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INTERPOLATION OF SOME PROPERTIES OF OPERATORS
ACTING IN FAMILIES OF BANACH SPACES

LYUDMILA NIKOLOVA

Jodmusa Huxonose. UHTEPTIONANUA HEKOTOPBIX CBOHCTB OIIEPATOPOB,
JIEACTBYIOIIUX B CEMEMCTBAX BAHAXOBBIX IIPOCTPAHCTB

Iycres T — omepaTop, melicteyromuit u3s cemelictea Ay B cemelictso B:, obnanaio-
muii HeKOTOPOM M3 CBOKCTB: KOMIAKTHOCTh, HOJOMKUTENbHAA MEPa HEKOMIAKTHOCTH MJIM
JMMMMTHOCTH, Kak onepaTop AelicTyromui u3 A; B By mna t ua mekoroporo HOAMHOXeCTBA
NonOMNTENbHOM! MepHL. B cnyuae, xoraa ofHo U3 cemelicTB NOCTOAHHO, NPEACTABIEHH He-
KOTODHE pe3ynbTaTH o noBedenuu T kak onepaTtopa w3z A B B, rne A nu B — unTepflonann-
OHHBIE HPOCTPABCTBA, HOCTpoeHHbie Mo A; n B;. [Tokasano kax nexo'ropue reoMeTpUYECKHE
CBOMCTBa HACAEAYIOTCA MHTEPNOALMOHHBIM npoc'rpa.uc'mom

Lyuvdmila Nikolova. INTERPOLATION OF SOME PROPERTIES OF OPERATORS ACTING
IN FAMILIES OF BANACH SPACES

Let T be an operator acting from family A; into family B:, possessing some properties like
.compactness, positive measure of noncompactness or being limited when it acts from A; into B
for t from some positive measure subset. In the case when one of the families is constant some
results are presented about the behaviour of T like an operator acting from A into B, where A
and B are interpolation spaces constructed for the families A: and B:. It is shown how some
geometric properties are inherited by the interpolation spaces.

The theory of interpolation spaces usualy deals with a couple of Banach spaces
and a space is constructed, which has appropriate interpolation properties. Some
problems that appear in analysis show that it is interesting to consider the case
when more than two spaces are given. Though some additional difficulties occur,
most of the results of the “classical” interpolation theory have been carried out
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for the case of n-tuples by different authors (G. Sparr, A. Yoshikava, A. Favini,
D. L. Fernandez, F. Cobos, J. Peetre and L. Nikolova) or even, more generaly, for
the case of infinite family A, ¢ € I of Banach spaces all of them being continuously
embedded in a containing space — that is, on the one hand, the St. Louis group:
R. Colfman, M. Cwikel, R. Rochberg, Y. Sagher, G. Weiss and, on the other hand,
S. G. Krein and L. Nikolova. A work by M. Cwikel and S. Jansson has appeared, in
which .a general construction is given that enables to develop in particular the real
“method of Sparr and the complex method of Favini-Lions to the case of infinite
families of spaces (cf. [1]). ‘Let us describe briefly the situation in [1], namely the
family considered there.

After [1] the “inequality” E' £ F between two Panach spaces E and F means
that ECF (namely, that E is algebraically embedded in F and zllg £ llzllg,
z € E). We consider a family {A;,t € '} of Banach spaces and inquire the
existence of a Banach space U, such that A, < U forallt € T', (T,Y, Z) being an
arbitrary measure space, where Z is a probability measure (corresponding to the
harmonic measure on I' at § in the case when I' = {2 : |z| = 1}, |8] < 1.) Such a
family is called bounded family on T'. In [1] the spaces Ly(A, Z), Un(A, Z) and
Apm(A, Z) are defined, where for M one of the following interpolation methods is
used: FL — the complex method of Favini-Lions [2}; St.L. — the complex method
of St. Louis group [3]; J,p and K,p — the real method introduced by Sparr [4].

In the following we use the notation Y A, = 3 A, instead of sup A, from [1] and
el tel
“ AA: = A A instead of inf A;. _
ter tel

Let h(t) be a Z-measurable bounded function. Let after [5] K(h(t),a, A;)
denotes the generalized K-functional, namely

i _ i -
Ko a) = ol 3 hlala,
7 ay €Ay
Z [lat,-HA,J. <¢:0
Definition. We say that a Banach space E belongs to the class K(A4, Z) iff

ECY" A and for any Z-measurable function (), bounded from above and below -
by positive constants, the inequality

L K(h(t), 0, A) € Cexp ( Jrogny dzm) lall
r

holds.
Theorem 1. A Banach space E belongs to the class K(A, Z) iff Edz Ay and
for an arbitrary Banach space B and an arbitrary linear operator S : Y. A; — B,
for which
ISalls £ M(t)llalla, (a€ A)
with M(t) bounded by two positive constants and measurable with respect to dZ(t),
the following inequality

(2) IS/Elle—p < Cexp /logM(t) dZ(t))

r



holds.

Proof. LetS:Y A — Band||Sallg £ M(t)]|alla, fora € A;. We consider
the inequality (1) with A(t) = M(t). 1t is clear that in the definition of J{-functional
there are only countable many summands a¢;, different from zero. Let a € E, for
given € > 0 we can find a; € A,; such that Y. a; =aand

Dohtlaslla, s (1L+e)K(R(t),a, Ay).

#

iSalls = ISG_aills = 22 M(t;)llajlla,,

Let us estimate

S (L+K(M(t),a,4) S (1+€)C exp ( / lo_gM(t)dZ(t)) lale-
r
As ¢ is arbitrary small, the inequality (2) holds. \
Let now prove the opposite assertion. As m £ h(t) £ M, then for every t €T’
we have the embedding h(t)A;CmU and the space B = 2 h(t)At can be defined.
On the other hand, 3" A; C B (as |ja||p £ M”“”EA ). Let us consider the can-

nonical embedding of the space ) A; into the space B and estimate

”anzh(t)At _<_ "a"h(tO)Am

Slla,, =B = sup —=—"— ¢
ISl a,, acdy, llalla,, "~ acdy,  llalla,

Now we can use the inequality (2) with M(t) = h(t). For a € E we get

= h(to).

K(h(t),a,A;) = ||Sallp £ Cexp (/ log h(t) dZ(t)) llalle-
T

The theorem is proved.

Having in mind that Ly (B,Z) = Aa(B,Z) = Um(B,Z) = B in the case

= B, we get from [1], Theorem 2.2.1, the following fact:

Theorem (D). Let Ay, t €T, bea bounded family of Banach spaces (A¢ <U).
Let S be a bounded linear operator from U into B whose restriction to A is a map
into B with ||S||a,—p £ M(t) for all t € T. Suppose that M(t) is bounded and
Z-measurable on T. Then S maps Ly (A, Z), Am(A, Z) and Upi(A, Z) into B and

ISIl < exp ( / log M{(2) dZ(t))

r
(et [1]).

Let now E is one of the spaces Lar(A, Z) and Up(4, Z). We have EC Y A,
and from the above theorem it follows that the inequality (2) with C' = 1 holds.
This means that when U = } Ay, the interpolation spaces Lar(A, Z) and Up (A4, Z)
belong to the class K(A,Z). (A(A, Z) in general is not complete.)

Definition. The generalized J-functional is defined by

J(h(t),a, As) = sup h(t)||al]|la, for a € AA,.
tel



We say that a Banach space F' belongs to the class ;I(A, Z) iff AA;CF and

lallr < Cexp ( JE0 dZ(t)) Ih(0)  A)
J ,

for all @ € AA, Z-measurable and bounded by two positive constants.

It is possible to prove a theorem which characterizes the class J(A,Z) and
generalizes Theorem 2 from {5]. Here we need only the following

Proposition. Let AB;CF. From the conditions that S is a linear operator
from an arbitrary Banach space A into By with ||Sa|ls, £ M(t)llala, M(t) being
a bounded by positive constants'Z-measurable function, the inequalily

IISI‘A;F < Cexp (/‘log M(t) dZ(t))
r

holds. Then F € J(B, Z).
Proof. Let S be the identity operator in A = A h(t)B;. Let us estimate
ISlla~B,, - We have

”a”Btu < ”a”Bto _ 1
—L0 < sup = ;
aca llallan@)s, = aea llallB, h(to) — h(to)

1 . - .
where —— is a bounded by two positive constants Z-measurable function. Then

20

lallr < lISalle 5 Cexp ( Jrogntw dZ(t)) i
r

= Cexp ( / logh~(2) dZ(t)) J(h(t),a, By).
r .

It follows from this proposition and Theorem 2.2.1 from [1], used for a constant
family A; = A, that Ly (B, Z) and Uy(B, Z) belong to the class J(B, Z).

Definition. Let A be a_Banach space. A subset E of A is called limited (or
more precisly, limited in A) if ) '

- Jirm sup |za(z)| =0
for every weak *-null sequence z}, in A*, the dual space to A (cf. [6]).

Definition [6]. A bounded linear operator T': A — B is called limited if T
maps U, (the unit ball of A, and thus every bounded subset of A) to a limited
subset of B. '

We shall use here the following abreviations: Z,Y Ay = Y Arand Ay A =

tey

te A;.  The notation T € L(A;,B;) means that T : > A, — Y B, and
o

sup ||T/A¢|| 4B, < oo.
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Theorem 2. Let A,, t € T, be a bounded family of Banach spaces, B ~an
arbitrary Banach space and let the Banach space A belongs to the class K(A,Z).
Let v be a subset of T with positive Z-measure. Suppose that T € L(A:, B) and
T is a limited operator from Z'r A; inlo B Then T is a limited operalor as an
operator, acling from A into B. !

Proof. Let M(t) be a bounded by positive constants Z-measurable function
such that M(t) 2 ||T/A:|la,~B- Let M(t) 2 m and an arbitrary € > 0 is given.

We define a function
M(t) tey
h{t) = ’
©={3t0ye, 1eirs
Let z € Uy. According to the definition of generalized K- functlonal there exists a
representation £ = )_ &;,, &;; € Ay, such that :

> h(t;)llz4lla,, s 2K (h(t), 2, Ar).
- t;er

H-aving in mind that A € K(A, Z), we get that

S h(t)lleglla,, € 2Cexp / log h(¢) dZ(2)
r

iJ‘EF

Let y; be a weak *-null sequence in B*, then there exists a constant Cy > 0
such that sup||y}||ss £ C1. We are going to show that T'(U,) is a limited set in
B. We have to estimate

lim sup |y;‘,(y)|

i =00 yET( A
< nango sup |yn | T Z Ty, +ﬂhm sup |y, Z Tz
z€U4 ti€y X reUa t;€0\y

Let £° = 3" 24, 2% € 3 A, and its norm there could be estimated:
t;€y tey

1l 0, € D lleesllag € = 32 bl

€Y €7 ‘167
2
< ;Cexp /logh(t) dzZ(t) | = K.

The image of the ball UZ 4,(K) (of radius K) is a limited set in B and hence

tEY

lim sup |yp | T Ez‘:’ < €.



On the other hand,

< lim sup E lvn (Tzy,)|

lim sup
n—oo
z€Ua ey

n—o0 Z'EUA

yﬂ. ( Z Tz‘j)
;€M\

< Y Tm sup lva (Tz)| 5 Cre 37 NITllay,~sllzslla,, -

ﬂ—'m

t;eMy t;er\y
Mt
$Cie 30 eyl < Cie T b6l
;€0\ y t;€T

< Cie2K(h(t), 2, A7) < Creexp ( f log A(t) dZ(t)) .
r
Let us estimate /logh(l)dZ(t):
/ log h(t) dZ(t) = / log M(t) dZ(t) + / log M (t) dZ(t f loge dZ (1)

T\ . Ty

logsup M(t)/dZ(t) logs/dZ(t)

T\y

= logsup M{t) — (1 — pz(y))loge, where siz(y) = de(t).
) el :

Y
Hence ) ’
Cie exp (-/logh(t) a'Z(t)) = Coeehz(M-1 = Cyez(n),
AT
Since ¢ is arbitrary small we obtain lim sup |y (y)] = 0 and hence TU, is a
R0 peff .

limited set in B. ‘
Definition. Let A be a complex Banach space and let E be a bounded subset

of A. The measure of noncompactness of £, ¥ 4(F) is defined by
W4(E) =inf{e > 0: E can be covered by finitely many sets of diameter £}.
Let k& 2 0, then a map T € L(A, B) is called a I-set contraction ifl
¥p(T(E)) < kY4(E)
for all bounded scts E and
B(T) = min{k : T is a K —set contraction}

is called the measure of non'compactness of T.
The following assertion is a generalization of Theorem 1 from [7]-



Theorem 3. 1) Let A;, t € T, be a bounded family of Banach spaces, B — an
arbitrary Banach space and the Banach space A belongs lo the class K(A,Z). Let

n v ——
¥i be Z-measurable subsets of ' such that |J v; = . Suppose that T € L(B, A.).
i=1
Then
n palr) nz(yi
N —pz(ri
B(Ta-B) £ Cg [z ()] [ﬂ (szi“"'f’)] ,

where pz(y;) = [ dZ(1).
%
2) Let Ay, t € T, be a bounded family of Banach spaces, B — an arbilrary
Banach space and the Banach space A belongs 1o the class J(A,Z). - Let T €

L(B,4,). Then

B(Tg-a) S Cﬁ [ﬂ (TB—*A.,,.A,)]"Z(“),
' i=1

Proof. Denote K; = f8 (TE A __B) and let A(t) be a step function admit-

ting values m; = k;/pz(¥;) on v;, @ — a bounded subset of A and ¢ — an a.rbxtra.ry

positive number. Since A € K(A, Z), there exists a representation ¢ = ) ay,,
t;el’

a,j' € Aqy;, such that
Y kitllaglla,, S (1+&)K(h(2), a, Ay

t;el

s (1 +e)Cexp ( / log (1) dZ(t)) llalla = Milalia,

r
where
n
M= (1+e)C T mf=t.
=1
Denote by €); the set of all elements a; of the form a; = i, a1; € Ay;.

e
Obviously Q; C 3=, A:. Let us note that

Vp(T()) S kilryn ().

From the inequality
1
ey~ 4, = ., u D llasfla, € — E Wt Mlaslla, € —Mllafla
: trev’ t,ev. ™

we get that
M
Uy~ () 2 —‘1’4(9)

- v



Then
¥5(T(D) s Z"“I’A(Q)“Zuz(%)M M

=1 im1

1+ ;)cH (#Z(;h))“”‘”""_

Since ¢ is arbitrary, the proof is over.
2) Let now Q be a bounded subset of B. We use the abreviations ki =
ﬂ(TB_,AQ“A,) § = ¥p(Q). Thus we have the inequalities Ya, 4, < k6. Let

Ui, ..., Uf, be sets with dlamAﬁA,Uj < kié such that T(Q) = U U} and let
i=1

Wj',,,,:.'m = Ujl n U,f N...NUR runs the set of all possible intersections of the sets
mentioned above.
Then T(Q) C A A: C A because sup ||Tz|{a, £ sup||T||p—4.]|=}l5 < oo. For
tel ter

all a,a’ € A the condition A € J(4, Z) gives the inequality
o= olla 5 Coxp ([ 1ogh~(042(0)) 1010), = o, A

where h(t) is the step function admitting values M; = ||a — a'HZ:, 4, On the sets ¥;

correspondingly. Hence

n
lla=alla 5 € [T lla — 132 s {M(t)na —dlla) < cH lla - a}j225)
=1
and the diameter of the set Wj g, . m in the norm of A does not exceed
n n
CH (diam VVj,k,...,m)#z(% < H #z(‘r.
i=1 i=
Therefore
| Y5(T(Q) £ C R ua@)
- i=1
and the theorem is proved.
Since B(T) = 0 iff T is a compact operator, Theorem 3 is a generahzatlon of
Theorem 1 from [8]. Namely, we get the following
~ Corollary. 1) Let A;, t €T, be a bounded family of Banach spaces, B — an
. arbitrary Banach space and let the Banach space A belongs to the class K(A,Z).
Let y be a subset of T' with a positive Z-measure. Suppose that T € L(A;, B) and T
s a compact operator from ZAt into B. ThenT:A— B isa compact operalor.

