ..., V1p. Toxe camoe BepHo U aadA vy. M3 oG) = 2 crenyer, uro
¥i ¥ U HE CMEXHEI Pa3HLIM BepIIMHAM MHOKECTBa {v3,...,v10}. DTUM Jemma
OKa3aHa. .

Jemma 7. Ecau [V(G)| = 13, cl(G) < 9 v o(G) = 2, mozda donoanenue G
2paga G umeem wemuipe pebpa awbbie 08a U3 KOMOPHLT He UMEOM 06WUT Bepuiun.

OJoxaszateanbctso. CoraacHo iemMe 6 CyIIECTBYIOT BEPHIMHEL v,
ve,vs,v4 € V(G) Takue, uto [v1,v2) ¢ E(G) 1 [vs,v4] € E(G). OcTanbHble Bep-
mmHan rpada G obo3Haumm uepes vs, ..., viz. M3 cl(G) < 9 caenyer, uro
IBE U3 9TUX BepPIIMH HeCMeXHEl. 1lycTh Hampumep [vs,vs] € E(G). Homommm
T = {vr,...,v13}. Ecam B T ecTb HeCMeXHble BEPIIMHEI, TOTAA YTBEPMKie-
Hue noka3aHo. Tenepw mpemmonoxuM, uro (T) = K7. Ecmm vi € Ad(T) un
ve & Ad(T), torna ns oG) = 2 caeayet, 4To vy U V2 HECMEXHBI PA3HEIM Bep-
IIMHAM MHOMecTBa 1, 4To AOKa3hiBaeT yTBep:kIeHMe JemMbl. ClenoBatens-
HO, XOTH 6Bl OJHA M3 BepwiuH vy, vy npuHamiaexur Ad(T). Ilycts Hanpumep
vy € Ad(T). Y3 aHaMOornuHbIX COOOPaKEHUA MOKHO NPEIIONOKUTE €ellle, YTO
v3 € AA(T) u vs € Ad(T). Tak xak (T) = K7 n l(G) < 9, 10 {v1,vs,v5}
He3aBUCHMOE MHOXECTBO. DTo mpoTuBopeunt yciosmio «(G) = 2.

Jlemma 8. Ecav |V(G)| =13, c(G) <9 u o(G) 2 3, mozda G ne seagemes
(3,4)-2pagom Pamces.

HoxaszaTeabcTBo. Iycts {vi,vs,v3} He3aBUCHUMOE MHOXKECTBO
BepumH rpada G, a vy, ..., vz OCTajbHEIE BEPIIUHEI 8TOro e rpada. M3
c(G) < 9 caenyer a((vs,...,v13)) 2 2. PaceMmoTpum cieayiomue ABa ciyvad:

Cayua#t 1. a((vs,...,v13)) 2 3. B oToif cUTyaumy MOKHO PEAIIOINO-
HUTB, uTO {v4, Vs, U} HE3RBUCUMOE MHOKecTBO. Torza

(1) V(G) = {v1,vs,v3} U {va,vs,v6} U {v7} U... U {via}

ABngercA 9-XxpoMaTuueckuM pasnoskenueM rpada G. Ionowum T = {vr,...,
v13}. Ecam B T ecTh HecMexHble BeDIUMHBI, TOTJa IPYNIUDPYA HECMEKHBIE €r0
Bepmmnbl U3 (1) nmonyuaem 8-xpomatudeckoe pasioxenue rpada G. Cornac-
Ho nemme 1 G He aBaserca (3,4)-rpadpom Pamces. IIpennonoxum Teneps, uro
B T mobbie ABe BepmuHBI cMexkHble, T. €. (T) = K7. OaHa w3 BepmmH vy, v2,
v3 CMe)KHa BCEM BepIMHaM MHOXecTBa 1 (MHade MDYNNMPYA STU BEPUIMHBI C
HECMEXHBIMM UM BepluvHaMy MHoxkecTBa T 13 (1) monyuaem 8-xpomMaTudeckoe
pasnoxenue rpada G u coraacuo gemMe 1 G He asasercd (3, 4)-rpadom Pam-
ced. AHANOMUYHO CIeAyeT, YTO OJHA M3 BEPIIMH Vg4, Us, Us TOXKE CMEXKHA BCEM
pepiuuHaM MHoecTBa 1. CrellaHHble pacCy>XIeHUA Aal0T HaM MPaBo Ipel-
N0JI0XkuTh, uTo v; € Ad(T) u vs € Ad(T). Tax xak (T) = K7 u cl(G) < 9, 10
[v1,v4] € E(G). Ecau [v1,v5] € E(G) u [v1,ve] & E(G), Torma Ad(vi) C Ad(vs).
Ecau [ve,vs] € E(G) u [vs,v4) € E(G), Torma Ad(vs) C Ad(v1). B aTom 1 B
JIpYToM ciydae, coriacHo jemme 5, G He asaserca (3,4)-rpadom Pamcea. ¥
Tak, MMeeM NpaBo MpeANoJOKNTE, uto (v1,vs) € E(G) u [vg,vs] € E(G). Us
(G) < 9 u (T) = K7 cneayer vy € Ad(T) n vs ¢ Ad(T). aa Bepmmn vy U s
[pPeACTABJAIOTCA CleAyouye ABe BO3MOMKHOCTH!

Moancnyua# l.a. B T Her BepmuHBEI HeCMEXHOH ONHOBPEMEHHO Uy
M vs. DBe3 orpaEndenus oBIHOCTH MOXHO NPEANONO¥UTS [vg,v7] € E(G),
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[vs,v7] € E(G) u [vs,v3] € E(G), [v2,vs] € E(G). Ecau [vg,v7] € E(G) ror-
na Ad(vs) C Ad(vr), a ecim [vs,v3] € E(G), o Ad(vs) C Ad(vs). B ToM n
B IpPYroM ciydae, corjacHo jgemme 5, G He apagerca (3,4)-rpadom Pamces.
CrenoBaTenbHO, MOYXKHO IIPeAIIONIONRUTE, UTo [vs,v7] € E(G) u [vs,vs] € E(G).
Ho u3 aTOro BhITEKAET, UTO IIEPBBIE YETHIPE NOAMHOMKECTBA 9-XpPOMATHUECKOTO
pasnoxennsa (1) nmopoxnmaror moarpad 6es 4-xmuk. Coraacao gemme 3 G He
apagerca (3, 4)-rpadom Pamcest.

IMomcnyuait 1.6. B T ecIr BeplnMHa HecMeXHafl vy M vs. IlycTs
Hanpumep [v2,v7] € E(G) n [vs,v7] € E(G). Ina nap [vs,v7] u [vg, v7] npenc-
TaBAAIOTCA CAEAYIOIME BO3MOXKHOCTHU:

I [vs,v7] & E(G) w [vs,v7] & E(G). B oT0il cuTyalu nepsule TPH 10 AMHO-
#ecTBa pasnoxeHua (1) nopomxnarot moarpad Ges 3-kmuk. CormacHo JTemme
2 G ne sBanserca (3,4)-rpadom Pamces.

II. Onna "3 BepumMH vz, vg CMEXHA BepIUMHE V7, & Apyrasd — HeT. IlycThb
HampuMep [vg, v7] € E(G) u [vs,v7] € E(G). Ecau ve HecMexHa HekoTopoil u3
BEpIIVH vg, ..., V13, HANpUMep [vs, vs] € E(G), Torna neparuie yeTspe I0IMHO-
#ecTBa 9-xpoMaTudeckoro pasioxenud (1) mopoxnaiot noarpad 6es 4-Kauk
u cornacHo gemme 3 G He asasgerca (3,4)-rpadom Pamcea. B nporusrom cay-
vae vs € Ad(T). U3 (T) = K7 u cl(G) < 9 Britekaer vy, vs] € E(G). Ho Toraa
nepBble TPY HOJMHOXKeCTBa 9-xpoMaTudeckoro pasiokenus (1) nopoxamaior
noarpad 6es 3-kamk. CormacHo ademme 2 rpad G He apasercs (3,4)-rpadom
Pamces.

I {v3,v7] € E(G) n [ve,v7] € E(G). Ecau vs ¥ vg HECMEKHBI OJHOBpE-
MEHHO HEKOTODOI M3 BEpILIMH Vg, ..., U13, HAIPUMED Ug, TOT A IepBLIE YeTHl-
pe MoAMHOMecTBa 9-XpoMaTUdecKoro pasnoxeHud (1) mopoxmaror moarpad
6es 4-kmmx. Coraacuo nemme 3 G He saBaserca (3,4)-rpadom Pamces. Ec-
Y V3 ¥ Vg HECMEXHB! Pa3HLIM BepIIMHAM MHOMKeECTBA Vg, ..., U3, HallpUMeEp
[vs,v8] € E(G) u [ve,v9] € E(G) Toraa m3 pasnoxenue (1) nomydaem HoBOe
9-xpoMaTUYECKOEe Pa3IOKEHNE

{v1,v2} U {v4,‘v5} U{vr} U {vs,vs} U {vs, 09} U...

B KOTOPOM IlepBBI€ TPH MOAMHOMKECTBA MOPOXKIAIOT Noarpad Ge3 3-kauk. Cor-
nacHo nemme 2 G He sBasierca (3,4)-rpadom Pamcea. Ecam oana uz Bep-
W¥H v3, ve npuHagiexut Ad(T), a apyras — Het, Hanpumep vg € Ad(T) u
[vs,vs] € E(G), Toraa n3 pasaoxenus (1) monydyaem HoBoe 9-XpoMaTUUECKoe
pa3siioxKeHre

{1)1, vz} U {v4, Us, vs} U {127} U {v3, 'Us} U...
W3 vs € Ad(T) u cl(G) < 9 BoITeKaET [v1, V6] € E(G) 1 3HauuT nepBble TPU MO X-
MHOMECTBa 9TOIr0 J-XPOMATHYECKOIO DA3NOMEHMA NOPOKIAAOT moarpad Bes
3-kmmk. Cornacho nemme 2 G He sBisercs (3,4)-rpagom Pamces. Octaerca
paccMoTpeTh CHTyauuio Korna vs,ve € Ad(T). Us cl(G) < 9 u (T) = K7 cae-
nyer, uTo {v1,v3,v4,v6} — He3zaBUCHMMOe MHOecTBo. Ho Torza, mepsbie Tpu
HOAMHOMXECTBa pa3noennda (1) mopomxaator moarpad 6es 3-rkamk. CoriacHo
aemme 2 G He siBaAerca (3,4)-rpadom Pamces. .
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Canyuatr 2. af{vs,...,v13)) = 2. Cornacro nemMe 6, MOKHO Ipexmo-
JOXKUTB, uTO [v4, v5) & E(G) u [ve, v7] € E(G). Torna

(2) V(G) = {v1,v2,v3} U {vg,vs} U {ve,v7} U {vs}...U{vi3}

ABIAeTCA 9-XpoMaTHduecKuM pasinoxenueM rpada G. Iomowum T = {vg,...,
v13}. Eciu B T ecTh XBe HeCMeXXHble BEPIIMHEL, TOla IPYNNMPYA 9TH ABeE Bep-
mmHkL, U3 (2) monydaem 8-xpomaTudeckoe pasioxenre. CormacHo jiemme 1 G
He aBaserca (3,4)-rpadom Pamcen. [oaTomy npeamonoxum, 410 (T) = Kg.
XoTs 68 onHa M3 BEDIINH Vi, Uz, U3 CMEXHA BCEM BepillMHaM MHOMecTBa T'
(MHaue rPYNIMPYA V1, V2, Us C HECMEKHBIMM UM BepIIMHaMK MHOXecTBa T' mo-
JTyunM 8-XpoMaTHYeCKOe Pa3jioxeHue rpada G). U3 anajorumdvHEIX Paccyx-
ZleHuii BLITEKaeT, YTO XOTH BBl OJHA U3 BEPIUMH vs, vs npuHaznexuT Ad(T) u
YTO XOTA 6Bl OXHA M3 BepIMH vg, vy npunagnexnt Ad(T). DIu paccyxienus
MAJOT HaM TIpaBo NMpeanonoxuts, uto v; € Ad(T), vq € Ad(T), vs € Ad(T). U3
d(G) < 9 u (T) = K¢ cneayer, uto (v1,v4, V) He ABJIAETCH 3-KIMKOH.

MMoxcnyua# 2.a. BT ecrs BepmMHa, HANIPUMED Vg, KOTOPAA HECMENK-
Ha BepIIMHAM vs U v7. JlaA BepMH vz ¥ U3 €CTb CJENYIOLINE BO3MOKHOCTH!

L [vg,vs] € E(G) u [v3,vs] € E(G). Tax xax (v1, vs, vg) He ABNAETCA 3-KIIM-
KOM, TO B ®TOM CHUTyalMu IepBhle YeTHIpe TOJMHOXKECTBa 9-XpOMATHUUECKOTO
pasnoxenns (2) nopoxznaior noarpad 6es 4-xiuk. CorinacHo nemme 3 G He
apaserca (3,4)-rpadpom Pamces.

1. Oxna U3 BEPUIMH vo, Vs CMeXHa BepimHe vg a apyras -— Het. Ilycrs
Hampumep [vz, vs] € E(G) v [vs, vs] € E(G). Ecim BepumHa vz HECMEXHA HEKO-
TOpoi M3 BEpUMH Vg, ..., V13, HapuMep [vs, vo] & E(G), Toraa us (2) moay-
yaeM HOBoe 9-XpOMAaTHYECKOe Pa3jioxeHne

{v1,v2} U {va,vs} U{vs,v7} U {vs} U{vs, ve}...

B KOTODOM HepBbie UeTblpe MOAMHOMeCTBa MOPOXKIAIOT noarpad 6e3 4-KiMk.
Cornacro nemve 3 G He apagerca (3,4)-rpagom Pamcen. Ecau vz € Ad(T)
roraa u3z cl(G) < 9 u (T) = Kg BhITEKaeT, 4To {v1,vs3,vs, U6} HE COmEPKUT
3-KAMK. DTo 03HAYaeT, YTO HepBEle YeThipe MOJMHOXKeCTBa pa3ioxenusn (2)
nopoxkaaroT moarpad 6es 4-kmuk. Cormacho nemme 3 G He spaserca (3,4)-
rpadom Pamces.

III. BepmmHa vg CMeXHa BepmmMHaM vz ¥ vz. Ecam vy € Ad(T) m vs €
Ad(T), torma u3s (T) = Ke u cl(G) < 9 crenyer, uro (v1,va,v3, V4, Vg) HE CO-
HDEPIKUT 3-KJIMK ¥ 3HAUUT, MepBhle YeTblpe MOAMHOMKECTBa pasioxenus (2)
nopoxaator moarpad Ges 4-xamk. Cornacho nemme 3 G He apasercs (3,4)-
rpadom Pamces. Ecmu vy € Ad(T), vs ¢ Ad(T) n sanpumep [vs,v9] & E(G),
TorAa U3 pasioxenud (2) moayduaem HOBoe 9-XPOMATHUYECKOE PA3JIOKEHHE

{1)1,’02} U {1)4, ’U5} U {va, v7} U {vs} U {v3, vg} e

B KOTODOM MepBBIE€ YETHIpe [0AMHOMXKECTBA MOPOKAAIOT NoArpad 6e3 4-KiukK,
rak Kak u3 cl(G) < 9 u (T) = K¢ cuenyer, uro {vi,vs, v, Vs} HE COLECPHUT
3-knuk. Ecau vy ¢ Ad(T) n vs ¢ Ad(T), Toraa rpynnmmpya »TH BEPIIMHEHL C
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HEeCMEeXHBIMU MM BepIIMHAM MHOXecTBa {vp,...,v1s} U3 (2) monyuaem HoBoe
9-xpOMaTHUECKOE Pa3iIoKeHue

{v1} U {vs,v5} U {vs,v7} U {vs}U...

B KOTOPOM I[I€pBhle YeTHIpE ITOAMHOMKECTBA MOPOKAAIOT NoArpad 6e3 4-kiauk.
Cornacuo nemme 3 G He apaserca (3,4)-rpadom Pamces.

Honcanyuait 2.6. BepmMHHE vs ¥ v7; HECMEKHH Da3HbIM BepLIMHAM
muoxecTBa T'. IlycTte nanpumep [vs,vs) € E(G) un [vr,v5] ¢ E(G). Mox-
HO [pPeJMONIOKUTD, uTo [v5,v9] € E(G) u [vr,vs] € E(G) (vnaue momazaem B
ycnoBuAx moAciydad 2.a.). Ecau [vs,vs] € E(G), Torma {vs,vs,vs,v7,vs, vg}
HE CONEPKHUT 4-KIMK, T. e. 9-XpOMAaTUUECKOE Pa3JIOHKEHHE (2) ymosaerBopser
yciaoBuaM nemMel 3 u 3naunt G He aBaserca (3,4)-rpagom Pamcesn. IIpen-
moyioxmuM, 4TO [vs,vs] € E(G). 3Bamerum, uro smbo [vi,vs] ¢ E(G), nmbo
[v1,v4] € E(G) (unave cl(G) 2 9). Bes orpanuyenns oBIHOCTI MOKHO Hpe-
HOJIOMUTH, YTO [v1,v4] ¢ E(G). Ilns BepIMH vy ¥ v3 NPEACTABIAIOTCA CIELY-
IOIME BO3MOXKHOCTH:

L. [v2,vs] € E(G) n [vs,vs] € E(G). Bepmmna vg BMecTe ¢ nepBbIMMA ABY-
M IO IMHOKECTBAMU 9-XPOMATHYECKOTO Pa3JiokeHus (2) nopoxaaer noarpad
6e3 3-xauk. Cornacho nemme 2 G He sBiaerca (3,4)-rpadom Pamces.

II. Onna u3 Bepmmn vy, vz CMeXKHa BepIUMHe vg, a Apyras — HeT. IlycTh
Hanpumep [v2, vg] € E(G) u [v3,vs] € E(G). Ecin v3 HecMexHa HEKOTOpoH Bep-
WMHe MHOXKeCTBa {vy, ..., v13}, TOrAa IPYNNMPYHA v3 C HECMEXHOM eif BepmMHe
®TOr0 MHOMXECTBa U3 (2) moay4aeM HOBoe 9-XpOMaTUUYECKOe Pa3iiodKeHMne

{v1,v2} U {vs, 05} U {vg,v7} U {vs}U...

B KOTOPOM (V1 ¥2, Vg, Us, Us) He COLEPKUT 3-KJIMK M COrIacHO demme 2 G He AB-
asierca (3,4)-rpadpom Pamces. Eciu vs € Ad(T), Toraa mmbo [vs,v4] ¢ E(G),
mu6o [vs, ve] ¢ E(G) (unaue cl(G) 2 9). Mpeanonomnm, uto [vs, vs] ¢ E(G). B
®TOM CHTyallly BePIIMHA U3 C IEPBRIMM ABYMJ 10AMHOMECTBAMHU Pa3JIOKEeHNUA
(2) nopoxaaer noarpad 6es 3-kmuk. Corsacko aemme 2 G He ABAsETCA (3,4)-
rpapom Pamcesn. Ecmu [v3,vs] ¢ E(G), Torma us pasioxenna (2) nomydaem
HOBOe J-XPOMATHYECKOE Pa3jIoKeHHe

{v1,v2} U {va,vs} U {vs} U {v3, ve} U {vr,v9}U. ..

B KOTOPOM M€pPBEIE TPH II0AMHOMKECTBA [I0OPOKAAIOT HoArpad Ge3 3-kmk. Cor-
nacHo jemMme 2 G ne apasercs (3,4)-rpagom Pamces.

IIL [v2,v8] € E(G) u [v3,vs] € E(G). Ouesuano B aToM ciyuae Ad(vs) C
Ad(vs) u cornacno nemme 5 G He aBagercsa (3,4)-rpadom Pamces.

Hoacnywdwait 2.8. Onna M3 BepuUMH v5, vy [PUHALIEKUT Ad(T), a
apyraa — uet. Ilycrs nanpumep vz € Ad(T) u [vs,vs) € E(G). U3 cl(G) < 9 m
(T) = K¢ caenyer, uro (v1,v4, ve, v7) He conepwur 3-kmmux. Ecim [v, vg] € E(G)
u [v3,v8] € E(G), tToraa Ad(vs) C Ad(vs) u corieco semme 5 G ne spisercs
(3,4)-rpagom Pamcesn. IMosToMy mpeamomosum, uro [vs,vs) ¢ E(G). Ecmu
eme [v3,vs] ¢ E(G), Toraa mepBble YeThipe IOAMHOMECTBA Pa3iioKEHUA (2)
nopoxpaioT noarpad 6es 4-xnuk (MHaye (vq,vs, Vg, v7) COAECPHKUT 3-KINKY U
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creayer cl{(G) 2 9). Coraacno nemme 3 G He aBnserca (3,4)-rpadpom Pawm-
cea. Ecmu [v3,vs] € E(G) u v ¢ Ad(T), nanpumep [vs, vs] € E(G), Toraa us
(2) mosyyaeM HOBoe 9-XPOMATHUECKOE PA3JIOKEHHE

{1)1, vg} U {U4, 1)5} U {Us, 1)7} U {Us} U {113, Ug} U...

B KOTOPOM I€PBLIE YeTHIpE I10AMHOKECTBA MOPOXIAOT noarpad Ge3 4-KiIuK.
Cornacho memme 3 G ne apaserca (3,4)-rpadpom Pamcen. Ecau vz € Ad(T)
rorza u3 cl(G) < 9 u (T) = Kg caenyer, uro {vi,vs, vs, Vs, 7} He COLEPHUT
3-kaMk. DTo 03HaYAET, YTO HEPBHIE YeThIPE IIOAMHOMKECTBA Pa3iloKeHuA (2)
nopoxaaioT noarpad 6es 4-xauk. Cornacuo semme 3 G He asaserca (3,4)-
rpadom Pamces.

Hoacanyuait 2.r. vs € Ad(T) u vz € Ad(T). Ecam vy ¢ Ad(T) u Han-
pumep [vs, vs] € E(G), Toraa Ad(ve) C Ad(vs) 1 cornacso gemme 5 G He ABISA-
erca (3,4)-rpadom Pamcea. CrefoBaTeNbHO MOXKHO NPEAIONIONATb, UTO Uy €
Ad(T). W3 aHaIOrM4YHBIX COOGPOMKEHMI MOKHO IPEANOIONKUTh €Ile UTO vz €
Ad(T). U3 c(G) < 9 u {T) = K¢ caenyer, uto noarpad (vi, va, v3, 4, Us, Vs, U7)
He CONEPKUT 3-KAMK. DTO O3HA4aeT, 4TO pasiokeHue (2) yZoBIeTBOpAET
yciaoBuAM jeMMH 2 u 3HauutT G He aBaserca (3,4)-rpadom Pamces.

4. IOKA3ATEJIBCTBO TEOPEMDI

Cornacno nemme 8 umeem a(G) = 2. Hycts V(G) = {v1,...,v13}. Cor-
nacHO JeMMe 7 MOMKHO HPEANOJOXHUTh, uTo [v1,vs] & E(G), [vs,vs] € E(G),

[vs, ve] € E(G), [vr,vs] ¢ E(G). Toraa
(3) {Ul,vz} U {1)3, v4} U {Us, 1)6} U {1)7, ’Ug} U {Ug} u...u {1)13}

apafAeTcA 9-XxpoMaTudeckuM pasioxkenumeM rpada G. Momxoxum T = {vy,...,
viz}. Ecam (T) # Ks, Toraa rpynnmpys IBe HECMEXHbIe BEPUIMHbI MHOMEC-
tBa T u3 (3) moayuaem 8-xpomaTudeckoe pasioxenue rpada G. CornacHo
aemme 1 G ne spaserca (3,4)-rpadom Pamces. IlosTomy mpennosoxam, 9To
(T) = K5. Eciim vy ¢ Ad(T) u v2 ¢ Ad(T), Toraa rpynnupys BepLUIMHBI U] U U2
€ HECMEXKHBIMM MM BepmmHamut MHaxkecTBa T u3 (3) monydyaem 8-xpomarmyec-
Koe paayowenue rpada G u cormacHo semme 1 oH He sBngercsa (3, 4)-rpadom
Pamces. IlosTomy npeanonoxum, uro v; € Ad(T). U3 anamoruussix coobpa-
*KeHUI MoxKHO npemmonoxuts eme vz € Ad(T), vs € Ad(T), vr € Ad(T). daa
BEDIUIMH V2, ¥4, Us, Us BO3HUKAIOT CIEAYIOIIUE BO3MOMXKHOCTH:

Cayuait 1. vg,vs4,v5,v8 € Ad(T). B aroM cayuae u3 cl(G) < 9 u
(T) = Ks Burrexaer, uto (vi,vs,...,Us) He COMEPKUT 4-KIMK. DTO o3Hava-
eT, uTo pasijioxkeHue (3) ydoBieTBOpAET YCIOBMAM JeMMbl 3 u 3HaunT G He
aBasercs (3,4)-rpadom Pamces.

Canyuait 2. Tpu us Bepums vy, va, Vs, vsg uUpunamiexar Ad(T), a uer-
BepTad — HeT. IlycTh HampuMep vy, vg,vs € Ad(T) u [v2,v9] € E(G). B s1oM
cayvyae Ad(vy) C Ad(ve) m corsacuo nemme 5 G He aBasgerca (3,4)-rpadom
Pamces.
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Cnyuait 3. JIrobas U3 BepUIUH vy, V4, Vs, Us He npuHamuexur Ad(T).
Uz (@) < 9 u (T) = K5 cnenyer, uro {vq,vs, vs, v7} He ABAAETCA 4-KIMKOM.
Be3 orpanuuenus oBmHOCTE MOMXKHO IPERHOIONKUAT, 4T0 [v1,v3]) € E(G). Ecim
BEDILMHEI U3 Y V4 HECMEXKHBI 0AHOM U TOM e BepIIMHE MHOKeCTBa 1', Hapumep
BEePIIMHE vg, TOrAa noarpad {vy, va, vs, va, V) He COMEPKUT 3-KIMK U DA3NOKeE-
Hue (3) ynosaetBopseT ycaoBuaM jgemmsel 2. CitenoBatenbao G He ABAAETCA
(3,4)-rpadom Pamces. Ecau BEDUIMHEI ¥y U v4 HECMEKHE] PA3HEIM BePIIMHAM
MHOecTBa T', Hanpumep [ve,ve] € E(G) u [vs,v10] € E(G), Torma noarpad
(v1,v2, v3, V4, Vg, V10) HE COMEPHUT 4-KJIMK M 3HAUUT pasioxenue (3) yaoBier-
BopsieT yciaobuaM demMmsi 3. Cuaenosareasno G He asaserca (3,4)-rpadom
Pamces.

Caywuait 4. PoBHO TpU M3 BEDIIMH Vg, V4, Vg, Vs HE HPUHAILIEKAT
Ad(T). Hycts nanpumep vg € Ad(T) u vz, v4,vs &€ Ad(T) . Ipeanonoxum, 410
[vi,v3) € E(G). Eciu vy u v4 HECMEXHEI OJHOM M TOM >Ke BepIIMHE MHOMec-
tBa T, HanpuMmep [va,vg] ¢ E(G) u [va,ve] € E(G) Torma (vy,vs, v, v4, ve) HE
comeput 3-kIMK. Pa3snoxenue (3) yaoBieTBOpAET YCIOBUAM JEMMEI 2 U 3Ha-
unt G He aBasercs (3,4)-rpadpom Pamcesa. Eciu vy ¥ v4 HeCMeXKHBI Pa3HBIM
BepINMHAM MHOKecTBa 1, Hanpumep [ve,vs] € E(G) u [vs4,vi0] € E(G), Toraa
(v1,v2, vs, Vg, Vg, V10) HE COAEPMUT 4-KIKK, T. €. pasioxenue (3) yAoBIeTBODA-
er memmut 3. CnegoBartensto G He sBierca (3,4)-rpadgom Pamces. U tak,
MEl JOKa3aJju, 4ro [vi,v3] € E(G). AHamornuyueIM o6pa3oM HOKa3bIBaeTCH,
uro {v1,vs5] € E(G) u [vs,vs] € E(G). U3 cl(G) < 9 u (T) = K5 BriTexaer, uto
v7 & Ad(v1,v3,v5) 1 vz € Ad(vi,vs,v5). BepimHe v7; ¥ vg HECMEKHBI Pa3HBIM
BepumHaM 3-KiaukM {v1,vs, vs}, Tak Kak uHade o(G) 2 3. Bes orpanudeHus
OBIIHOCTY MOMKHO TPEMIIONOKUTE, YTo [v1,v7] € E(G) u [vs,vs] & E(G). Ec-
M ¥z M U4 HECMEXHEI OLHOM M TOM ke BepumHe MHOMKecTBa 1, HalpuMep
[ve,v9) € E(G) u [v4,v5] & E(G) Toraa (vi,vq,vs,va, v7, Vs, Ug) HE COREPHUT 4-
KIMK U pa3noxkeHue (3) yxoBiaerBopsieT yciopuam nemmbl 3. CienoBaTenbHo
G ue sasiaerca (3,4)-rpadom Pamces. Ecam vz U v4 HECMe>KHBI Pa3HBIM Bep-
muHaM MHOXecTBa T, Hanpumep [va,vg] € E(G) u [va,v10] € E(G), Torma n3
(3) monyuaem crexywoiiee 8-XpoMaTUUECKOE PA3JIOMKEHUE

{v1,v7} U {vs, v8} U {v2,v9} U {va, v10} U {vs, vs} U {v11} U {v12} U {v13}

Cormacao nemve 1 G se saBasaerca (3,4)-rpadom Pamces.

Cnyuait 5. Ilse u3 BepmmH vy, v4, ve, vs npuaamiexar Ad(T), a apy-
rue aBe — HeT. Ilycrs Hampumep vs € Ad(T), vs € Ad(T) m vy ¢ Ad(T),
vy ¢ Ad(T). B sroit curyammm u3 c(G) < 9 u (T) = Ks caenyer, uro
(v1,v3,v5, v, v7,v8) He comepxuT 4-kauk. IloxaxkeM, UTO M3 BTOTO CleERYeT,
YTO BEPIIMHBI ¥ U ¥4 HECMEXKHBI OJHOM U Toli e BepuinHe MHo>kecTBa 1. Io-
IyCTHM, YTO TO HEBEPHO ¥ IyCTb Hampumep [v2,v9] & E(G) u [vs, vi0] € E(G).
Torna u3 (3) nonydaem HoBoe 9-XpoMaTUUECKOE Pa3JIOMKEHNE

{v1} U {v3} U {vs, v6} U {v7,vs} U {v2,vs} U{vg,v10}U...

B KOTODOM NepBEI€ YeThIpe [0JMHOMECTBA IOPOXAAIOT Noarpad Ge3 4-KamK.
Cornacro nemme 3 G me sBaserca (3,4)-rpapom Pamcesa. Wrak, MoxHO
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IPeaNnoIokNUTh, UTo [vg,vs] € E(G) u [vg,v9] € E(G). W3 etoro cnenyer,
uto cl((v1,vs, vs,vs,v9)) = 4 (MHaue pasnoxkenue (3) yloBaeTBopAeT ycJo-
BUAM JeMMHl 3). DTo o3Hauyaer, yro aubo {vy,vs, vs}, MUbO {v1,v3,v¢} aB-
naerca 3-kaukodt. bBes orpaHuuenua oGIIHOCTH MOMXHO NPEANONOKKUThL, YTO
{v1, v3, vs} sABAAETCA 3-KiIMKOH. VI3 aHAOTMUHEIX COOBparkeHMi MOXHO npen-
IOJIOXKUTH, 4uTo {v1,¥3,v7} Toe sABadercA 3-kiaukod rpadpa G. Ho rtoraa
[vs,v7] ¢ E(G), Tak kak vHade BepWIWHH v;, v3, vs, V7 BMecTe ¢ T cocTas-
aaoT 9-kauky rpada G, uro nporuBopeunt yciaosuio cl(G) < 9. M3 a(G) =2
cnenyer [vs,vs] € E(G) u [ve,v7] € E(G). Tax xax {v1,vs, Vs, v7} He aBasercs
4-xnuko#t (nave cl(G) 2 9), o mubo [vy, ve] € E(G), 1mbo [vs, vs] € E(G). Bes
OrPaHMUEHUA OGIMHOCTH MOYKHO NPEAoNOXUTh, 410 [v1, ve] € E(G). Muoxec-
TBO {v1,v3,vs,v3} Toxe He sBisercs 4-kaukoi (nHaue cl(G) 2 9). U3 aroro
crenyet, 9ro [v1,vs] € E(G), nubo [vs, vs] ¢ E(G). Ecau [v1, vs] € E(G), Toraa
noarpad (v, va, Us, Vs, V7, Us, Ug) He CONEPHUT 4-KIMK ¥ 3HAYUT 9-XpoMaTUdec-
Koe pasnoxeHue (3) yAOBIETBOPAET ycaoBUaM gemmul 3. U Tak, MOXHO npel-
HOJIOXKUTE, 4To [vs,vs] € E(G). W3 clenamHbIX pasCy»kIeHuil BRITEKaeT, 4TO
v1, V2, Ug, U4, U3, Us, U7, Us, Vg, Uy ABJIAETCA IPOCTHIM LUMKIOM B AOIOJHEHHH
G rpada G. Dtum mokaszano, uto G C K4 + Cy. Ocranocs [I0Ka3aTh, UTO
K4+ Co ne asnaerca (3,4)-rpadom Pamces.

Honoxum V(Cy) = {v1,vs,...,v9} 1 V(Ks) = {wy, wz, w3, wy}. Paccmor-
puM ciexyomyio 2-packpacky pebep rpada K4 + Co: pebpo [v;,v;] € Ei,
ecau Ha puc. 1 oHO myHKIHMpHOE ¥ {v;,v;] € E2 — ecam ono mioTHoe; pebpo
[wi,wj] € E1, eciu Ha puc. 2 OHO NMyHKIMPHoe U [wi,w;] € E2 — ecim oHo
IJIOTHOE; pacKpammBanue pebep [v;,w;], 1 = 1,2,...,9, j = 1,2,3,4 3anaetca

Wy ws
N ’
~ 7
~ P
~ 7
P
Vd ~
I'd ~
ld ~
7 \\
w1 W2
Puc. 1 Puc. 2
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NPy noMomwM cielyiomeit MaTpuubl A = (aij):
11112 2 2 2 2
a-l1 12222112
-12 2 2 2 1 111 2
2 21111 2 2 2

ecau a;; = 1, Toraa [vi, w;] € Ey, a ecim a5 = 2, TOr K {vi,w;] € E2. B mo-

nyJdeHHoH# 2-packpacke Ej U Ey peGep rpada Ky + Cy HeT 3-kiauku Bce pebpa

KoTopoil npunamiexar E; u HeT 4-KJIuKA BCe pebpa KOTOPOl MpHMHaAIEKAT

E2. D1uM pokasano, uro rpad Ky + Cy se saserca (3,4)-rpadom Pamces.
Teopema noxaszana.
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Ilanxo [enves, Kepone Yaxspsn. PAKTOPUIAUUY I'PYHI TUNIA JIN JIMEBCKOI'O
PAHTA 3 HAL [IOJIAMU U3 IABYX UJIM TPEX 2JIEMEHTOB

Hoka3an cneayiommii pesynbTaT.

Ilycte G — rpynna tuna Jlu nuesckoro pakra 3 Hal monem U3 OBYX MU TpeX oJe-
merToB. [Ipenmonoxkum, uto G = AB, rae A u B — cobcrBennnie HeabesieBole NPOCTHIE
noarpynnk . Toraa MmeeT MecTo OAHO M3 CJIENY IOILUX:

1) G = L4(2), A ™ L3(2), B Ag namn Az;

2) G = L4(3), A = L3(3), B & S,(3);

3) G =56(2), A L4(2), B2 L,(8), nnnm A 2 Uy(2), B Ly(8) mam Us(3);

4) G = Us(?), A U5(2), B > 55(2), U4(3) nnv M22;

5) G =Ug(3), A 2 Us(3), B = S6(3);

6) G= 07(3), A L4(3), B U3(3), GQ(S), 56(2) Unn Ag, unn A G2(3), B> 54(3),
Se(2) mnm Ag.

Tsanko Gentchev, Kerope Tchakerian. FACTORIZATIONS OF THE GROUPS OF LIE TYPE
OF LIE RANK THREE OVER FIELDS OF 2 OR 3 ELEMENTS

The following result is proved.

Let G be a group of Lie type of Lie rank three over a field of 2 or 3 elements. Suppose that
G = AB, where A, B are proper non-Abelian simple subgroups of G. Then one of the following
holds:

1) G = L4(2), A2 L3(2), B X Ag or Ay;

2) G = L4(3), A Ls3(3), B = 5,(3);

3) G = 55(2), A 2 Ly(2), B Ly(8), or A2 Uy(2), B Lp(8) or Us(3);

4) G =Us(2), A 2 Us(2), B = Ss(2), Us(3) or May;

5) G =Ugs(3), A > Us(3), B = Sg(3);

6) G = 07(3), A = L4(3), B 2 U3(3), G2(3), S¢(2) or Ay, or 4 G2(3), B & 54(3), S6(2)
or Ag.
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1. INTRODUCTION

The factorizations (into the product of two simple groups) of all finite groups
of Lie type of Lie rank one or two are known (see [3]). In this paper we prove the
following

Theorem. Let G be a (finite, simple) group of Lie type of Lie rank three
over a field of 2 or 3 elements. Suppose that ¢ = AB, where A, B are proper
non-Abelian simple subgroups of G. Then one of the following holds:

G = L4(2), A= L3(2), B = Ag or Ay

2) G = L4(3), A= L3(3), B= 54(3),

3) G = S6(2), A= L4(2), B = Ly(8), or A= Us(2), B = Ly(8) or Us(3);

4) G = Us(2), A= Us(2), B = Se(2), Us(3) or May;

5) G = U6(3), A= U5(3), B= 56(3);

6) G = 07(3), A = L4(3), B = Us(3), G2(3), Ss(2) or Ag, or A = (G,(3),
B = 54(3), 56(2) or Ag.

Our notation is standard (see [2]).

2. PROOFS

The groups of Lie type of Lie rank three over a field of 2 or 3 elements are
L4(2)7 L4(3)7 56(2)7 56(3)’ UG(Q)’ U6(3), U7(2)7 U7(3), 07(3)1 08_(2)1 Og(3) The
factorizations of L4(2), L4(3), Ss(2), and Og (2) are known (see [1], [4]); this yields
1)-3) of the theorem.

Let G = S5(3). As 3° | |G|, we can assume that 35 | |Al. However, Ss(3) has
no proper simple subgroup of such an order ([2]).

If G = Ur(2), we can assume that 43 | |A| (and |A] | |G]). This leads to
A = [3(43). Then |G : A| = 2'°.37.5 divides |B]| (and |B| | |G|). However, there is
no such simple group B.

If G = Ur(3), there is no simple group A with 547 l |A} and |A] | |Gl

Let G = Og (3). Assuming that 41 | |A], we have A 2 Ly(41) or Ly(81). Then
|B] is divisible by 27.3!1.13 or 26.3%.7.13, respectively. This yields 4 = L(81),
B = S6(3) or O07(3), and |AN B| = 120. But L3(81) has no subgroup of order 120.

Now we treat the remaining groups Ug(2), Us(3), and O7(3).

G = Ug(2) (order 21%.35.5.7.11). We use the character table and the maximal
subgroup list of G [2]. The proper simple subgroups of G are As, Ag, Ar, As,
Ly(7), L2(8), L2(11), L3(4), Us(3), Us(2), Us(3), Us(2), Se(2), Maz. This leads to
the following possibilities: A 2 Sg(2), B = Mj; and A = Us(2), B = As, Us(3),
L3(4), Us(3), Ss(2), or May. In the first case |4 N B} = 70, hence AN B has an
element of order 35 which is impossible in M3, (as well as in Sg(2)).

Thus A = Us(2). If B = Ag or L3(4), then |AN B| = 30, hence AN B has an
element of order 15. This contradicts the structure of L3(4), so B = As. Now ANB
contains an element ¢ from the class (34) of G, as the remaining elements of order
3 of G do not commute with elements of order 5. An inspection of the centralizers
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of those elements of order 3 in A and B which commute with elements of order 5
implies Ca(t) = Cg(t), |Cp(t)| = 180. Hence |AN Bj 2 180, a contradiction.

Let B = Us(3). Then |AN B| = 9. Any involution in U3(3) is a square (of an
element of order 4) and the only involutions of G with this property are those in
the classes (24) and (2B). Thus B contains an element from (24) or (2B). On the
other hand, G has a single class of U5(2) subgroups and the permutation character
of G on the cosets of such a subgroup implies that it contains involutions from both
classes (24) and (2B). It follows that 2 | |A N B|, a contradiction.

Thus A = Us(2), B = S6(2), Us(3), or M2y and we reach 4) of the theorem.

The existence of the first factorization in 4) is known [4]. Next, take subgroups
A = Us(2) and B = My, of G such that 11 | {ANB|. In My2, every proper subgroup
of order divisible by 11 is contained in a (maximal) subgroup isomorphic to La(11).
Hence |A N B} £ |L2(11)| which produces {AB| 2 |G|, i.e. G = AB thus proving
the third factorization in 4).

Lastly, let A = Us(2), B = Us(3) be subgroups of G and C = AN B. We
can assume that 3° L |Cl, as B contains a Sylow 3-subgroup of G. Further,
|C| = |A||B|/|G] = 22.35.5 and |C| divides (|4],|B]) = 27.35.5. Now the sub-
group structure of Us(3) implies that C is contained in a (maximal) subgroup D
of B which is isomorphic to a split extension of Eg; by As. Then |D: Cl=3 or 6.
As D obviously has no subgroup of index 3, it follows that [C| = 22.3%.5, whence
G = AB and the second factorization in 4) is proved.

G = Us(3) (order 2'3.3!5.5.72.13.61). Checking the known simple groups A
with 61 | |A] and |A4] | IGl, we conclude that A = Us(3). Then |G : A] I | B
and |B| | |G| imply B 2 L3(9), Se(3), G2(3), or O7(3). However, G has no G2(3)
subgroups and hence (as O7(3) contains G2(3)) no O(3) subgroups. Indeed, if
Us(3) contains G3(3) then G2(3) must embed into SUs(9), as G2(3) has a Schur
multiplier of odd order. But G2(3) has 2-rank three and a single class of involutions,
1.e. it has an Eg subgroup all of whose involutions are conjugate. This is impossible
in SLe(9) by [4], Lemma 4.3. Thus B = L3(9) or Se(3). Suppose B 2 L3(9). Each
of the groups Us(3) and L3(9) has GLy(9) subgroups, so has an SLy(9) subgroup
centralized by some element of order 8. On the other hand, as shown below, G
has a single conjugacy class of SL;(9) subgroups with this property. It follows that
AN B contains an SL2(9) subgroup which contradicts (by order considerations) the
assumption G = AB. Thus A = Us(3), B = Se(3) and we reach 5) of the theorem;
the factorization is known {4].

Now we proceed to prove the claim that G has exactly one conjugacy class of
SL(9) subgroups centralized by elements of order 8. We use the bar convention
to denote homomorphic images of elements and subgroups of

SUs(9) = {x € GLg(9) | 2 z=E, detz = 1}

in G = SUs(9)/(—E); here, E is the identity matrix and z*" denotes the transpose
of the matrix #* whose entries are the cubes of the entries of a matrix z. Let w be

85



a generator of the multiplicative group of GF(9), w? = w + 1, and

w? 0 -w! 1 0

w? o —w 0 0 1

I'= —u? o T=l 1 o 0 w
—w? 0 1 w0

IfX,Y €GLy(9) and X = T-'YT then X*'X = Eifand only if Y*' IY = Y. Let

(U
z= (T ( U*)T ) , where U = (_“?_.1 w‘il)'
E

Then Z is a representative of the single conjugacy class of elements of order 5in G.
Furthermore, Cg(%Z) = C, where

C= { (T—l (UV —wU*V*>kT s)

S*'s = E, detS:wzk},

1<k £80,SeGLy9),

2
V= (_11 il ) All the elements ¥ of order 8 in C(Z) are given by

i e
y:(W s>’ W =T"1 w T, 1=1,35 o7,

w

g [* +w? +1 o +w?
= Fl /) +w? ) +1 » of Fw? :

An appropriate conjugation in Cg(7) implies that every cyclic subgroup of order 8
of C¢(Z) is conjugate to (g} or (¥,), where

w w
¥ = +1 , Y= +w? )
¥l +w?

‘Next, Cg(¥;) = C1 and Cg(¥,) = C3, where
71 (A"’A* A)T ’

A
STCWAE
C = A™34
a a

a~1A? __a—lAZ
A€GILy9),A=detA, a € GF(9),a* =1},
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A, B € GLy(9),

o)

A=detA B*B=E, detB:AZ}.

Hence |C(7,)] = 2°.32.5, |Ce(7,)! = 2°.3%.5. Let

A C o)

Then L = L = SL,(9) and L is a normal subgroup of both Cg(5,), Ca(¥,). If L;
is another SL,(9) subgroup in C¢(%;) then L N L; is a proper normal subgroup of
L; of order at least 23.32~% (i = 1,2) which is, of course, impossible. Thus L is the
unique SL2(9) subgroup in each of C¢(7,) and Cg(¥s,).

Now let H 22 SL5(9) be an arbitrary subgroup of G centralized by some element
y of order 8. We can assume, up to conjugacy, that 7 € H whence § € C(Z). Then
() is conjugate to (g,) or (F,), so H is conjugate to an SLy(9) subgroup of Ce(7;)
or Cg(Y,), i-e. H is conjugate to the subgroup L. This proves the claim.

G = O7(3) (order 2°.3°.5.7.13). We use the information in [2]. The proper
simple subgroups of G are As, Ag, A7, As, Ag, La(7), L2(8), L2(13), Ls(3), La(3),
Us(3), Sa(3), G2(3), and Se(2). This leads exactly to the possibilities listed in 6)
of the theorem.

Now we proceed to prove the existence of these seven factorizations.

Let A = L4(3), B = G2(3) be subgroups of G. We can assume that 13 | |ANBJ.
Now AN B is a proper subgroup of both A, B of order at least 2%.33.13. The
subgroup structure of L4(3) implies that AN B is contained in a subgroup of A
isomorphic to a split extension of Ey7 by L3(3) while the structure of G2(3) implies
that AN B is contained in a subgroup of B isomorphic to a split extension of Lz(3)
by Cs. It follows that AN B = L3(3). This produces G = AB.

Furthermore, it is known that L4(3) = L3(3)S4(3) (see [4]). As L4(3) has
a single conjugacy class of L3(3) subgroups, it follows that there is a subgroup
C = S4(3) of A such that A = (ANB)C. Then |(ANB)NC| =24,i.e. |BNC| =24
which produces G = BC.

Similarly, it is known that G2(3) = La(3)Us(3) (see [4]). As G2(3) has two
conjugacy classes of L3(3) subgroups which are interchanged by an outer auto-
morphism of G(3), it follows that there is a subgroup D 2 Us(83) of B such that
B = (AN B)D. This yields |AN D] = 8 whence G = AD.

Next, let F = S¢(2) be a subgroup of G. The permutation character of G on
the cosets of F' shows that the three conjugacy classes of elements of order 3 of F
are contained in three distinct conjugacy classes of . Hence any two elements of
order 3 of F' which are conjugate in G are conjugate also in F.

Now |ANF|divides (|A],[F]) = 27.3%.5. Suppose that 9 ‘ |ANF|. The relevant
permutation characters imply that the only common nonidentity 3-elements of A

AGSLz(Q)}.

87



and F are from the class (3B) of G. Then AN F contains an Ey subgroup all
of whose nonidentity elements are from (3B) and hence (by the above paragraph)
are conjugate in F. However, Ss(2) has no such Ey subgroup (by the irreducible
character of degree 7 of Ss(2)). Thus 94|ANF| whence |ANF} | 27.3.5. This yields
G = AF.

Similarly, we can choose subgroups B = G3(3) and F' = Sg(2) of G such that
the only common nonidentity 3-elements of B and F' are from the class (3F) of G.
Then (just as above) 94|BNF|. As |BNF||25.3%7, it follows that [BNF| | 26.3.7.
This yields G = BF.

The group G has two conjugacy classes of subgroups H = Ay. Using various
arguments, it is not difficult to determine the class structure of H in G for elements
of order 2 and 3 (notation for the classes of H is as in [2], p. 37):

Classin H (24)Y (2BY (34) (3B)Y a3cy
Classin G (2B) (20) (3B) (3D)or (3E) (3F).

Now let A = L4(3), H = Ay be subgroups of G. Then |AN H| 2 2%.3.5 and
|[AN H| I 26.3%.5. The above paragraph and the permutation character of G on A
imply that the only common elements of order 3 of A and H are from the class
(3B). Suppose that 9 | |AN H|. As the elements of (3B) are not cubes in G, it
follows that AN H contains an Ey subgroup all of whose nonidentity elements are
from (3B). This is, however, impossible, as H has no Eg subgroup with nonidentity
elements from the class (34)' only. Thus |AN H| | 26.3.5. The subgroup structure
of Ag implies that [AN H| = 2%.3.5 or 2°.3.5. In the latter case, AN H is contained
in a subgroup of H isomorphic to a split extension of As x A4 by Cy and then it
is easy to see that A N H must intersect this As X A4 in an As X E4 subgroup.
However, this contradicts the structure of A as the elements of order 5 in L4(3) are
not centralized by E4 subgroups. Thus |AN H| = 2%.3.5 whence G = AH.

Lastly, we can choose subgroups B = G3(3) and H = Ag of G such that the
only common elements of order 3 of B and H are from the class (3F) of G. Then
(as in the above paragraph) 94BN H|, as H has no Ey subgroup with nonidentity
elements from the class (3C) only. Further, all the involutions of B are from the
class (2C) while H has no subgroup of order 16 containing involutions from the
class (2B)' only (by the irreducible character of Ag of degree 8). Hence 16{|BN H|.
It follows that |B N H| | 23.3.7 which leads to G = BH.

This completes the proof of the theorem.
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BECKOHEYHO MAJIBIE U3TUBAHUSA HEKOTOPBIX
KJIACCOB IIOBEPXHOCTE BPAIIIEHUS
CMEIIAHHO® KPUBU3HLI*

UBAHKA UBAHOBA-KAPATOIIPAKJIMEBA

Heanxa Heanosa—Kapamonpaxavesa, BECKOHEUYHO MAJIBIE U3TVUBAHUA HEKO-
TOPBIX KJIACCOB [TOBEPXHOCTEN BPAIIEHUA CMEIHAHHONM KPYBU3HBI

Hcenenobannt 6eckoneuno mannie usrubGaHuA NepBOro MOPANKA TpPex CeMeHCTB Mo-
BepXHoCTeit Bpamenua — S2, Si u Sg (A — napameTp), 3HaKomepeMeRnHOH rayccoBoii

KpuBu3HEL. [loBepxHocTH S?\ ABJIAIOTCA JBYXCBA3HBIMHU, S}\ — OLHOCBA3HKIMM, Sg -— 3aM-
KHYTBIMY, ¥ K€ MIMEIOT BHY TPEHHKIX aCMMNTOTUUYECKMX napannesnet. Kpalt nosepxnocTelt
COCTaBlIeH M3 aCMMNTOTMUECKMX Napanesnel, a Noa0Ca NOBEPXHOCTEH ABNAIOTCA FIALKM-
MM — Henapabosuueckmmu MM napabonuuyackumu, Mim KoHudeckumu touxamu. Jokasa-
HO, UTO B S§ (Si, Sg) CYWECTBYET CHETHOE MEOYKECTBO HEXECTKMX MOBEPXHOCTEM.