2} Let A, t € T be a bounded family of Banach spaces, B — an arbitrary
Banach space and the Banach space A belongs to the class J(A,Z). Let T €
L(B,A;). Suppose that T : B — A, A; is a compact operator. Then T : B — A is
a compact operalor.
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Here we shall note that in [8), Theorem 1 (in its first part), the require-
ment concerning ||T/A:|la,—p is weaker than sup||T/A¢||a,—B < 0o, namely it
ter

is enough to suppose that there exists a Z-measureable function M(t), satisfying
M(T) 2 ||T/A¢||a,—B, and log M(t) is Z-integrable. We need the boundedness of
IT/A¢l|a,~B in the first part of Theorem 3 to be sure that T is a bounded oper-
ator from 3°. A¢into B (i = 1,...,n). Let us note that in the definition of the

class Ky(A;) from [8] (analogous to our class K(A, Z)) the function M(t) (corre-

sponding to our function A(t)) is not necessarily bounded, but log M(t) € L; and

this explains the diference between the conditions in the corollary and Theorem 1

from [8]. In the second part of Theorem 3 (of the corollary, correspondingly) the

requirement T € L(B, A;) can be replaced by T' € L(B, A At). Indeed, it follows

by the uniformly boundedness principle that sup ||T||p—4, < 0o (Fy(z) = ||Tz||4,
ter

is a family of semiadditive continuous functionals, uniformly bounded on ¢ € T':.
Fi(z) £ |ITl|B=a a.l|zl|B)- It is sufficient even to require that T € L(B, A;) for
. t € T and that the image of T(B) is a subset of the space A A;.

Our next purpose is to generalize some facts concerning Hyg-spaces (0 £ 6 £ 1),
known for couples of Banach spaces to the case of infinile families of Banach spaces.
When we speak about families, # will denote a point of D = {z : |z| < 1}, ¥y —

1
a subinterval of I = [0, 27) with 0 < ug(y) < 1, where pg(y) = ﬁ/P(B,t) dt,

b
P(6,t) being Poisson kernel.

Definition [9]. Let 026 < 1, 1< p < oo. An operator T between the
Banach spaces A and B is called (p, 6)- absolutely continuous iff there exists an
absolutely p-summing operator from A into a suitable Banach spaces C such that
the inequality ||Tz|| £ ||Sz||®||z]|*~® holds for all z € A.

In other words, the class of all (p, 6)-absolutely continuous operators coincides
with “interpolation procedure ideal” (II,),, where II, is the class of all absolutely

p-summing operators ([9]). Let us remember that T' € H_:"j iff there exists a Banach
space C and an absolutely summing operator S such that |{Tz|| < N(€)|[53]|+e||:c||

for any = € A and any € > 0, where N : RY — R*. The operators from m™
called absolutely continuous.

Let (cf. [9]) Hi be the class of all Banach spaces A for which any bounded
linear operator, acting from !, into A, is absolutely continuous operator. When
0 < 8 < 1 suppose Hy be the class of all Banach spaces A for which any bounded
linear operator, acting from /1 into A, belongs to the class (I2), (of (2, 6)-absolutely
continuous operators). Indeed (Il2), can be replaced by any class (Il ),, 1 < p £ 2.

Before formulating the next results we have to give the definition of St. Louis
interpolation spaces. Instead of writing A(y), ¥ € T, I being the boundary of D
as it is in [3], we write A, t € I. :

Definition. Let A;, t € I be a family of Banach spaces over the complex ﬁeld
We say (cf. [3]) that A;, t € I, is an interpolation family if:

1) There exists a Banach space U such that A; is continuously embedded
in U;

11



2) For every a € NA, ||a]|4, is a measurable function;

0

2x
3) Let 8 = {b € N4, / log* (lalla, P(6,t) dt < oo}, B is called log-intersec-
tion space for A, t G‘I , and there exists a measurable function k(t), satisfying

/ log* k(t)P(8,t) dt < oo,

such that for each b € B: 1ol £ E()|18] 4, -
Let A:, t € I be an interpolation family and G be the set of all functions of the

type thj (2)bj, where b; € B and 1;(z) belongs to the positive Nevalinna class
j=1
Nit (D) (let us remember that f € N +(D) means that

lin{/log"' If(re“)ldt: /log+ |f(e“)]dt)
r—
0 o

such that esssup“g(e“)” 4, < oo. Let F be the completion of G in the norm

llolloo = ess sup Ily(e")llm

For |t9| < 1 in (3] a space A[f] is s defined which has interpolation properties,
namely the space A[f] is defined like the quotient space of F = F(A;, I) modulo
the subspaces of functions in F vanishing at ¢ and

llallag; = inf{Jl f(")llg, £(0) = a}.
Now we need a construction connected with a concrete family Ay, t € I, where
Ay = H, for t € v, H, being Hilbert space, namely we want to construct L2 (H,)

Let Gt denotes the set of functions of the form z(t) = Eh (t)ai, n € N (hi(t)
i=1
— measurable functlons ont €7, a; € B! — the log-intersection of thé family H;,

t € ), such that esssup Nlz(®)|la, < co. Let z(t), y(t) € G* ,y(t) = El (t)b;. As
j=1
a;, bj belong to each Hy, the scalar product (a;, b;) g, is defined. Since

1 ape .
(e, 0)n, = 3 [lla+bli, — illia + bif, + G = 1) (lallyy, +l6liE)]
it follows that (a;,b;)n, is,a measurable function on ¢t € y. The same is true
for Zh;(t)lj (t)(ai, b;)a, and hence (z(t),y(t))n, is a measurable function. For
i,
z,y € G! we can define (z,y) = /(:c(t),y(t));;, di. It is easy to see that this
ay'

12



is a scalar product and (z,z) = 0 iff ||z(¢)|lg, = 0, i.e.ont € ¥ . As usual

1/2
i = z,z) z(l t . Let us denote y ¢) the completion o
H,d L d b L?, H;) th ! f

G! in this norm. It is clear that if z,y € L2 (Hg) then there exist two sequences
{z,} and {y,} of elements of G! such that (z,y) = ,,1320("'"~’ Yn) and hence L2(H,)
is a Hilbert space. If f € F, then z(t) = f(e'*), t € 7, can be considered as an
element of L2(H;). (If Ay = H, on v.)

Theorem 4. Let A; be an interpolation family of Banach spaces such thal
Ay = H; on v, Hy being Hilbert spaces. Then the interpolation space A[f] belongs to
the class Hy_ yy(y)-

Proof. Let zy,...,z, be elements of the unit ball Ugss) of the space A[f],
€ — an arbitrary positive number. We can find functions f1, fo,..., fn € F such
that .
I ells = esf:;lpIIfk(e“)HA. Sl+e,  fi(0) =z

' n
Let & € UI(..). Then the function g(z) = > & fi(2) is from F again and
k=1

llgllg < 1+e.
Now we are going to use the<inequality (2.4a) from [3], namely

2%
1 7 .
lo@llate < exp (5; [ nlate)ia, Peo,1 dt) .
0

In this way we obtain
1 )
lo@llae € Cle)exp (5; Jmlsteia @, dt) ,
¥

where

C(e) = exp 1n(1+s)2i/P(o,t)dt = (14¢)tHe,
Y 3
Ny
For estimating

po(7)
we use Jensen’s inequality for “exp” and we get
1 .
2 [ lo(e PO, )
1Y &ezellagg < Cle) - ‘

2 [ late M 02 de )

Be(7)

e (7) -
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To estimate the latest integral (let us call it I) we use Hélder’s inequality with

_y=1 1
p=p =5, namely

1/2 1/2
s (5} [Pey dt) (—2—1,; [ (1sla,vPED)’ dt)

~

. 9 T\ 1/2
| RGNl I
= VM1 + V() | 5= kzl(l +€)y/me(7) “

i H,

kayk

= po(7)(1 +¢)
' k=1

fe(e)\/P(8,1)

27(1+ €)v/pe(7)

n
Zflzz‘k
k=1

Using Theorem 7.1 from [9], we get that A[f] € H;_ ue(v)- The thedrem is proved.

)

L2()

where y;(t) = belongs to Urz(g,). Thus we have obtained that
: N ‘y( ')

-

se(7)

Efkyk

k=1

< (1+¢)
A[6)

L3(H,)

Let G2 be the set of functions of the form z(t) = Z hi(t)ai (hi(t) — measur-
. B i=1
able functions on t € v, a; € > — the log-intersection of A;, t € ¥), such that
esssup ||z(t)||a, < co. We denote by LF(A;) (1 £ p < oo) the completion of G? in
tey .

: . 1/p
the norm ( / =I5, dt) :
.4

Proposition. Let A;, t € I, be an interpolation family of Banach spaces,
0<oa<l,|0l<1,7CTI withO < pp(y) < 1. If L2(A:) € Hq, then A[f] €
Hitaps(r)-po(v)-

Proof. In the same way as it is done in Theorem 4, we fix ¢ > 0, take
21,23,...,%, € A[f] and construct yi(t) with llye (DllL2(a,) S 1, satisfying the
inequality
se ()

£C
A[6]

n
Zﬁkzk
k=1

n
kayk
k=1

Li(A)

14



As L%(A;) € H,, after Theorem 7.1 from [9] we can find 21,22,...,2, € U, such

that
n n l-a
D Gwe SCL|D b ,
k=1 Li(At) k=1 I,
1. €.
n n (1-a)us(7)
Y G SC|) G
k=1 Alf) k=1 Ia

Using again Theorem 7.1 from [9] we find that the space A[f] belongs to Hg, where
B=1-(1—a)us(y) =1— pe(7) + aps(y). The proposition is proved.

Let us note that it is possible to prove the proposition with the requirement
L (A:) € Ha, 1 £ p < oo instead of L2(A:) € H,. More precisely, for proving the
inequality -

n ue ()

D G

k=1

<C
Al6]

n
PR
k=1

we use Holder’s inequality with power p, 1 £ p < oo, and the inequalities

1- 6] 1+ 0]
< PO,t) £ ——
+18] = 0.0

1-19)
and finally -

L3(Ar)

[

1/p
lo®)llaw < CCe,0) (QL [ st P00 dt) .

Let note also that in the same way as it is done in the above proposition,
we could prove that if Lf, ,.1(A:) € Ha (or Lfy ,,(At) € Ha, 1 £ p < 00), then
Alf] € H,. ,

Let after [9] note that belonging to the class H, is a super property, every

It 1-a

then H,-space can not contain IS")” uniformly. As a corollary from Theorem 4 we
get that if |6] < 1,y C I, 0 < pe(y) < 1, Ay, t € I — an interpolation family,

A¢ = Hq on v ,H; being Hilbert spaces, then A[f] does not contain I,(,")” uniformly

2 2
<
2= pu(n)  paly) P E
Let remember that for 0 < € £ 2 an (1,¢)-tree in a Banach space A consists
of 2 points z1, z3 with ||z, — z3]| 2 €. An (n,€)-tree, n 2 2, consists of 2" points
Z1,Z3,...,&2n € A, such that:’
a) llzict — 22| 2 €, i=1,2,...,27"L;

H,-space is a superreflexive space, moreover, if 1 £ p< <p < oo,

when1 2 p<

v

. L1 . \ ‘
b) the mid-points 5(::2.-_1 —Z9), 1=1,2,...,2""1 form an (h — 1,¢)-tree.

15



For a given Banach space A the following characteristic ba(¢) is defined like
ba(e) = sup{n € N|3I(n,e)-tree in Us}. Let di(z;) = {inf{|| 3" &izilla, D& =1}
be the distance between the origin and the “absolutely convex sphere” of {z1,...,
_ 2p}. As it is done in [9], we get some quantitative estimates for b4ps)(¢) and

da m(z,) namely
_2
bape)(¢e) £ Ce #), 0<e<?,
_ue(0)
d2¥zy=Cn % , VneN,
when the family A; has the properties required in Theorem 4.

REFERENCES

1. Cwikel, M,, S. Janson. Real and complex interpolation methods for finite and infinite
families of Banach spaces. — Adv. in Math., 66, 1987, 234-290.

2. Favini, A. Su una estensione del metodo d’interpolazione complesso. — Rend. Sem. Mat.
Univ. Padova, 47, 1972, 243-298.

3. Coifman, R, M. Cwikel, R. Rochberg, Y. Sagher, G. Weiss. A theory of

complex interpolation for families of Banach spaces. — Adv. in Math., 43, 1982,
203-229.

4. Sparr, G. Interpolation of several Banach spaces.. — Ann. Ma_t. Pura Appl., 99, 1974,
247-316.

5. Nikolo'va, L. I On classes Ky and Jy in the case of interpolation in family of Banach spaces.
— C. R. Acad. Sci. Bulg., 41, No 3, 1988, 9-12.

6. Mast ylo, M. On interpolation spaces with Gelfand-Phillips property. — Math. Nachr.,
137, 1988, 27-34.

7. Teixeira, M. F.,D. E. Edmunds. Interpolation theory and measure of noncompactness

- Math. Nachr 104, 1981, 129-135.

8. Nikolova,L. 1. On interpolation of compactness property in families of Banach spaces. —
Research reports 1990-14, ISSN: 1101-1327, Lulea University..

9. Matter, U. Absolutely continuous operators and super-reflexivity. — Math. Nachr:, 130,
1987, 193-216.

Received 20.03.1991

16



FOAMIIHUK HA COPUUCKUA YHUBEPCUTET ,CB. KJIIMMEHT OXPUICKHU*
PAKYJITET IO MATEMATHUKA U MH@Oi’MATI/IKA

Kuura 1 — MaTtemaTuxa
Tom 84, 1990

ANNUAIRE DE L’'UNIVERSITE DE SOFIA ,ST. KLIMENT OHRIDSKI“

FACULTE DE MATHEMATIQUES ET INFORMATIQUE
Livre 1 — Mathématiques
Tome 84, 1990

ERCTPEMAJIHHN JIOKAJIHO I'bPBOOBPA3HU I'PA®U

HUKOJIA MAPTHUHOB

Huxoaa Mapmunos. DKCTPEMAJIbHBIE JIOKAJIbHO-IEPEBOOBPA3HBIE 'PA&bI

Paccyatpusaerca Muoxkectso LT| Tex ioKanbHO-AepeBoo6pa3snbiX rpadoB, KOTOPHE
HMeIOT MUHUMAJIbHOE UMciio pebep no oTHomweHUIo K yucny pepwni. Haliaenn neckonbko
xapakTepu3aumnit knacca LTy. Jlna npouasonsHoro rpada G us LT; onpenenena ero nuuei-
Haa ApeBecHocTh Z(G), T. e. MUHMMaJIBHOE UHUCJIO CHCTEM BeDUIMHIO—HENEPECEKaIOMMXCA

A{(G) +1
NpoCTHIX Leneit, nokpuBalomux G. Hokasano, uto Z(G) = [——(-y—-} .

Nikola Martinov. EXTERNAL LOCALLY-TREE-LIKE GRAPHS

We deal with the set LT} of those locally—tree-like graphs, which have a minimal number of
edges according to the number of the vertices. Different characteristics of the class LT} are found.
If G is an arbitrary graph in LT}, we find its linear arboricity Z(G), i.e. the minimal number of

A@G) + 1] .

vertex disjoint systems of simple chains covering G. It is proved that =(G) = [ >

-,

1. BbBEJAEHWUE U TEPMUHOJIOTUA

Pasraexname kpaitiu 1 HeopMeHTHpPaHM rpadu 6e3 BB3JM M KPaTHA P'b-
6oBe, MpUALPXKalKK Ce KbM TePMUHOJIOTHATA U O3HaueHMATa Ha Xapapu [3].
Axo G e rpag, ¢ V(G) u E(G) o3HauaBaMe CHOTBETHO CHBKYIHOCTHTE Ha
BbpXoBeTe M pbGoBere My; 3a KpaTkocT BMecto |V(G)| me mumem |G|. C
Vin(G) o3HauaBaMe CbBKYNHOCTTa Ha BbpXOBeTe chbC cTemeH m. Iloarpad Ha
G, xoiito e M3omopdeH Ha mbauuA rpad K, ¢ n Bbpxa, HapUYaMe N-KIMKA.
Heka X,,(G) e cpBKynHocTTa Ha n-kaukute. I[loamuoxectsoto U C V(G) e
paszenamo, korato rpadgstT G—U (mopoxen ot V(G)\U, T. e. MakcuMaaHUAT
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moArpa¢ c Te3u BHPXOBe) € HecBbp3aH. MuHUManHNTE (OTHOCHO BKIIOYBA-
He) pa3jiesIAlLIM MHOKeCTBa HapudyaMe BbpxosM paspesun. C R(G) osnayaBaMe

CBHBKYIHOCTTa Ha B'bPXOBUTe Da3pe3u, a C R(G) — CBBKYIHOCTTA OT MOJ-
rpagure Ha (G, moponeHu ot enementute Ha R(G). Axo v € V(G), ¢ G, we
o3HauuMm noxarpada Ha (7, mopoxeH oT c’hbecenHuTe Ha v BbpxoBe. Heka A(G)
€ MaKCHMMaJIHaTa CTelleH Ha BbpXoBeTe Ha (G. Korato BcUYKM BbhpXoBe MMAT
eaHa u cbina creneH (m), G e pesyagpen zpaf (m-perynapen). padst G
ce Hapu4ya .oKkaano dspeoofpaszen, KOTATO 3a BCEKM HETOB BPbX v moarpadsT
G, € IbpBO, T. e. cBbp3aH rpad 6e3 mmkau. C LT o3HayaBamMe C'LBKYNHOCT-
Ta, Ha CB'bpP3aHWTEe JIOKaJNHO abpBoobpasum rpadpu. Ipadure ot kaaca LT
ca uaciaensanu B [1, 2, 5] oTHocHO Bpb3kuTe Mexay 6poA Ha BLpXoBeTe M
pbrboBeTe UM U OTHOCHO KOHCTPYKTMBHOTo uM omucanue. C LT) o3HavaBa-
Me CBHBKYIHOCTTa Ha rpadure or LT, Konto MMaT MUHUMaJeH Gpoil pbbose
(cupsmMo Gpost Ha BbpXoBere MM). B Tasu cTaTs, KaTo Ce M3NOJN3BAT HAKOM
“3BeCTHM peaynataty 3a LT, ce naBaT pa3nuyuHM XapaKTepHU3anyM Ha Kjaca
LT} ¥ ce onpeesaT HAKOM HErOBM VIHBAPUAHTH.