Ivanke Ivenova—Karatopraklieve. INFINITESIMAL BENDINGS OF SOME CLASSES OF RO-
TATIONAL SURFACES WITH MIXED CURVATURE

The infinitesimal bendings of first order of three famillies of rotational surfaces S?, S%\ and
Sg (X is a parameter), with a mixed Gaussian curvature are investigated. The surfaces Sf\ are

doubly connected, S}\ — simly connected, Sg — closed, and they haven’t any inner asymptotic
parallels. The boundary of the surfaces consists of asymptotic parallels and their poles are smooth
— nonparabolic or parabolic, or conic points. It is proved that a countable set of nonrigid surfaces
exists in $% (53, 59).

* Dra paboTa uacTHuHO PUHAHCUDOBaHa MMHUCTEPCTBOM Hayku M obpa3oBaHua mo
norosopy MM—18, 1991.
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1. B sroi#t craThe uccienyem Geckoneuno madeie (6.M.) uarubanua Tpex
OQHOMaPaMeTPUYECKUX CeMellCTB peryaspHEIX MMOBEPXHOCTEH BpallleHusa 3HA-
KOIIepEMEHHOH rayccoBodf KPUBM3HBI — CEMeHCTBO ABYXCBA3HBIX MOBEpXHOC-
Tel Sf, ceMelcTBO ONHOCBA3HBLIX ITOBEPXHOCTEH S,{ U CeMENCTBO 3aMKHyTBIX
noBepxHocTeit SY. Kpait paccMaTpMBaeMbIX NMOBEPXHOCTEM COCTaBieH 13
aCUMITOTUYECKMX NapaJjiieneli (napabonnyeckue napaieln 2-ro u 3-ro poxa
(1]), a momoca moBepxHocTe# MOryT GHIT Kak riaixkumu (napaboamyeckumm
WM HenapaboaudecKUMM), TaK ¥ KOHMUECKUMU.

XopoIIo M3BECTHO, YTO 3aMKHYTaf BBIIYKJIAf [IOBEPXHOCTD, KaK U BEIIYK-
Jasd IOBEPXHOCTEL C KPAaeM, COCTABJIEHHBIM U3 aCUMIITOTUUECKUX JTUHUM, ABIIA-
eTca xecTKo# (cM. Hampumep (2], [6]). iA HeBBHIIYKJIHIX MOBEPXHOCTEH 5TO
He Tak (nojHyIo 6ubamorpaduio o6 arom moxuo Havity B [3], [5], [7]). Bmecs
ZOKa3bIBaeM npu nomouu MeTona Kon-®Poccena [1] (cm. tawke [7]), uro B mo-
Bom u3 Tpex cemedictBax — S, S} m SY, cymecTByer cueTHOE MHOMECTBO
HEKEeCTKUX [IEPBOro MODPAAKA NOBEDPXHOCTE.

2. ITycrs B mnockoctn Ouy maHa KpUBas
ea iy =ra(u), ra(u) = A (uo — w)™? + o(u), @u) 20,

(1) ra(u) > 0 B (0, ug), ra(u) € C[0, uo) 0 C%0, ug),
A=const, 0 <A <oo, 12 my,my 20.

IIycte c¢) umeer HempephiBHYIo XxpuBU3HY B [0, U] ¥ KOHEYHOE UMCJIO TOYEK
neperuda uy, ..., Up, 0 < u; < --- < up < ug, p 2 1, orAensArommMe MHTED-
BaJlbl BBIUIYKJIOCTH cBepX, rae ry(u) £ 0, oT MHTEpBaJoOB BBLIIYKJIOCTH BHM3,
rae r4(u) > 0.

[ononHUTEALHO NPEANONOXKYUM, YTO C) UMEeET B OKpecTHocTH u = 0 (co-
OTBETCTBEHHO U = Up) NpeACTaBJIeHe

2) u=(y- ro)"fl(y), fi(ra) £ 0, fi(y) € CA[ro, rg+¢€), rg = const = 0

(cootBercrBenHo u = (y — Fo)”lﬁ(y) +ug, foAFo) #0, fo(y) € CA[FO,FO +€),
To = const 2 0).

PaccMoTpum cremyiomue THILI MOBEPXHOCTEM, MOTYyUYEHBIX BpAalleHHEM
KpUBOii ¢) BOKpyr ocu QOu:

(a) MBYCBA3HYIO MOBEPXHOCTH, OrPAHUYEHHYIO ABYMA ACUMIITOTAYECKAMY
HapaJliesaMu;

(6) omHOCBA3HYIO HOBEPXHOCTb C TJIAIKUM MM KOHHYECKUM MOJIIOCOM M
KpaeM — aCHMITOTUYECKOM NapaJfielnio;

(B) 3aMKHYTY10 IOBEPXHOCThL poja HYJb, M060M U3 ABYX IOMIOCOB KOTO-
poit MoxKeT BBITH 1A KMM WM KOHUUECKUM.

W3 oTux npeanoioxeHuit HenmocpeACTBEHHO CieayeT, 4To : 1) n 2 2, Kor-
aa u =0 (CooTBETCTBEHHO N’ 2 2, KOTAR U = Up) ABAAETCA TIIALKAM MOTIOCOM
mm aCHMIITOTHYECKON mapadnenu; 2) n = 1, xoraa v = 0 (cooTBeTCTBEHHO

= 1, KOT a2 U = ug) ABJIACTCA KOHUMECKUM TIOJIIOCOM; 3) B OKPECTHOCTH u = ()
(COOTBeTCTBeHHO U = Up) €\ UMeeT IpEACTaBieHre

3) () = uMei(u) +ro,  ¢1(0)#0
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(coorBercTBenHO T)\(u) = (ug — u)"?@2(u) + o, w2(uo) # 0)

1
IpHUTOM 0<ny,ng < -, Korga u=0¥u u = up ABJAITCA TIALKAMMY II0JIIOCAMU
1, 12 9 s

WY ACUMITOTMUECKMMY NapalijleNaMu, M Ny = ng = 1, korZa v = 0 M u = ug
— KOHMYeCKMMM nomocamy; 4) ecin u = 0 (COOTBETCTBEHHO U = Ug) ABJIAETCA
MOJII0COM TIOBEPXHOCTH, To 1o = 0 (cooTBeTcTBEHHO To = 0).

OTMmeruM, uTo IpaBhle YacTH paBeHcTBa (2) u (3) 3aBuCAT OT mapaMeTpa
A, HO JUIA NPOCTOTH TO SBHO HE HAIIMCAHO.

HanoMHinM, 4To BO BCEX pacCMaTPUBAEMBIX Ciy4adx (KpoMe clIy4yad Ko-
HMYECKOTO TI0JII0Ca) KacaTelpHad K ¢y B 4 = 0 ¥ u = ug NepIeHAMKyIApHa
ocn Bpamesnus. Ilputom: eciv u = 0 (COOTBETCTBEHHO u = ug) MOJIOC, TO
npu n = 2 (cooTBercTBeHHO n' = 2) OH ABIAETCA HeHapaBoanvecKoil TOUKM
HoBeXHOCTH, a Ipu n > 2 (cooTBeTcTBEHHO N’ > 2) — mMapaboiauyueckodt TOUKM
NOBEPXHOCTH, a CJIEeAOBATENLHO ¥ TOUKM YILIOMEHUA U 1 — 2 (COOTBETCTBEH-
HO n' — 2) — ee MoOpANOK ymioleHu#s; ecau u = 0 (COOTBETCBEHHO U = Up)
napaJienb, TOo Opu n = 2 (cooTBeTcTBeHHO n' = 2) oHa ABNAETCA napabonu-
4yecKoit mapaJiien BTOporo poaa, a npu n > 2 (coorBercTBeHHO N > 2) —
napabou4ecKoit apaseay TpeThero poJa.

Haxonenx otmerum, yrto eciim u = 0 (COOTBETCTBEHHO U = Ug) — KOHM-
r//(u)

YECKHi TIOMIIOC U B €r'0 OKPECTHOCTH (yHKIMA ’\( ) HelpephiBHaA, TO Npel-
ralu

nojoxeHne 06 aHanutnunocTr GyHKuMK fi(y) (coorBercrBenHo foy)) MomxHO
cHATh (cMm. [4]).

O6o3nauum yepes S} ceMe#CTBO ABYXCBA3HLIX (COOTBETCTBEHHO Yepe3 S)
u S ceMeliCTBO OHOCBASHEIX ¥ 3AMKHYTHIX ) TIOBEPXHOCTelk BpaLIEHUA, KOTOP-
Bl TIOJIYYalOTCA NpY BpalleHnu ¢, BOKpYr ocu Cu, Korha nmapaMerp A MeHA-
erca. Mckomoe mone 6.M. marubanua 1-ro nmopsaaka U GyneMm mpennonoraTth
BHE T0.10COB Kiacca C! ¥ HempephIBHEIM Ha BCelt IOBEPXHOCTH.

Umelor MecTo caeayromme TeopeMsl.

Teopema 1. B cemeifcTBe ABYXCBA3HBIX NoBepxHocTelt S, 0 < A < oo,
CYIIECTBYET CUETHOE MHOMXECTBO HEMKECTKUX II0BEPXHOCTEM.

Teopema 2. B cemelictBe 0AHOCBA3HEIX II0BEPXHOCTENR Si, 0 < A< oo,
CYLUIECTBYET CUETHOE MHOMKECTBO HENKECTKMX OBEPXHOCTEN.

Teopema 3. B cemeiictse 3aMKHyTHIX moBepxsocTeir S5, 0 < A < oo,
CYIIECTBYET CUETHOE MHOMKECTBO HEMECTKUAX HOBEPXHOCTEH.

llokazarenncrso Teopem 1-3. A. [Ipencrasum paauyc-BeKTOp MOBEDPX-
HocTH Sy, MOJydYeHHOU BpallleHMeM KpuBoit c) Bokpyr ocu Ou, B Buze [1]

z(u,v) =ue+ry(u)alv), 0Lugu,0<vs2m

rAe e — eAuHNYHbIA BekTop ocu Ou, a a(v) — eIMHUYHBIA BEKTOD, NEpIEHIM-
KyJAApHEA ¥k Ou U noBepHyTHi Ha yroa v ot ocu Qy. Hycts Up(u,v), kb 2 2,
— ¢yHIAMEHTabHOE [10J1€ 6.M. U3rMBaHUA TIEPBOro N0 PAIKA NOBEPXHOCTH Sy .
Torna [1]

Ur(u,v) = r'* [ (u).e + xi(u).a + Yp(u).a’]+ e [F, (w).e + %, (u).a + ¥ (u).a7],
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rie

i (u) + i (w)xi(u) = 0,
() Xie(u) + ik (u) = 0,

tkor(u) + ri(u)[ikxe(u) — Ye(w)] + ra(w)e,(w) =0, k 2 2.
Buixmouasn ¥ (u) u3s (5), noxyuaem
(6) ¢ (u) + 5 (w)xi () = 0,

ki (u) + (k% — Dri(w)xe (u) + ra(w)xi(u) = 0, k 2 2,
oTKyZ&a BuIHO, YTo ¢pyHkmma xi(u) € C2(0,u0) u caezosatensHo noie Uy(u,v)
opuHamaexur Kraccy C? Bae u = 0 u u = ug. U3 (6) monyuaem ang xi(u)
ypaBHeHUe
() ra(w)xi (u) + (% ~ Dri(wxe(u) = 0, k 2 2.
NMoab3ys npeacraBienue (2) Mepuanana ¢y B OKpecTHOCT ¥ = 0 ¥ 4 = uy,

[oJIy4YaeM ypaBHEHNAA

W (9)¢%(¥) + xi(¥) = 0,
(8" x&(y) + ik (y) = 0,
ik’ (y)er(y) + ikxe(y) — Ye(y) + yp(y) =0, k 2 2,

u
(7') v’ (9)xk () — v (U)xi (v) = (K% = Du"(y)xe () = 0, k 2 2.

M3 (4) Buzro, uro ecnu ¢ = 0 (COOTBETCTBEHHO U = Ug) MOMNIOC OBEPXHOC-
™, T0 pyHAaMeHTandbHOe Hoie Ug(u,v) HeNnpephIBHO B HeM TOUHO TOTAa, KOrAa
@k (0) = xx(0) = %1 (0) = 0 (coorBetcTBennO 9k (us) = Xk (o) = ¥Yr(wo) = 0). B
ciyuae Koraa ¢ = 0 (COOTBETCTBEHHO u = Up) ACHMITOTUYECKAA Napajljienb,
u3 (2) u (5') Buano, uTo

Xk, 2p,= X6W)], 2, = 0
(cooTBeTCTBEHEO xk(y)lyﬁo: X;c(y)ly =0).

WssecTHO, YTO KaykIbli HepaBHKIM TOXAECTBEHHO HYJIO MHTErpana Xi(u),
k 2 2, ypaBuenus (7) maeT HeTpUBUAJbHOE MoJie 6.M. U3rMGaHUA TOBEPXHOC-
™ [1]. Takum 06pasoM A0Ka3aTENbLCTBO TeopeM 1-3 CBOMMTCA K HAXOKIECHUIO
Te 3HAYEHUA NapaMeTpa A, IJIA KOTOPHIX ypaBHerue (7) MMeeT IO MeHbIUeR
Mepe A OJHOIO IeJoro uucia k 2 2 HeTpuBHMabHOE pelieHye Xx(u), yI0B-
JIETBOPSAIOIIEE KPAEBLIM YCAOBUAM

(8) x£(0) = Xk (uo) = 0.

Ypasrenue (7) umMeer B u = 0 U u = ug ocobeHHOCTh. llpuwEMMasA y ANA
HE3aBUCHUMOI NMepeMeHHO# B OKpecTHOCTH ¥ = 0 U u = Uy OHO NEPEXOAUT B
ypasrenuio (7). Ecau u = 0 moaroc noBepxHocTu, To ypasuenne (7') apna-
eTca Knaccom Pykca (cm. Hanpumep [8]) u umeet B okpectHOCTH U = O mapy
JvMHEHO He3aBUCUMEIX MHTErpaios (4]

xk,1(y) = yy"(n)+n_1pk,1(y),

xk,2(y) = y =@ [Pk,:’(y) + AP 1 (y)y?* (-2 y] :

=T

(9)
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rae vi(n) = %[\/n2+4(1c2—1)(n—1)+2—n], A = const (A = 0, rorza

2v + n — 2 He uenoe unciao) byuxumn Pi 1(y) — anamuruueckue u Py ;(0) # 0,
1=1,2

Y craHoBUMCA GoJiee nmoapobHo Ha caydalt korza u = 0 — acHMIOTOTHYEC-
Kafd napaJiesb noBepxHoct. B Buay (2) ypasuenue (7') npunnMMaer BUX

(10) W) - =40 ~ o Pas) =0,
riae

F- P =D+ 20y —r)fi+(y—ro)®ft 5 _ K =1y —ro)
- nfi+(y—ro)fi ' y '
Ono tome aBisgerca Pykcosemmm [8] m ero xapakxrepucTHUUecKoe ypaBHEHUE
plp— 1) +pag+by =0, a =1—mn, bp = 0, umeer kopuu p; = n, p» = 0.
CaenosatensHo B okpecTHocTs ¥ = 0 ypaBHenue (7') mMmeeT nmapy iauHedHO
HE33BUCHMBIX MHTErpajoB

xk1(y) = (¥ —ro)" Pr1(¥),
xk,2(y) = Pr2(y) + Axe,(y) In (y — 7o),

rae A = const (A = 0, korza n He Heloe uucio), pyHkumn P ;(y) aHaIMTH-
ueckue u Py i(ro) #0, i =1,2.

Takum 06pa3oM napoi arHeHHO HE3aBUCUMBIX UHTErpaioB ypaBHeHud (71')
B OKpecTHOCTHM u = () aBismoTcs Qpynkumn (9), korza u = 0 moI0C HOBEPXHOC-
™, 1 ¢yHKkmmm (11), korma u = 0 — acUMOTOTUYECKAA NapajIens (aHalo-
FMYHO MMeeM M B OKPECTHOCTM U = Ug). Temepb mepexoAd K MepeMeHHOH u,
BBuAy (3), moiydaeM, 4To ypaBHeHMe (7) ¥MMeeT B OKpeCTHOCTH u = ( mapy
JIVHEWHO HE3aBMCUMBIX pelleHuit

(11)

1
—[14px(n2)]
(12) xialw) = u? X2 (w)
%[1—#:‘(71-,)] 5 o '
Xk2(u) = u XRaw), x1(0)#0,i=12,

rae pp(ni) = /1+4n1(1 —ny)(k2 - 1), korza u = 0 — noIIOC MOBEPXHOCTH, U

Xk, 1(u) =uxg 1 (u),
Xky2(u) =X2,2(u)7 Xg,z(o) # Oa i= 1;2:

xorga u = 0 — acHMOTOTMYeCKas napasiaeis (aHaJIOTMUHO UMEeM ¥ B OKpec-
THOCTH ¥ = tg). OTclona BuAHO, 4To McKoMoe pemenue Xi(u) ypabrenus (7)
HajJlo UMeTh B okpecTHocTH ¢ = 0 Buz (12), xorma u = 0 — momioc, U BUI
(131), xorma u = 0 acuMnTOTHYECKas Napajiieib (aHAJOIAYHO U B OKPECTHOC-
TH U = ug).

Jobas noBepxHoCcTh S ceMeitctB 52, 53, SY MMeeT KOHeUYHOE YMCIIO HOA-
COB rayccoBoit kpuBu3Hbl K < ( u KoHeuHoe umuciyo rnofgcoB ¢ K 2 0. IIputom

(13)
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o060 U3 N0ACOB Spu, U Su,u,, NOAYUAEMBEIX COOTBeTCTBeHHO 1A u € (0,u;)
u € (up, uo) MoxkeT umerh K 2 0 mim K < 0. Hanpumep ans nosepxsocreit S%
BO3MOXKHBI TpU cayuas — Korza oba nosaca umeror K 2 0, xorna oba uMmeroT
K < 0, u xorna oaun nosac umeer K 2 0, a apyroit K < ). AHaJlorM4Ho uMeeM
M 1A oBepxHocTelt S; M SV, HO npy HMX pa3sHOOGpa3ne YBENUUMBAETCA 3a
CUeT I0JII0COB — M060M M3 HUX MOXKeT BBITh KAK KOHMYECKMM, TaK U T3 IKUM.
Ha puc. 1, 2, 3 nansl ciyuan koraa nodc Sy, MmeeT kpuusHy K 2 0, a mosc
Supuo — K <0.

&
Yy
Cx [
1 1
i ! ]
1 1 1
I 1 |
| i |
| ! |
. ! !
i 1
0 Uy, Up, Yot g
Puc. 1
yll
[5% ]
1 {
: | I
) | i
] | 1
| 1 1
. l t
i I |
| i [
0 1) U | uo, N
Puc. 2
A
Y
Cx
1
1
, 1
| 1
| !
; 1
U Up ! Up U
0 My
Puc. 3
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Mycte J C (0, u0) npousBoabHEIl MHTepBal, B KoTopoM 74y (u) > 0 (coor-
BETCTBYIONMIt €My I0AC IIOBEPXHOCTH UMeeT rayccoByi kpuBusny K < 0).
Takkak 0 € my,mg £ 1m

(14) = dmy(my — Du™ "2 (ug — u)™? — 2dmimau™ " (ug — u)"2 7!

+ /\mz(mg - 1)um1 (UO - u)m2—2 + Soll(u);

TO
(15) ©"(u)y>0 ana uel
Hamumewm ypasuenue (7) B Buze
(16) Xe(w) + Ge(u, \)xx(u) =0, u € (0,ug),
rae
(¥ = Dri(u)
7 -—
(16) Grlu, M) = )
Nycts k 2 2 u uw € J purcupobansl. Torza usz (14) u (15) nonyqaem
de(u,/\) _ ]CZ -1 my—2 ma
(17) = {e() [ma(my = Du™=2(uo - u)

—2mymau™ " H(ug—u)™2 "L ma (my — D)uT (uo—u)™2 2 —um‘(uo—u)m’go”(u)} < 0.

ChnenoBarensho Gg(u,A) yboiBaer xoraa k 2 2 u u € J $pUKCUPOBAHHL.

Touku meperuba MepeimaHa ¢y MOTYT HE 3aBHUCAT OT A, MOT'YT M 3aBU-
car. M3 (14) u (15) BuaHO, YTO B MOCJEDHOM Cilydyae, €CIM U; U Uj41 JABE
cocennble ToukM Teperuba u ry(u) > 0 B (u;, uij41), T. €. COOTBETCBYIOUIAA
Oyra MepeavaHa BEIIYKJIa, TO KOTJA A YBEJNUUUBAETCA U; (€PEeIBUTUBAETCH
HAIpaBo, a U;4] — Hajepo. CienoBaTelbHO, KOTAa A yBenuuMBaerTcs, ai06oi
MHTEPBAJ BEIITYKJIOCTH CKUMAETCA (IIPUTOM 00a ero Kpasd nepeABUruBaoTCA K
BHYTPEHHOCTY MHTEPBaJIa TI0Ka He CJEWTCA), a sirobol uHTepBas BOrHYTOCTH
pacumpseTcs.

B. PaccMmorpum cHaualia ciyuait Korza p = 1, T. e. Korga MepuauaH Cy
uMeeT oJHY TouKy meperuba (cm. pumc. 4-6). Ilpnrom moapobHo morakeM
TOJBKO TeopeMy 1 (doka3aTenbcTBO TeopeM 2 U 3 aHAJIOMUHO).

Teneps moBepxnocts S) AByxcBaAsHasA (cMm. puc. 4). Mepuauan ¢, uMeer
B OKpecTHOCTHM u = ( (COOTBETCTBEHHO U = Up) npeactaperue (3) u ri(u) £ 0
B [0,u1], r¥(u) > 0 B (u1,up). OT™MeTumM, uto moboe peurenue ypasuenusa (7) B
[0, u1] Hexonebaromee u ero rpaduxa obpalieHa BEIIYKIOCTbIO K ocu Ou.

Iycrs napameTp A sadurcupopan, T.e. A = A. Ecau ypasnenue (7) c
A = A MMeeT IpM HEKOTOPOM LeJoM k 2 2 HeTpuBMaibHoe pelnerne xk(u, ),
uMeJoIliee B OKPECTHOCTH ¥ = 0 1 u = up cooTBeTcTBeHHO BUA (131) 1

_ -0 =0
(18) xk(u) = (uo —uw)X g(u), Xg(uo) #0,
TO MOBEPXHOCTH Sy HEXECTKAsA, TaK KaK 9TO PellleHye yAOBJIETBOPAET KPaeBhIM
ycaoBuam (8). IlpeamonoxuM, uto ypaBHenue (7) He UMeeT TAKOTO pelleHus,
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- O .
Puc. 5
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1
I
ulf Up U
O Lg
Puc. 6

T. €. YTO MOBEPXHOCTH Sy kectka. Ilycte N 2 3 npoussosbHOe uMciio ¥ Wi,
Up TakMe, 4TO u; < Uy < Uy < ug. Dynmem cpaBumsath B J = [Ty, Ug] pemenus
ypaBHenuit (7), 1. e. (16), u

(19) Y'(u) + p?Y(u) = 0.
Hmeem

. T (B2 =1)rY(u) _ (k%= D)m(X)
(20) uy §mﬁ}% To Gi(wA) = a0y §muué Go r,\(u))‘ 2 M(X) ,

rae m(}) = min ri(u), M(X) = maxry{u), Korna u € [Gy, ). Bubepem ko Tax,
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4T0

k? - )m(X) NI \?
&) : M(Xr)n >(Vo-ﬂ1>'

ITockonbky uuTErpan
(22) Y =sinu(u - 1)

NII .
ypaBuenna (19) npu p = S mmeer N + 1 nynett 8 J = [U,%) u B
5 —

Buay (20) u (21) Gi(u,X) > p? 8 J = [H,%), To m3 Teopemm IlTypma
(cm. Hampumep [8]) cienyer, uto mioboit mHTerpan ypaBHerua (7) Gyzer
nMmets My 2 N 2 3 uyaet B J = [U;,%o). _

Mycrs k 2 kp duxcupopano. Torza mo6oe pemerne xz{u,A) ypaBHenus

(7) nmeer B (uy,up) He Menee 3 Hyne#h. Ilycts x%(u,-X) MHTerpan ypaBHEHUA
(7), mmetommit Bun (13;) B oxpecrnocts u = 0, rxe x§ ;(0) > 0. OGo3Ha-
uuM ero Hymm B [0, ug] uepes &, i = 1,...,M + 1. Toraa x%(O,X) =0, T e.
a; =0, x%-(O,X) >0 0,y muy <@ <ag< < G741 < Uo, TO€ M3
(cMm. puc. 7). Mycts X%(u,X) mHTerpas ypashenua (7), umerommii sun (18)
B OKPECTHOCTH u = ug M o6o3Haumm ero myan B [0,ug] uepes f;, EH—I <B.

Tornxa x%(u,i) =0, 1. e _ﬁl = ug. IJOCKOJBKY NOBEPXHOCTH S% JECTKA, TO

Xg{uo, A) # 0, x2(0,2) # 0.

NmeroT mecTo
Jlemma 1. Hyau pemenus x%(u,)\) " x%(u,)\) B [0, uo) uepenyrorcs.

Jlemma 2. Eciau nmapamerp A 2 A yBennuuBaeTcd, TO HYJIM pEINEHUA
x%(u,/\) B (1, %) IEPEIBUTAIOTCA HAJIEBO.

Iloka3aTesbCTBO ®TUX NeMM JaguM B 1. 4. 34eCh 0OTMETUM, UTO COTJIACHO
nemme 1 umeem (cm. puc. 7)

0='O71<_,3-‘M-+1<52<E7<53 <Bﬁ_1<54<...
<,—B—3<aj‘w—<ﬁ2<aﬁ+1 <.,§1=U0.
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OrmeTum eme, yro Hymm yo6oro pemenus xi(u,A) ypasuenus (7) B (0, ug)
HENIPEPLIBHO 3aBUCAT OT A, Tak Kak Qyaruua Gi(u,)) 3aBUCMT HERpepLIBHO
ot A (cMm. Hanpumep [9], cTp. 61) [losToMy Torna HapamMeTp A yBeAWUMBaeT-
CH HENPEPHIBHO, HY M PEIIeHUA X5 Z(u, )) B (11, Up) HENDPEPHIBHO NEPEABUTAIOTCA
HasdeBo. IlpuToMm paccTosHUe Memay M06LIMM KBYMSA NIOCHeN0BATEILREIMA HY-

&z A

namu mo6oro pemenus xi(u,A) ypaBuerus (7) B [u1,Ug] Goablne umm pasHO
1I ~
[8), rze B Buay (17) pyurmma M23(\) = max Gi(u,)) ybemaomad.
M()\) Uy g U g uo
PaccmoTpum cHavaia ciyvaif, koraa Touka meperuba u; He 33BHCHT OT
A (cMm. [3]). Teneps umeem m; = my =0, T. e. ry = A+ p(u), ¥ clegoBATETBHO
U3 ORHA M T& e s Beex A € (0, 00).

YBeauuumM A oT A o A, TAE A Takoe, uTO

- 2
(23) max_ Gy, A) < —:—I—I-— .
ws el By, (Baz_y — wi)?
O6o3paunM Hysu pemnieHus X%(u,f) B [uy,ug} gepes Ej, j = 1,...,ﬁ+ 1,
Eﬁ <,~§=<§= , < ~-<E2 <§1 =, = up. Tak Kak Gr(u, —)\;) < Ge(u,X) B
(u1,u0) m Gz (u1,/\) = G+ (ul,)\) TO B nepee ,91, j=2,. —‘Tl ¥ paccTos-

HUe Mex Ay M00biMU AByMA TOCTEA0BATENbHBIMU HYJIAMMA pelleHns Xk—(u, /\) B

u; Sulap

[u1,Tp] Gonbize umu pasmo %, rae M? (i) = max ka(uj) < M*(X).
M

Ipurom M M rax xak Hyam x—(u ) B (u1, uo] 6o M (aTo MMeeTcA Koraa
ﬂM-rl € (0, ul]) m6o M + 1 (310 umeercs, Koraa ﬁM+1 € (u1, uo))-

IToxamxeM, uto M M~2. Honyctum, 4o M= M-1. Torma X;(U,T) By-

AeT UMETh HY 1 ﬁjj Vf 5@_1 B [u1, Byr_;). Tlpurom By # fy7_, Tax Kak Bﬁ—l -

ﬂﬁ 2 ——=-. Paccmorpuwm reneps ypasrerue (19) mpu pu = —. B
M(A) ﬂM—l - Ui

Buny (23) ero pemenne Y = sin y(u — ;) ZOJDKHO MMETh HYJb B (EM’ ?ﬁ_l) C
(w1, Bzz_ ;). Ho ®T0 HeBO3MOMKHO, IOCKONBKY ¥ = u; M U = B37_, ero mocie-
IoBaTeAbHbIE HY MU, AHaJOrMUHBIM cmocoGom HoJlydaeM, uTo ciay4ait M=M
TO¥e HeBo3MoeH. ClienoBaTesbHO M < M- 2, 1. e. M+1 < M-1,u pas-
HUIR MEeXAYy YMCiIo Hyneh Xi(u’)‘) ¥ 4ucio Hyeit XE(”’A) B [u1,uo] Bynmer
M - (H-f-l) 2 1, xorna By, € [Owy), u M+ 1~ (ﬁ+1) = 2, korma
Bﬁﬂ € [u1,ug]. B BHAy Toro, YTO IPU HENpPEPHIBHOM M3MEHEHMH IIa DAMETpPa
AoT X no X Hyan B, i = 2,..., M, pemenus ch(u A) HeNpepHIBHO NepenBH-

TMBAaXOTCA HAJEBO U pPaccToAHKE MEX Iy J110 6BIMH ABYMS HOCHedoBaTEeJILHLIMU
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I -
HyasaMu GoIbllle WX paBHO —=——, TLe M()) ybrBarooman GyHKUMA TapamMeT-
M(X)
pa ), TO ciledyeT, 9TO ¥ B 06aX CIy4asx 110 MeHbllell Mepe HYJIb Byp€lu1, uo),
T. €. 37 Nepelles Yepe3 TOUKY u = uj. HernpeprsHO MepeBUIaAcCh HaJleBO
Hyab (B CHadajla BCTPETUT (2, a IOTOM Ui HOCKOJIbKY &y BCErAa Gonblle u;

(x%(u, A) mmeer B [0,u;] Tomsko Hyab a1 = 0). Toraa cymecTsyer A; € A, T],
TaKoe, YTo Hysb [yr(A1) peurenua x%(u, A1) coBrazaer ¢ HyneM az(A;) pentenus
xllc—(u, A1). CnenoBaTelbHO pellieHNA Xilc'(u’)‘l) u X%(u,/\l) JUHEHHO 3aBUCHUMEIE
B (0,up), T. €.

x%(u,/\l) = cx%(u,)\l), u € (0,ug), c = const.

Orcona rpaHWYHEIM IepexoloM npy v — 0 U u — yy monyvaem X%(U,)\l) =
cx%(u,)\l) s u € [0, uo] (cm. puc. 8), 1. €. x%(uo, A1) =0, X%(O,/\l) = 0. Takum
o6pa3oM pellleHKe xllc—(u,)\l) ypaBHesua (7) olpelesifeT HeTPUBHUAJIBHOE IIOJIE

Uz(u,v, A1) 6.M. u3rubanus moBepXHOCTH Sfl M CJIEZOBATEJIbHO OHA HEKECTKA.

Puc. 8

Iponomxas yBeaWuMBaTh MapameTp A Halizem Takoe A = Ay AJid KOTO-
poro Hyib By_,(Az) pemenus XZ—(U,)\Q) COBNaJaeT C HyjaeM ag(A2) pelrerus
xllc—(u,/\z) Y Cllef0BATENbHO MOBEPXHOCTD 5)2\2 OyAeT HEMECTKOH. DToT Ipo-

HeC MOYKHO IpPOJOJIKUTDL IToKa B (U1, Ug) OCTAHETCA TOJLKO HYJb (2 pelleHus

x%(u,/\) (cM. puc. 9, rae manb rpadukyn dysxman fo7, 4 (A), Bzr(A), Biz_1(A),
,BE_Q(/\) n az(X), az(r), aa(A)).

Ilycts Temephb Touka neperuba uj 3aBucKT oT A. IIpu HempepuIBHOM YBe-
JAUEHVMA [IapaMeTPa A HyJId pelleHus xz(u A) HempepLIBHO MEpPeABUTANTCH

HaJeBO, a TouKa nepernba ui(A) — nHampaBo. M3 paBencTsa (14) Buano, uTO
u; commanaer ¢ for npu A = —¢" (Bz7) /Q (Bz7) rae

Q (Brp) = ma(m1 — 1B " (uo— By) ™ — 2mmaB57 " (uo — Bgp) ™"

— mz(mg - l)ﬁ%}l (UQ - Bﬁ)mz—Q .
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I 1) a, (A)

R

h

Qo

) ST
>

o

Puc. 9

llepBas HeXXecTKad NOBEPXHOCTH S§1 NONYYATCA ANA Toro Ay € (A, )), mna
koToporo fr(A1) = a3()1), BTOpas Sf2 — A7 TOro Ay > Aj, &Sl KOTOPOTO

Biz_1(A2) = a2(A;). YBeimuuBas A moxa Touka meperu6a U, COBNAAHET C B2

Oy MM [OCAeNOBATENHLHO HEXXeCTKMe ToBepxHocTy S3, ..., ST_ .
M-~1

MuoxecTBo HeXKeCTKUX MOBepXHOCTEH B ceMelicTBe S2 cueTHOE, MOCKOMb-

Ky mo6olt unrerpan xi(u,A) ypasHennsa (7) MMeeT KOHEUHOE UHCIIO HyJeit B

(u1,uo], @ k npuruMaeT Bce nesnve 3navenusa Sombme 1.

B. Teneps paccMoTpuM ciyvaif, Korza MepUAMaH ¢, UMeeT p > 1 Touek
neperuba. [lokakeM ONATH TONLKO TeopeMy 1 — HpHUTOM cHauama IpeaIoo-
KHM, YTO TOUKM Heperuba He MeHSIOTCA.

a) Ilycrs mosic Spu, moBepxHOCTH 5% umeer rayccoByio KpuBM3Hy K 2> 0,
a nosic Sy,u, umeer K < 0. Toraa ri(u) >0 B (ui, uig1), ¢ = L3,....p (1 —

HEYETHOE, Up41 = tg). IlycTsh A = X duxcuposano u MIOBEPXHOCTH S% HeCTKasl.
BriGepem nenoe uncio kf rak, uro mo6oit mHTErpa xké(u,_/\-) ypaBHeHus (7)
nMmen 61 N; mymedt B [u;, uig1], i =1,3,...,p, npurom Ny 2 3, N, 2 3, Vi 2 2,

1=3,...,p-2 (I — meuetnoe). OBocHOBaHME CYMECTBOBAHMA TAKOTO UMC-
na kj npuBOMTCA TaKMM 06pa3oM Kak B IyHKTe B. ®urcupyem nesoe uncio
k > ko = max(k}, k3,... kD). Iycts X3{u, A) nnrerpan ypasuenns (7), nme-

foumit Bux (13;) B okpecTHocTH ug, a X%(u,f) — uHTerpan ypasHenus (7),
wmeromuit Bua (18) B oxpecTHoCTH U = ug. OBo3mauum B [u;, u;y1] HyaM nB-

Terpada xi_(u,,\) uepea a, @, ..., 'd’ﬁ‘, << < Tﬁ;’ a HyJIn x%(u,/\)
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yepes F;, [—3;, ey FN. 3‘1 >B > >BF,i=13, ..., p. Umeem M;,
Ni2N;unog < [M; - N.| <1,i=1,3, ..., p, TaK KaK corjJacHo nemme 1
HYy K PIHTeI‘paJIOB Xz L(u, A u x-(u ) qepezxylo:rca Kpome aToro cormacHo
JeMMe 2 HyIH mo60ro MHTerpaJa XF(U A) B (up, up) MepeaBUraloTCA HaJIEBO.
PaccMoTpuM MHTerpad y = sin p(u — up) ypapuenus (19) npu

_ (W, -2
—Bg—“p

~ N T _ P P
On nmeer N, — 1 ayneii B [u,,,B";]. ¥YBenuuum A OT A o A, e A Takoro,
YTo

(24)

N -9 2H2
@) L Is G <=

A

Toraa MHTErpad x—(u ') ypasuenus (7) npu A = W 6ymer umernb N’ Hyaei

B [up, ug], rae N < N —1. B camoM neJe, ecim JIOIIyCTHM qTo N > N -1,
TO X_—(u by ) 6yzmer MMeThb N —1> N, — 2 nyaei [32, .. ﬁN -1 ,32 < —BP
B [u,,,EZ], a uHTerpajt y = sin p(u — Up) YPaBHEHUA (19) B Buay (25) zon-
KEH MMeTh TaM [0 MeHbllell Mepe N; > Np — 1 nyneit. Ho aTo HEBO3MOKHO,

IOCKOJBKY B BUAY (24) mHTerpas y = sin p(u — up) MMeeT TaM N, ~ 1 nynei.
Ilycre Tenepb

(26) _ (Np—o— DI
up_1 bt up_z
ui= 7—2 2 b3 TaKOro, 4To
- Np—g —1)2112
27 max G+(u, Y Y<pu?= (—p—————-
( ) tp_a SuSup, ( ) a (up"l - up—2)2

CpaBHMBaEM  HMHTETD3JI x%(u,xp_z) ypaBHenna (7) ¥ MHATerpal
y = sinp(u—- up 1) ypaBHeHym (19) npu ycnosusax (26) n (27). Iloayuaem,

uto x2(u, by ) MMeeT N < Np-2 — 1 nyneit B [up_3, up_1]. llocrynas ana-
sormuHuM obpasoM u ,zmﬂ cneﬂyroumx MHTErpaJjioB, NOJY4YaeM HJIA A COOT-
-2
BETCTBEHHO 3HaYEHUA N > X 2 ... 2 - 2 3*. HawoHen mjis MHTEpBaJa
N, -2)I +1 _ <3
[u1, us] BEIGEpEM p = ;=21 K“A=A Z A, Tak, UTo
Uz — Uy
N, —2)?
max Gp(u, by ) < p? (————)——Z——
“1§u§‘u (Uz—-ul)

OueBuaHO, UTO MHTErpall X%(u,/\ ) ypasuenus (7) umeeT B [u, U] IO MeHb-
nieif Mepe IBa HYJA MeHbIIE, YeM x%(u,/\), aB [u,ui41),i=3,5,...,p 10
MeHbIIE# Mepe Ha eMHWIYy MeHbIe.
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- =l
OKOH‘-I&’I‘GJ’II:HO MOJy4aeM, UTO IPM yBeJUUEHUM IAPAMETPa A OT A J0 A

1
u3 U (i, uis1] (1 — HedeTHOE) U3Ueanu o MeHbIIeH Mepe 4 ;
=1

TerpaJa x-k-(u, A). Iputom paccromme MeX Iy N0OBIMK IByMA COCEIHBIMU HY-

+ 1 nynett un-

namu G4 u B, Gombme umn paBHo ———, rae (M'(A\))2 = max Gg(u, A

B % B pesmo s mae (MU = | max  GR(u,)
u M*()) y6uBalomasa ¢yskumus, i = 1, 3, ..., p. C Apyroii CTOPOHSI B JIIO-
Gom M3 MHTEPBAMNOB (u2,us), (g, Us), ..., (Up—1,Up) MHTErpPAT x-—(u /\) MOKET

“MeTh He BoJblle OHOTO HYJIA. Hocxonbxy YHUCIO BTHUX IAHTepBaJ'IOB Ha JIBa
MeHbIIEe MUHMMAJBbHOI'O YUCIa UCUYE3HYBIIUX Hyjeil U XE(U’ A) umeet B [0, uq]

- =
TOJIbKO HYJIb % = 0, TO cilefyeT, YTO KOrAa A yBeJUUMBAJIACh OT A A0 A ,
MeHbliel Mepe oJuMH U3 Hyiell MHTerpana X 2(u,A) B [ug, ug) nepemen qepe3

Hy71b ) uHTerpasa x—(u A). Torama mas zHexoroporo A\ € (X, ) ) Hy ¥ WH-
Terpasa X 2(u, A1) M HyAM MHTErpaia xk(u A1) COBIIAAAlOT U CaeXoBaTeNbLHO
COOTBETCTBYIOMAA IOBEPXHOCTD 5'2 ByaeT HeXKecTKa.

[Ipomomkas yeeauuuBaTh napametcp A MOy YUM HEXECTKWE TTOBEPXHOCTH
S)\g, S u T. 1. OueBMaHO, NIPY GUKCUDOBAHHOM k MOMKEM YBEIMUMBATD A
IIOKa B HeKOTopOM M3 VHTEPBaJoB [u3, Us], [us, ug], ..., [up_2,up_1] ocTAHyTCA
MeHbllle 2 HyJA MM B HEKOTOPOM U3 MHTEPBAJOB [uj, U], [up, ug] ocTaHyTCA
MeHblIe 3 HYJIA MHTErpajia x%(u, A).

6) Ilyctb nosica Sp,, u Su,u, TOBEPXHOCTH 52 mmeror K > 0. Tenepsn

ri(u) > 0 B uarepBanax (ui, us), (us, uq), .. - (up- l,up) uri(u) £ 08 [0,u],
[uz,us], ..., [up, uo] (umcamo mepBEIX MHTepBaIOB g, a BTODBIX — §+ 1). An-
TerpaJu ypasHenusa (7) we woneGatorcs B [0,u1], [ug,us], ..., [up, uo] u mio-

Goit nurerpan xj(u,A) umeer B [0,u;] ToabKO Hydb u = 0, a AI060it MHTErpaN
x3(u, \) mveer B [up, uo) TosbKO HYJIb u = ug. IIycTh k M XA PUKCHpPOBAHLI U TaK
BLIGpaHM, 4TO X—(u X) umeer B [u;,uiyy],i=1,3, ..., p—1 (i — neuetHoe), N;

"Hyuneit, rne N; 2 3, N; 2 2,1=3, ...; p—1. Ilycth X > X Takoro, 4To YMCIO
HyJlell uHTerpaJia xi_(u, A) MeHbIne YMciio Hy el X?k-(u,X) 10 MeHbIIeil Mepe Bal
Ha e[MHULY B m06oMm uHTepBaje (Ui, uit1], 1 =3, 5, ..., p— 1, u 0 MeHbIIei

Mepe Ha 1Be B [u1, us]. CyliecTBoBaHMe TaKUX YMCEN k, A 1 X 06ocHOBBIBaEeTCA
TaKMM 3Ke crocobom Kak B ciyuae a). Tax kak npu yBequerm )\ 0T A X0

5 V4

X M3uesnu mo Membmeit Mepe 5 + 1 Hynel unTerpaa X3 2(u,A) u3 U [us, w541]

(NpPUTOM MHMEMMaJIbHOE PACCTOAHME MEMIY I10CJHeL0BaTEbHEIMM HyHﬂMI/I yBe-
b

JIMUMBAJIOCE ), @ YMCIIO MHTEPBAJIOB [ug, us), [ug, us), ..., [p_2, up—_1] — 3~ 1,

TO IO MeHblIelf Mepe ABa HYJA pellleHUa x%(u,/\) u3 [uy, us) mepelnu yYepes

u1. Torzma ana mekoroporo A; € (A, —X_) UMeeM X%(u, Ay) = cx.i_(u, A1), ¢ = const,
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M CJeA0BaTEJbHO [IOBEPXHOCTD S§ He)KeCTKad. Hpono.mxaﬂ YBeIM4MBaThL 18-
paMeTp A > Ay IOJIYUYNM HeXeCTKUe IMOBEPXHOCTH S§ , S,\s U T I

B) Hakoneu ycramoBMMcA Ha caydvait koraa noscu Spu; ¥ Su,u, MMEIOT
K < 0. Teneps ry(u) > 0 B unrepsanax (0,u1), (u2,u3), ..., (4p,uo) (umcao

®TUX MHTePBAJOB §+ 1). Koraa A pacter mysm xi(u,A) B (0,u;) mepen-

BUrMBAIOTCA HampaBo, Hyau Xi(u,A) B (up,up) MepeIBUTMBAIOTCA HaJEBO M
KDOMe BTOTO MHMHMMaJbHOE DPACCTOAHME MEXIY MOCHeA0BaTeNbHEIMH HYJIAMMK

B (0,u1), (u2,u3), ..., (up,uo) moboro unrerpasa ypapHenua (7) ypeanmuau-
Baerca. Ilycts k u /\ TaKue, UTo X7 2(u,X) umeer 1o Merbelt mepe 3 HymsA

B [up, ug], Mo MeHbwel Mepe 4 HyaA B [uz, U3] ¥ HO MeHbUIelt Mepe 2 HyiA B
[ur, uig], I =4, 6, ..., p—2 (I — uernoe). IIycTs A = X > X TaKoro, 4To
YKciIo HyJiel MHTerpaJa X%(U,X) MeHBbIIE UMCJIO HyJIel UHTerpasia x%(u,X) mo

MeHblIeH Mepe Ha eauHMny B [ur,ur41), 7 = 4, 6, ..., p (r — ueTHOE), U 10O
MeHbINeit Mepe Ha Tpu B [uz, us). [lockoabky B [0, u1] uncio Hye# nHTerpaa

x%(u,z)\:) He NPeBOCXO AT YKCJIO Hyeft METerpaia x;—(u, ), HyTb &; UHTerpaja
x%(u,z):_) B (0,u;) npaBee HyJAA &; UHTerpajia lec-(u,X), J> 1, u Hynn Xllc—(u,)\)
pas3neiAoT HyJu X-Z-(u, A) B [0,ug), To KOTa A MeHAeTcA OT A 10 X HU OZHOTO
HyJIfd MHTErpajia x%(u,/\) u3 (ug,up) He MoxeT nepeift B [0,u1], a B (u1,uz)

MoxKeT TiepedTu He BoJibile oHOro. B To e BpeMsa 10 MeHbIel Mepe TPUA
HY I UHTErpasia X%[u, A) u3 [ug, ug} nepenBuHy auck nepee uy. Ho xorma camprit
Bonbmoit ny b f, _,(A) w3 e1MX Tpex Hyueit unTerpana x%(u, A) nomxen Gri
HepeiiTH Yepes ug, TO CPeaHbii Hy b y¥e J0J/DKeH Obli HAaXOIUThLCA JeBee U1, a
aTo oBo3HaUaeT, 4YTO (3—N2_,,()\) 3apaHee COBIAJ NpU HekoToporo A = A; € (A, A)
¢ IPeJXOIHEIM eMy HyJeM HHTerpama x%(u, A1) (mns sToro Ay KOHEYHO COBHA-
au Bece Hyam o6a unrerpana). Torga x%(O,/\l) = cx%(u, A1) ¥ cllenoBaTelIbHO
MOBEPXHOCTb S} HeKecTkaf. AHAJIOTMYHO HOJNYYMM HEKECTKME NOBEPXHOCTH
2

SA2, SAS n T O

Ecau toukm meperuba MepuauaHa c) 3aBHCAT OT A, TO JOKa3aTe/bCTBO
MOJKHO IIPOBECTH TOMKe TaKUM ke cliocoboM. B camom zerne B ciayuae a) ec-
M 0603HAYMM Uepes Ui, ..., Up TOUKM Nlepernba MepruauaHa MpH A=) 10
BCe MpeXHEle HEPABEHCTBA OMNATH MMEIOT MecTo, Tak Kak Gr(u, A) £ 0 B un-
TepBaJiaX TJe MEPUAMAH BBHUIYKIBIA CBEPX M [IPU YBEJIMUYEHMM A MHTEPBAJLL,
rJle MEPUAMAH BBITYKIBIA CHU3, yMeHbIIaloTcA. Hanpumep HepaBeHCTEO (27)
TIEPEXOaUT B

27 max G u,Xp_z = max Golu, ¥ 7?
( ) Up 237 H S u L, 377 k( ) up-2 Su S tpmy k( )
<@t (Np-2 — 1)’ (Np-z — 1)1

B T e N g
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To e caMoe UMeeTCHA U B ciaydaax 6) u B). CilenoBaTelbHO BCE NMpeXHBIE
pPacCMOTDPEHMA MOXKHO IIPOAENATh U TeNeph.

CueTHOCTL HEXKECTKUX I0BEPXHOCTeH B cemeticte S2 oueBnaHa.

3ameuanue. B ciayuae, Korga ToukM meperufa MepuaMaHa C 3aBUCAT
0T A, yTBep:KIEHNA T€OPEM CTAHOBATCA OUEBM/HBIMM, TaK KakK NPU yBejdde-
HUAW TapaMeTpa A UHTEPBaN, [Ie MEPUANAH BHITYKILIM BHI3, YMEHINZIOTCH, 3
PacCCTOAHME MeXAY MIOGHIMM ABYMA COCENHBLIMU HYJIAMU TaM yBEIUYHBAETCH.
B camoMm nene (ycTaHOBMMCA Ha ciydai a)) mycTb AP £ --- £ A1, AP > X,
TaKOBBEI, YTO

- - (N;—1Ion |
u; Az - U; Az <—:';-T—, 1= ,...,3,
(V) — (X < St i
- ~ N, -2)1I

u Al —ui(A 1 < g—‘?‘

(t — HeueTHOe, upy1 = ug). Takum o6pasom mpu yBenwuenuud A ot A o Al
p 1

u3 |J[ui, uiy1] (i — HeuerHoe) m3uesnan mo Membmedt Mepe Pt + 1 nynei

= 2
MHT‘e—rlpa,na x%(u, A), T. e. MBI OJYYHIMN TY Ke CATyarmio Kak B 3.B.a.

4. IlorasaremnctBo jemMm. CornachHo Teopeme IlITypma (cMm. Hampumep
[8]) Mexny aByma nociaenoBatensHuiMK Hyaamu B (0, ug) WHTerpala x%(u,_)
HAXOIATCHA POBHO OJWMH HYJb MHTErpada x}?(u,—). ToeToMy uTOBH A0OKa3aTh
YTBepKIeHNE JeMMEI 1 10CTATOUHO MOKA3aTh, YTO X%(u, )) MMeeT HyJIb Ggp +1 €
(B,,B8,) (ouesmano Xz—(u,X) He MOoXeT UMeTh TaM Hosblle oAHoro Hyad). lo-
IyCTHM, UTO x%(u,j\_) He umeet Hyns B (f,, ;). Mockoabky pemrenus X%(u,:\—)
" x%(u,i) ypaBHenus (7) nuHeiiHO He3aBUCHMEIE, TO x%(ﬁl,X) #0, x%(EZ,X) #
0. Torama ¢ynrums f;(u,:\‘) = x%(u,;\_)/x%(u,:\_) HenmpepuBHa B [B,,5;]. Ua
f;(ﬁl,X) = f;—(ﬁz,X) ciemyet, uro cymectsyer Touka u’ € (B2,5) ana ko-
TopOit f%(uo,}_) = 0. Orcroga noaydaeM, YTo MHTErPaJkl x%c-(u,X) " X%-(u,:\-)
nuHeitHo 3aBucumsbie B (0, ug), T. e. X,lc—(“,X) = cx%(u,-X), ¢ = const. Ilepexons
nepeneny npu u — 0 ¥ u — U MoAyYaEeM, YTO PABEHCTBO xi-(u,X) = cx%(u,X)
nmeeT Mecto B [0,ug], M crexoBaTeNbHO x%(uo,X) =0, X%(O,X) = 0. Tak Kok

BTO MPOTUBODEUNT HAIEMY IPEANONOKEHHIO, TO CIEHYET, YTO x%(u, A) umeet

HYJb O3, € (,Bz,ﬂl).
. UYrobnl HoKa3aThb JeMMy 2 Hajo NOKa3aTb, YTO B HalleM ocobom ciiydae
nveeT mecto Teopema IllltypMa o cpaBHenun (cm. [8], cTp. 134).