Bcsako o6enuHeHMe Ha BbPX0OBO HENPECHYAlM Ce IPOCTH BEPUTH Ce HapU-
ua aunedna zopa. JluneitHara abpsecioct =((G) Ha rpada G e MUHMMAJIHUAT
6poit siuHeiinn ropu, uneto obenuuenue e G. To3u MHBapranT, HoCell T'oJIEeMU
BB3MOMKHOCTH 34 MPHUIIOXKEHMA, Cce olpedeiisa nocta Tpyano. I[louru Henocpen-

A(G) + 1] |

B) , HO He Ca HaMepeHU BCUYKHUA

rpa¢u, 3a KOUTO Ce JOCTUIa paBeHCTBo. XulloTe3aTa, U3AUTHaTa B [4], e ako

A(G)+2
2

33 HAKOU cToifHocTH Ha m. JluHeliHaTa ABLpBecHOCT Ha rpad C NPOUIBOIHU

CTelleHU Ha BbPXOBeTe e olpeJlefieHa B ChBCeM MaJiko ciaydau. Korato G e

AbPBO, U3II'LJIHEHO €

cTBeHo ce chobpassaBa, ye =(G) 2 [

G e m-peryasaped rpa¢, to =(G) = [ ] nocera e nomxpneﬁa camo

R =(@)= [29+1],

KoeTo ce cpobpassaBa secHo, 3amoro G HAMa uMkKiU. Korato Bceku pb6 Ha
G Moxe ma ce CbA'bpKa Hali-MHOIO B €IMH LIMKBJ, T. e, Korato (G e KakTyc,
paBenctBoTo (1) nMpoabmkaBa na e B cuaa (k. [6]). Tyk Dokazsame, ue (1)
€ M3II'bJIHEHO 3a Bcexd rpad or LT); Torana pb6 Ha G MoXe Oa ce ChABPHKA
B IpoM3BoJieH Gpoil MKIH.

2. KOHCTPYKTUBHO XAPAKTEPU3UPAHE HA KJIIACA LT,

B [2] ce uscaensa knac rpadu, obxpamam cbBkynHoctTa LT, HO 0T n0-
Ka3aHaTa TaM TeopeMa | HemocpencTBeHO clenBa, ue 3a LT e B cuia

Jlema 1. Caednume mpu mespdenud ca exauearenmuu:

a) GE LT u |E(G)] = 2|G| - 3;

6) G ce noayvasa om Ky upes nocaedosamenno npurazane na onepayuima
,006a671e na Ho8 8psT u Csedunisane Ha Mmo3u 8psT ¢ dea cscednu gspra
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B) G € LT1 .

[IIe nokaxem

Teopema 1. Hexa G € LT. Tozaea caednume ycaogus ca exeusasenmuu:

a) R(G) C E(G);

6) |E(G)]=2|G| -

B) G ce noayxasa om K2 4pe3 nocaedosameano npwzazaue na onepauuxma
,Jobasane na No8 8psT U cesp3sane na MO3U 8psr ¢ Jea cscednu espza’.

Hoxaszatencrso. 1. Or a) caensa 6). JJoka3aTeJACTBOTO Ha TO3M
IIYHKT II€ WU3B'bPIIAM Upe3 MHAYKUUA 0o 6posA Ha BbLpXoBeTe. MUHMMAJJIHHUAT
rpad ot LT, KoiiTo mMa BBbPXOBM pa3pe3M, e Ky — U 32 Hero e M3I'bITHEHO
6). Heka |G| >4 na € R(G), Kato u 1 v ca BbpXOBeTe B 4, KOUTO Ca ChCEAHH.
OsnauaBaMe ¢ Go eaHa ot KommnoHeHTHUTe Ha G — a. Heka G’ e oGenuHenm-
eto Ha GGy ¢ pbba uv, a G — ponbianenuero Ha Go o G. Tt Kato u e
BpbX Ha Gy (M v e BpbX Ha Gy), To G' U G” ca rpa¢u or LT u cvriacHo
UHAYKUMOHHOTO MPEnNnonoKeHue

IE@G)| = 2G| -3, |E(G")| = 26"] - 3
OTTyK, KaTo B3eMeM NIpeaBUul, 4ye
Gl =G| +1G" -2, |B(G)| = |E@)|+|EG")] -1,

nonyuasame 6).

2. Ot B) caemsa a). OTHOBO mie MPUJIOKMM MHAYKIMA Mo GpoA Ha Bbp-
xoBete. 3a K4 — ¢ e vsnbianeHo a). [lpeamonarame |G| > 4. CoriacHo B)
rpadpbt G e nonyued ot rpad G; upe3 Ko6aBAHe Ha HOB BpbX U C'heJAWHABaHe-
TO My C JBa C’bCeHM BbpXa t M v. ChbrIaCHO MHAYKUMOHHOTO IIPeIIO IO EH e
R(G,) C E(G1). Ho R(G) ce cherou ot R(G1) u pbba uv, cienosatento u 3a
G € M3IbJHEHO a),

Ot TBbpaAeHuATa | 1 2 ¥ oT Aema 1 cileaBa eKBMBAaJIEHTHOCTTa Ha BCe-
KM JBe OT TBbpIeHUATa a), 6) u B). OT TBbpAenreTo B) Ha Ta3W TeopeMa
HENoCpeACTBEHO MoJlydyaBaMe CAeJIHUTE ABe CIEACTBUI:

Caencrsue 1. Beexu epag om LTy e ednosnauno 3-oysemum.

Caencreue 2. Bcexu zpag om LTy e naanapen.

3. JUHENHA NI'bPBECHOCT HA T'PA®UTE OT LT}

Jlema 2. 3a scexu zpad om LT) e usnsaneno none edno om caednume Jae
mespdenud:

a) uMa epsz csc cmenen 2, na xotimo nome edunusm om cscedume He € ¢
MAKCUMAANG CTRENEN; '

6) uMa 8pPsT ¢ MAKCUMAANE cmenen, Ha Kodmo none dea om cscedume ca cac
cmenen 2. v

Hoxasartencrtso. Illle npniokuM uHAyKuUA o Gpos n Ha BBbPXO-
Bere. EnmuncrBenusar rpad ot LT} ¢ 4 Bbpxa e Ky — M 3a Hero jemata e
manbaxeHa. Ilpemnonarame, e n > 4 M UYe jeMaTa € M3N'bJIHEHA 332 BCEKH
rpa¢ or LTy ¢ n— 1 BbpXa, KaTo Ile A AOKaxeM 3a rpada G ot LTy cn
Bbpxa. CwbriacHo aema 1 rpadgst G ce monyuasa ot rpad H € LTy upes
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noGaBAHEe Ha HOB BP'bX U M CBbP3BaHe Ha v C ABA ChCEIHM BbDXA U] U Vs Ha
H. CopraacHo MHAYKUMOHHOTO IPEAINoioKeHne, 33 H e U3Ir'biiHeHO TIoOHE €IHO
OT TB'bPAEHUATA a) U 6).

Hera 3a H e usnbaneHo a). ToBa o3Hauasa, ye H chabpka TPUBI'BIHMK
uu Uy, KATO U € C'bC CTEMNEH 2, a %) — C'bC CTeNeH, I0-MaJIKa 0T MAKCUMAJIHATA
crened m = A(H). Or |H| 2 4 cnensa, ye m > 3. Ila gonychem, ye 3a G
He ¢ u3nbaHeHo a). OT ToBa cienBa, Ye v He € CbCEAEH C U M Y€ CHCENUTE
Ha % M ¥ ca ¢ MakcUMaJHaTa cTered Ha G (cmpamo G). OTryk mosjyvaBame
degyu; = m — 1, v1 = uq, KoeTo o3HayaBa, 4e 3a (G e M3ITbJAHEHO 6): u; e
C MaKCMMaJIHaTa cTelleH m Ha (G, 3 ChCeIMTe ¥ U v Ha 1Y) Ca CbC CTeNeH 2
crpamo G.

Heka 3a H e usmpaneHo 6), Ho He e W3'biHeHo a). ToraBa H wme uma 1sa
TPWBI'bIIHUKA WW) W2 U WW3lwy, KATO Wy U W4 Ca CHC CTelNeH 2, a w, wy, W3 —
cbe ctenien m = A(H). Ako w1 = ws =v; M w = vz, T0 3a (G i€ e U3II'bJIHEHO
6). Axo I'bK TOBA TBbpAEHUE He e UsmrbaHeHo, uo mak A(G) = m+1, it kaTo
HoHe eANHUAT 0T HeC'hCeHATe BLPXOBE Wy Y Wy Iie MMa cTened 2 (cnpamo G),
To 3a G e e usmrbiaHeHo a). [lopaau roBa npeanonarame A(G) = m. Torasa
C'BIIACHO CBOMCTBOTO B) Ha Teopema 1 BBHPXBT v He MOXKe Aa GbOe ChCeleH
C HHMKQ# OT wi, w2, W3, W4, w U cregoBaTenHo 3a G me e uanbiadeHo 6). C
TOBa J0KA3aTeJICTBOTO Ha JEMaTa € 3aBbPHIEHO.

le BbBeneM ome HAkon o3HaueHUA. Heka moarpadsT h Ha rpada H e.
JuHeliHa ropa, T. e. o6eauHenne Ha B'BPXOBO HeNPeCHYaIUM Ce IPOCTH BepH-
ru. Ako BBpXxbT v Ha H e BbTpelneH uinu e xpail Ha Bepura ot h, wiau He
NpMHAJUIEKM Ha HUKOS OT BepUTrUTe Ha h, 03HauaBaMe C’bOTBETHO

vZh, vZzZyh, vih

m+ 1]
2 |5

HNoxaszarenctso. e npuioknm unaykuua no 6post Ha BBLpPXOBe-
te. Ako |G| =4, 10 G = K4~z u Z(G) = 2, T. . TeOpeMaTa e UIMbIHEHA.
Ipeanonarame, ue |G| > 4 u TeopemaTta e UambiaHeHa 32 Beekn rpad ot LT ¢
|G|—1BBpxa. Cobraacho nema 2 3a G € U3N'bAHEHO TIOHE €IHO OT TBLPACHUAT
a) u 6) B Hes.

1. Heka e usnbiHeHo a), T. e. G UMa TPWBI'bJIHUK VU1V, KaTo degy = 2,
adegy; £ m—1. I'papar G—v = H € LT} v c’briiacHo MEAYKUMOHHOTO TIped-

n+1

nonoxenue =(H) = [—T

Teopema 2. Axo G € LTy, |G| 2 44 A(G) =m, mo=(G) = [

} , kbReto n = A(H). Knacopere Bepury {nvmelinn

. n+1
ropu) Ha H, uuitto Gpoit e , O3HAYaBaMe CbOTBETHO
A3 '

P
(2) hi,ha, ... B, :["“].

OueBUHO T £ M U € BB3IMOKHO CAMO WIM B =, WAK n = m — 1.
1.1. Heka n = m. Torasa degyvi = deggv; — 1 € n—2. OrTyk ciaensa,
4Ye MM v; HE € BP'bX HA HUKOA OT BEPUI'MTe Ha IOHe elMH KJIAac oT (2), unu e
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Kpail Ha BepUru oT IMOHe ABa Kaaca. CieloBaTelHO MOXKeM Ja NpeAnojarame,
Ye € M3I'bJIHEH [IOHE €JUH OT CHAeJHUTe JBa CIydas:

a’) V1 z hl;

6') vy Zohy ¥ vy Zg ho.

Ocpen ToBa degyvy = deggovs — 1 £ n — 1, KoeTo o3HadvaBa, Ye 3a IOHe
emuH kiaac h ot (2) He e uanbaHeHo vz Z h. ToraBa npuGaBame pb6a vv KBM
knaca h; B cayyas a') npubasame pbba v;v KbM Kiaca hy, a B caydaa 6') —
K'bM TO3M OT KiacoBeTe hy u hz, koiiTo e pa3anyeH ot h. Taka KopurupaHure
U 3amna3zeHu No Gpot kaacose ot (2) obpasysat mokpurue Ha G oT JAMHEHHHM

m+ 1]
5|

1.2. Heka n = m — 1. ToBa o3HauaBa, 4ye caMo vy uma crereH m. Cera
me pa3rieiaMe OTIEJNHO CIy4YaMTe, KOraTo 1M € YeTHO WIM HEUEeTHO.

1.2.1. Heka m = 2k (k — uano). Ot degyvs = n U n — HedeTHo CJjlenpa,
ye v, e Kpaif Ha Bepura ot kiaac h ot (2). O'r degyvi £ n—1u n — HeueTHo
cllenBa, Ue vy WM He e BpbX Ha HMKOA REpUra OT HAKoM Kiac oT (2), i e
Kpail Ha Bepuru oT ToHe mBa kiaca oT (2). CnenosaTenHo 0THOBO MonalaMe
B pasriiefanuAa caydait 1.1.

1 1
1.2.2. Heka m =2k +1. Cera [m_;—_l_] =k+1,a [n—2}- ] = k. Cnegosa-

TEJIHO, aKo KbM KiacoBere (2) npnbaBuM HOB Kiaac hryq, ChABPKAILL € IUHCT-

ropu. CnenoBatenno =(G) =3 (H) = [

m+1 "
5 JIMHeWHH IopH, TIOKPUBAIINA

-G. C ToBa M3uepnaxMe BCMUYKM MOACAYYau Ha ciayvaii 1.

2. Heka 3a G e u3anbiHeHo TBbPAeHMETO 6) Ha aeMa 2, T. e. G MMa zABa
TPUBI'BAHNKA vV1V2 M uUjv2, KaTo degv = degu = 2 u degvy = m. Ilpen-
fojaraMe omie, ye 3a G He € M3I'bJIHEHO TBBLPACHMETO a) Ha JeMa 2, T. e.
{u1,v1} ¢ Vin(G). OtnoBo o3nauaBame G —v = H, A(H) = n. 3a rpada H
€ B CHMJla TeopeMa 2, Mopaly KoeTo Npearojarame, Ye To3M rpad e pasbur

BEHO BEpUraTa vjvvp, Ilie MOJYYHM TOUHO [

n+1 . -
Ha | ——| HempecHyamM ce MuHEHHW ropu, O3HaueNH c (2). MWcerazane

M3I'BJHEHO MM =M, UM n = m — 1.

2.1. Heka n = m. Ille pasraenaMe oTAesiHO clIy4dauTe, KOTATO M € YETHO
WJIM HEMETHO.

2.1.1. Heka m = 2k. Torana degyv; = degyva = 2k — 1, oTkbAETO Cien-
Ba, Ye U; U V3 €A KPaWIlla Ha BEpMrdl OT ABA Kiaca oT (2), KOWTO MOTAT ¥ Aa
CbBHAAAT.

2.1.1a) Heka v; Zo hy, v2 Z() hy. Toranpa npuunciisiBame pb6oBeTe VU M VU

L im+1
CHOTBETHO KbM hy U hy M monyyasaMe cbiusa Gpoii { ] HellpecUYainm ce

JnuHedHN ropH, mokpuBamm G.

2.1.16) Heka v; Zghy, v2Zoh;. Ako pb6LT uv,; He mpuHamNeXH Ha hy
(1. e. ako e ot hy), npexBbpiasaMe ro KbM hy ¥ mojsyyaBaMe, Ye vy M vy ca
Kpaullla Ha BEDUrM OT pa3iuuHM KiacoBe. Taka cBeXxZaMe ciaydas KbM pas-
riaefanuda Bede cayvait 2.1.1a).
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Heka pbp6bT uvy € o1 Kiaaca hy. Ako u Zg hy, kaTo npuuMcauM pbboBeTe
vv1 ¥ VU2 KbM by, HAMA Aa TOJYYMM 1IMKDBJI, a HOKpUTHe Ha G OT cbmiuA Gpoi

2
u3BbH hi; Heka e ot hy. IlpaBuM ciiegnaTa NpoMsHa: NpexBbpiAMe pbba uu
KBM h2, a ujv2 KbM h;. 3a Taka KOPpUTHPAHUTE JMHEHHU FOPH BbPXOBETE Uy
M Vo Ca Kpauilla Ha BePUrM OT pa3JIMYHM KJIACOBE U OTHOBO CBeKAaMe CIyyvasd
kbM 2.1.1a). C roBa cayuasr 2.1.1 e HanbAHO M3YepHaH.