Oycts A' > A2 2 A nm X%(u,)\l), x%(u,)\z) MHTErpaJjibl COOTBETCTBCHHO

ypaBHeHmit

(28) X () + Gy, M)xz(w) = 0,
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(29) X;c_l(u) + GF(U’ )‘Z)XF(U) =0,

MMEIOIUe B OKPECTHOCTH u = ug BUA (18). Ilockonexy B (ui,ug) BBITOMHEHO
HepaBeHcTBO Gp(u, A') < Gi(u,A?), To Tam MMeeT MecTo Teopema IllTypma o
cpaBHenuu. IlokaskeM, UTO OHa MMeeT MeCTO M B OKPECTHOCTH 0COB0M Toukn
u = ug ypaBHenuit (28) u (29).

O6osnaunm uepes S u f2 6nwxaimne Hyau k f; COOTBETCTBEHHO WHTET-
panos x2(u, ') n X2(u,A?). Wmeem B3 < p1, B3 < fi. Hano aokasats, uro

Bk < B2, 1. e. uro (2 6nwxe x B uem B3. BynmeMm ciemoBaTh TOT e IyThb
kak B [8] (cm. ctp. 135). IloctasmMm B (28) u (29) cooTBETCTBEHHO WHTer-
pak X%(u,/\l) u x%(u,)\z), ¥ yMHOKUM II€PBO€ Ha X%(u,)\z), a BTOpoe — Ha

x%(u, Al). Brranras oaso ypaBHEHUA M3 APYIoro mojy4yaeM TOXKAECTBO
] !
(30) [ (, AR, A1) = X (t, A, A7)

+ (Gylu, A%) — Gylu, A1) x(u, M )xd(u, A%) = 0.
Us (3), (111), (16") u (18) HemocpencTBeHHO BUAHO, YTo 06a ciaraemse B (30)

2
nojaraeM, 4To ¢GyHKIVMA x%(u, M n x%(u,/\z) nosoxnTenHbE B (8, 1u0) — 8T0

1
MMEIOT B U = g HYJAb TIOPAIKA Ny € (0, =|. Honyctum, uto 82 < B} (upesn-

BCET/Ia MOXXHO JOCTHYbL yMHOMKAf HA [IOCTOAHHHI MHOMUTeNb). WuTerpupys
(30) ot B4 no ug momyuaem

Ug

_X%,(B% ) Al)X%(ﬁé ) A2) = / (GE(U) }‘2) - Gk_(ua Al)) X%.(ua Al)X%(“a ’\2) du.
&

OTO PaBEHCTBO HECOBMECTHMMO TaK KaK €ro MpaBas YacTh [OJOKUTENBHA, & €10
JieBasf 4aCTh — HemoJoxutensHa. Cienoparensho B < B2 . Takum obpasom
nojydmnu, 4yro teopema LTypma o cpabsHeHutl Hyie# penieHuMit ypaBHeHM
(28) u (29) mmeer MecTo 1 B OKpecTHOCTM 0COGOHR TOUKM u = ug. Toraa mpu
YBeJIMYeHUN MapaMeTpa A HYJIM MHTerpana xﬁ-(u,/\) ypaBuenua (7) B (u, up)
HepeIBUrMBAIOTCA HAJIEBO.

KopoTkoe coobmenne pesynbTaToB 9To# cTaTbi AA Hojlee Y3KUX KiIac-
coB moBepxHocreit S5, S} u SY ony6imkosoro B [5]. Tam m; = my = 0 aua
Sﬁ, me = 0nm = n; gaa S,{, my = Ny U My = ng LIA Sg, rae auco
n; = 1, anbo n; £ %, t=1,2. Kpome st1oro 6.M. uarnubarua mnosepxuocTeit S)z\
cmp =my =0u S}\ c my =0, m =1, Mepuauas ¢, KOTODbIX MMeEET OLHY
MH(IIEKCHYIO TOUKY M OHA HE 3aBUCHUT 0T A, PACCMOTDEHH B [3].

O1MeruMm emme, UTO BCe MOBEPXHOCTH Sf\ 1 S}, B cuay pesynnTaToB CTa-
Teit [10], [11], [12] sBAsr0TCA XKeCTKAMHU BTOPOro Mopaaka (o 6.M. M3rnbaHuax
BEICIIVX TIOPAJKOB 3aMKHYTHIX [IOBEPXHOCTEM BpallleHUa CMeIIaHHOM KPUBM3HBI

cm. B [13]).
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CLIP++: AN OBJECT-ORIENTED EXTENSION
OF A RELATIONAL DBMS

PAVEL AZALOV, VENTSISLAV DIMITROV

ITagen Aszanos, Benyucaae Jumumpos. CLIPTt: OBBEKTHO-OPUEHTUPOBAHHOE
PACHIMPEHUE OJIHOM PEJIAIMOKHON CYB.A

B nacTosmeil pabore npeactasiena cuctema Clipt*, xoropasn sBnaerca o6beKTHO-
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Pavel Azalov, Ventsislav Dimitrov. CLIPT+: AN OBJECT-ORIENTED EXTENSION OF A
RELATIONAL DBMS

In this paper the Clipt+ system is presented. It is an object-oriented extension of the
Relational DBMS Clipper 5.0. Clip?? tries to upgrade one of the most widely spread Relational
DBMS with some object-oriented features. It has the basic characteristics of an object-oriented
system: classes and objects can be defined; class hierarchy, inheritance and polimorphism are
supported. On the other hand, the relational features of the DBMS Clipper 5. 0 are used to
achieve the object persistency.

1. INTRODUCTION

The wide usage of the relational DBMS in the development of computer ap-
plication systems is due mainly to the simplicity of the relational model. But
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the relational DBMS cannot directly satisfy the requirements of the new applica-
tions in the fields like, for example, the office automation, computer-aided design,
and knowledge based systems. These untraditional applications set some serious
requirements:

— possibilities for direct modelling of the objects of the application area; the
relations of the relational model are not always suitable for this;

-— the uniform representation of all relations in the relational database suggests
a single level hierarchy; the hierarchy is a typical feature of the modeled areas;

— the semantic modelling features and knowledge representation capabilities
are insufficient.

Some approaches for solving these problems can be found in different publica-
tions [Gar 89], [Ong 84], [Obs 86], [Unl 90]. In one of the approaches the relation
model is replaced by other models, like: entity-relationship model, semantic data
models or object-oriented data models. In the first one the relational model is
expanded introducing complex objects and abstract data types. One object-oriented
extension of the relational database system Clipper 5.0 is represented in this paper.

2. PRELIMINARIES
2.1. OBJECT-ORIENTED CONCEPTS

The object is a basic notion in the object-oriented paradigm. The object
unites both state and behavior of the modeled entities in one. The state of an
object is characterized with the values of its attributes. The set of operations
called methods, applicable to these attributes, characterizes the objects, behavior.
Objects, sharing the same attributes and methods, are grouped into a class and
are called instances of that class. The class describes the attributes of its instances
and the operations (methods) applicable to them. The methods (their realization),
as well as the attributes, however, are not visible from outside the object. The
objects can communicate with one another only through messages. These messages
are requests for an object to change its state, to return a value, or to perform some
sequence of actions. The set of messages to which an object responds constitutes
the public interface of an object. Each object responds to a received message by
executing a method.

The notion of a class is different from that of a type. Its specification is the
same as that of a type but it is more a runtime notion.

Inheritance and polymorphism are key concepts of an object-oriented system.
The inheritance allows us to specify or to implement only the extensions between
the existing classes and the new ones. The new class “inherits” all properties of the
old one — its superclass. The polymorphism allows us to send the same message
to different objects and have each object respond in a way appropriate to the kind
of object.
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2.2. THE SYSTEM CLIPPER 5.0

One of the most famous and worldwide spread relational systems is dBASE. On
the basic concepts of dBASE a number of other systems appeared and developed
successfully:

— interpreters (dBASE, FoxBase);

— compilers (Clipper);

__ translators from the dBASE programming language to other programming
languages (dbx3:translator to C);

— libraries for dBASE files manipulation (SoftC: C-library).

Additionally, almost all Relational DBMS support dBASE file compatibility
and can manipulate dBASE file format.

The Clipper system takes a central place in the development of the dBASE-like
systems. The latest release Clipper 5.0 has some important new features to which
we should pay more attention:

— a preprocessor allowing command definition and redefinition;

— a new data type: code block — executable piece of data, which differs from
the macros by its compile-time translation;

— four predefined classes: ERROR, GET, TBROWSE, TBCOLUMN.

In Clipper 5.0 the definition of new classes is not allowed. Therefore, there
is no inheritance or polymorphism. The attributes of an object can be directly
accessed and their values changed, so there is no encapsulation either.

A short description of an object-oriented extension of Clipper 5.0, called Clip*,
follows in this paper.

2.3. OVERVIEW OF THE CLIP*+

The Clipt* system combines the basic features of the object-oriented and the
database managing systems. Some of them are:

— class and object definition;

— gub-class definition with inheritance;

— object encapsulation;

— polymorphism;

— persistence.

The Clip*+ system is entirely build using only the Clipper 5.0 features.The
existing preprocessor is used essentially. The object-oriented features of Clipt+ are
implemented as user-defined commands and a set of functions.

3. CLIP*+ OBJECT MODEL

The four principal concepts of the Cliptt object model are: object, message,
class and inheritance.
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3.1. CLASS DEFINITION

A new class is defined using a command with the following general format:
DEFINE CLASS <class_name> : <parent_class> ;
[ <attr> {, <attr> } : <type> ]

In curly brackets (“{”, “}”) are enclosed expressions that can appear 0,1 or
more times and in square ones {“[”, “1”), expressions that appear at least once.

The allowable types are: NUMBER (<digits> [,<decimals>]), CHARACTER
(<length>), DATE, MEMO, OBJECT (<of_class>). Let us note that the type
of an object field can be another object of any already defined class. Thus an
object hierarchy can be build. The class methods are defined as attributes of
type FUNCTION (<para#>) or INITIALIZER (<para#>). The last one represents
a constructor method. The appending and removal of attributes are performed
respectively by the commands:

ADD TO CLASS <class_name> ATTRIBUTES;

[ <attr> {, <attr>} : <type> ]

DELETE FROM CLASS <class_name> ATTRIBUTES <attr> {, <attr> }

The removal of a class is possible if it has no subclasses and is not nested in
other class definitions. The command is:

DELETE CLASS <class_name> {, <class_name> }

A subclass is defined using the class definition command. Each class can have
many subclasses but only one superclass. There is only one predefined root-class
called OBJECT. Example:

DEFINE CLASS location : object ;

x, y : NUMERIC (2) ;
init : initializer (2) ;
move : function (2)
DEFINRE CLASS box : location ;
h, w : NUMERIC (2) ;
typ : CHARACTER (1) ;
clear: function (0)
DEFINE CLASS string : location ;
s : character (24)
In the above example three classes are defined, building the following hierarchy:

OBJECT

LOCATION

STRING
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3.2, OBJECT DECLARATION

Each object is an instance of an existing class. Its declaration is similar to the
Clipper 5.0 variable declaration. The object declaration command has the following
format:

| PRIVATE | PUBLIC | DECLARE | LOCAL : <class_name> ;

<obj_name>(<param_list>) {, <obj_name>(<param_list>) }

An object can be declared with no round brackets. The <param_list> may
be empty. Here are some examples:

:location L1, L2 (4, 4), L3 ()

PUBLIC :box B1(4, 4, 10, 10, ’-’)

When no initializing parameter list is passed during an object declaration, no
constructor (initializer) is invoked for that object (ex. L1). If a parameter list is
passed (even if it is empty), Clip** tries to initialize the object calling a constructor-
method of that class. If there are several constructors defined in one and the same
class, Clip*+ selects that one which expects number of parameters, closest to the
number of the parameters passed, but not less if possible. For example, if the BOX
class definition has three constructors INIT1, INIT3, INIT6, expecting 1, 3 and
6 parameters respectively, INIT3 will be selected. The constructor is a method
designed to initialize the object at declaration time. If a class contains nested
classes in its definition, the best place for initializing the nested objects is in the
constructor-method.

3.3. METHOD DEFINITION

The method is a regular Clipper 5.0 function. When a method is defined, its
name is preceded by the class name separated with colon (“:”). For example:

FUNCTION LOCATION:MOVE( X, Y )

..... <method body> .....

RETURN <value>

To compile a method and make the late binding possible, Clip** contains a
component called pre-preprocessor. It creates preprocessor directives converting
the methods into regular Clipper 5.0 functions. The pre-preprocessor gives the
methods new names, described in the _C_TABLE_ structure (explained later) as
internal method identifiers. During the late binding from the object class and the
sent message, the internal identifier is generated and the real compiled function with
that name is called. For example, the method name LOCATION:MOVE is translated
to an identifier, which looks like F00100202. When a message MOVE (3, 4) is
sent to an object of class LOCATION, the FO0100202 identifier is generated and the
F00100202 function is called.

The attributes of an object are accessible only through its methods. When
describing a method body, the class attributes can be accessed. In order to distin-
guish the attributes from the other variables and objects, their names are preceded
by a dot (“.”). All the methods of the same class are called in the same way. For
example:
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FUNCTION LOCATIOR:INIT( X, Y )
.X := X // .Xand .Y are object attributes of class LOCATION;

.Y := Y // Xand Y are the parameters passed

RETURN Nil

FUNCTION LOCATION:MOVE( X, Y )

Init(X, Y) // .Init is a method of the same LOCATION class;

RETURN Nil // if used Init(X,Y) function INIT will be called

If an attribute is a nested object, a message can be sent using a dot in front
of its name (as when accessing attributes) and a colon between its name and the
message. The universal way is to assign the object-attribute to a local variable of
the same class, work with it as with any object, and then assign it back to the
object-attribute. In this way nested objects with unlimited depth can be handled.
For example:

FUNCTION CLASS1:METHOD1

PRIVATE :location L1(1, 2)

.LOC := :L1 // LOC is a nested object-attribute of class
.LOC:Move(4, 4) // LOCATION to which message Move is sent.
:L1 := .LCC // This shows the processing of a nested
:L1:Move(6, 6) // object-attribute using a temporary

.LOC := :L1 // private object :L1

RETURN Nil

Looking back to the object declaration, let us note that the constructor call-
ing is nothing more than an automatic sending of one of the messages marked as
initializing.

4. OBJECT MANAGEMENT IN CLIP*+

i

4.1. CLASSES AND, ATTRIBUTES DESCRIPTION

One of the basic requirements to a database system is the persistence. For
this reason we must have tools to save objects in secondary storage. It is even
more necessary the class description to be persistent. Therefore, Clip*+ maintains
two database files: QCLASSES.DBF and @ATTRIBS.DBF. The @CLASSES.DBF contains
the class definitions and the relations of classes, while in the QATTRIBS.DBF the
attributes and methods are described. For faster access to these descriptions the file
QCLASSES.DBF is indexed on its attributes CLASS_NAME, CLASS_ID, and PARENT_ID.
The @ATTRIBS.DBF file is indexed on CLASS_ID to link the attributes and methods
to their class.

The relational schemas of these files are the following:
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Attr. Name Type Length Decimals

Q@CLASSES.DBF: CLASS_ID Character 3
CLASS_NAME Character 11
PARENT_ID  Character 3
CLASS_ATTR Numeric 3 0

QATTRIBS.DBF: CLASS_ID Character 3
ATTR_NAME  Character 15
ATTR_TYPE Character 1
ATTR_LEN Numeric 3 0
ATTR_DEC Character 3
ATTR_MODE  Character 1

Their contents are, for example, the following:

@CLASSES.DBF:

CLASS_ID CLASS NAME PARENT ID CLASS ATTR
000 OBJECT 0
001 LOCATION 000 4
002 BOX 001 6
003 STRING 001 6
QATTRIBS.DBF:
CLASS ID ATTRNAME ATTR.IYPE ATTRLEN ATTR_DEC
001 X N 2 0
001 Y N 2 0
- 001 INIT I 2 001
- 001 MOVE F 2 002
002 H N 2 0
002 L} N 2 0
002 TYP C 9 0
002 INIT I 5 001
002 MOVE F 2 002
002 CLEAR F 0 003

4.2. OBJECTS IN MEMORY

For a proper object manipulation Clip** supports a memory structure
(_C_TABLE_) describing the classes used. In the terms of Clipper 5.0 it is a 2-
dimensional array, but some of its elements are also 2-dimensional arrays. It is
possible to read all class definitions into memory. If this is not done, when an
attempt is made to use a class, its description is added to the structure. This
slows down the system when a class is accessed for the first time, but as only the
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necessary class descriptions are loaded into _C_TABLE_ , the look-up in it is faster
and less memory is used.
The _C_TABLE_ structure describing the classes in memory is the following:

ClassNAME ClassID ClassMETHOD ClassDATA ClassPID

I 1 t 1 1 1
Type:  |<char-11> |<char-3> |<array[3,x]>|<array[3,x1>|<char-3> |
— § ! H ] }
. ' 1 I T 1
Exam: | LOCATION | 001 | * | * | o000 |
—— —r—————\— !
veesescasceneanas / \
/ \
Mtd.NAME Mtd.ID Para# DataNAME DataTYPE Orig.CID
f T i L { T ¥ L
Type:  |<char-15>|<char-9> |<num-2>| | <char-15> | <char-1>| <char-3>|
1 | 1 | 1 | ]
i T L} 1 f 1 I L
Exam: | Move  |F00100202] 2 | | «x | N | o001 |
— ! ! ] — i ! ]
{ 1 1 L I { I 1

ClassPID — the CLASS Parent IDentifier;

0rig.CID — the Class IDentifier, where the attribute is originally defined (it can be
inherited);

Mtd.ID — internal (memory only) Method IDentifier; consists of: method type ("F’unction
or I'nitializer), class identifier (3 characters), method identifier (3 characters) and number of
expected parameters (2 characters);

DataTYPE — Attribute TYPE: C, N, D, L, M, O: nnn, where nnn is the identifier of the class
of which the nested object is.

When a new class description must be loaded into _C_TABLE_ , the following
actions take place. First, the parent class (if any) is determined and if necessary
loaded recursively into memory. Second, its description is appended (doubled) as
last element of the structure. This ensures the inheritance of all its attributes and
methods. At the end, the descriptions of the elements, defined in the class itself,
are read and if they overlap existing elements, the new definitions replace the old
ones (ensuring the polymorphism), else they are added to the sub-arrays describing
the methods or the attributes.

4.3. MEMORY REPRESENTATION OF OBJECT VALUES

The objects themselves are represented in memory as arrays with one element
more than the number of their attributes. In Clipper 5.0 each array element can be
of different type, even another array. Using this feature, the value of each attribute
of an object is kept in a certain element of the array representing that object. The
array takes the name of the object and is directly accessed using it. The attribute
name descriptions and their types are kept in the _C_TABLE_, from where the access
to the corresponding attribute values takes place. The last element of the array is
the object class name.
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The access to a specific attribute of an object is done as follows. First, using the
class name (the last array element) the class description in _C_TABLE. is located.
Then in the attribute description sub-array the specific attribute name is found. Its
index is the index of the element in the array, where the attribute value is stored.

—> L2 _C_TABLE_
r - +—t } —
. - 4] | | A —r—rl rr—l |
p——-—{ p>i.|LOCATION]|OO1|INIT|... |2}~y 1.|X|N]0OO1]|00O]
2. | 4|1 | | |IMovE|...|2|| k>2.{¥{N]OO1}] |
\ b—— | Pt Jp
\lLocATIoN 4} — f—v —]
—_— /
\ /

To ensure the encapsulation of the objects, their values can be accessed only
through the methods of the corresponding class.

The access of the methods is absolutely identical: from the class name (last
array element) and the method name the appropriate function is called. This
automatically implements the late binding and the polymorphism.

4.4. MESSAGE SENDING

To distinguish the objects from the memory variables, their names are preceded
by a colon (“:”). For example:

:L2:Move(10,10) // a message Move(10,10) to the object L2

:L1 := L2 // assigns object L2 to L1 (“:”) in front of

// the second object are not compulsory.

The construction :<identifier> is recognizes by the preprocessor and the
above example is translated to the functions:

_Obj_MExec_( L2, "Move", 10, 10 )

_Obj_assign_( L1, L2 )

The format of sending messages to objects is the following:

:<object_name>: <method_name>{( <param_list> )}

:<object_name1> {:}= {:}<object_name2>

Here the curly brackets designate that the expression within them can appear
not more than once. The <param_list> may be empty.

The message sending to a nested attribute-object is similar but the object
name is quoted as an attribute (details in 3.3.):

.<obj_attr>:<method_name>{( <parameter_list> )}

When passing an object as a function argument the colon is not compulsory:

Functi( L1 ) // equivalent to funct1( :L1 )

:02:Method2( L1 ) // equivalent to :02:Method2( :L1 )

......
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4.5. OBJECTS INTO RELATIONS

When defining a new class Cliptt creates a database file named with the first
8 characters of the class name and with the following attributes: one attribute for
each class attribute with the same names and one additional attribute called _0ID_
(object identifier). The object identifier is generated by Clip** upon saving a new
object in secondary storage and has unique value for the whole system. It is in the
range from 1 to 362 — 1 = 46655 (ZZZ as a 36-decimal number). Therefore, up to
46 655 objects can be saved in secondary storage at the same time. The increase
of that number is only a technical problem.

The objects of each class are saved in as many files as the number of the
superclasses of the class plus one for the class itself is. This may seems rather
clumsy but gives some benefits, for example: easy overlapping of attributes, easy
transformation of an object from one class to another, much easier and faster look-
up, objects of all subclasses of a class can be treated as pertaining to the parent
class. The last one means that if the X-coordinate of all LOCATION objects is
increased by one, the same will happen to all objects of the subclasses BOX and
STRING. Looking back to the LOCATION and BOX classes, the following relational
schemas will be created:

LOCATION ( _0ID_, X, Y )

BOX ( _0ID_, H, W, TYP )

Note: The root class has at least _0ID_ attribute.

Each object in secondary storage is decomposed into its attributes which are
saved in the file corresponding to the class where they are originally defined. For
example, the object B of class BOX: B(X=4, Y=5, H=10, W=20, TYP =2-1) goes
into 3 files:

OBJECT (_0ID_.) LOCATION (_0ID_, X, Y) BOX (_OID_, H, W, TYP)

...........................

Ozr Ozr 4 5 Ozr 10 20 r=2
When an object is read from secondary storage into memory, first a selection
of _OID_ (it is unique) is performed and then a join on _O0ID_ of all relations is
build of. The resulting tuple is put into the object structure (array) together with
the class name as last element.

-0ID_ XY B W TYP

OBJECT Ozr
LOCATION Ozr 4 5
BOX Ozx 10 20 =

An object is saved in secondary storage in much the same way: it is decomposed
into tuples (of attributes defined in the same class together with an object identifier)
and saved in the corresponding file. Let B is the above object of class BOX. It is
saved in the following way: each attribute is checked, where it is originally defined,
and using the class name the database file is determined (see the following scheme).
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4.6. LOCATING OBJECTS

The location of objects in secondary storage by the values of their attributes
uses one specific feature of Clipper 5.0: each element of an array can be of any type
including code block. So to solve the contradiction between the object encapsula-
tion and the direct access of the data in the relations, the notion functional object
is introduced in Clipt*. A functional object has as many attributes as the corre-
sponding object and it is declared in the same way, but instead of values contains
code blocks that are Boolean expressions on the corresponding attributes. Thus
the requirement for object encapsulation is fulfilled and at the same time an object
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can be located by the values of its attributes. The functional object is used in the
object locating commands. For each object in the secondary storage the Boolean
expressions are calculated and if they are true, the desired object is found.

In the subsequent command formats the curly brackets designate that the
expression can appear not more than once.

The object locating command is :

LOCATE OBJECT FOR <fobjfor> WHILE <fobjwhile>

{NEXT <next>} {<rest:REST>}

Example:

Private :LOCATION L4( {!x| x>5 .and. x<10}, {lwl w # z} )

LOCATE OBJECT FOR :L4

The argument of the code block is always the corresponding attribute, no
matter what its name is. In the above example the ’x’ argument represents the ’X’
attribute and the ’w’ argument represents the *Y’ attribute, because the Boolean
expression occupies the ’Y’ attribute place. The 'z’ is a memory variable.

Objects are added in the database with the command:

APPEND {OBJECT} :<obi>

Objects replace other objects with the commands:

REPLACE {CURRENT} {OBJECT} WITH 1<obj>

REPLACE OBJECT <oid> WITH :<obj>

In the first format the object replaces the “current” object. (Clipt+ supports
“current” object and “default” class. They are usually the last accessed object and
class.) In the second format an object with a definite identifier is replaced.

The object is read into memory using a function:

<object_name> := ReadObject( { <object_identifier> } )

A “blank” object is added with the commands:

APPEND {BLANK} OBJECT // of current class

APPEND {BLANK} OBJECT OF CLASS <class>

Skipping < n > objects from the default class is done by the command:

SKIP DBJECT {<n>}

The current object can be deleted using:

DELETE OBJECT

LOCATE in combination with other commands can perform group operations.
For example:

Do While ! Eof ()

LOCATE OBJECT FOR :L4 REST
DELETE OBJECT

EndDo
deletes all the objects matching the functional object :L4.