2.1.2. Heka m = 2k + 1. Torasa degyvy = degyvs = 2k. Tosa o3navaBa,
Ye BCEKH OT BBHPXOBETE ¥; M Uy WM € M3BBH HAKOH 0T Kinacosete (2), Wi e
Kpaif Ha ABe BePUI'M OT Te3M KJacoBe. ClleZOBATEHO U3IIbJIHEHO €:

m+1 N
Henpecuvamm ce jauHednu ropu. Heka u Z hy. Torasa ppobT U117 €

v1 2 hy mam vy Zohy vy Zg ha;  va T A wau vg Zg B v vg Zg hY,

kaTo h} # hj, Ho e BB3MOXKHO chBAaZeHUe Ha HAKOHK oT Ay, hy ¢ HAKol ot A,
k. Tipnuncaasame pbba vv; kvM hy. Pbb6a vvy npuunciaasame KbM hf, Ko-
rato vz ¥ h}, u keM To3m ot hi, h}, KoliTo e pasyuueH oT hy, KoraTo vy Zg hj.
Taka aowbiHenUTe KJIACOBe He C'hAbPKAT LUMKJN, T. €. Ca HENPECHYAIl ce JIU-

. - m+ 1
Heifun ropu, moxkpuBamm G. CuaenoBatenHo B To3u cayvai =(G) = I

ITo To31u HauMH e M34epnaH ciayyaii 2.1,
2.2. Hekan = m—1. OTTyK cnenBa, 4e u; = v; U ¥ ¥ Uy Ca eQUHCTBEHNATE

+1]=k+ln

' m
BbpXoBe cbe cTened m. Hpum = 2k+1 me 6 xe uanbaHEHO [

n+1
2
LBPHKANA- CAMO BEPUTaTa v VV2, lile NOJyUnM k + 1 Henpecuuamm ce JuHelHH

] = k. ToraBa, kaTo KoGaBuM KbM JiuHeHHNTe ropu (2) ome enHa, Ch-

ropu, nokpusaum G, . e. =(G) = [%—1-]

Hexa m = 2k. Toraba degyv; = degyvs = 2k — 1 u oThoBo monamaMe Ha,
cayuait 2.1.1. C ToBa I0Ka3aTeJICTBOTO H2 TEOPEMATA € 3aBLPIUEHO.
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LEAST FIXED POINTS IN MONOIDAL CATEGORIES
WITH CARTESIAN STRUCTURE ON OBJECTS

JORDAN ZASHEV

Hopdan 3awes. HAUMEHBIIUE HEITONABUKHBIE TOUKM B MOHOUIAJIBHBIX
KATETOPUAX C IEKAPTOBOW CTPYKTYPE HA OB'bEKTAX

B pabore npeanoxkeno obobmieHne TEOPMM PEKYPCHM B MTEPATUBHHIX ONEPATUBHEIX
npoctpaicTBax Mpanosa. O6obumenne coCTOUT B 3aMeHH YACTUUHOTO NOPAAKA Ha CTpe-
Kax B Kateropmax. Jlnd eToii nenu seegeno noaatue DM-kaTeropun. Onucan npumep DM-
KaTeropuu, B KOTOPOM TDETHUPYIQTCH HEKOTODLIe MAEAM30BARHLIE HEAETEPMUHUCTHUECKHE
NPOrpaMMH C JIOKA3aTeIbCTBAMM KODPEKTHOCTH MX paboT. Pa3BuTa Teognsa HENOABUKHEIX
TOYeK OnpeleNUMEX PyHKTopoB B DM-gaTeropuax, KoTopad COAEPHMT KaTETODHEIX BHa~
NOroB8 BCEX OCHOBHHIX Pe3YAbTaTOB abCcTpakTHOW TeopMM pexyPCHy B MTEPaTUBHBLIX Ole-
PaTHBHLIX HPOCTPAHCTBaX.

Jordan Zashev. LEAST FIXED POINTS IN MONOIDAL CATEGORIES WITH CARTESIAN
STRUCTURE ON OBJECTS

The paper contains a generalization of the recursion theory in iterative operative spaces.
The generalization consists in replacing the partial order in an operative space with arrows in a
category. For that purpose the notion of a DM-category is introduced. An example of a DM-
category is described which deals with some kind of idealized nondeterministic programs together
with proofs of the correctness of their work. A theory of fixed points of definable functors in DM-
categories is developed which contains categorial analogues of all principal results of the abstract
recursion theory in iterative operative spaces.

We present a generalization of the recursion theory in iterative operative spaces
in the sense of Ivanov [1]. The generalization consists in replacing the partial order
in operative spaces by arrows in a suitable category. The structures obtained in
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this way are called DM-categories. The method we use is based on an unpublished
proof of the first recursion theorem in iterative operative spaces and is essentially
a proper generalization of the usual method of coding in the ordinary recursion
theory. /

1. DEFINITIONS

1.1. DM-CATEGORIES -

A DM-category will be a category F with two bifunctors M : 2 — F and
D : ¥ — 7, three objects I, L, R, and six natural isomorphisms a, A, p, I, 7,
1, satisfying (DM1)—(DMS8) below. We shall call M “multiplication” and we shall
write zy for M(xz, y), where = and y are objects or arrows in F. Similarly, we shall
call D “cartesian functor”, and we shall write (z,y) for D(z,y). Composition of
arrows f, g in F will be denoted by f o g. Conditions defining a DM-category are
the following ones: )

(DM1) a is an isomorphism a(p, ¥, x) : (p¥)x = ¢(¥x), natural in ¢, ¥, x;
(DM2) X is an isomorphism A(yp) : I = ¢, natural in ¢; .
(DM3) p is an isomorphism p(y) : ¢l = ¢, natural in ¢;
(DM4) 1 is an isomorphism I(p, %) : (¢, ¥} L = ¢, natural in ¢, 9;
(DM5) r is an isomorphism 7(p, ¥) : (¢, ¥) R = ¢, natural in ¢, ¥;
(DMS6) ¢ is an isomorphism #(p, ¥, x) : (¥, x) = (¥, px), natural in'p, ¥, x;
(DMT7) a(p, ¥, x9) o a(p¥, x,9) = (1,a(%, X, 9)) 0 a(p, ¥x, 9) o (a(p, ¥, x)10);
(DM8) i(p¥, x, ) o @(p, ¥, (x, V)

"= (@(e, ¥, x), @, ¥, 9)) 0 i(p, ¥x, $9) 0 (1,5, X, 9)),
where ¢, ¥, x, J range over objects of F and @ is a™!.

Note that condition (DMT7) is something less then the usual coherence axioms
for monoidal categories (cf. [2] ch. VII). It is rather unexpected that full coherence
properties of the functors M and D are not necessary for the main Theorem 2.1
below. But since {DM7) seems to be the most essential among the coherence axioms
for monoidal categories, we preferred to keep the term “monoidal category” in the
title of the paper.

For posets F the notion of DM-category coincides with that of operative space
[1]. A properly categorial example of a DM-category is described below in 1.3.

1.2. SOME NOTATIONAL CONVENTIONS

By F we shall denote usually a DM-category; ¢, ¥, x, &, n etc. will be objects,
and f, g, h, z, y etc. — arrows in F. In expressions involving arrows we shall
usually write ¢ for 1,, so if f : ¢ — 1, then fo = f = ¢, and since M is a functor
we have

(1) | (¥'9) 0 (f4) = fg = (£¢') o (vg)
for all f € F(p,¢') and g € F(3,v’). We shall often omit brackets in expressions

like (1), so in this sense the multiplication is treated as “faster” then the composition
~ “0”. An expression, constructed by means of D, M and objects of F, defines
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a functor for both objects and arrows uniformly, the object constants ¢ being
interpreted as 1, s in the sequel we shall write such definitions for objects only.
We shall write @, X, B, I, 7, 1 for a~!, A7, p=1, 17!, #=1, ! respectively and
we shall usually omit expressions in brackets after a, A etc., s0 the conditions
(DM1)-(DMS8) can be written shortly as follows:

(2) ao(fg)h = f(gh) o a;

B)AolIf=Ffolk

(4) pofI=fop;

(5)lo(f,g)L = fol;

(6)ro(f,g)R=gor;

(7) io flg,h) = (fg,fh) o1,

(8) aoa = paoaocav,;

(9) toa@=(a,a)oiopi;

where f € F(p,¢'), g € F(¥,#), h € F(x, x'). Define

i (Xo,- .., Xn-1) = (X, (Xq, .. -(Xn—z, Xno1) ),

~ where Xg,...,X,~1 are objects in F or arrows as well, and for n = 0 let (X, ...,
Xn-1) = I (respectively (Xo,...,Xn-1) = 11), and for n = 1 let (Xo,..., Xp-1) =
Xo.

1.3. EXAMPLE

Define types inductively as follows

1) 0 is a type;

2) If a and b are types, then a — 6 and a x b are types;

N If ag, ay, ..., is an infinite sequence of types, then ag x a; x az... (or shortly
I1i.ai) is a type.

Let M be a set with two disjoint subsets My and M; and three mappings
do,di,d : M — M, s.t. di(z) € M; and d(di(z)) = z forallz € M and i < 2.
Denote by F, the set of all hereditary partial functionals of type a over M, i.e.
define F, by induction on a as follows: Fo is M; F,_., — the set of all partial

functions from F, f0 Fy; Faxp is Fq X Fy; IFI-I ia; — the product H Fg;.

Let F be the set of all relations ¢ C F, x M x M for all types a; ¢ G F will
be called to be of type a iff ¢ C Fq x M x M. An arrow from ¢ € F of type a to
¥ € F of type p will be called a functional f € Fy_.(0—(0))), 5.t- fuzy is defined
iff p(u, z,y) (we are writing fuzy for f(u)(z)(y) etc.), and

Vu, z,y(p(u, z,y) = Y(fuzy,z,v)).

Composition g o f of arrows f from ¢ to ¢ and g from ¢ to x is defined by
(90 f)uzy = g(fuzy)zy, and for every p € F let l,uzy = u if (,o(u z,y) and let
1,uzy be not defined otherwise. Then F is a category w.r.t. the sets of objects and
arrows as described, and define functors M and D as follows: ~

(‘P'/))(wa -'C,y) = 3z,u, v(w = (2‘, (uy ‘U))&SO(U, Z, y)&¢(”: xa'z)))
so the type of ¢y is 0 X (a x b) if a and b are the types of ¢ and 1 respectively;

C (fo)(z, (u,v))zy = (2, (fuzy, gvzz)),
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where F€F(p,¢'), 9 € F(¥,¢¥') and (p9)({z,(u, v)) z,y) and (fg)(z, (u,v))ZY is
undefined otherwise;

(90, 1/))(10, :v,y) = 3“)”("’ = (“’v)&((z € Mokv = o,
Lp(u, d(2), M)V (z € Miku = 0ukh(v, d(z), 1)),

where ¢ and ¢ are objects of types a and b respectively, o. € F, is any fixed
functional for each type ¢; the type of (p, %) is a x b;

_ f (fud(z)y,0) if x € Mokv = op&p(u,d(z),y)
(£, g)(u, v}y = { (0a,gvd(z)y) ifze€ M(l)&,u = of,&zp(v,d(x),yy),

and (f, g){u, v)zy is undefined otherwise. Let I be the object of type 0 defined bly
I(u,z,y) & u=ockz =y, and let L(u,z,y) & I(u,do(z),y) and R(u,z,y) &
I(u,dy(z),y). Then it is straightforward to see that J is a DM-category w.r.t. M,
D, I, L, R and properly defined a, X, p, I, », .

Informally, this example arises at an attempt to give a more detailed description
of some examples of operative spaces, the elements of which represent some idealized
programs working on inputs from M and giving for each input a set of outputs
from M, by taking account for the correctness of the work of the program. In the
notations above, while the input—output relation for such a program ¢ is represented
by Jup(u,z,y), the relation <p('u z,y) is to'be conceived as “u is a proof that given
the input = to ¢,y will be given as an output”. '

1.4. LEAST FIXED POINTS -

Let @ be a category and let F' : € — € be an endofunctor. By (F' = C) we shall
denote the category of pairs (X;z) s.t. X € € and z € C(F(X), X); morphisms
f:(X;z) = (Y;y) in (F = @) are the arrows f : X — Y in Cs.t. foz = yo F(f).
Then a least fized point or a “minimal fixed point” (m.[.p.) of F is by definition
an initial object (M;m) of (F = €). Some elementary properties of m.f.p. will be
used below without special reference. They partially appear in Lambek {3], let us
list them:

(i) Suppose an endofunctor F' = F(A) in € depends on a parameter A € C, i.e.
F is a functor from €? to €, and (M(A); m(A)) is a mf.p. of F(A) for all A € €.
Then M is a functor from € to €, where M(a) fora : A — B is determined uniquely
by

M(a) o m(A) = m(B) o F(a, M(a)),

since (M(B);m(B) o F(a, M(B))) € (F(A) = C€). The same holds for several
parameters instead one.

(ii) If (M;m) and (N;n) are two m.f.p. of F : € — €, then there is an isomor-
phism (M;m) = (N;n), natural in parameters.

(iil) If (M(A); m(A)) is a m.f.p. of an endofunctor F(A) in € depending on a
parameter A, then m(A) : F(A, M(A)) = M(A) is an isomorphism natural in A,
and similarly for several parameters.
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1.5. ITERATIVELY CLOSED DM-CATEGORIES

Let ¥ be a DM-category, and consider the power category FV where N is the
set of all natural numbers. A normal functor will be called a functor H : F — FV
of the form H(§) = Ai.p(€v;), where v; € F; for all i € N and Fy is the set of all
objects of F, produced from {L, R} by means of multiplication. Then the category"
F will be called an iteratively closed DM-category, iff:

(it1) every normal functor H : ¥ — N has right adjoint; and

(ic2) every functor I' : F — F of the form I'(§) = (I,£)p has a m.f.p. (I(p);7,,)
in F. '

Condition (ic1) will be used below in the following form: -

(ic3) for all ¢ € F and all sequences of objects ¢; € F and v; € Fy (1 € N)
there is £ € F and a sequence of arrows z; : p(€1y) — 4, which is universal in the
sense that for every 77 € F and all sequences of arrows y; : p(ny;) — 5 there is
unique arrow h:p— € in Fs.t. y; =z; 0 plhy;) foralli € N. :

Note that condition (icl) follows easily from next two ones:

(ic4) all functors M,, ML and MF of the form M,(§) = o€, ML(£) = €L and
ME(£) = £R have right adjoints;

(ich) all products [] ¢; exist in F.

iEN

The category & from 1.3 is an iteratively closed DM-category. Conditions (ic4)
and (ic5) can be shown to hold for this category in more or less a straightforward
way. A m.f.p. in it for a functor T of the form of (ic2) can be constructed directly
by a proper generalization of the usual method of constructing of iteration, as, for

instance, in [4].

1.6. TERMS AND VALUES

Let cg,...,ci—1 be a list of symbols called parameter symbols, and let we have
an infinite list of variables denoted usually by =z, y, z etc. The symbols I, L, R
will be called basic constants, and parameter symbols and basic constants together
will be called constants. Define terms inductively as follows:

a) all constants and variables are terms; they are called simple terms;

b) if t and s are terms, then (¢s) and (¢, s) are terms.

If X is a set of variables, then by Term(X) we shall denote the set of all terms
whose variables belong to X, and Term will be the set of all terms.

Let F be a DM-category and suppose we have an interpretation assigning to
each parameter symbol ¢; an object (called a parameter) 4; € &F. This interpretation
will be fixed throughout the paper. Let T = xzy,...,2z,-1 be a list of distinct
variables. Then each term ¢t € Term({Z}) defines a functor [AZ.t] : " — F called
value of ¢ in an obvious way, namely:

1) if t is a variable z;, i < n, then [MZ.t](€) = &;

2) if t is a parameter symbol ¢;, i < I, then [MZ.t](€) = vi;-

3)if tis I, L or R then [AZ.t](€) is I, L or R, respectively;

4) if t = (sr), then [AZ.t](€) = [AZ.5](€)[AZ.7](€);

5) if t = (s, 1), then [AZ.t](€) = ([A7.5](¢), [AZ.r](€)),
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where € is an arbitrary object of *, and the definition of the functor [Xf.t] for
arrows is the same when replacing &, 7, I, L, R with 1¢,, 1, 15, 1, 15, respec-
tively. '

Sometimes we shall write tot; ...4, for (... (tol1).. .ta—1)tn, where tg,...,tn
are terms.

1.7. REDUCTIONS AND B-NORMAL TERMS

A formal expression of one of the forms

(a) t(sr) — (ts)r

(i) t(s,r) — {ts,tr},
where t, s, r are terms, will be called a basic contraction. As usual the notion
of basic contraction gives rise to a reduction notion: we shall write t — s for
“s is obtained by replacing an occurrence in t on the left hand side of a basic
contraction with the corresponding occurrence on the right hand side of the same
basic contraction” and the symbol “w" for the reflexive transitive closure of the
relation “—”. A term ¢ will be called b-normal (or simply normal), if ¢ «» s is
impossible for any s; s will be called b-normal form of ¢ iff ¢ #— 5 and s is normal.
Lemma 1. For every term t there is unique b-normal form t* of t. .
Indeed, let 1h(¢) be the length of the term ¢, and let lh ‘(t) be the numbe
Ih(so) + --- + lh(sa—1), where t = (...(p50)-.-8n"2)8n—1 and p is a term which
is not of the form pop; for some terms pp and p;. Define u(t) = lh(t)w + h '(2).
Then using induction on the ordinal u(t) we may see that the following equalities
define uniquely a total operation on terms denoted by t* for a term ¢: '
(1) t* = ¢, if t is a simple term;
(2) t* = p*s, if t = ps and s is simple;
(3) t* = ((ps)r)?, if t = p(ar);
(4) t* = ((ps)", (pr)®), if t = p(s,7);
(5) t* = (t8, %), if t = (to,t1). -
Again, we have for all terms ¢ and s:
(6) t* is b-normal;
(7) tws 2% :
(8) if t — s, then t® = &%;
which can be seen straightforwardly by induction on u(t). =
Now we shall define for every term ¢ € Term({zo, ..., Z.—1}) an isomorphism

(9) b:(6) : D (E) = A2.L)(6),
natural in £, where £ = (&, ...,&n—1) and T = (2o, .. - Zp_1).

Writing for short b(t) for b,(£) and t* for [AZ.t](€) for any { € Term({zo, ..., Zn-1}),
define be(€) as follows:

(b1) b(t) = ¢* if t is normal;

(b2) b(ts) = b(t)s* if s is simple anid £is not normal;

(b3) b(ts) = b(tp)g" 0@ if s = pq is normal;

(b4) b(ts) = (b(tse), b(ts1)) o, if 8 = (s0,51) is normal;

(b5) b{ts) = b(ts*) o t*b(s) if 5 is not normal;

or
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(b6) b({to,t1)) = (b(to), b(t1)) if (to,%1) is not normal.
Note that (b2), (b5) and (b6) hold for any terms ¢, to, 1. In (b3) and (b4) @ is
a(t*,p*,¢*) and % is 2(t*, s§, 51).

Lemma 2. For all terms t, r and every normal s we have:

(10) b(ts) = b(t®s) o b(t)s*,
and
(11) ' b(t(rs)) = b((tr)s) o @. -

Proof. Induction on s for both (10) and (11). If s is simple, then .
b(t’s) o b(t)s* = (¢)*s* o b(t)s™ = b(ts).

If s = pq, then q is simple since s is normal, and by (b3), 1.2.(2) and the induction
hypothesis for p we get:

b(t*s) o b(t)s* = b(t’p)g* o@o b(t)(p"¢") = b(tbp)g*/o b(t)p*q" oa
‘ = b{tp)q* o @ = b(ts).
If s = (so,51) then similarly
b(t’s) o b(t)s* = (bgtbso), b(ts1)) 0 i o b(t)(s}, s})
= (b(t*s0) 0 b(t)fa, b(#s1) o b(t)s}) 0
= (b(ts0), b(ts1)) o i = b(ts). S

This proves (10). If rs is normal, then {(11) is received immediately from (b2) and
(b3). Suppose rs is not normal. Then by (b5) we have

(12) " C o b(t{rs)) = bE(rs)) o t*b(rs).
Consider cases for s. If s is simple, then )
b(t(rs)) = b(t(rs)’) o t*(b(r)s*) = b(t(r’s)) ot*(b(r)s*)
= b(tr?)s* c@ot* (b(r)s*) = b(tr’)s* o (t*b(r))s* 0@ = b(tr)s* 0@
= b((tr)s) o @.

If s = pq, then g is simple and using (12), the mductlon hypothesis for D, and
1.2.(8), we have:

b(t(rs)) = b(t((rp)"q)) o t*(b(rp)g*) o "G
= b(U(rp) )" 0T o (blrp)a”) 0 '@ = H(t(rp))a" o (EW(r))g” oTot'a
= b(t(rp))q* o@o t*a = b((tr)p)¢* o Bg* 0o @o t*G = b((tr)p)g* c@oa
= b((tr)s)oa. -

Finally, if s = (so, s1), then sy and s; are normal, and using (12), the induction
hypothesis for 5o and s;, and 1.2.(9), we have:

b#(rs)) = b(t{(rso)’, (rs1)")) o t*(b(rs0), b(rs1)) o t*d
= (b(t(rso)®), b(t(rs1)®)) 0 4 o t* (b(rsy), B(rs1)) o t*s
= (b(t(rso)), b(t(rs1))) o i ot™s = (b((tr)so) o @, b((tr)s1) o B) o i o t*i
= (b((tr)so), b((tr)s1)) o (@, G)oiot™i = (b((tr)so), b((tr)s;))otoa = b((tr)s)oa. m
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" 1.8. TERM SYSTEMS AND CODINGS

A term system in F is a pair (3;T), where T = z¢,...,Zn_; is a list of variables
and 3 = sg,...;5n-1 is a list of terms s; from Term({Z}). Each term system
S = (5; %) defines a functor S : 3" — F" by S(€) = (So(€), ..., Sa_1(€)), where
S;'= [MT.si] for all i < n, and € is an arbitrary object or arrow in F* as well. A
term system S = (3;%) will be called normal iff all terms so,...,s,_; are normal.

Let Termi2(X) be the set of all sequences ¢, ..., tn_1 of terms t; € Term(X)
with length n £ 2. For every term system S = (5;%) we shall define a mapping
S# : Term({:c}) — Term2({Z}) (called S-reduction function) as follows:

(#1) if t is a constant, then S¥(t) is the empty sequence A;

(#2) ift = pe, t is normal and c is a constant, thén S#(t) is (the one membered
sequence) p;

(#3) if ¢ = (to,t1) and ¢ is normal, then S#(t) is to, 11;

(#4) ift = z;, then S#(t) is 5;, i < n;

(#5) if t = pz; and t is normal, then S#*(t) is (ps;)’.

A set T C Term({Z}) will be called closed w.r.t. S# iff for any ¢t € T' all members
of S#(t) belong to T. If f is a mapping f : Term({Z}) — Term({Z}), then we
shall write f(S#(t)) for the term (f(to),. .., f(ta-1)), where S#(t) is to,...,tn 1.

Definition. A coding for a term system S in F (w.r.t. a given interpretation
of the parameters) is a quadruple (K, k,k, p), s.t.: K C Term({Z}), K is closed
w.r.t. S# and z; € K for all i < n; k : K — F; is a mapping (Fp is defined in 1.5);
p € F; k is a mapping assigning to each t € K an isomorphism in F, namely:

() k(t) : pk(t) = F(k(S* (1)),

where F; is an endofunctor in F defined for each term ¢ as follows:

(F1) Fy(€) = L, if t is a constant with value 7;

(F2) Fi(€) = R(&7), if t = pe, where c is a constant with value v and ¢ is normal;
(F3) Fy(€) = R£ in all other cases.

t

- 2. RECURSION THEORY IN DM-CATEGORIES

2.1. Theorem. Let F be an ileratively closed DM-category and S = (5;%)
be a normal termy system in F, where T = (zo,...,Zn-1)- Suppose (K, k k,p) is
a coding for S in F and (w;m) is a m.f.p. of the endofunctor U in F defined by
U() = (I,€)p. Then there is an arrow W in F* s.t. (wk(zo),...,wk(zn_1);W) is
a m.fp. of S in F".

This is the main result of the paper and a detailed sketch of a proof of Theorem
2.1 will be given in section 3 below. In the present section we shall see how it can
be used to extend principal results of recursion theory in iterative operative spaces
in the sense of Ivanov [1] for DM-categories. Up to the end of the section we shall
suppose that F is an iteratively closed DM-category.
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2.2. REPRESENTATION OF NATURAL NUMBERS AND TRANSLATION FUNCTORS

Define for every natural number n an object nt € ¥ inductively as follows:
0% = L; (n +1)* = Rn* . Then by (DM4) and (DM5) we have

(a0 ... an-1)it Za; forall i<n,

where oy, ..., are objects or arrows in F.
Definition. A functor T: F — J is called a translation (this term is adopted
by Ivanov [1]) iff for every object ¢ € F and for each natural n

T(p)nt = nty

and the last isomorphism is natural in ¢.

Example. If for all functors ¥(¢) of the form ¥(¢) = (Lgo, ) there is a
m.fp. (T{p); t(¢)) in F, then T is a translation in F. Indeed, by 1.4.(iii} we have a
natural isomorphism (L, RT(p)) = T(p), whence by induction on n we see that
T(p)n*t = nte.

Every translation T gives rise to a bifunctor T"(¢p, v) = [T(¢)]T(¢) (cf. Ivanov
[1]), called a primitive recursion (or better a T-primitive recursion). Objects ¢ € F,
produced from constants L, R, I (respectively L, R, I, ¥g, ..., Yi—1) by means of
the functors 7', M and D are called T —prlmltlve recursive (respectively T-primitive
recursive in {70, ..,7-1})-

Proposition 1. If T is a translation in F, then for every primitive recursive
function f there is a T-primitive recursive ¢ € F, s.t. pnt =2 (f(n))t for all
naturel n.

This proposition is a corollary to corresponding results in [1] or [5]. m

2.3. FINITE CODINGS

Theorem 2.1 reduces the problem of expressing m.f.p. to that of constructing
a suitable coding. The last construction is easy when the domain K of the coding
can by chosen finite. Let us consider this case first, it will give us a description of
m.fp. functors, produced by means of the functors M, D and the iteration functor
I defined in 1.5.(ic2).

Definition. A coding (K, k, k, p) for a system of terms S = (5; %) is finile, iff
K is a finite set. A system (5;%) is called finitary, iff there is a finite coding for it.
An object a € F is called finitely recursive (in {7y, ...,7-1}), iff there is a finitary
system (5;Z) = (so,...,5n-1;7) and a m.£p. (§;%) = (&, ...; %) of the functor 5,
s.t. £ X a.

Remark. It is clear by the definition of coding in 1.8 that a system

(5;%) = (s0,---,Sn=1; 0, - -+, Tn—1)

is finitary iff the set K of terms, produced in an obvious sense from {zq,...,z;-1}
by means of the mapping S#, is finite. Indeed, if that is the case and K =
{to,...,tm}, where n < m and t; = z; for all i < n, then define k(t;) =
for all £ £ m and ‘

(1) ' p=' (PO;---,Pm)},
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where:

Ly ift;=c

R(7%v) if t; = tje

R(j+,k+) ift; = (tj,tk)

Rjt ifi<nands; =t

Rjt if ¢; = pzy and t; = (ps)® for some k < n,

for all i £ m. Then (K, k, k, p) is a coding for a suitable k. So by Theorem 2.1 we
have .

Corollary 1. If p € F is fintlely recursive in {7o,...,7i—1} then thereispe F
s.t. ¢ 2 U(p)L, and p is of the form

(2) pP= (I)ng.ﬂoy-","?'-_lﬂl’—l)a)

where ng,...,ny_1 are natural numbers, B; € {v0,..., -1} for alli <V, and a
‘belongs to the set, produced from Fo by means of D. |

Indeed, (2) can be obtained from (1) by some easy transformations using
(DM4), (DM5) and (DM6). m

Note that the isomorphism ¢ = I(p)L is natural in parameters.

Lemma 1. If ¢ and ¢ are finilely recursive then v, (p,¥) and I(p) are
findtely recursive. 4

Proof. Suppose ¢ and 9 are defined through systems S = (5;%) and S’ =
(7;7) respectively, i.e. there are m.f.p. (&5;7) and (¥; ) of the functors S and S
respectively, s.t. ¢ = po and ¢ = v, where I = pg,... and 7 = vg,... We may
suppose that all variables in Z, § are distinct and let T = #¢,... and § = yo,...
Then (govo, i, T; ptovo, M, ) is a mLp. of S}, where S; = (zoy0,5,7; 2,Z,7), and
z is a variable not occurring in Z, §. But the last system is finitary, provided S
and S are. Indeed, if there are finite codings (K,...) and (K’,...) for S and S’
respectively, then the set :

K"=KUK' U{(zot)® |t € K'}U {2}

is finite and closed under S# and {Z,9, 2z} C K”. Therefore by the Remark above
the last system is finitary and @9 = povg is finitely recursive. We can see in
a similar way that the systems ({zo,¥0),5,T;2,%,¥) and ((I,z)%0,5;2,%,) define
(¢, ) and I(p) respectively and are finitary, provided (3;%) and (7;7) are. m

Corollary 2. (i) An object p € F is finitely recursive iff ¢ is isomorphic to a
member of the set, produced from the conslants vo, ..., Yi-1, I, L, R by means of
" the functors M, D and L '

(i) Any functor defined explicitly by means of the consiants and functors in (i)
ts naturally isomorphic to a functor T' of the form

L) =I(I,nd¢, ..., n{_1&)a)L,
where ng, ..., ng_1 are natural numbers and « belongs to the set produced from
the constants by means of M and D. m
For operative spaces the item (ii) in the last corollary is essentially a result of
Georgieva [6].

Pi
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2.4. UNIVERSAL CODINGS AND THE RECURSION THEOREM

Definition. (i) An object o € F is called recursive (in the parameters
Yo, .-, Yi-1), iff there is a system of terms S = (3;F)(so,...,5n~1;F) and a m.f.p.
(Z,E) = (fo, - -.; %) of the functor S, s.t. & = a.

(ii) Writing Syst for the set of all normal systems of terms, an universal coding
is a triple {k, k, p), s.t. k : Syst x Term — J is a function, k is a function assigning
to each pair (S,t) € Syst x Term an isomorphic arrow in JF, and for every S € Syst
the quadruple (Nterm, At.k(S,t), At.k(S,t), p) is a coding for S, where Nterm is
the set of all normal terms.

Lemma 2. Suppose T is a translation functor in F and S € Syst. Then there
is an universal coding (k,k, p), s.t. k(S,z0) = L, where S = (5;z0,...), and

p=A{L,T(70),---, T(m-1))e,

for a T-primutive recursive objecl a € F.

The proof of Lemma 2 is more or less a standard one, using a Gédel numbenng
of Syst x Term and Proposition 1. Formally, it is a corollary to the special case
for operative spaces instead of DM-categories F, and the last one is a special case
of Proposition 3 in [5]. =

By Lemma 2 and Theorem 2.1 we have immediately:

Corollary 3. Suppose that each functor W(€) = (Lp, RE) has a m.fip. in F
and T is a least fized point functor T(p) = (L, RT(p)) in the sense of the Ezample
in 2.2. Then:

(i) Every object ¢ € F, recursive in {79, ...,v-1}, is naturally (inyo,...,71-1)
tsomorphic to an object, which can be expressed ezplicitly by means of yo, ..., Yi-1,
ILL,R,MD,IT. \ »

(ii) Any functor, defined ezplicitly by means of the cdnstants and the functors
in (i) is naturally isomorphic to @ funcior T of the form

I'(¢) = X({I,T(¢)))L, :
where o is a T-primitive recursive in {yq,...,T1—1} object of F.
(iii) There is an object w € F, recursive in {vg,..., 711}, which is universal
among all objects recursive in {yo,...,7-1}, t.c.

(a) for every recursive in {yg,...,vi—1} object ¢ € F there is a natural
number n such that p = wnt and

(b) there is a primilive recursive funclion s(n,m), s.i. w(s(n,m))* =
wntm* for all natural n, m

3. PROOF OF THE MAIN THEOREM

Assume the suppositions of Theorem 2.1. Up to the end of the proof ¢ will
denote an arbitrary constant and v will be the value of ¢ in F; the letters ¢, 5,p, to
etc. will be used to denote terms. We shall write ¢# for S#(¢) and we shall suppose
that all terms in K are normal. This is not a loss of generality, since otherwise we
may take the set {t € K :t is normal } instead of K. We shall adopt some rules
for omitting brackets in long expressions, e.g. @yx¥ will be a short notation for
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((p¥)p)¥. This rule of “association to the left” will apply to objects, arrows and
terms as well, as mentioned before in 1.6. '

3.1. DEFINITION OF THE ARROWS m

For every term t € K define an endofunctor G; in F as follows:

¥ ift=c
(G) ‘ G:(€) = { &k(p)y ift = pc and ¢ is normal
_ Ek(t#)  otherwise.
Lemma 1. For each t € K there is an isomorphism
(n) n(§) 1 U(Ek() = Gi(§),

natural in €.
Indeed, by 1.1.(DM1) and 1.8.(¢):

(1) U(E)k(t) = ({1,€)p)k(t) = (1,E)(pk(t)) = (I, &) Fulk(t#)).