The above database commands can be made ob ject-oriented. One approach is
to add some predefined methods to the root class OBJECT. Let us note that the
object itself can be accessed from within its methods by the name ”_a_” (in most
00 languages it is “self” or “this”). The only thing these methods would do is to
execute the corresponding database command. For example:
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:<obj>: Append() <=> APPEND [OBJECT] :<obj>
:<obj>:Replace(<o0id>) <=> REPLACE OBJECT <cid > WITH :<obj>
:<obj>:Read({<oid>}) <=> <obj> := ReadObject( {<oid>} )
Another approach for object-orienting of the comrards is to introduce a special
class (dbaseclass) with an instance (dbaseodj). The methods of that class can
implement the database commands by just executing them. For example:

:dbasecbj : Append(<obj>) <=> APPEND [0BJECT] :<obj>
:dbaseobj:Skip( {<a>1} ) <=> SKIP OBJECT {<=n>}
:dbaseocdj:Delete() <=> DELETE OBJECT

This is a more universal approach, but more complicated. Both of them can
be easily implemented using the Clip** features.

REFERENCES

[Gar 8] Gardarin, G, et al. Managing Complex Objects in an Extensibie Relational
DBMS. — Proc. of the 15th Incernational Conf. on VLDB, 1989, 55-65.

[Ong 84] Or.g, J., et al. Implementation of Data Abstraction in the Relational Database
Systemn Ingres. SIGMOD, rec. 14, 1984, 1-14.

[Osb 86} Osborn,S., T. Beaven. The Design of Relational Database System with Abstract
Data Types for Domains. — ACM Transactions of Database Systems, 11, No 3, Sept.
86, 357-373.

[Unl 90]) Unland R, G.Schiageter. Objeci-Oriented Database Systems: Concepts and
Perspectives. LNCS 468, Datubase Systems of the 90’s, A. Blaser (Ed.), 154-197.

Recetved 12.06.1992

119






'OAMNITHUK

HA

COPUNCKNSA YHUBEPCUTET
_CB. KJIMMEHT OXPUIICKU“

SARYJITET IO MATEMATHUEKA
N NHPOPMATHEKA

KHUTA 2 — MEXAHUKA

Tom 85
1991

ANNUAIRE

DE

L’UNIVERSITE DE SOFIA
“ST. KLIMENT OHRIDSKY”

FACULTE DE MATHEMATIQUES ET INFORMATIQUE
LIVRE 2 — MECANIQUE

Tome 85
1991

CO®UA, 1993, SOFIA
YHUBEPCUTETCKO U3INATEJCTBO ,CB. KIMMEHT OXPUICKH¢
PRESSES UNIVERSITAIRES “ST. KLIMENT OHRIDSKI"



PEJAKUMOHHA KOJEIKA

npod. JIOBOMHP JIH/IOB (rnapen penaxTop), npod. 3AIPAH 3AITIPAHOB,
npod. KOHCTAHTHH MAPKOB, nou. HBAH MHXOBCKH,
rn. ac. COHA JEHEBA (cexperap)

© Coouitckn yaupepcurer »C8. Knument Oxpuacku®
dakynrer no mareMaTukra n MHPOpMATUKa
1993
ISSN 0205-0808



PONUIIHUK HA COSUNCKUA YHUBEPCUTET ,,CB. KIMMEHT OXPUJICKU¢

PAKYIITET IO MATEMATHUKA U MTHPOPMATHUKA
Knura 2 — Mexanuka
Tom 85, 1991

ANNUAIRE DE L'UNIVERSITE DE SOFIA ,ST. KLIMENT OHRIDSKI*
FACULTE DE MATHEMATIQUES ET INFORMATIQUE

Livre 2 — Mécanique
Tome 85, 1991

BIFURCATIONS OF INVARIANT MANIFOLDS
IN A MODEL IN THE RIGID BODY DYNAMICS

OGNYAN CHRISTOV

O2nsn Xpucmos. BUGYPKALMY UHBAPVAHTHBEIX MHOTOOBPA3UIM B OZTHOM
MOIEJIE B JUHAMUKN TBEPLOBA TEJIA

PaccMoTpena MexaHuueckas MozeNb, o6obmaioman KJiacCcMYeCcKas 3aaqya O RBUKe-
HWM TBepAOBa Tena. Vzonuposau unrerpupyemurit cnyuaii. OnucaHbl TONOJOrMA MHOMeC-
TBa YPOBHS MHTerpaikos u Bce Budypkagmu JIuyBuneBHIX TOPOB M LWUAMHIPOB.

Ognyan Christov. BIFURCATIONS OF INVARIANT MANIFOLDS IN A MODEL IN RIGID
BODY DYNAMICS

A model, generalizing the rigid body problem is considered. An integrable case is isolated.
The topology of the real level sets of the motion constants and all bifurcations of the Liouville
tori and cylinders are described.

1. INTRODUCTION

Consider the following mechanical problem. A particle, hanged up on a spring,
is oscillating in a symmetric heavy body with a fixed point along the axis of sym-
metry. This is a conservative system with four degrees of freedom. Consider the
motion of this system without external forces. It can be described via the La-
grangian [1]

1 : : . .
(1.1) =3 { [(A + mrz)(u’)z sin? 8 + 92) + C(¢ + ¢ cos 9)2] +mr — 0'7’2} i
Here ¢, 8, ¢ are the Euler angles, m is the mass of the particle, » — the deviation
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of the particle from the fixed point, ¢ — the stiffness of the spring and the C,
A are the inertia moments about the symmetry axis and in the orthogonal plane,
respectively. In the next section we shall show that the system (1.1) is completely
integrable,

The purpose of this paper is to classify all real level sets. According to the
classical Liouville-Arnold theorem [2], we may expect that they are consist of tori,
cylinders and planes. In recent papers [3], [4] the generic bifurcations of invariant
manifolds are studied for generalized Henon—Heiles system and Gelfand-Dikii sys-
tem respectively, using their algebraic structure. In quite different way Kharlamov
[5] studied the bifurcations of integrable cases of rigid body problem.

However, our case is more simple than others mentioned above. First, the
problem is integrated in elliptic functions and, second, the variables are directly
separated. So, after reducing the system to two degrees of freedom, in order to study
real level sets, it is sufficient to draw the graphs of the effective potentials. Then
the real level sets are merely the product of the real level sets of the corresponding
integrals.

2. EQUATIONS OF MOTION AND INTEGRALS

Let us simplify the problem. First, let us get rid of unessential constants. After
changes of the variables ¢t = #v/4 and r = r\/m/A and denoting s = cA/m,

C = C/A, the Lagrangian (1.1) becomes
(2.1) L= % {[(1 + r2)(¢? sin® 6 + 6%) + Clp+ cosﬂ)z} +7% = srz} .

It is obvious that ¢ and ¢ are cyclic coordinates. Then the corresponding integrals
of motion are:

(2.2) Py = 2—; =(1+r?%) bsin? 0+ C (gb—i— 3 cos 0) cosf = a = const.
oL (.
(2.3) Po = £ =C (go + 9 cosﬁ) = b = const.

Second, in order to reduce the system to two degrees of freedom, consider the
Routh’s function — R = L — a3 — bp. Simple calculations give

(a@ — bcos §)? ]
(1+72)sin?6] "

Note that the Routh’s function has the Lagrangian form R = T* — II*. The

corresponding Hamiltonian system is defined via the Hamiltonian

1 2\ A .
R= 3 [(1-{-7’“)92+r2—sr2

2 2 2
p: s 1 5 (a—bcosh)
2.4 =24 — 5
(2:4) RIS [“ anZo |’
5 . .
where p, = —Bg =7 py = Z—? = (1+r%0 and H = p,i+ pgf — R (the Legandre

transformation). There are no problems in deriving the equations of the reduced
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(two degrees of freedom) system. We shall consider a and b as parameters. The
corresponding Harmilton-Jacobi equation to the system (2.4) obviously separates.
If we denote

_ 5, (a=bcosf)?
f=ri+ sin? 8
we obtain the following first integrals in involution:
2 2
L S
(2:5) H=g+t5tgem=h

(a — bcos)?
sin’ @
Note that h, f are always 2 0. In the particular case, when a = b = 0, the integrals

become

(2.6) F=pi+ =f, where 0<f<m.

2 2 2
S A Sy N
(2.8) F =pg=f, [ arbitrary.

3. TOPOLOGICAL ANALYSIS

In this section we shall describe the topological type of the real invariant man-

ifold
M={H=h, F:f}CR4.

This means (in the context of the present work) that we have to describe

(i) the topological type of M for all values of the constants a, b, f, h,

(ii) how the sets M, fit topologically as a, b, A, f, vary to make up R*(8, 7, pg, pr)-

As it is seen in the previous section, our (reduced) system of iwo degrees of
freedom splits into two one degree of freedom systems. Then the topology of M
can be easily described by the product of phase portraits of these systems. The
topology of one degree of freedom system can be obtained by investigating the
graph of the potential of the system [2]. Of course, topological type may change
only in the critical point of the corresponding potential.

Consider first the integral (2.6). Let
(a — beos)?

L(§) = Ty 0<b<m,

s

be a potential of the system. Simple calculations give the shape of the graph of
L() in different cases for a and b (Fig. 1 (a), (b), (c), (d), (¢)).

The analysis of the above cases shows that the (a,b)-plane is divided into the
|TZ—|| =1,1I — JIZ_: # 1 (Fig. 2). It is seen
that only in the domain III there exist ovals (closed phase curves), but in domain
I, II there exist only lines.

following domains: I —a=56=0,11 —
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L(6) L(#) L(6) L(6) L(#)

4 / A . A [ A
s N =L,
Pe 'L\ AN pe} e 2ol
f \ 2 P f —— 7‘6 \0
Fig. 1 (a) Fig. 1 (3) Fig. 1 (¢) Fig. 1 (d) Fig. 1 (e)

Now consider the integral (2.5).
Denote by V(r) the effective potential

_sr? f
V(f') = —2— + m

Simple calculations give the shape of
the graph of V(r) for different cases for
f (Fig. 3 (a), (b), (o))

Consider the set of critical values of

the integrals (2.5) and (2.6) in the (A, f)

Fig. 2 plane. One should note that in the

these values integral becomes depen-

dent, i.e. dH AdF = 0. Then combining the information of Fig. 1 and Fig. 3,

we may see what is the type of the invariant manifold in concrete domain (Fig.

4). Denote by T, C two dimensiona] torus and cylinder, respectively, by S!, L the
circle and line, respectively, and T.T (C.C) denotes two sticked tori (cylinders).

' V(r) 4 V(r) 4 V(r)
r r :’
\I)r pr o T pr -
ﬂﬂ h/" a
o I = A NN
Fig. 3 (a) Fig. 3 (b) Fig. 3 (¢)
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So, we have
Proposition 1. All possible types of invariant manifold M are described in
Table I and Fig. 4.

Table 1

Domain 1 2 3 4 5 6 7 8 9 10 11

Typeof M | 0 | 25° oT | T.T | T | S* C | C.C | 2C | 2L L

Fig. 4 (b) l%\>1

h 1; h 1| @
® W @ O,
@> 9 1)
ol o e O
; 7
Fig. 4 (¢) ‘%‘ <1 Fig. 4 (d) la|=1bl=1

Having in hand all information from Table I and Fig. 4, it is easy to describe
all generic bifurcations when a, b, f, h vary.

Consider the following bifurcations:

(i) T = 0: the torus collapses along its “axes” — the S, and then vanishes,
ie.T= S =0,

(ii) 2T = 0:i.e. 2T = 25! = 0,

({)C = 0:i.eeC=> L=>0,

(iv) 2C = 0:i.e. 2C = 2L = 0,

(v) € = 2C (Fig. ba),

(vi) T = 2T (Fig. 5b),
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j

LU0
LU0

R L -
-

Fig. 5 (a)

9@9

Fig. 5 (b)

00

(vii) T = C (2T = 2C) when in Fig. 2 a, b cross the line |a] = |b).

If My = M; is an already defined bifurcation, then we denote by M; = M,
the “inverse” bifurcation.

So, we have the obvious

Proposition 2. Any generic bifurcation of connected components of the in-
variant manifold M can be found among the bifurcations (i)—(vii). The precise
description of all generic bifurcations of M is given in Table IL

Table II

1=5 } 1=7 1 =3 19 35 9= 7

0=T 0= C 0= 2T 0= 2C 2T=T 2C=C
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YACTHERLBIE IBU/XREHUS IIAPA, KATAIIEIOCA
10 ABCOJIFOTHO IIEPOXOBATOMY TOPY

COHA LEHEBA

Cong fenesa. YACTHBHIE NBVIKEHNA HIAPA, KATAIEIOCA I1IO ABCOJIFOTHO
MEPOXOBATOMY TOPY

B pabore 3aTpoHyTH HexOTOpBIe &CHEKTH KIaCCUUeCKOH HeronoHoMHOM 3afauu o Ka-
YEeHUM Mapa 0o abCoNIIOTHO LEPOXCGBATOR MOBEPXHOCTH HOXA AeliCTBMEM €ro TAMKECTH.

Sonia Deneva. PARTICULAR MOVEMENTS OF ROLLING SPHERE ON ABSOLUTELY
ROUGH TORE

In this paper are considered some aspects of the classical unholonomic problem about rolling
sphere on absolutely rough surface under the action of weight.

B Hacrosme#t pabore 3aTPOHYTH HEKOTOpHIE ACIEKTH! KIaCCHIECKOI Hero-
JoHOMHOM# 3a1auy 0 KaueHUM mapa 1o abCcoNIOTHO MepOXOBATON IOBEPXHOCTH
mol ZelicTBueM ero TmrecTu. B oToll 3amaue MMeIoTCH AEBATH HEM3BECTHBIX
— KOOPAMHATHl ZG, YG, 4G UeHTpa TikecTH (G mapa, yrau Diuepa ¢, 6, ¢
ITOABMXKHOrO TPUBJpA, HEM3MEHHO CBA3AHHOIO C IIAPOM M KOMIIOHEHTHI peak-
My noBepxHocty N, geficiBylommx Ha map. Tpebopanme, yToBm Telo He
[IOKMJAJIO NTOBEPXHOCTb, BeJeT K TOMY, UTO KOOpPAMHATH IleHTpa (G 3aBUCAT
OT OBYX IapaMeTpPOB, OTKyJa UMeeM HATH He3aBUCHMBIX MapaMeTpoB. ¥ ciIo-
BMA KaueHUA 0e3 CKoJIbKeHMA peXyLMpYIOTCA A0 ABYX 3aBUCHMMOCTel Mexay
06061EHHRIMIA CKOPOCTAMH, TaK YTO OCTAIOTCA TPY HE3aBUCHMBIX IlapaMeTpa,
AJIA ONPEAENICHUA KOTOPBIX MOKHO B3ATh TP ypABHEHMA HETOJOHOMHOM IM-
HaMUKH, HAlPUMep, ypaBHeHMA Anmessa. KoMnoHeHTHI HEM3BecTHOU peakmmm
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onpedenAIOTCA U3 ypaBHeHUN NBWKeHUA UeHTpa TAxecTH G mapa.

Ilycte GEn¢ u Ozyz COOTBETCTBEHHO MOABIKHAA, CBA3AHHAA C ABUGKY-
IOIUMCSA TeJIOM C Ha4aJloM B €0 IeHTpe Macc (3, ¥ HemoBIPKHaA CUCTEMEI KO-
opaxHat, A, B, ' — riaBHble MOMEHTHI MHEDIWM 1Apa, P, ¢, 7 — IPOEKIMH
yrioBo#fl CTOpPOCTH w Tejla Ha OCU MOJABYIKHOHM cuUcTeMbl KoopiuHaT. (603-
HauUM Jepe3 m ¥ a Maccy wapa U ero pammyc, n’(ng,ny,n,) — eauHUYHbIR
BEKTOp BHEIHON HOpMaJjM B TOYKe P CONPMKOCHOBEHMA IIapa C IMOBEPXHOC-
TbI0 Kayenud. Ilycre Q;, Q,, Q, u R;, Ry, R, — OpOEKIMU COOTBETCTBEHHO
yra0Bo# ckopocTH {2 MOBEPXHOCTH KaUeHUA M padnyc-BekTopa R Touxu P Toii
e [IOBEPXHOCTH OTHOCHMTEILHO HEMoIBMKHEIX oceif.

1. HETOJIOHOMHBIE CBfI31 Y YPABHEHUSA IBUKEHUA
HEOOHOPOIHOI'O IAPA IO PABHOMEPHO-
BPAITAIONIENCA NOBEPXHOCTHU

V3 popMyssl 1A CKOPOCTH TOYKM aBCONIOTHO TBEPAOTO Tela MMeeM
(1) vp =vg +w x GP,

rie Kak ¥ Boimre G — LEHTD TsKecTH Tella, P —— TOYKAa COIPUKOCHOBEHUA
Imapa ¢ NoBepxHOCThIO. IlpuHuMasn, yTo paccMaTprBaeMas IOBEPXHOCTE Bpa-
IIAETCA, MOy UYAM

(2) vp=Q X Rp.

Tak kak n® oBmmit HopMaLHBLE BEKTODP AR 06EUX COMPUKACAIOMUKXCA ToBep-
XHocTell, OyneM UMeTh

(3) GP = —an®.
M3 (1), (2) u (3) HaxoAMM HETOTOHOMHYIO CBA3b
(4) ve = a(w x n°) + Q x Rp.

Koraa omopras nmosepxHocTs HemomswkHa vp = 0, T. €. I8 TOUYKK COMPHUKOC-
HOBEHMA INapa MMeeM KadeHUe 6e3 CKOJIbXKEHUA.

Y paBHeHUA ABWKEHWA IAPa HAXOAWM U3 ypaBHeHMH AIeNs B KBa3uKO-
OpaMHATAX

as
5 —_— = ; | = 1, 2, ey 3
) =0 U 5
rae S ®Heprus yckopeHuil mapa, ); — oBobmeHHEIe CUIIBI, § — YKCIO CTe-

neHeit ceBo6oanl.
Ilna KBa3UKOOPAMHAT BEI6EpEM NIpOeKIMM yriaoBoll CKOpPOCTH mIapa Ha OCH
KOODAMHAT TOIABWKHOMU CUCTEMEI, T. €.

(6) T=p ®2=q, WT3=T
B namem cayvae umciio creneHelf cso6oanl s = 3, TaK KaK C [OMOINBIO He-

FOJIOHOMHBIX CBA3eit (4) MOXKHO M3KNIOUMTh IBa NMapaMeTpa, ONpeNesAIOmMX

132



NONoMKeHMe IEHTPA Macc, B Peay/bTaTe KOTOPOrO OCTAIOTCA TP He3aBUCHMEIE
mapamerpbl. TakuM 06pa3oM MOMKHO 3aalb I0JOXEHHUE Iapa TPEMA yriaMu
Ditnepa ¢, § n ¥, BXOAALME B KBA3UKOODP AMHATAX (6).
Oneprus yckoperua S pasHa [1]
mw,
2

(M) S= + 5,

rae S’ onpenenaeTcs BhIpaXKEHUEM
®) 5= %(Aziz + B¢? + Cr*) + pgr(C — B) + grp(A — C) +7pg(B — A) + - -

3neck onyment: unensl, Hecogepxamue p, ¢ u r. [lpu momomm (4) HaxommmM

w? = a? - d® (r.b.no)2 —2a? (0.n°) (w.n®)

9) + 2a (w.Q) (no.R) —2a (wR) (Qn®) +---

3xech mpurMMaeTcs, 4TO §) NOCTOAHHBIA BEKTOD, T. €. IOBEPXHOCTh KAUeHUS
BPAlAeTCA paBHOMEpPHO. 34eCh MHOTOTOUMEM 0503Ha4eHH UieHEl, HECOAep-
wamue . OSobmenErle cuibi §; oNpeaesioTca o GopMmyriam (2]

N
(10) Qj = ZFVa'Uja
v=1

rae F, — BHyTpeHHble cuibl, AelicTByomue Ha cucteMy. B paccmarpuBagmom
cllyyae MMeeTCsa TOJbKO OJHa TaKad CHjla — CUJa THKeCTH

(11) F = —mgk.

3necs i, j, k — opThl HemoaBWkHOM cuctemn: Ozyz. Bekropsl a,; onpexneni-
10TcA no dpopmynam [2, crp. 895]
3

(12) v, = Za,,jirj +a,.
j=1

B paccMaTpuBaeMoM Cllydae MMeeM
- (13) vy = Vg +Ww X P,

rae p, = &%+ n,1° + (,¢° — pammyc-BeKkTOp MPOM3BOJBLHON TOUKM MAPa.
IIpuHMMan B BULY, YTO

w = 11€% + 720 + 73(°
u3 (4), (12) n (13) Haxomum
ayy =a (Conn - 77071() +<077u - UOCV;
(14) a2 =a (€°n< - Conf) +£DCV - Coeu,
ays = a (1°ng — £°ny) + 1%, — 0y
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3necs £, 7, (O — opTm1 cucTemur GEn¢, n¢, ny, N¢ — KOMIOHeHTH BekTOpa n’
OTHOCHTEJILHO TeX e moaBikHEIX ocelt. Iloacrasasa (14) B (10), cormacko
(11) moayuum

(18) Q1 =mga(k x n°)°, Q3 =mga(k x n°)n°, Qs =mga(k x n°)(°,
rae NprUHATEI BO BHIMAaHNU 3aBUCHMMOCTH

N N N

Emvfu = vaﬂv = Z my(y =0,

v=1 v=l v=1

KOTOpHIe CHeAYIOT M3 ycjaoBul, 4To LeHTp macc G Iuapa coBNaiaeT C ero
reomerpuveckum terTpoM. Coraacro (7), (8), (9) u (15) m3 (5) Haxomum
YPaBHEHUA ABVMKEHUA LIapa

Ap — (B = C)gr + ma’p — ma?(w.n%)(n £°) — ma?(w.n)(n®.£°)

+ ma(n®. R)(Q.6°) — ma(Q.n)(R.£%) = mga(k x n®)¢°,
B§ — (C — A)rp + ma?§ — ma?(w.n%)(n%.1°) — ma?(w.n®)(n°.1°)

(16) + ma(n®.R)(Q.7°) — ma(Q.n°)(R.n°) = mga(k x n°)n°,
Cr — (A — B)pg + ma?f — ma?(w.n%)(n°.¢%) — ma®(w.n%)(n°.¢°)

+ ma(n®.R)(02.0°) — ma(Q.n°)(R.°) = mga(k x n°)¢°.

W3 (16) B 4aCTHOCTH MOMHO IOJYYATh yPaBHEHMA ABWKEHUA Iapa AJA CIy-
4yad KOrJla OMOPHAA NOBEPXHOCTh HEMOABWXKHA, T. e. 2 = 0.
Peakimsa moBepXHOCTH ONOPHI Ha IIape ONpeNeIATCH U3 ypaBHEHUA

(17) mwg = —mgk + N.

M3 (17) waxomum, uTo KommnoHeHTa N Ha 06meit HopMaJe ABYX MOBepXHOCTel!
N, onpenenserca u3 GopMyisl

(18) - Ny = mwg. n° + mg(k.n°).

2. IAPAMETPUYECKHUE YPABHEHUA TOPA

Top MOBEepXHOCTh BpalleHUA, KOTOPYIO MOMKHO ONDPEAENUTb Kak IIOBEPX-
HOCTb, MOPOXKAECHHAA BpPaIleHUEM OKPY>KHOCTH OKOJIO TIPAMOM JIMHMM, KOTOpad
JIEXKNT B €€ MJIOCKOCTH, HO ee He mepecekaeT. IIycTh aTa OKPYXHOCTH pacio-
JI0XKeHa Ha KoopauHaTHOM miockoct Oyz m Oz ee poranmonHad ock (puc. 1).
O6osnaunm uepes R; paccroanue O0;, rie O — LEHTP OKPYKHOCTH, a R
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Py

02
R,

4

Puc. 1

— ee paguyc. Ecau Py TOUKa OKDYXHOCTH, TO OYEBUIHO MMeeM
zp, = Rjcos 3,

rae B — yroaw (012,01 F).
Koraa okpyxuocTs BepTUTCA 0KoJio ock Oz, Touka Py OIMCHIBaeT OKPYX-
HOCTb ¢ nentpom Q. Ilna paccroanua Oz Py nMeem

O2Py = R; + Rysin 3.

OueBuano, Py omuceIBA€T OKPYKHOCTH Ha, TOPe C HapaMeTPU4YeCKMMH ypaB-
HEHUAMHM OTHOCHMTEIbHO KOODAMHATHOM nnockoctu Ozy BUIA

z = (R; + RysinfB)cos a,
y=(R; + Rysinf)sin ¢,

rie a yroins Mexay ocbio Oz u npamoin auamu Oy P. Touka P neXWT Ha Tope
U, ClleA0BaTeNIbHO, €ro napaMeTpUYEcKHe ypaBHEHUA Oy Ay T

z = (Ry + Rysin ) cos o,

(19) y = (Ry + Rysinf)sin e,
z= Rycosf.

HemocpeaCTBEHHO BUAHO, YTO €AMHWYHLIA BHEIIHMH BEKTOD HOPMAJM TOBEPX-
goctH (19) mmeer Bun

(20) n® = cos asin Bi + sin asin 85 + cos Bk,
rae a € [012”')) Bge [0;27")-
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3. YACTHBIE CJIYYAU NABUKEHUA HEEIHOPOIHOI'O WAPA
IO HENOIABUKHOM Y PABHOMEPHO KPYTAIIIEMCA TOPE
OKOJIO BEPTUKAJILHOI oCHn

PaccMOTpUM ABW’KEHME HeOJHOPOIHOIO M B YACTHOCTHU OZHOPOIHOIO IIa-
pa Ha Tope, KOria TOYKa COIPHMKOCHOBEHMA LIapa ONUCHBAET Napajelb Ha
TOpe, T. . Koraa = const.