Consider cases for t € K:
1) t = ¢; then by (1), 1.8.(F1), 1.1.(DM1), 1.1.(DM4) and 1.1.(DM2)

U©k(@) = (L,E)NLy) = (LEHL)yy = Iy = v = Gi(§);
. 2) t = pc and t is normal; then by (1), 1.1.(DM1) and 1.1.(DM5)
U(©k(t) = (L&) (RE(p))y) = (L E)(RE(P))y = (L, E) R)k(p))7
| = (Ek(P)y = Gu(&);
3) all other cases; by (1), 1.1.(DM1), 1.1.(DM5) we have

U©)k(t) = (1,E)(RR(t#)) = (1) Rk(t#) = €k(t#) = G (¢) m
We shall write 72;(€) fof n;'(€). Since (w;m) is a m.fp. of U, the arrow m :
U(w) —w is an isomorphism. Therefore by (n) we have an isomorphism

(m) m(t) = mk(t) o mi(w) : Ge(w) = wk(t),

and we shall write 72(¢) for m~1(¢).

3.2. CONSTRUCTION OF THE ARROWS M

We shall define for all t,s € K, s.t. (ts)® € K, an arrow
(M) M(t,s) : wk(t)(wk(s)) — wk((ts)®).
Fix t € K. Since F is iteratively closed, (ic3) in 1.5 holds. Therefore there is an
object ¥ € F and a family of arrows - :

(X) X(t,5) : wk(t)(9k(s)) — wk((ts)?) (s, (ts)’ € K),

which is universal in the sense of (ic3). Then for all s € K, s.t. (t5)* € K, define:
m(ts) o wk(t)n,(J), s=c¢
m((ts)?) o X(¢,p)y o @owk(t)n, (), s = pc

X'(t,s) =5 m((ts)?) oz 0 (X(t,po), X(t,p1)) 03 0 wk(t)i o wk(t)n(V), s = (po, p1)
m(is) o X(1,5;) owk(t)n,(J), s=zi, i<n
m((ts)®) o X(t, (psi)?) o wk(t)n,(¥), : s=pz;, i<n.

34



Using (n), (G), (m), (X), 1.1.(DM1), 1.1.(DM6) and Lemma I in 1.7, we may see
that X'(t, s) is an arrow

X'(t,5) : wk(t)(U(9)k(s)) — wk((ts)"),

whence by the universal property (ic3) of the family (X) it follows that there is
unique arrow g : U(9) — 9, s.t. .
(9) X'(t,5) = X(t, 5) o wk(t)(gk(s))
for all s € K, s.t. (ts)® € K. Since (w;m) is a m.f.p. of the functor U, we have:
(ug) there is unique uy : w — 9, s.t. ugom = go U(uy).
Finally, defining
(dM) M(t,s) = X(t,s) owk(l)(ugk(s)),
we obtain (M).
Lemma 2. For allt,s € K, s.t. (ts)® € K, we have:
(1) M(t,s) o wk(t)(mk(s)) = m(ts) cwk(t)n,(w), if s =¢;
(2) M(t,s) o wk(t)(mk(s)) = m((ts)®) o M (¢, p)y o @owk(t)n,(w), if s = pc;
(3) M(¢t,s) owk(t)(mk(s)) )
=m((ts)®) oz o (M(¢,po), M (¢, pl)) otowk(t)iowk(t)n,(w), if s = (po,pl)
(4) M(t,s) o wk(t)(mk(s)) = m(ts) o M(t,si) owk(t)n,(w), if s ==z;, i< m;
(5) M(t, s)owk(t)(mk(s)) = m((ts)*)o M(¢, (psi)?) owk(t)n,(w), if s = pxi, i < n.
Proof. A direct calculation, using (dAf), (ug), (g), the naturality of n,
(Lemma 1), the definition of X’ and (G). m

3.3. DEFINITION OF THE ARROWS w

~ In the sequel we shall write wk(Z) for the object (wk(zo), . ..,wk(zn-1)) of ",
and t*(€) for [AZ.t](€) for any £ € F and ¢ € Term. Define by induction on t € K
an arrow

w(t) : " (wk(T)) — wk(t),

as follows:
m(t) ift=c
m(t) o w(p)y if t = pe
w(t) =< m(t) oio (w(te), w(tr)) ift= {to,t1)
: wk(t) = 1wk(t) ift=x;,i<n

M(p,z:) o w(p)(wk(z:)) it = pas, i <
and define for all § < n: .
w; = m(z;) o w(s;).
Then by (m) we have that w; is an arrow
w; : s; (wk(T)) — wk(zi),
ie. @: S(wk(Z)) — wk(Z) in F", where W = (wy, ..., wn_;). We shall show that
(wk(Z); W) is a m.f.p. of the functor S.
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3.4. CONSTRUCTION OF THE ARROWS v

Let (§; ) be an arbitrary object of the category (S=97 (defined in 1.4), 1-¢-

= (&,-.-,€n-1) € F", and T is a tuple (zo,...,2n_1) of arrows z; : s sp(E) — &
m F. We shall define for every { € K an arrow

(v) v (€;7) : wk(t) — t*(€).
By 1.5.(ic3) there is an object n € F and a family of arrows
Y) Y((&%),t) mk(t) = *(€), tEK,

which is universal in the sense of 1.5.(ic3), i.e. for every other family of arrows
v : 0'k(t) — t*(€) there is unique f : 9 — 1, s.t. ¥ = Y((§F),t) o fk(t) for all
t € K. We shall write Y.(t) for Y((;Z),t); the object (€;%) will be usually fixed
below.

Define for all t € K:

n:(n) ift=c
Y (p)y o ne(n) if t = pe

Y'(t) = ¢ (Y(to),Y(t1)) 0domne(n) if t = (to, 1)
z;0Y(s;) oni(n) ift==z;,i<n

p*(E)zi o bpsi) o Y ((psi)’) oma(n) ift = pzi, i<,

where b is b~! and b is defined in 1.7. We leave to the reader to show that
Y/(t) : U(nk(t) — t*(€) for all t € K. Hence by the universal property of the
family (Y) there is unique h : U(n) — 2, s.t.
(h) R Y'(t) = Y(t)o hk(t) forall t€ K.
Since (w;m) is m.f.p. of U, we have:
(uh) there is unique uj, :w — 7, s.t. uzom =hoU(up).
Then we may define
(dv) vi(&;F) = Y(t) o upk(t).
We shall write v(t) for v,(§; F).

Lemma 3. For allt € K we have
(1) v(t) o mk(t) = ny(w) if t = ¢;
(2) v(t) o mk(2) = v(p)y o ms(w) if ¢ = pe;
(3) v(t) omk(t) = (v(to), v(t1)) ot omy(w) if t = (to, t1);
(4) v(t) omk(t) = ziov(si)ony(w) if t=2zi, 1 <

(5) v(t) o mk(t) = p*(€)zi o b(ps;) o v((ps:)®) o ny(w) if t = pzy, i < n.
Proof. A direct calculation similar to the proof of Lemma 2, using (dv),
(uh), (h), the naturality of n, (Lemma 1), the definition of Y’ and (G). m

3.5. Lemma 4. For allt,s € K we have
v((ts)®) o M(t, s) = b(ts) o v(t)v(s).
Proof. Fixte K. By 1.5.(ic3) there is ( € F and a family of arrows
Z(t,5) : wk(B)(CK(s) — ()" (B), s € K,
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which is universal in the sense of 1.5.(ic3). Define :

v(t)y o wk(t)n,(¢), : s=c¢
Z(t,p)y o @ o wk(t)n,((), s =pe

Z'(s) = { (2(t,p0)-2(t, p1)) 0 & o wk(t)i 0 wk(t)ns((), s = (po,p1)
t*(&)xi o b(ts;) o Z(t, s;) o wk(t)ns(C), s=1z;,i<n

(tp)**(€)z: o b((tp)?si) 0 Z(2, (psi)’) o wk(t)ns(C), s =pzi, i <n.
It is left to the reader to show that 7 '
Z'(s) : wk()(U(Q)k(s)) — (t5)"* (©).

Then by the universal property of the family Z(¢, s) there is unique z : U({) — (,
s.t.

(2) Z'(s) = Z(t, s) owk(t)(zk(s)) for all s € K,
and since (w;m) is a m.f.p. of U, we have:
© (u2) there is unique u; :w — ¢, s.t. y; om = z0U(u,).

We shall prove Lemma 4 by showing that

(1) Z(t,s) o wk(t)(uzk(s)) = b(ts) o v(t)v(s)
and g

D) 2(t,) 0 wh(t) . K(s)) = o((t5)") o M(t,)
for all s € K. '

3.6. PROOF OF 3.5.(1)

By the ﬂniversal property of the family Z(t, s) there is unique y : w — (, s.t.
(1) Z(t,s) owk(t)(yk(s)) = b(ts) ov(t)v(s) foralls € K.

Therefore it is enough to show that y = u,. By (uz) the last will follow from
yom=zoU(y) ory=1y, wherey = zoU(y)o m~!. Since y is the unique arrow
satisfying (1), it is enough to show that

Z(t,5) owk(t)(y'k(s)) = bts) o v(t)v(s) forall s € K.
By the definition of y/ the last equality is equivalent to
200,80 GR(EH(9) o wOUDH(E) = 6t o 30)(s) 0 wH( k()
but by (z) and Lemma 1
Z(t,s) o wk(t)(zk(s)) o wk(t)(U(y)k(s)) = v,
where
U = Z'(s) owk(t),(€) o wk(t)G,(y) o wk(t)n,(w).
We shall prove that
¥ = b(ts) o v(t)v(s) o wk(t)(mk(s)).

Consider cases for s as follows:
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Case 1. s = c. Then
¥ = v(t)y owk(t)y o wk(t)ns(w) (by definition of Z’(s) and (G))
= v(t)y owk(t)(v(s) o mk(t)) (by Lemma 3, (1))
= v(t)v(s)owk(t)(mk(t)) = b(ts)ouv(t)v(s)owk(t)(mk(t)) (by 1.2. (1) and 1.7.(b1)).
Case 2. s = pc. Then similarly
¥ = Z(t, p)y o @o wk(t)(yk(p)y) o wk(t)n,(w) (by definition of Z'(s) and (G))
= (Z(t,p) o wk(t)(yk(p)))y 0 @o wk(t)ns(w) (by 1.2.(2))
= b(tp)y 0 w(Oo(p)y 0 Towk(Ima(w)  (by (1)
= b(tp)y 0 @0 o(t)(0(p)y) owk(B)ma(w)  (by 1.2:(2))
= b(ts) o v(t)(v(p)y o ms(w)) = b(ts) o v(t)(v(s) o mk(s)) (by Lemma 3,(2))
= b(ts) o v(t)v(s) o wk(t)(mk(s)).
Case 3. s = {pg, p1). Similarly
=(Z(t,po)-Z(t, pl)) ot owk(t)t o wk(t)(ylk(po), k(p1))) o wk(t)n,(w)
= (b(tpo) o v(t)o(po), bltpr) 0 v(t)o(p1)) 0§ 0 wk(1)i 0wk (), (w)
= (b(tpo), b(tp1)) o i 0 v(t)(v(po), v(p1)) 0 k()i 0 wk(t)ns(w)
= b(ts) o v(t)({v(po), v(p1)) 0 i 0 s (w)) = b(ts) 0 v(t)(v(s) o mk(s))
= B(ts) o v(t)v(s) o wk(t)(mk(s)).
Case 4. s=z,i<n.
‘ U = t*(€)z; o b(ts;) o Z(t, 5;) o wk(t)(yk(s:)) o wk(t)n(w)
= t*(€)zi o b(ts;) o b(ts;) o v(t)v(s;) o wk(t)n,(w)
= o(t)(zs 0 v(s5:) 0 14()) = 0(t)o(s) 0 wk(t)(mk(s))
‘ = b(ts) o v(t)v(s) o wk(t)(mk(s)). ’
Case 5. s = pz;, i < n. As before
¥ = (tp)** (€)z: o b((tp)’si) 0 Z(t, (p5:)") 0 wk(t)(wk((ps:)")) o wh(t)ms (w)
= (tp)" (€)= o b{(tp)"s:) o b{t(ps:)") 0 v(t)v((ps:)*) 0 wh(t)rs(w).
But
(tp)** (€)zi o b{(tp)’ s:) o b{t(psi)")
= (tp)" (€)z: o bltp)st (€) o bltps;) o b(t(psi)’y  (by 1.7.(10))
= (tp)** (€)= 0 b{tp)st(€) o @ o bt(ps:)) o bt(ps:)’)  (by 1.7.(11))
= b(tp)E; o (tp)" Bz oo " (@B(psi)  (by 12(1) and LT.(85))
= b(tp)éi o @o t*(€)(p* (E)zi) ot (E)(psi)  (by 1.2.2))
= b(ts) o t"(€)(p* (€)z:) o "(©)b(psi)  (by 1.7.(63)).
Therefore
¥ = b(ts) o *(E)(p" (€)z:) o "(€)b(ps:) 0 v(t)o((psi)°) o wk(t)m,(w)
= b(ts) o v(t)(p* (€)z: 0 b(ps:) 0 v((psi)’) o ms(w))
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= b(ts) o v(t)(v(s) o mk(s)) (by Lemma 3, (5))
’ = b(ts) o v(t)v(s) o wk(t)(mk(s)).
This finishes the proof of 3.5.(1).

3.7. PROOF OF 3.5.(2)

This proof is similar but simpler then that in 3.6. We replace b(ts) o v(t)v(s)
by v((¢ts)?) o M(¢t,s) and use Lemma 2. The properties of the isomorphisms & are
not used in this proof. We leave it to the reader.

This finishes the proof of Lemma 4. As a corollary we have:

If tz; € K, where i < n, then

1) v(tz;) o M(t, z;) = v(t)v(z;).
We shall write v(Z) for the arrow (v(zq), ..., v(zn—1)) : wk(Z) — € in F".

3.8. Corollary 1. For allt € K we have v(t) o w(t) = t*(v(T)).
Proof. Induction on ¢. Consider cases for ¢ as in the definition of w(t). All
of them are easy to be proved, but in the last one ¢t = pz; and Lemma 4 is used:

v(t) o w(t) = v(pz;) o M(p, z:) o w(p)(wk(z;)) (by the definition of w(t) )
= o(p)u(ai) o w(p)(wh(z:)  (by 3T.(1)
= (v(p) o w(p))v(zi) = p* (v(T))v(x:) (by the induction hypothesis)
=t*(v(Z)) u

Corollary 2. v(Z) is an arrow v(%) : (wk(Z); @) — (§;Z) in the category
(S = "), ie
(1) v(z;)ow; = z; 057 (v(T)) foralli<n.

Indeed, by the definition of w;, Lemma 3, 3.1.(m) and Corollary 1:
v(z; )ow; = z;00(s;Jon (w)om ™ k(t)om(z;)ow(s;) = ziov(si)ow(s;) = zios} (v(F)).

It remains to show that v(F) is the unique arrow (wk(Z); w) — (6;%)in (S =
3"). For that suppose that 7 : (wk(Z); W) — (€; Z) is an arbitrary arrow in the last
category, i.e. ¥ = (vg,...,¥n-1) and

(2) viow; =x;0s:(v) foralli<n.

We shall write v, (t) for v;(wk(T); W) (for definition see 3.4).

3.9. Lemma 5. For allt € K we have v(t) = t*(v) o v,(t).
Proof. By 1.5.(ic3) there is unique y : w — 7j s.t.

(1) t*(0) ov,(t) =Y (t)oyk(t) forallte K.