IlenTp mapa omnpedenseM U3 ypaBHEHUA

(21) rG +rp +an®,
OTKyda AJA KoopauHaT G monyuaeM coraacHo (19) u (20)
zGg = [R1 + (Rs + a)sin f] cos a,
(22) Yo = [R1 + (R2 + a)sin f]sina,
zg = (R + a) cos .
I pearnonoX,um, 9TO TOp PABHOMEDHO BEPTUTCH OKOJIO BEPTHUKAILHON OCH, T. €.
(23) Q=0 Q>0.

HerosnoHomHbIe CBA3M, IPOEKTMPOBAHHbIE Ha HEIOABKHBIE OCH corsiacHo (4),
(20), (21) un (23) nmeror BUA

vg, = a(cos fwy — sinasin fw, ) — Qsina(R, + Rysin f),
(24) v, = a(cos asin fw, — cos fw;) + Q cos a(R; + Rz sin F),
v, = asin f(wg sina — wy cos @),
r/lé KOMIIOHEHTHI BEKTODA W ONPEAeNAIOTCA U3 popmya Ditiepa
Wy = écosw + ¢sinfsiny,
(25) Wy = fsiny — psinf cos 3,
w, =9 + @pcosb.

Wwmes BBUAY, uTO vg, = %@, VG, = Y6, VG, = Z¢ w3 (22) u (24) Haxomum
3aBHCUMOCTS JJis ciydasa 3 = const:

(26) 9sin(a—z/;)+¢sip€cos(a—1/;) =0.

PaccMoTpuM HEKOTOpPbIE YaCTHEIE ABWKEHMA IIapa, COOTBETCTBYIOMIIME 3a-
Bucumocty (26).

CHYYAN NOCTOAHHOW HY TALIMY NIOABUXKHOI'O TPUBIPA

3aech npuanMaem, uto § = fy = const, T. e. § = 0. Torma (26) ynoBmer-
BOpAeTCA IpH

(27) a=w+%-

U3 (27) u 2¢ = vg, coraacuo (20) u (22) nonyuaem

(28) V=vp+Q,
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asin

rae v = M _ mocrosnHas peuunna. IloxakeM, 4TO Mpu AMHAMM-
Ri + Rysinp

4ecKo# cumerpum mapa, T. €. B CIyUaAX Koria A = B, yrioBele CKOPDOCTH

" ¢ mocTosmubie. Jlua oTolf IeNM M3XOMUM M3 KMHETHIECKOTO MOMEHTA Kp

Iapa OTHOCUTEIbHO TOUKY KacaHud P, AuA KOTOpPOTO MMEEM
(29) flid(tf- = PG (—mgk).

Ymuoxas (29) Ha k, mosyunM MHTErpal KMHETHIECKOTO MOMEHTa
(30) Kpk = Cy = const.

W3 nedmumumm xkuHeTMYECKOTO0 MOMEHTA rMeeM

(31)  Kp = Kg +m(GP x vg) = ApE® + Bgn® + Cr¢® + ma(vg x n°).
Cornacho (4) u (31) ns (30) HaxoMM

(32) Apag; + Bgagz + Crass + ma? cos B(w.n) — ma’w, = Ch.

Ilpn A = B cornacuo (24), (27) # (28) m3 (32) HemoCpeACTBEHHO NOJyYa-
eM, YTO ¢ M 9 TocToAHHbIe. PaccMOTPUM ypaBHeHMA Anmend (16) amna sToro
JacHOro ABwkeHua. V3 (25) aas eTOro Cilydad “MeeM

w; = psinfgsin Y,
(32) wy = —psinfp cos Y,
w, = ¥ + pcosfp = const.
Coraacro (33) n (20) noayyum
(34) (@.n%) =0, (Rp.n®)=0.
U3 dopmyn mis IMpEKTOPHEIX KOCHHYCOB MMEEM
(35) ¢ = sinsinfoi — cos Psinfdoj + cos bok.
Coraacuo (20), (27) u (35) moayunm
(36) 10¢%) =0, (R(%)=0, (kxn%.L" =0

U3 (34) u (36) crenyet, uTo TpEThE yPABHEHUE Ammens B (16) yaoBI€TBOPEHO
TOYKAECTBEHHO. AHaJOTMUHBLIMYA BBIUMCJICHUAMM IEPBOE ¥ BTOPOE ypPaBHEHNE
B (16) peAyIMpYIOTCA Ha ClEAYIOUYIO 3aBUCUMOCTD

(37) (A + ma®)dpsinby + (C + A)gsin 8o(% cos o + ¢)
+ ma?4 sin ,B[lﬁ cos B + ¢ cos (6 + B))
+ maQ) cos B(R1 + Rasin ,8)1/) + mgasin 8 = 0.

Moacrasasa (28) B (37), nonyyaem ciaenylollee ypaBHEHNE LA P:

(38) Ver+ Qo+ W =0,
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rae Bemunanr V, Q, W u U onpexensmorcs us BLID aKeHMik

V = v*(C ~ A)sin 8, cos by +0U

@ =Q{20(C - A)sin by cos by + mav cos BIR: + (Ry + a)sin §) + U}
(39) w= Q*(C - A)sin g cos 8y + ma?sin Bcos B+ macos B(R; + Rysin B3)]

+ mgasin 8

U = Csinfy + mav cos §[R; + (Rz + a)sin g].
¥ cnosye 4To bR $, ollpeneseHHas U3 (38), 6rlTa peambuoil 331a€TCA HepaBeH-
CTBOM
(40) A=Q'—avw 2 0.
Nouxcrasnan (39) B (40), nocae usBecTHLIX npeoGpasoBanmit mosyuuM ycao-
BUe
(a1) q p imgasinfy

02 Sin 00
Ycnoue (41) HanoxuT mmkuion FPatmily Jula ckopoctu 2, mocie KoTopoik
BO3MOXHO DPACCMATPUBAEMOE YACTHOE ABIDKEHME Wapa Ha BHEMHeH NoBepx-
HOCTH XpyTamerocs Topa. Ipyroe orpanmdenne zug HOJYYHUM U3 yCAGBUH,
4To HOpMaibHas peaxuma N, Topa Ha rape norkHa GBITH HalpaBieHa 1o
BHemHed nopmaim n®. Uz (18) un (21) noayuaem

(42) Ny = mg cos # ~ msin Ba’[R, + (Rz + a)sin g].
Y3 (27), (42) u yenosus N, > 0 maxomum HepaBeHCTBO
- g cotg B
43 < .
(43) 4 \/R1+(R2+a)smﬂ

Cornacro (28) u (38) us (43) monyunm

WA O uQ \/ g cotg 9

(44)

2V +Q<§—17+ Ry +(Ry +a)sin B’

rae A ompezxenserca ua (40), aV u Q us (39). Y3 (44) umeem Heobxommioe

yciroBUe v
< geotgf | v
Bi+(Ry+a)sing ' 2V

KOTOpoOe BeneT K orpaHuvenuio aug )

2V gcotg B3
45 Q .
(45) < VCsinds \/& (B +a)sinf

Us (41) u (45) caeayer, uro mo HEO6XOAMMOCTH JOJKHO GbITh BBITNO THEHO
HEPaBEHCTBO

mav cos 23

(46)  v(C — A)sin b cosfy + Csin 6o +
cos 8

[B1 + (Ry +a)sin ] > 0,

138



KOTopoe MPEeACTABIACT OrpaHWUeHNe LA MOMEHTOB MHEPLMH HEOAHOPOIHOro
mapa. W3 (44) monyuum Gonee CMIILHOE HEPABEHCTBO AJA Q, a uMeHHO

(a7) 14 gcotg B |+ magy sinf [Ri+(Ry+a)sinf
@< vCsinbo \| Ry + (Rz +a)sinf ~ Csinfy gcotg B

Henocpegcrsenno nposepsaercs, 4T0 HEPABEHCTBO

| %4 g cotg B 4 magv sin@ [Ryi+ (Ra+a)sing
vCsinfp \| 1+ (Rz +a)sinf ~ Csinbo g cotg B

2V gcotg B
< 2Csinbo | Ri+ (R2+a)sin B

SKBUBaenTHO yenonmio (44). B 3aKIIOUEHMH MMeeM CIEAYIOUIYIO TeopeMy:
Teopema. Jlpwwxesme HEOAHODPOHOTO Mapa N0 Napajieny Ha paBHOMEp-

HO KDyTAmeMcs y aBCOMIOTHO IIEPOXOBATOM TODE MpH MOCTOAHHEIM yrile Hy-

TAUMM BO3MOMEHO, TONBKO KOL A& CKOPOCTE BPAIUeHNA TOPa YAOBNETBOPHET yC~

N0BMIO
—/ infvV £ Q
Tonte magsin fV £

< 174 gcotg B + magsinf [Ry + (Rz +a)sing
vCsinby \| Ri + (Rz +a)sinf = Csinfp gcotg B

¥ MOMEHTH MHEDLUM JI0AUeHEHHBIE HEDABEHCTBY (46).
B uactrOCTH, ecau map oAHOPOXHbIA, (46) penymmpyercsa Ha ycioBue

(48) ga sinfg cos @ + vcos 23[Ry + (Rz +a)sin 8} > 0.

s
Ecam yron mapanmean J £ 7 Tecos 28 2 0, ycaosue (48) BhimonneHo RuA

qoboro mwapa.
Ecau yron # yaoBineTBopAeT YCHOBHIO

1 2
I<ﬂ< zl---f——arcsin—s-, T. e. cos2f <0,

4 4 2
70 (48) BHIIOJIHEHO TOJBKO MJIA IAPa, ¥ KOTOPOro
. cotg 8 2 cos 28 .
<(Ri+R - _—
a < (Bi+ Rysin §) [ cos 26| sin (g + B) [5 sinfo + cos 3 sin (6o + ﬁ)]
u
tg B cos 23]
tgbo > 0,4+ cos2p

T 1 .2
Ecmu g 2 Z+§ arcsin =, ycaosne (48) He BHIONHEHO, T. €. ABIDKEHUE IO HOJIBb-

OIo# MapaJijielln HEBO3MOXKHO. DTH Pe3yAbTaThl Jerko NepeHecT! Ha cayuvah
HENMOJABIKHOTO Topa. B aToM ciydae ypasHenue (38) mmeer BuR

(49) V? + mgasin 8 =0,
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rae V onpeneneno u3s (39). OdeBnzmuo, ycnoBue aaA nefiCTBUTETLHOCTH @
V < 0, koTOpoe BeAeT K orpaHUUEHUIO

C'sin 65(1 + v cos fp) + ma?[sin 6y + v sin B cos B + sin B cos (6p + ) .
vsin 8 cos g

(50) A>

Jerko Buano, uto (50) He yIOBIETBOpSETCA LA ONHOPONHOrO LIapa, eCIHM
7?7, CrnenoBaTeibHO, B OTJIMYAM OT CJAy4Yasd PaBHOMEPHO KPYTANIErocA TO-
pa, PACCMOTPEHHOE YACTHOE ABWXKEHUE OJHOPOAHOTO MIADa IO Hello ABMKHOMY
TOPY HEBO3MOXKHO. ‘

Y cioBue, uTobBI HOpManbHaA peakuua N, HanpaBiena o n’, B BToM ciy-
yae BEIpaXKaeTCA Toxe Ipu momomu (43), T. e. uMeem

.9 gcotg B )
(51) p< V2[Ry + (Ry + a)sin §]

HoncraBnaa ¢* us (49) B (51), ana MomenTa uHepumn A mosyumMm Goiee
CHIBHOE OrpaHUYeHre

A> Ao+ ma’ sin §

vsin g cosfy ’

rae Ao mpaBas cTopoHa BelpaxeHusa (51).

3ameuanme. YacTHoe ABWKEHMe Wapa 10 TOPY NpPH MOCTOAHHOM YLie
HYTalliy I10ABMKHOTO TPUBApPA PACCMOTPEHO [P HAJMYMMA AMHAMUYECKOH cu-
MeTpMM OTHOCUTENbHO ocu G(, T. e. ipu A = B. Wcxoaa 3 unrerpaia mand
KMHETHYECKOIro MoMeHTa (32) M TpeThero AMHaMmM4eckoro ypassenusa (16),
MOXKHO [I0Ka3aTh, YTO TakKoe ABIKEHWEe eIMHCTBEHO BO3MOXHO npu 4 = B,
T. €. IIOCHIe/iHee YCAOBHME He TOJMBKO HOCTATOYHO, HO M HEOBXO0IMMO.

CJIYUYAM NIOCTOAHHBIX YTJIOB HYTALIMU ¥ COBCTBEHHOTO
BPAUIEHUA ITOABHUXKHOI'O TPUDIAPA

B oToM cayuae 6 = 6y = const, ¢ = @y = const, ¢ = §=0mwu yPaBHeHue
(26) ynoBieTBopserca ToxaecTBeHHo. M3 paBeHCTBA £g = vg, coryacHo (22)
1 (24) noayuum

(52) & = pih+ mQ,
rae uy n H1 KOHCTaHTHI

_ asin g _ Ri+Rpsing
_R1+(R2+a)sin,@’ “1-R1+(R2+a)sinﬂ

W3 ynterpana ana xkuneTndeckoro Momenta (32) Haxommm

Ci
Asin® g sin oy + Bsin® 6y cos? g + C cos? 8 — ma? sin? g’

(53) T

(54) ¥ =

T. €. YTJI0Bas CKOPOCTh Y NOCTOAHHAA, a CJIeJ0BATENbHO, COTIACHO (52) noc-
ToAHHA ¥ &. IlokaeM, YTO paccMaTpMBaeMoOe ABMKEHME BO3MOMKHO TOJBKO
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ANg oHOpOAHOTO MmIapa- B neficTBUTennHOCTH TpPeThbe ypaBHeHue (16) umeeT
BUg |

(A- B)d')z sinZ @ sin o COs Yo — ma? sin 3 cos B sin 8 cos (o — )
(55) — ma$) cos Bsinfoc( Ry + Ry sin fB) cos (o — ¢)

= mgasin 8 sin fg cos (& — ).

Ouepumso mpu A # B corfacHo (52) momyumnocs Gel, uTo ¢ ABAAETCA QYHK-
lmelt Beurummsr cos (@ — 1), KOTOpaa He ABJIAETCA NOCTOAHHON BENMUMHOM, UTO
IpoTuBopeynt (54). * AHaJIOTYHO, U3 BToporo ypasHenmusa (16) momydaercs,
4910 A = (. '

Opy A=B=C= -z—ma2 ypaBHenue (55) umeer cienyrommit BUI

(56) P¢2+Q‘/.’+R=O,
rae
P = apsin B cos B,
(57) Q = Q[api sin B cos 8 + pcos B(Ry + Rz sin )],
R = 0%y, cos B(R1 + Rz sin B) + gsin 3.
B coorsercreum ¢ (53) n (57) AnA NMCKPUMMUHAHTEL (56) monyuum
' A = Q? — 4PQ = —4agusin? B cos B.
CurefoBaTesmsHo, ABWKEHUE B 5TOM YAaCTHOM Cily4ae BO3MOXKHO TOJBKO TOTAA,
KOrza yroj mapaJJjey HaXOQUTCA B MHTEDPBAaJIE

™
Bz,

(58) 3
T. €. B cjlyyae, KorJa [Iap ABWXKETCA IO HIWKHeH BHYTPEHHeH CTOpOHe Topa.
Toraa HopMaJLHAA KOMIIOHEHTA PeaKIMM TOPa yAOBJIETBOPAET yCJIOBMIO
(59) N, = (n°.N) < 0.
W3 popmynnr (42) nmeem

N, = mg cos 8 — msin B&*[R; + (Ra + a)sin ],
OTKyZa BMIHO, 4uTo coriacHo (58) ycnoBue (59) TOXAECTBEHHO YIOBJIETBO-
paerca. CraenoparenabHo PAcCMOTPEHHOE YacTHOE ABIDKEHME BO BHyTDeHHeH

CTOpOHE TOpa BO3MOXKHO 6e3 orpaHddeHuit 1y1a yrioBoil ckopocts 2. YrTobul
map HaXOIWJCH BHYTPH TOpa UMeeM eCTeCTBEHHOe orpanmdvenue a < Rj.
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O MAKCUMAJBHOV TEMIEPATYPE IIEPOXOBATOM

IIOBEPXHOCTHY OOHO! TPUBOJIOTUYECKOM
CHUCTEMEI

BACWJI ITMAMAHIWEB

Bacua Juamandues. O MAKCUMAJIBHOW TEMIIEPATYPE IIEPOXOBATOY IIO-
BEPXHOCTY OAHOU TPUBOJIOTMYECKON CUCTEMBI

B nacroameit paboTe paccMaTpMBaeTCA TENNOBAaA AMHAMUKA cileayloluel Tpubosorn-
veckodt cucTemul: apa nuauHApa (Basa), M3 KOTOPHIX OAMH DPaBHOMEDHO Bpamapoiuiici,
TPYTCH N0 MX KOHTaKTHOH nosepXHoCcTH. lIpMHuMMaeTcsa cdepuyeckas MoIeb O MIEPOXO-
BaToM NOBEPXHOCTM M HaXOAMTCA GOPMYJIa O UMCAE BHCTYNOB. lloKka3mBaeTcs, 4YTO TeM-
NEPATYPA BHICTYNOB M33a TPEHMA JOCTMraeT OAUMH MAKCHMYM Ha OCHOBE NPpPEANOJOKEHUA,
YTO NUJAMHAPH TENJOM3ONUPOBAHHE Ha Manylo ray6uny.

Vassil Diamandiev. ON THE ROUGH SURFACE MAXIMUM TEMPERATURE OF A TRI-
BOLOGIC SYSTEM

This paper considers the thermodynamies of the following tribologic system: two cylinders
(shafts), one of which is evenly rotating, are rubbing along to their contact surface. A spherical
model of the rough surface is assumed, and a formula for the number of asperies has been found.
It is shown that the temperature of asperities at the friction reaches its maximum on the basis of
the assuption that the cylinders are thermal-insulated at a shallow depth.

B nacTosAme# pabore paccMaTpuBaeTcA TeIUIOBas AMHAMUKA CJenylommeit
TPUGOJIOTMUECKOR CHCTEMBI: ABa NMMMHAPA (Baja), U3 KOTODPHIX OJMH HETOJ-
BWXKHEIA, a JpYroif paBHOMepHO Bpallalomuiica, TPYTCA IO UX OCHOBHOM KOH-
TaKTHOM NMoBepxHOCTM. JLnA HPOCTOTH NPHHUMAEM, YTO HENOABMKHLIA 1M-
JMHAP HMMEET MIAealbHYIO0 IJIaAKyi0 OCHOBHYIO IIOBEPDXHOCThb, a IIOABWKHEIN
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KMMeeT IIepoX0BaTyIo II0BEPXHOCTb. B cooTBeTcTBHE € Modeaamu [1, 2, 3, 4, 5,
6] mepoxoBaThle MOBEPXHOCTH PACCMATPHUBAIOTCA KakK Habop M3 chepudecKkux
BEICTYIIOB, KOTODEIE PacCIpeAeIAIoOTCA 0JUHAKOBO Ha JaHHOM miromamm. B eToii
paboTe NpUHMMaeTCA chepUdecKasa MOJeNb U HAXOIUTCHA GopMyla IJIA YUCie
BLICTYIIOB, DaCIIOJIOXKEHHHIX Ha JaHHHIA KDYT, KOTODHIA NpeACTaBAET OCHO-
BY PaCCMOTDEHHBEIX UMJIMHIAPOB. DTO YMCAO 3aBUCUT OT Pa3MepoB BHICTYIA M
HanHoro kpyra. IloToM ompenensiercA TeMrepaTypa BHICTYNOB, KOTOpad BO3-
HUKaeT M33a TPEHUA LMJIMHAPOB, M NOKa3blBAETCH, YTO OHA AOCTHUrAET OJUH
MaKCMMyM IJA MaJioro MHTepBaJla BPEeMEHM B Hauyajie Ipolecca ABWKEHHA.
DTOT pesyabTAT IOIYUYEH Ha OCHOBE NIPEANOIOKEHNA, UTO IIMIAUEADE TEILIOM-
30J1MPOBaHHEI Ha MaJjioit riy6une ot mx obueil nosepxHocTy Tpeuma. Moxker
6EITE ®TO HaXOJMT HPUMEHEHNE B TEOPHMM TOPMO30B B aBTOTPAHCIOPTE.

1. MOIEJb MUKPOTEOMETPUU HIEPOXOBATOMN
IIOBEPXHOCTH

IlycTh 3aaH KpYr pasuycoM ro. B COOTBETCTBMM C IPUHATON MOIEBIO
CUMTaEeM, YTO Ha HEM paclpejiejleHb! pDaBHOMeDHO cdepudecKude BBICTYNHL C
paBHBIMU pasMepaMyu. OCHOBH BLICTYIIOB HAXOAATCA B COIPUKOCHOBEHUH ILIO-
THO omIHoOM k Apyroit (puc. 1). DTa KoHIeENIMA MO3BOAAET HANTA CPaBHUTETb-

6000000
0000000

dbodbco

'Wo'&'&"o'

Pue. 1

HO MPOCTO YUCJO BEICTYIIOB Ha Kpyre. O003HauuM yepes r; paidyc OCHOBEI
BHICTyna. Torzaa Ha ropM3oHTaJbHOM J¥aMeTPe KPyra UMeeM CleAyIOlIee Unc-
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%0 BLICTYTIOB *
(1) ng = —-

Xopaa koTopafl NPOXOIUT Yepe3 HEHTPH KPYTOB HA BTOpO# JIMHMM THocie
)
rOPU3OHTaIEHOIO ANAMETPR, UMeeT CIEAYIOMYIO AJUHY

Caenoparem,po UMCIO BEICTYTIOB Ha BTOPOX JMHMM JaHO BRIPayKeHMEM

4 1/2
(2) ng=ny <1 - ;?) .
Aﬂanormmo paMeeM N3 BRICTYIIRI Ha TpeTelt JIMHMM, 3aJaHHEIE Yepe3 GopMy Iy
16 1/2
= 1—— )
(3) naE=m ( "1)

Yncno BHICTYNIOB BEPTUKAIbHOrO InameTpa Takke ny. Ilo npuuune cumerpun
MMeeM, yro upcio BHICTYIIOB Ha MocJjelHel JIMHMM JaHO BEIPa)KeHMEM

n _1)2 1/2
(4) n,_.,z;lznl (1—-(—1?—) .

Bea cymma N sricTynos Ha Kpyre O(rg) cornaco (2), (3) u (4) onpenensercsa
uepes popmyy

n=t 12
2
4m?
= 1=
(5) N=n1+2n; 2 [ n% ]
m=1
B ¢opmyne (5) crenaem zameny
2m
Koraa m npunvumaer 3nauenus 1, 2, 3, e 2— , &nsA ¢ uMeeM u3 (6)
2 4 6 n; —1
(7) 21—;].')1"2’—;1':2’3—71_1)"'71:22;1—‘ D) )

2
T. €. £ MMeeT NpupalleHne Ar = - Synxuma f(z) = V1 - z? ybubaer or-
1

HOCHUTEJIbHO * U TOr'Ja Ha OCHOBe q)opMyJIH o] npnﬁnmxem{om BRIYMCJICHUN
onpeneJeHHBIX MHTErpaion nonyqaeM HEpaBEHCTBa

1_(nxn1 ) /\/1..—,;2d:c<z\/l_—4——£;
\/1—:+ / V1-ztdz.
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Hnurerpan B (8) uMeeT caenyiommee 3HaueHne

ny—-1
ny

© / V1-z3dz

=”1_1 1- n1—1 1———+ arcsin 1——1—)—larcsm—2-
2n; V n? 2
Yunrnaa (8) u (9), mosyuuM u3 Gopmyasl (5) HepaBEHCTBO
2
(10) N < ™ arcsin (1 - i) + 2
2 na

n? 2
— — arcgin —
2 n;
B COOTBETCTBEHHO HEPABEHCTBO

2 2
(10) N >:2-1-arcsin (1— ;1~)+n1+3\/2n1 I+ny—y/ni - 4—?arcsm~—-

2n1 -

1 n

Tak Kak ny Goblioe uncao, uMeeM P AKeHHEe $OPMY AL
\]

1 1 4
arcsin (1 - n_) = %— o 2n; — 1,
1 1
(10") 5 5
arcsin — = —.
n; ny

Oz (10), (10') n (10”) monyumm HepaBeHCTBA
3 1
(11) %ﬂ? —yni-4+5V20 -T<N < %n? +y/nt—4- sV = 1.

Ecnm BospMeM cpenHee apudMeTHYecKoe U3 BepXHel M HDKHelt rpaHuIEl, 1A
N coraacno (11) monyunm

(12) ' N= —n1+ \/2n1_

' 1
Beauwuuna —+/2n; — 1 odyens Madla 110 OTHOMEHUH nf, T. €. MOXKHO IIPUHATh

2

T

N= an,
um cornacHo (1) Haxomum

2

wr
13 N=2
(13) 4r?’

rhe r; paiMyc oCHOBH BricTyma. Popmyna (13) ompezenser umcio BeICTY-
NOB Ha JaHHOX Kpyrosoi#t minomamt. DTa GopMmysia MMeeT MHTEPECHYIO I'eo-
MeTpHYeCKyIo MHTepnpeTaumio. Ecin Maikle Kpyru paauycoMm r; MOKpHIBAIOT
6osbmoit kpyr O(rg), Toraa Ux YKMCIO AAETCA BEIpasKEHUEM

nré

No=100.
wr?
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Y BN
A @ r B n
&\Rz

Puc. 2

T_tlt Kak MeX1y HAMH HaXOJMATCA MPOMEXAYTOYHasA NJIORaAb, KOTOpad AAET
oTpaxkenne B popmyde (13), uucao kpyros membue gem No.