Let ¥ = hoU(y) om™!. We shall show that y = y', whence by 3.4.(uh) it will
follow that y = u; and by 3.4.(dv) the lemma will be proved. Since the arrow y
satisfying (1) is unique, it is enough to show that

" (@) ovy(t) =Y(t)oy'k(t) forallte K.
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The last equality is equivalent to
t*() 0 vy (t) o mk(t) =Y (t) o hk(t) o U(y)k(t)
By 3.4.(h) and Lemma 1
Y(t) o hk(t) o U(m)k(t) = Y'(t) 0 Tar(n) 0 Gi(y) 0 my(w).
Denote the last expression by x and consider cases for ¢ to show that y = t*(v) o
vy (t) omk(t). We shall treat only the case, in which the supposition 3.8.(2) is used.
This is the case when t = pz;, i < n. Then by the definition of Y’ and (G)
x = 7" (€)z: 0 blpsi) o Y ((psi)’) © yk((ps:)*) 0 ne(w)
= p*(€)zi 0 B(psi) o (psi)** () 0 vu((psi)’) ome(w)  (by (1))
= p*(€)zi o (psi)* () o b(psi) 0 vu((psi)®) o ne(w) (by the naturality of b)
= p*()(zi 0 57 (7)) 0 b(psi) 0 v ((p5:)") 0 1e(w)
=p' (@) (viowi)o B(ps:) 0 v ((psi)?) o ny(w) (by 3.8.(2))
= p*(T)v; o p* (Wk(F))w; o b(ps;) 0 v, ((psi)?) o ny(w)
=t"(7) o v, (t) o mk(t) (by Lemma 3, (5)). m

3.10. Lemma 6. For allt,s,r € K, s.t. (ts)* € K and (sr)" € K we have
M(t, (sr)®) owk(t)M(s,r) 0 @ = M((ts)®,r) 0 M(t,s)(wk(r)).

This is the most complicated lemma in the proof but quite similar to Lemma
4: using 1.5.(ic3) we construct a family of arrows

o M'(t,s,7) s wk(t)(wk(s))(wk(r)) — wk((tsr))

and prove separately that M(t, (sr)?) owk(t)M(s,r)oa = M'(t,s,7), M((ts)®, 7)o
M(t, s)(wk(r)) = M'(t,s,r). We leave this to the reader. _ N

We shall write b, (t) for b,(wk(Z)) (see the definition of by(§) in 1.7) and b, (¢)
for b3 (2). .

3.11. Lemma 7. For allt,s € K, s.t. (ts)* € K we have
M(t, 5) o w(t)w(s) = w((ts)®) o by(ts).
Proof. Induction on s. Consider cases for s as in the definition of w(s). We

shall treat only two of the cases: s = pc and s = pz;.
Let s = pc. Then by Lemma 2 and the definition of w(s)

M(t, s) o w(t)w(s) = m((¢5)*) o M (¢, p)y 0 @ o wk(t)7E(s) o w(t)(m(s) o w(p)y)
= m((ts)*) o M(t, p)y o @o w(t)(w(p)y) = m((ts)*) o M(L, p)y o w(t)w(p)yoa
= m((ts)") o w((tp)*)y o by (tp)yoa@ (by the induction hypothesis)
= w((ts)?) o bu(ts)  (by the definition of w((ts)®) and 1.7.(b3)).

Let s = z;, i < n. Then by the definition of w(s)
M(t,5) o w(t)w(s) = M(t, s) o w(t)(M(p, z;) o w(p)(wk(z:)))

-

= M(t,s) o wk(t)M(p, x;) o wk(t)(w(p)(wk(z;))) o w(t)s* (wk(Z)) (by 1.2.(1))
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= M((tp)’, z:) o M(t, p)(wk(z;)) o @ o wk(t)(w(p)(wk(:))) o w(bt)s‘(wk(:‘c'))
‘ (by Lemma 6)
= M((tp)*,z:) o M(t, p)(wk(z:)) 0 w(t)w(p)(Wk(z:i)) o @
= M((tp)", 2:) o w((tp)* Wwk(z:)) 0 bu(ts)(wk(z:)) o @
(by the hypothesis of the induction)
= w((ts)?) o b, (ts). m

3.12. Lemma 8. For allt € K we have w(t) o v,(t) = wk(t) = lug)-

Proof. Similar to that of Lemma 4. By 1.5.(ic3) and 1.1.(DM2) there is
€ € ¥ and a family of arrows E(t) : €k(t) — wk(t), t € K, which is universal in an
obvious sense. Define for t € K:

m(t) o ny(e) ift=c
m(t) o E(p)yomne) if t = pe

B'(t) = { m(t) oFo (B(to), E(t)) oiomule) it = (to, 1)
m(t) o E(s;) o ny(e) ft==z;,i<n
m(t) o.E((psi)?) o mi(e) ift = pzi, i < n.

By the universal property of the family E(t) there is unique e : U(e) — ¢, s.t.

E'(t) = E(t) o ek(t) for all t € K. Since (w;m) is a m.fp. of the functor U, there

is unique u, : w — ¢, s.t. '
u.om=eoU(u,).

We shall prove the lemma by showing that
(1) w(t) o v, (t) = E(t) o uck(t)

and
wk(t) = E(t) o uck(t)

forallt € K. By the universal property of the family E(t) there is unique y : w — ¢,

s.t. :
w(t) ov,(t) = E(t)oyk(t) forallte K.

To prove (1) it is enough to show that
w(t)ov,(t) = E(t)oy'k(t) forallte K,

where y = eolU (y)om‘i. For that consider cases for t as in the definition of E'(t).
We shall treat only the last one of the cases in order to show how Lemma 7 is used.
Let ¢t = px;, t < n. Then

E(t) o y'k(t) = E(t) o ek(t) o U(y)k(t) o m™1k(t)
= E'(t) o ii(€) 0 Gi(y) o ny(w) om™k(t)  (using 3.1.(n))
= m(t) o E((psi)®) o yk((ps;)®) om(t) (definition of E’,3.1.(m), (G))
=m(t) o w((ps:)) 0 v ((psi)®) o mi(t) (definition of y)
=m(t) o M(p, 5:) o w(p)w(si) o bu(psi) o vu((psi)’) o Mi(t)  (Lemma 7)
= M(p, z;) owk(p)m(z;) o w(p)w(s;) 0 by (ps;) o v, ((ps:)?) o 7i(t) (Lemma 2,(4))
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= M(p, z:) o w(p)wi 0 bu(psi) o vu((psi)®) o TE(t)  (definition of w;)
= M(p, z;) o w(p)wk(z;) o p* (wk(Z))w; o b, (ps;) o vw((p.g;)b) omi(t) (1.2.(1))
= w(t)ovy(t)  (definition of w(t) and Lemma 3, (5)).
The rest of the proof of Lemma 8 is left to the reader.

3.13. FINAL OF THE PROOF OF THE THEOREM

By Lemma 8 wk(z;) = w(z;) o vu (i) = wk(z;) o vy (z:) = vo(zi), whence by
Lemma 5 v(zi) = v; o vy (2;) = v;. m
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LJUSTERNIK-SCHNIRELMAN CATEGORY
OF THE NON-WANDERING SET

" SIMEON STEFANOV

Cumeon Cmeganocs. KATEITOPHUA JTIOCTEPHUKA-IIHUPENBEMAHA MHOKECT-
BA HEBJIYHIAIOUIUX TOUEK

B paboTe paccMOTpeBH AMHAMHUUYECKUE CUCTEMB Ha MHOroo6pasun M, ynosaerBopsa-
10lllMe HEKOTOPoe ycjoBue, Gonee obuee, yueM akcuoMy A + YC/IOBHA OTCYTCTBHA UMKIIOB
M 3HAUYNT BHINONHEHHBIM AnA cuctem Mopca-Cwumeitna. [onyuyenn ouenkn cCHU3Y AJIA KaTe-
ropuu Jliocrepunka—Illnupensmana MnoxkecTpa Hebiyxnaomux Touek {) Takoll cucreMul.
Hoka3zanu Hepaaeuc"rna

a) cat (2, M) 2 -—catM
6) catl 2 cat M

rae s o6o3navaer uncno Gasmennix Muoxects §2;. Ilonyuenul NEKOTOpHE NPUMEHEHUSA BTO-
ro pe3ynbTaTa.

Simeon Stefanov. LJUSTERNIK-SCHNIRELMAN CATEGORY OF THE NON-WANDERING
SET

The paper deals with dynamical systems in some manifold M satisfying some condition, -
which is more general than axiom A 4+ no-cycle condition and consequently is fulfilled for Morse-
Smale systems. Some low estimates for the Ljusternik-Schnirelman category of the non-wandering
set 2 of such a system are obtained. Namely, the following inequalities are proved

a) cat(Q}, M) > lcat,M
s

b) catQ 2 catM,
where s is the number of the basic sets {2;. Some applications of this result are obtained.

We give in this note some low estimates of the Ljusternik-Schirelman category
of the non-wandering set 2 for a given flow or diffeomorphism satisfiyng some
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condition (Theorem 1). This condition is always fulfilled for axiom A + no-cycle
condition dynamical systems and for Morse-Smale systems.  However, we admit
the existence of cycles (only 1-cycles are forbidden). By means of this result we
obtain some information and low estimates of the number of critical elements for
a given Morse-Smale flow-(Theorem 2). Other possible applications are illustrated
by the proposition at the end, where we estimate the covering dimension of the
critical set of a smooth function with symmetry. The proofs are quite elementary
and do not make use of hard algebraic topology arguments.

Recall first some definitions.

Let*'A be closed subset of M. The Ljusternik-Schnirelman category of A in M
is the smallest natural number k such that A = A, U...U Ag, where A; are closed
and contractible in M into a point. Then we write

cat (A, M) =
We shall note for convenience
cat M = cat (M, M)

For the pr(‘)perties of the Ljusternik—Schnirelman category see for example [4].
Given a flow in M, the o and w-limit sets of a point z are defined as usually:

a(z)={y€ M|tnz —y for somet, — —oo},
w(z)={y€ M |tz — y for some t, — +oo}
(see [3, 5] for details).
The non-wandering set 2 of the flow consists of all points z € M such that for
any open U >z and for any to > 0 there exists t 2 o such that tUNU # .
A subset V C M is called unremstted iftyx € Vand toz € Vimply tz € V
for any t € [t4, t2].
We shall suppose that
Q=0 U...UQ,,
where the basic sets ; are disjoint, closed, invariant and for any € M we have
a(z) C i, w(z) C Q; for some i, j. Consider the sets

Ni={ze M\Q|uw(z) C}.

We shall formulate now the condition mentioned above.

() Condition.

() N;inNN; =D fori<j.

(ii) Each basnc set € has a base of unrevisited open neighbourhoods.

(iii) If o(z) C Q; and w(z) C Q;, then i # j (no l-cycle condition).

In the case of a discrete time dynamical system, defined by a diffeomorphism
f: M — M, all the definitions are reformulated in an obvious way.

Theorem 1. Let M be a closed connected manifold with a C'-flow (diffeo-
morphism), satisfying Condilion (*). Then for the category of the non-wandering
set ) we have the inequalilies

a) cat (Q, M) 2 %catM;
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b) catQ > cat M;
where s is the number of the basic sels ;.

For the proof of this theoremn we need two technical lemmas.

Lemma 1. Let A be a compact and invariant (with respect to some given
flow) subset of the closed manifold M and there is no such a point x € M that
a(z)NA# D andw(@)NA#£D. Let U and V be open subsets of M such that U is
unrevisiled, U D A, UNV =@ and for any z € M either w(z) C A orw(z) C V.
Let, finally F C M\ 'V be cIosed and w(z) C A for any z € F. Then there exists
to such that tF C U fort 2

Proof. Since F'is compact it is enough to show, that for every z € F there
are a neighbourhood Oz and tg such that {(Oz N F) C U for t 2 tp. Consider the
sets \

Fl={zecF|tzeM\Viort 20}, F'°={tz|z€F',t 20}
Clearly, F° is positively invariant (i.e. tF° C F° for t 2 0). Consider the closure
@ = FO. It is compact, positively invariant and ® C M \ V. Evidently w(z) C A
forz e ®.

We shall prove first the local assertion about ® — that for any z € ® there
are Oz and to such that {(OzN®) C U fort 2 to. Suppose, this is not true. Then
we can find a sequence r, — o, z, € ®, and positive numbers £, — oo such that
tnzn € U. Passing to a subsequence we may suppose that t,z, — 2zo. Then zp € @
since ¥ is positively invariant and closed.

Now we shall show that a(zp) N A # &. Consider the arcs [Ty, tnzn], where
Ty — L0, lnTn — 2zo. Suppose first, that the limit set of these arcs does not intersect
afzg), then z¢ and 2o lie in one and the same trajectory and [z, tnz,] — [0, 20]-
Since w(zo) C A, there exists a sequence yn = @z, such that 0 < 8, < ¢, and
Un — Yo € A. But then yg € [zg, 20}, 1.6. Yo = fozo which is a contradiction, since
zg ¢ A and A is invariant. ‘

So, the limit set of the arcs [zn, t,z,] intersects a(29). Then we can find a
sequence yn, = 0,2, with 0 < 0, < t, such that y, — yo € a(z). But z, € ¥,
hence y, € ® (P is positively invariant). Then yo € ® and therefore w(yo) C A. But
a(zp) is invariant and yo € a(2g), consequently w(yo) C a(z) and a(2g)NA # O.
On the other hand, 2o € ® hence w(z) C A which contradicts the conditions of
the lemma.

Since ® is compact, t;® C U for some ¢; > 0. Then ¢,(0®) C U for some
open neighbourhood O®. Note that toF C O® for some t; > 0. Really,ifz € F
then {x € @ for some ¢t 2 0 and there is an open neighbourhood Oz such that
tOx C O®. Therefore toF C OF for some ¢3 2 0. Then t14:F C ;0P C U and
titg 2 0. If now ¢ 2 ¢yt then tF C U since U is unrevisited and for any z € F
we have w(z) CACU. :

The lemma is proved.

Lemma 2. Let A be a closed invariant subset of M which has a base of
unrevisited neighbourhoods and F be a closed set such that for any neighbourhood
U D A we have tF C U fort sufficiently large. Then there exists an open V D A,
such that

cat(FUV, M) = cat(4, M)
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Proof. Take such open unrevisited U, V that A C V ¢ V c U and
cat(f/— M) = cat(A,M). Let A : [0, 1] — M be a continuous map, such that
,\(V) =0, \(M\U) =1 We havetF C V for some t 2 0. Let p(z) = tA(z).z.
It is easy to see, that ¢(F UV) C U. Really, for £ € V we have ¢(z) = z and for
mEF\U—(p(z) tze V. fz € UNF, then p(z) € U since w(z) C U and U
is unrevisited.

But evidently ¢ is homotopic to the identity, ¢ ~ idys and by the elementary
properties of the Ljusternik-Schnirelman category we obtain

cat(FUV, M) £ cat(T, M) = cat(A4, M).

The inverse inequality is obvious.
Proof of Theorem 1. Take open V; D € satisfying the conditions of

3 .
Lemma 2. Then the set F; = Ny \ [J V; is closed in M as following from Condition
1=2

(i). According to Lemma 1, we have that for any open U D §; there exists ¢o such
that tF; C U fort 2 to. Then Lemma 2 implies cat(F; UV7, M) = cat(Q;, M). We
may. find an open neighbourhood W; D Fy UV with cat(Wy, M) = cat(9, M).
Set F3 = Na\( U V;Uuwh). We shall prove, that it is closed in M. Really, if z € F,

then z € Ny and z¢ | Viuw,. If we suppose z ¢ Ny then € N (as following
I£2 .
. from (i)), hence 2 € Fy therefore z € Wy, which is a contra.dlctlon.
By the same reasoning we obtain from Lemma 1 and Lemma 2, that
cat(F U Vo, M) = cat(Qz, M). Take Wy D Fp U V2 such that cat(Wq, M) =
cat(R22, M). Proceeding by induction we define closed sets Fj and their open neigh-

k-1
bourhoods Fiy = N \ (U iU U Wj;), Wi D Fi UV such that
T iZk j=1 ,

cat(m_, M) = cat(Q, M).
It is easy to show, that | JW; = M. Really, if we suppose, that z ¢ | JW;, then
z ¢ UVi, and if now z € Ni, then z € F, whereby z € Wi — contradiction. So
zcat(Qg,M) :Ecat(W;,M) 2 cat M.
i i
The second inequality is an obvious property of the category. But since {; are
disjoint and M is connected, .

cat(2, M) = max cat(§%;, M)
hence

1 1
> o . .
cat(Q, M) 2 - Zv:cat(Q,, M) 2 —cat M

so a) is proved and b) follows from the inequalities
catd = ant Q2 Ecat(Qg, M) 2 cat M.

The theorem is proved.
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For diffeomorphisms the proof works with little modifications — we have on-
ly to make use of the trivial fact, that cat A = cat f(A) for any diffeomorphism
f:M—> M.

Let us note, that the conditions of Theorem 1 are fulfilled for any axiom A + no-
cycle condition flow or diffeomorphism, or, any flow (diffeomorphism) whit a Morse-
Smale decomposition and consequently for “gradient-like” flows (diffeomorphisms).
In all these examples there are no cycles, but the theorem covers quite more general
situations, where cycles are admitted. A simple example is given by the flow in
S! with 2 nonhyperbolic stationary points. On the other hand, Theorem 1 easily
implies the classical Ljusternik-Schnirelman theorem, which states that any smooth
function on M has at least cat M critical points. (We only have to consider its
gradient flow on M). Theorem 1 also enables us to give low estimates for the
covering dimension of the non-wandering set 2. If M is a closed connected manifold
and A is a closed subset, the following inequality holds

cat (A, M) £ dimA + 1.