Teneph nepexo M K HEKOTOPHIM $popMynaM O pasMepax BHICTYIIOB IPH
yupyro#i negopmamuu. 3I€Ch OCTaBMM B CTOPOHY Ae}OPMAIMIO IO MPUYM-
He Tpenus u usHoca. PaccMoTpum nedopmupoBaHHBIl cpepudeckuit BHCTYI,
HMeommit GpopMy CHEPUYECKOTO CerMeHTa, MoKasaHHHI Ha puc. 2. Mmeem
caenyomue 0603HaUEHNA:

CD = r, — paauyc KacaTeJbHOM MJIOMALM;

AB = r; — pajauyc OCHOBH BRICTYIIa;

h = BD — smIcoTa BHICTYIa;

@ — Yroj, KOTODHI COCTABJAET OCHOBHI BHICTYNA ¢ eif G0KOBOM CTEHHI;

ED = hy — BeprukaabHasa gedopMalma.

+Ilo popmynam I'epua 7] umeem

3
/ 9 k2
| hy = R(}AP)ZE ,
14) s
re = " %AP kR,

j?ﬂe AP narpyska BeICTyna, R — ero pamyc u k — KOHCTaHTa, JaHHAA BHPPa-
AKEHMEM

; 1—p 1-42
{15 — 1 2
(15) k= 5t
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3necw p;, E; apnmorca koadpdummentom Ilyacora u moxynem IOnra. Pop-
Myanl (14) uMmeroT MecTo B ciaydae, KOrJa OJHA M3 CONPHMKACAIOMMXCA IO-
BepxHOCTel uaeanpHo raagkad. O6buHO M3MepsAIOT BrICOTy h u yrox « [8].
Yepes aTH BesuumHE 6yaeM BRIpaKaThb pa3Mephl BuicTyma. Ilycts P cuia
HArpPY3KH MeXAYy WMAMHApaMu. Ecau cuutaeM, uTo 8Ta CHIa paclpelensieTca
paBHOMEPHO, TOra OOVH U3 BEICTYIIOB BELIEPKUBAET CAEAYIOILYIO0 HATDY3KY

P
AP_—I—V-

uau coraacHo (13) mmeem
(16) AP = 4pr?,

rjge BCJINYMHA

an) p=

Trg
ABJAETCA HOMUHAJLHLEIM JaBieHMEM Mexay maamaapamu. CoraacHo puc. 2
HMMeeM CIEAYIOLIE COOTHOIIEHUA
1

(18) stina’ ricotga = R—h—hy.

Ot (14), (16) n (18) mociie HEKOTOPHIX BHKIAAOK HAXO0AMM Ciaenyomue $pop-
MYJBL O pa3Mepax BHICTYNa

hsina
= 3 )
1—cosa ~sinay/9p%k?sina
3
, h/3pksin® a
2= 3 ’

(19) 1 - cosa — sin ay/9p2k? sin

h
R= . =,
1 —cosa —sin a/9p2k?sina

3
By = hsina/9p2k?sin o
1

" 1—cosa — sina\/9p%k? sin a

dakTHuecKan Iiomalb KOHTaKTa A,- MeXxAy nAcalibHBIM IJIa KM LOHUJIWH-
APOM M HI€EPOXOBATHIM HUJUHAPOM ONpEeneAeTCA U3 COOTHOUIEHUA

(20) Ar = 7PN,
Cornacto (13) n (19) moayuum us (20) oTHOmEeHHUE
3
21,2
(20") A 7 [k

S 4\ sin?a’

rae S = wri HOMMHaJLHAA KPYroBaf IJIOMANb, LWAIMHApPA. PakTHUecKoe AaB-

JICHIE }_7', IIPAJIOXKEHHOE K dTlIGJII:HOMy BBRICTYIIY, HAXOAUTCA M3 COOTHOIIECHNA
AP

P=—,
w3
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W coraacro (16) u (19) HaxomM

3
_ 4 ps1n2a
(21) P\ o

PaccMoTpuM HEKOTOpPBIE YMCIOBhIE NPUMEPH AJIA CIy¥as UMIMHADOB 13
KT
cramm. Torza umeeM p1 = p2 =03, Br = E3 = 2'106(:_Mz u ot (15) monyunm

7 CM2

k=9110""—

Hycts pammyc wammuapos ro = 50 cM ¥ cuia Harpysku P = 785 xr. Us 17
HaXO0uMM
p=0,1 vl

BosbMem b = 2.10-% cm = 0,2MK, @ = 1° = 0,017. Coraacro (19), (20') n (21)
MME€EeM COOTBETCTBEHHO

ry=0,6MK, hy=2510"*MK, 1 =23,6mx,

R = 1350 Mx, % =5.10"% F=205 c—‘;-:; :
Kak BTOopOit npumep Bo3bMEM

h=210"%cm=2Mk, a=10°=0,174
" NoJIyYmM COOTBETCTBEHHO
ro=0,26MK, h; =5.107*mKx, r =23Mmx,

Ar -4 - Kl
R = 132 MK, —g——l.l.lO , Pp=2950 of

Hakoren onpeaemnm o6beM dedopMmupanHoro Beictyna. M3 puc. 2 umeem
(22) dV = 7(R? — 2%) dz,
roe z opauuata no paaumyce OE. U3 (22) nomyumum
(229 V:rth—%h(zf+z§+zlzz), .
rae
(23) 71 =rycotga, 23 =ricotga+h.
N3 (19) umeem

(24) h=

3
(1 — cosa — sin @/ 9p?k? sin a) .

MocTasmm (23) u (24) 5 (22') u nényan

h 2 2
= [15+—t2a+2‘/ +cosa ]
3 sin’

sin
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Tak kak a 1 k MajleHbKHE BE€JHWYMUHAEI, MOXXHO IIDUHATH

(25) V= %m-fh,

KOTOpO€ fABAACTCA obbeMoM ,zxed)opanaHHoro BRICTYIIA.

2. TEMIEPATYPA BBICTYIIOB

IIpeamonoxumM, 4To MexaHWdecKasd paboTa, KOTOPYIO BHICTYII COBepIla-
€T o MPUYMHe TPeHUA, 6yneT TpaHCHOPMUPOBATHCA MOJHOCTHIO B TEIJIOBYIO
sHepruto. O6o3HauuM ¢ d() KOIMYECTBO TEILIOTH, KOTOpad BO3HUKAET IJA
Bpemenn dt. OUeBUAHO OHA ONpPELEJSAETCA BHIpaKEHNEM

(26) dQ = JfAPrwdt, ¢
rae J TennoBolf exBUBaJeHT MeXaHUdecKolt paBoThl, f — koadduimenT Tpe-
HUA MEXIYy [NOBEPXHOCTAMHU, w — YIJIOBafd CKOPOCTh LMJMHApPA, I — pac-

CTOSIHME BHICTYNa OT OCH BpaueHuA. Beanmuuna J ompejiesnnercs 4MCIE€HHEIM
BhIpaXKeHeM
S 107
4,27 ¥r.cMm
Kosd¢umment Tpenua onpenensercs u3 sMnupudeckoit dopmyin [9]
16AP 4100 rw+100
32AP + 100 6rw + 100

Tak Kak paguyc r1 oueHb MaJjiad BeqMuuHa, uMeeM AP ~ 0 n u3 (28) noayunm

rw + 100
6rw + 100’

27 J

(28) f=043

(28') f=043

KM
rle rw MMeeT pa3sMepHOCTh —. 3Jech OCTaBJfEM B CTOPOHY ¢akT, uro f
A qac

3aBHUCHUT OT TeMIIEpATyPhl TPEHHUA.
KomnuecTBo TemmoTh d) pachpenensieTcs Mexiy ABYMA IMJIMHAPAMK Ha
notoku d@Q; u dQ2, KOTOpEle ONPeNeAIOTCH U3 CIeAYIOmero cooTHomenus [10]

@, _ VEicipr
dQ2  Vkacopz '

rae k;, c;, p; TemiopusMuecKue U PU3NUECKUE XaPAKTEPUCTUKM Tead. Kpome
TOr0 MMeeM

(29)

(30) dQ = dQ1 + dQs,
rae dQ nano uepes (26). M3 (29) u (30) nmonyuaem
(31) . d@Q, = K dQ,

rae K naercs BeIpayKeHUEM

(32) K= vhieip .
vkicipr + Vkacaps
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MpunumaeM, uto d@; KOIMUECTBO TEIJIOTH, KOTOPOE BXOJUT B CHepUIecKoM
sricTyne. Cornacto (16), (26) n (31) umeem

(33) dQ. = 4K J fprirw dt.

®opmyna (33) NOKa3HBaET, YTO KOJMIECTBO TEILIOTH IPOIOPLUMUOHAILHO OC-
HOBHo#t muioma i Beictyma. M3 (33) caenyer

(33) Q. = 4K J fprirut,
KOTOpoe KOJUYECTBO TENJIOTH AJif BpEMEHM t, IIpyHMadA, 4YTO p HEe 3aBUCHUT

oT Bpemenn. CornacHo 3akoHa ®ypbe [10] rerrora, KoTopad BHXOANUT U3 AHA
BHICTyIa AJIA BpEMeHM di, OIpelelaeTcs BHpaKeHUeM

(34) Q| = —klg;(h,t)m'f dt,

rae 0(z,t) TemnepaTypa riy6ussl ¢ B MoMente t. U3 (34) moayqum

t
/ i
(34/) Ql = —ﬂr%k;l/g;(h,t) di.
0

3nech k; — KoodGUIMEHT TEMTONPOBOAHOCTH MaTepualia BHCTyNa. Koanuec-
TBO TEILIOTHI, KOTOpoe coBMpaeTcs B BLHICTYNE IUIA BpeMenM di, onpeleiaeTca
BBIp A>KE€HUEM

(35) 1 dQy = e1p1 dt/// %(z,t)dV,
)

rae V obbem Beicryma. Tak kak Beanmuuua h ouens manag u 0 £ z £ h, u3
(85) cormacuo (25) HaxoduM

(35’) dQv = rlhc1p1 ((L‘,t)dt.
Uurerpupyem (35') 0OTHOCHTENBHO BPEMEHU U MOJYUUM
meipirih
(35") Q, = ET[6() - To),
rae 6(t) cpemssa Temmeparypa Bhictyma m Tp TemmepaTypa OKpyalollei
Cpednl.
CxrenaeM 6aJlaHC TEIIOTH, T. €. HAXOIUM
Q1—-Q;=Qu
niu coraacuo (33'), (34') u (35”) umeem
. . ,
(36) 6(t) = To + Art + _h—l/ (h,t)dt,
0
rae BenuunHa A; onpemeaseTca BHIpaskeHMEM
8K J fprw
37 A= ————
(37) ! mc1p1h
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¥ BeJIMUNHA
(38) L
¢1p1
K02 QOULIMEHT TENMJIONPOBOMHOCTH. Beluumubl ¢1, p; ABNAIOTCA COOTBETCTBEH-
HO cTelMUYecKoit TeloToil MaTepraa ¥ ero IIOTHOCTBIO.

3ameuvanme. B popmyne (36) He mpUHMMaeM BO BHUMaHME BIMAHME TE€M-
MepaTyphl APYTHUX BLICTYIIOB Ha JaHHKIA BEICTYI, KOTODEIA HAaX0IUTCA Ha pac-
CTOAHME T OT OCHM BpallleHUs, HO ®T0 OGCTOATENCTBO OOACHAETCA (aKTOM,
4TO NPOIECC HArPEBAHMUA PacCMaTpUBaeTCs LA OYeHb MaleHbKOro MHTePBaJa
BpEMEHH.

3. ”HTEI'PUPOBAHUE YPABHEHUS TEIIJIONNPOBOOIHOCTH HA
MAJIEHBRKYIO TVIYBUHY OT JAHHOI'O BBICTYIIA

ByleMm paccMaTpMBaTh HaHHEIA BEICTYI KaK CTePXKeHb, KOTOPBIA pPO0i-
»aerca Ha raybuny |. Bynem npeamonaraTb, 4To BpallaTelbHBIA LMAIMHAP
TEeNJIOM30MpoBaH Ha riy6uHe [, KoTopyio cunTaeM MaJoi BejauunHol. Torxa
pacrpelejieHNe TeMIepaTyphl 1o riaybune ByjeT ONMCHIBATHCA ypaBHEHMEM
TEILTONPOBOJHOCTH B JIMHENHOM caydae, T. €. [11]

39 a8 ,0%
( ) E - alaj s

rie BexuuuHa a) ompenenserca us (38). Ecau T obosnauaer TemmepaTypy

oxpy&ca,mmeﬁ (.:pe,llbl, (byHKI.IMﬂ B(z,t) J0JKHa BBIIOJIHATL YCJIOBHUA
(40) 9(17,0) = To, G(I,t) = Tg,

rle BTOPO€ yCJIOBME BEIPAYKaeT OYEBUAHO TEIIOM30MMPOBAHHOCTD LIMINHAPA.
TemriepaTypy HOBEPXHOCTH BBICTYIIA ONpEAEIMM M3 YCIOBHSA, YTO KOJIMYECT-
BO TeIIOTH (1, XauHoe m3 (33') MoMeHTanbHO moriomaerca o6bemoMm V Ha
ray6uHe I, KOTOpBIA AaeTcs BRIpaKEHNEM

(41) V= grfh +ar2(l - h).

Wcxons U3 21eMeHTAPHOIO YPABHEHUA (PUIKKYA O MIOTJIOMIEHHN TEMIOTH JaHHOM
Maccoii, o TeMiepaType noBepxuocT# cornacuo (41) u (33') moayunm

(42) ©6(0,t) = To + At,
rle BeanuvHa A RaeTcA BEIpaKEeHHEM
(43) 8K J fprw

= me1p1(20— h) .

Ycnobusa (40) u (42) saBaAioTCa HAYAJIbHBIMKA M TPAHUYHBIMU JJISA yDPaBHEHUA
(39). Bynmem onpenenarsh pelleHHe TOTO ypPABHEHHA CHMBOIMYECKMM CIIOCO-
Gom Xesucaiina [12, 13]. Ipunoxum npeobpasosanue Jlammnaca OTHOCUTENb-
Ho (39) u cornacHo (40) momyunm
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,6%0,

(44) %507 = s0.(z,s) — Ty,

rae

(45) 0r(x,s) =/e""0(r.t) dt.
0

N3 (44) maxomum

_Yi, VA
(46) br(z,s) = {2 + Bi(s)e” @1 * 4 Ba(s)ear”.
Ycaosusa (40) u (42) ana (46) coraacHo (45) maroT

] g
Bi(s)e” = "+ Ba(s)e = "=,
(47 A
Bi(s) + Ba(s) = 2

Pemas cucremy (47) u noacrasnsas B (46), Haxomam

Ae” '3:@’ Ae_lﬂg(zl-z)

s2 [1 - e_%ﬁ] §2 [1 —e” %i_‘ﬁ]

(48) 0(z,s) = ng +

Bosbmem obpatnyio Tpanchopmammio Jlamiaca u3 ypasHenuu (48), 1. e. Ha-
X0IUM

e—%z e—fg(m")
~AL™!

sz{l-—e'% ’} sz{l-—e_% ’}

Tak Kak OpUHUMaEM, YTo | MajleHbKaA BeJMuMHa, npeneGperaem 12, I u . .,
T. e. UMeeM NpUBANBUTENLHO

(49) 6(z,t) =To+ AL

(50) l—e_%ﬁz 2 5.

Coraacuo (50) u3 (49) nonyumm

- a’z -#(21—3)
(51) 0(z,t) = To + ad; [e ; ] L [E__s__} )
2

2l s
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4. HEKOTOPBIE 3AMETKH Ob OBPATHOM IIPEOBPA30OBAHUY
JATIJIACA

ByaeM ucxoamuTs u3 usBecTHolt dopmynt [10]

1 1 k3
52 Lt [-——e"‘ﬁ] = —=e 4t k>0
(52) 7 v (k>0)
rIe k NpOM3BOJBHEIA MONOKMTENbHEI! apaMerp. K3 sTolft popmyanl yaem
NOJy4aTh HY)KHBIE IJIA Hac BEIpakeHuA B (51). 'Ilna eTolf ey NOKaXKeM 3a-
KOHHOCTb $OpMYyJN

6 _ o1 [0®(k,s)
TR l®(s, k)] = L~! [—a-k-—-]

(53) ks k3
/L‘1[<I>(s,k)] db = L1 [/@(k,s) dk} ,

k1 k1

rae ®(k,s) npousBonbHad mupdepeHUMpPYeMaA (QYHKIMA OTHOCHTENBHO k.
IIycte maubl npaMas u oGpartHana TpaHcdopmaima Jlannaca [13]
o
L{f(k, ) = / e~ f(k ) dt = B(k, 5),
0
LY®(k, s)] = f(k,1).

(54)

U3 (54) monyuum

(55) ——6fg;’ ) = %L-I[Q(k,s)],

(56) %L[f(k’t)] - [afg;,t)] _ 6@;1;, 5)
U3 (56) nmeem

(57) 3fg]cc,t) _ [t [aQé:, s)] '

CpasuuBas (55) u (57), momy4aem nepsoe us cooTHomeHnuit (53). WnTerpu-
py# nepByio u3 popmya (54), Haxoaum

ks ks
(58) L [/ F(k,1) dk] - / &(k, s) dk.
1 k1
Ecan unterpupyem Bropyto us ¢popmya (54), nomyumm
k2 k2
(59) / F(k,8) dk = / L [®(k, 5)] db.
ks k
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Cpasuusas (58) u (59), monyygey propoe u3 cooTHomeHMH (53).
: T pumeras ONepalyio MHTerpupopaHud NOA 3HAKOM L~ k popmyne (52),

oy M

(30) Lt [le‘k\ﬁ] =1 _l—-/ke'% dk.
8 Jrt )

Anajoryuno, MPUMEHAR TY Xe onepammo K GopMyIe (60), umeem

k k
1-w7]_-1 1 1//-&
) -1| ¢ =1 - —_— e~ st dk| dk - k,
(”1) L L% of ¥ “ﬂo 0 .

U3 cpoficrs ramMa GYHKIME [14] maxomum

(81) L [Li] - 2\/; .

Yepes muTerpupOBAHHE N0 YACTAM UMeeM

k

k k
(617) / [/e_i_'dk} dk:k/e"% dk+2te‘%T -2t
0

0 0

Hs (61), (61) u (61") Haxozmum

k
1 k _K /t iy
(62) Lt [s—%‘e kﬁ] =ﬁ/e at dk+ 2 ;e aw — k.
0

AHaloruyno, coBepuias MOCHeR0BaTeNbHOE MHTETPUpOBaHUe GOPMYJIbI (62),
HaXoAuM

k
: a1 s k2 t K t k? _B
(63) L l[s—ze kf]=t+?—k\/;e 4:-—(\/;-+2\/ﬁ)0/e « dk,
| 1 AW 1 [t | 1
-1 _-kﬁ _ v _53 2z __."_2_ 2 _ _ 113
L I:s%e ]—<k\/;+6\/7t—"t)/e 4tdk+3\/;e i (k° + 4t) — kt 6k.
0

Hocaensioro Gopmyny GyneM UCIOAB30BATh 1A GyHKumM TemiepaTypal (51).

5. MAKCUMAJBHAA TEMIEPATYPA BBICTYIIOB
Temnepatypa BricTymoB onpeneieHa u3 ¢popmyan (36). IloxaxeM, uTo
IR MRJIEHBKOTO MHTepBaja BPEMEHM OHA JOCTHraeT MakcumyM. JLis aToit

nesu onpenenum dyuxmmo §(z,t), Aanuyio B (51). Mpunoxum ¢opmyay (63),
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z 20-=¢
B KOTOPOY ITOJIOKMM COOTBETCTBEHHO k = — > 0 m k' = > 0. Taxum

ay a
oBpa3zoM moayuum

g 4

A t z3 7w 1 [t [z? -
= — — —— - d - _ 4aqt 4ajt
b(z, ) To+2l[(1’\/;+6a% wt)/e Y u+3‘/7r(—-a1+ a1)6
)

2~z

1:3 e 2

(64 _Zt_T%] 21[{(2’ )[ N )}/ﬁ?du
0

— )2 _(2t=2)? — )3

N3 popmyanr (64) mociie cooTBeTCTBEHHRIX BHIKIA,I0K HaXO MM

(21=h)?
—aﬁ(h,t) =4 —t— i,é,(l2 — 1h 4 0.5h%) + h ot + (Gl —e 4ot
oz l a? ai\l 7 a .

—~h)2 —h)2 —h)3
@=hp [, -Gt Gt (- -G
12a3/7t 24a5t\/_

B BrBoze popmyan (65) ucnonb3oBaHH cleAyIOMIMe TPUOIMKEHAA:

_“_
4t —
0

g Uk ﬁzz—a,ﬁﬁ ~h)°, -G

du =
ay 6a1

(65) +

oo
[0 MpUYMHE MaJIkIX 3HavyeHud h ¥ . BceTaBnda senuunmy £ —(h,t) u3 (65) B

(36), monyuuM oKOHYATENBHYIO GOPMYJTY A TEMIEPATYpPH BHICTYIIOB

2242kt 20—h @l=p?
01) = T A 1 z 4adt
(t) =To+ Ayt + ih [301\/_ al\/—/\/- dt

_ - 2i—h)? _{(21-h)?
(66) + 4 h)/ { o Lm?)'—}dt

12a1

0
L @-hp f1o_@e? 1, 1
lea t ' 2 _
+ S / = 5= 0 Ih)].
0
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Bemrgmm A; n A COracHo (37) u (43) cpasausl penammelt
h

(67) A = mAl.
Ondppepenmmpyem PYHKUHIO 6(t) u nomywmm
(68) do _ 4 4204k [t 2A-h [t P o
dt a. a h
S@onp [ B CGEY erowe 1 GRE 1 )
12a2/xt 24a/7 t\/' a?

Us popmynn (68) comacno (67) HaXO0 MM

A1h

d‘t (t 0) h >0,

de
T. e, ‘by}mﬁ 0(t) B03paCTaeT }.Ulﬂ t = 0. HpupaBHHBaﬂ E K Hynlo’ nocJe

HEKOTOPHIX BHIYMCIEHUAX IOJIYUNM
21—h)?

=k lh

[h’ + (21 - h)e 4ajt ] - ‘)——Z-tﬁ

2a?

(69)

t2

(11\/7_1'
—h)? —h)3 —h)2

12‘1%\/— 24a?\/—

Tak xak h <« I, u3 (69) HaxomnM cienyomee npubiukeHHoe pelnenue naA t:

=0.

12
(70) t=193
1

Tpaucq;opmnpyeM HEKOTOphie MHTErpaJn B (66) CJIe}.IyIOIIIPIM obpa3zom:

2 —h)2 3
le G g el gt G \/ =
vt (21— h)? Q- h)2

t 2 2 .
(71) / G, 16l -G sd / %dt
tvit (& h)? RCE R

\/_ (2l—h)2 21—h)2

COI‘J’I&CHO TeopeMe o cpemmx 3HaYEHNAX NMEeeM npnﬁnnsn’renbno

21—h)? 3(21-h)?
/fe e

(72)
3 2
/\/'e ilsaht dt = —t\/- %
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Moctasum (70) B popmyie (66) u cornacro (71) u (72) momyumm

K
Omax = T + 6,83 520279 p | g g KITPTw)
heipraf c1p161

2
Tak xak % > 1, cornacuo (38) MokeM IpUHMMATH

KJfprw
hky

®opmyaa (73) ompenenser MaKCHMAJLHYIO TeMIEPATypy AAHHOIO BEICTYIA,
HAXOAAINEr0CA Ha PACCTOSHUM I' OT OCH BDPAILIEHUA LUMIMHIPA.

PaccMoTpuM HEKOTOpBIE YMCIEHHBIE IPUMEDPHl OTHOCHUTENBHO (ODPMYJIBI
(73). BosbmeM umiamMHAPH (BaJjbl) U3 CTaaM C paauycoM ro = 50 cm. Kak u

B NPEKHUX IIPUMEepax MycThb CHJIA HATPY3KM MexIy mmuuaapamu P = 785 kr,

KT
T. €. HOMUHAJbHOe AaBieHne 6yzer p = 0,1 —;. YriaoBasa cKOpOCTH Bpalle-
cM

HUA npuEuMaeM w = 100cex™!. Jluneitnas nepudepuifnad CKOPOCTb MMIMHAPA

(73) Omax = To + 6.83 2.

KM
Byuer v = rw = 180 —. Besanuuna (15) Kak ¥ paHblle MPUHUMaeT 3Haude-
Jac

2
e K = 9,1.10~7 %— Koadduiment Tpenus coriacHo popmyanl (28') 6yner

mo nepudepnn mwamuHapa f = 0,102. Tak kak IMIMHAPE MMEIOT ORMHAKO-
BH€ TeIopU3NUECKHe XapaKTePUCTUKU coriacHo (32) K = -;— Koeddument

TEMJIONPOBOHOCTH CTaJM MMeeT CTOMMOCTb ki = 1,4.107* BT Tew-
CM.CEK.Ipaj
nepatypa Ip npuaumaem 0° C.

Kak mepshiii npyMep BO3bMeM IIEPOXOBATYIO MOBEPXHOCTL € BLICTYIIaMH,
nmesomue BrcoTy h = 2.1073cm = 20mk u o = 10° = 0,175. Ilo dopmynam (19)
umeeM R = 0,14 cm. IlpumauMaeMm ray6uHy TemioM30aMpoBaHOCTH LMAMHAPA

=2mm=2.10"! cm. TIo popmyane (73) maxomum

fmax = 580° C.

. Kak BTOpoit npumep BozbMeM h = 8.1073 cm = 80 Mx u a = 10°. IIo ¢op-
mynam (19) umeem R = 0,57 cm. Ilpumumaem ray6uny [ = 5.107! cm. Ilo
popmyie (73) monyumm bpax = 906° C.

o popmyne (21) B AByMAX caydasx UMeeM

=940 — -
cM
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