Really, let dim A = k, then for any € > 0 there is a e-map ¢, : A — Py into

a k-dimensional polyhedron. We have only to note, that P, may be represented
B+l
as the union P = U F; of k + 1 closed subset, each F; being a finite union of

i=1 N
sufficiently small nonintersecting closed sets. Then, ev1dently cat(p; 1 (Fy), M) = 1,
therefore cat(A, M) £ k + 1. This inequality and Theorem 1 imply the following
Corollary. Let M be as in Theorem 1. Then

dim$ 2 %catM— 1.

Another corollary is obtained for a flow with a finite number of critical elements
(stationary points and periodic trajectories). The following theorem gives some low
estimates for their number. Its conditions are obviously fulfilled for Morse-Smale
flows.

Theorem 2. Lel M be a closed connected manifold with a flow, salisfying
Condition (*), whose non- wandermy sel consists of s; statzonary points and sy
periodic trajectories. Let s = s1 + s3. Then

1
1)s 2 §catM.

2) s1+ 2s9 2 cat M. -

3) If s < catM, then there is a periodic trajectory nonhomotopic o zero
in M.

Proof. 1) vadently cat(Q, M) £ 2 and Theorem 1 gives

22 cat(Q,M) 2 -—1—catM 2 écatM

1
where so 1s the number of the basic sets, i.e. s 2 = cat M.

2
2) Clearly, cat Q = s; + 252 and again by Theorem 1

s1 4280 = cat Q 2 cat M.
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1
3) We have cat (Q, M) 2 = cat M > 1, i.e. cat (9, M) 2 2 which means that

Q2 is not contractible into a point in M, consequently there is a periodic trajectory
in 2, which is nonhomotopic to zero in M.

Another application of Theorem 1 is the estimate of the critical set of a smooth
function. It may be ilustrated by the following proposition (this kind of estimates
are typical in the Ljusternik-Schnirelman-Morse theory - see for example [2]).

Proposition. Let G be a finite abelian group, or G = S, or S3, acting freely
in the n-sphere S*. Let f : S® — R! be a smooth function such that f(gz) = f(z)
for any z € S", g € G, with ezactly s critical values. Consider the critical set,

- where the Jacobian Df vaniches

1= {z € 5" |Df(z) = 0}.

Then
n+1
s(dimG + 1)
Proof. Itiswell-known, that for the category of the orbit space S™ /G (which
is a closed manifold) we have

dimQ 2 +dimG — 1.

n+1

@t §"/G= o1

(see for example [1]).

Clearly, f induces a function on the orbit space fg : S*/G — R!. Consider
now the gradient flow defined by grad f¢. Its non-wandering set coincides with the
critical set Q/G of fg. Since fe has s critical values, /G is decomposed into s
basic sets. Now, the corollary from Theorem 1 gives

n+1

@M+

dmQ\G 2
which implies, naturally,

. n+1 :
nQ > —— - -
dimQ > @mG+ 1) +dimG -~ 1.
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OOHA TEOPEMA O COBIIAIEHHUU

CUMEOH  CTE®AHOB -

Cumeon  Cmepanos. ONHA TEOPEMA O COBNAILEHMHU

B oToii 3ameTke AoKa3zaHa oaHa TeopeMa O cOBNazelt ANA OTOOpaskeHMil Mexxny
®BKJIUAOBLIMU NPOCTPAHCTBAMM,

Simeon  Stefanov. A COINCIDENCE POINT THEOREM

In this note a coincidence point theorem is proved for maps between Euclidean spaces.”

HanomHuM Kiaccuueckyio Teopemy Ilyankape— Xontba (em. nanp.. [2]).

Teopema (ITyankape-Xong). Kaxcdoe sexmopnoe noae na vemuomeprol
chepe S%* anunyaupyemca e nexomopod mouve z € S,

B aToif 3aMeTKe HoNydYeHa 0/AHA TeOpeMa O COBNAJIEHUN B JIOBOJLHO 06Ieii
CHTyallMu, KoTopad o6obmiaeT, B yacrHoCcTH, TeopeMy. [lyankape-Xonda.

Ipexnae yeM chopMyIMPOBATE OCHOBHMIA Pe3yJIbTAT, CAeNaeM HEKOTOPHIE
3aMeyaHusa o6 o6o3HaUYeHMNAX. :

Ecim R* € R® — KkaHOHMYECKM BIIOXKEHHEIE 9BKIMUOBBIE IIPOCTPAHCTBA,
10 uepes (R¥)L o6osmauaem oprorononsroe momonnenne R¥  R”.

dim A o6osHauyaer pa3MepHocTh JleGera MHoMecTBa A, onpeneseHHYIO
MPU MOMOINM MOKPBITHIA. :

Hp(A, B) ecth rpynma oTHOCHTENbHBIX TOMOJIOrMiA I1a,phI (A, B) ¢ uenpmmu
Kos¢ dUIMeHTAMH.

Ouauotoueunan komnaktupurauma R® apasercs chepoit S*; 6ynem npea-
nosaraTs, 4o R™ KOMIakTHOUUMPOBaHO P NOMOIIM TOYKHK 00, TaK UTO S™ =
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R" U {o0}. NHoamuomectso A C R 6ynem Tawke cumTaTh U MOAMHOMKeECT-
BoM S™. )

B pa6oTe M3nonb30BaHK 3jleMeHTapHEIE CBOHCTBA FOMOJIOTMt ¥ HEKOTOP-
ble CBOMCTBa diiepoBoro kiaacca e(f) BekTopHoro paccioenus .

Teopema. [Tycms f : R® — R™ wenpepuienoe omobpancenuve u P :
R® — R¥™*1 — opmozonaasnni npoexmop (2k + 1 < n). Paccmompum muo-
Fcecmao

A={z€eR"|3xeR: Pf(z) = AP(x)}.

To20a dim A 2 n — 2k u daxce

Hpook (A U {c0}), (R*+1)L U {oo}) £0.

Hokaszatenbctpo. Iyers R?**! = {z € R*| 29442 = --- = z,, = 0}
u R"~#*-1 = (R¥*+)L = {z € R"|2) = --- = 22141 = 0}. Brenem o6o3nauenus
A, = AU {oo}, RP2¥-1 = R*~%-1 4 (0}, Torma scwo, uyro RPZ¥~1 C 4,.
Bynem cuurath Takke, uro S” = R" U {o0}.

Honycium, uto Hp_sx(A., RP-2#71) = 0. Toraa oToBpaxenue

Hyoop-1(RI2F1y 5 Hy o1 (A),

MHAYHMpPOBaHHOE BJOXKEHUEM, ABJAeTCA MoHOMopdusMom. U3 aBoiicTBeHHOC-
™1 Anekcanzepa (cm. [1], c. 319) caenyer, uto

H2k(Sn \R:l—?k—l) — HZk(Sn \A,.)
TAaKXKE MOHOMOpq)VBM 1 3HAUYMUT OTOGP&}KGHMG
HZk(Rn \Rn—2k—1) - HZI:(Rn \A),

MHAYIMpPOBaHHOe BIIOKEHMEM, Toke MoHomopdmsm. HakoHen, cymecTByer
xomnakr K C R" \ A rakoit, uto MoHOMOp(pu3M U oToGpaxeHUe

- H2k(R"\R"—2k—l)—-> HZk(I<),

rae i: K < R"\R""2~1 _ pjoxenmue.
Onpenemmm 7 : R™ \ R*~%#¥~1 _, §% §opmynoit

(xl,...,tzk;l) — P(l) .
21,z )ll - (1P(2)]

Ouesumno, uto 7* : H2(S?*) — HZ(R™ \ R*~%*~1) — usomop¢usm. Iycrs
§ — KacaTenbHoe paccioenue Hag S2*. Toraa ero sitlepoB Kiacc ABIAETCA
HerpuBUMabHEIM — e(£) # 0. Paccmotpum otobpakenue 7i: K — S u pac-
cnoenve n = (7i)*€ van K. VimeeM e(n) = e((mi)*€) = (mi)*e(€) = i*7%e(€) # 0
B CHAY TOT'0, YTO t*7* — MOHOMOP(U3M. DTo 03HAUAET, YTO KAXKA0E CEUEHHE
paccioenus 7] aHHy aMpyerca (cM. Hanp. [2], c¢. 87). Mul noctpoumM, oaHaKo,
HeHyJleBoe Ce4eHUe 1), UTO ABJAETCs NPOTUBOPEUNEM. ’
leomerpuyeckn 1 MOXHO TpPEACTaBUTL clefylommM  obpazom:
ecin 7(m(z)) — kacaTembHoe npocTpaHcTBo K S?* B Touke w(zx), To cioii n
B TOUKe T paBeH 7y = £ — w(x) + T(n(x)). Ecomiz € K, 10 z ¢ A u 352unT Bek-
Topst Pf(z) n P(z) He KonumHeapHbl, OTKY Aa Cieayer, uto Bektop P(f(z)~—z)

n(z) =
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He ABJAeTCA HopMaJbHEIM K S2*. Ilycte 7, : R® — ), oGo3Hauaer npoekumio
Ha CJIOH 1)y, TOrJa ONpenessasd
5(z) = 7 P(f(z) — z)

TnoJlydaeM HeHyJleBOe CeueHMe PACCIOEHUA 1) , UTO NpoTHBOpeunT e(n) # 0.
Caencreue. Hycms f: R*+1 — R¥*+! yenpepuonce omobpancenue u

A= {:c ER™ 1IN eR: f(z) = A(z:)} :

Tozda xomnonenma ceisswocmu A, codepxcauwas 0 — neozpanuvena.
2k
OtMeTHM, UTO ANIA YeTHOMepHBIX npocTpaHcTs R™ crencreue (1 Tem Go-
Jlee TeopeMa) HEBEPHO — JOCTATOYHO MpEICTAaBUTH

RZk:{z:(Zl,...,zk)eck}

u B3aTh Hanpumep f(z2) = ({21, -, i2k).

Dr1o caencteue obobmaer ymoMsaHyryio teopeMmy Ilyankape-Xonga. B
caMoM Aejie, AONYCTMM; uto Ha S2¥ cymecTByeT HeHy/eBoe KacaTelbHoe Bek-
TopHoe mone 7. Cuuras cpepy SZ* prosxkennoit B R**! 0603naunm yepes
f(z) xonen kacarensHoro Bekropa 7(z). Iponomxum f Ha R?*+1 rak:

fz)=f (ﬁ) lzl| mnst z # o u f(0) = o.

Toraa mojydaem npoTUBOPeYMe CO CIEACTBMEM, TaK KaK B DTOM Cllydae MHO-
xectBo A omHoTtoueuno — A = {o}.
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HORN CLAUSE PROGRAMS ON ABSTRACT STRUCTURES
WITH PARAMETERS®

EXTENDED ABSTRACT

IVAN N. SOSKOV .

Hean H. Cocxos. TPOTPAMMBEI C XOPHOBBEIMU KJIAY3AMU HA ABCTPAKT-
HBIE CTPYKTYPHEI C HIAPAMETPAMMU

B cTaThe BBOAMTCA NOHATHME aBCTPAKTHEIX CTPYKTYP Cc napamerpamu. [fapaMerpamn
ABJIAIOTCA NOAMHOMKECTBa 061acTH onpeneieHNa CTPYKTYP, KOTOPHE TPAKTYIOTCA KaK ed-
$eKTUBHO HyMepYeMHE€, a He KaK MOJYBHYKCIUMEIE MEOXKeCcTBa. C NOMOWIBIO ®TUX CTPYK-
Typ onpenensieTCA CeMaHTHMKa NporpaMMm ¢ XopHOBHIMM Kiaay3aMu. Takum o6pasoM nony-
YyaeMBIl A3LIK NPOrPaMMHPOBaHUA NMOKA3LIBAETCH, UTO 3aMKHYT OTHOCHTEJILHO DEKyPCHM
M MMEET MAKCUMAJILHYIO BHPA3UTENBHYIO CULY 0 OTHOMEHUIO KO BCEM A3LIKAM Iporpam-
MUPpOBaHMA, 061203 I0MNMHA HEKOTOPBIMHU TE€0PETHKO-MOJAENbELIMM YCJIOBUAMM.

Ivan N. Soskov. HORN CLAUSE PROGRAMS ON ABSTRACT STRUCTURES WITH PARA-
METERS

In the paper abstract structures with parameters are introduced. The parameters are sub-
sets of the domain of a structure which are treated as effectively enumerable rather than semi-
computable sets. Semantics of Horn clause programs on such structures is defined. The obtained
this way programming language is shown to be closed under recursion and possessing maximal
expressive power with respect to all program.tmng languages satisfying cetrain model—theoretlc
conditions.

0. INTRODUCTION

In this paper we present a generalized version of the declarative semantics of
the Horn clause programs and use it to study the more complicated Horn clause

N * Research partially supported by the Ministry of Science and Higher Education, contract
o 933.
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programs with parameters.

The usual minimal model semantics of van Emden and Kowalski [1] is not ap-
propriate to study the respective notion of Horn clause computability. To compare
Horn clause programs with other commonly studied programming languages (class-
es of program schemes) we need a concept of Horn clause computability, that applies
to any first order structure. In [2] and [3] two concepts of Horn clause computability
on first order structures have been defined, which seem to be equivalent. The first
one is based on the usual declarative semantics, while the second is a generalization
of the usual procedural semantics. In both approaches the underlined functions and
predicates of a first order structure are considered as built-in functions and predi-
cates, and the objects computable by means of Horn clause programs are subsets of
the domain of the structure. In both papers the obtained concepts of Horn clause
computability have been compared with some other concepts of computability and
are proved to be stronger or at least equal to them.

. Furthermore, it is shown in [4] that each programming language, satisfying
certain natural conditions, is uniformly translatable into the language of the Horn
clause programs. :

One may suppose that having semantics of the Horn clause programs on arbi-
trary first order structures, we automatically obtain the semantics of Horn clause
programs with parameters (Horn clause modules) on such structures. Indeed, it
seems promising when given a structure 2 and a subset A of the domain of %, to
define the semantics of a Horn clause program P using A as a parameter, to be
equal to the semantics of P on the extended structure (A, A), where A is a new
built one in predicate. Unfortunately, this approach is not satisfactory because the
obtained notion of computability is not transitive, unless the equality relation is
among thée underlined predicates of 2. Namely, one can construct a structure 2
and a Horn clause program P, such that if A denotes the set computable by means
of P on %, then the Horn clause computable sets on (A, A) do not coincide with
the Horn clause computable sets on . ~

To explain this, let us recall that there exist two kinds of effectively computable
sets — the semi-computable sets and the effectively enumerable ones. Intuitively,
a set W is semi-computable if there exists a computational process, which stops
and gives a positive answer iff its argument belongs to W. This is the way in which
we treat the built in predicates. A set W is effectively enumerable if there exists
a computational process, which generates the elements of W in the course of the
computation. A typical example of this kind of sets are the sets computable by
means of Horn clause programs. ~ :

In the classical case of computability on the natural numbers both classes of
sets coincide with the recursively enumerable sets. In general, the semi-computable
sets are a proper subclass of the effectively enumerable ones. In fact the effectively
enumerable sets on a structure . coincide with the semi-computable on ¥ sets if
and only if the equality relation is semi-computable.

So, we obtain that the discussed above approach to the semantics of the Horn
clause programs with parameters is reasonable only for structures, on which the
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effectively enumerable sets coincide with the semi-computable ones, i. e. for struc-
tures on which the equality is semi-computable.

Among all attempts to obtain semantics of Horn clause programs with para-
meters the most satisfactory one belongs to Fitting [5]. His approach is a particular
case of the one described above, applied to the structure U = (N; Gg), where N
is the set of all natural numbers and G is the graph of the successor function. In
this case the equality relation is semi-computable, because for any natural z and
y, ¢ = y iff there exists a z, such that (z,2) € Gs and (y,2) € G&.

To obtain an appropriate semantics of the Horn clause programs with para-
meters on arbitrary first order structures, we introduce here first order structures
with parameters, where the parameters are subsets of the domain of the structure,
which are treated as effectively enumerable sets rather than semi-computable ones.
After that we define semantics of the Horn clause programs on such structures.
The obtained in this way programming language has some nice properties. First of
all, it has a greater expressive power compared to all programming languages, sat-
isfying certain natural conditions. This fact allows us to establish that it is closed
with respect to least fixed points and that the respective notion of computability
is transitive.

1. HORN CLAUSE PROGRAMS ON ABSTRACT STRUCTURES

Let L= (c1,...,¢r, f1,-.., fn, T1, ..., Tk) be afixed first order language, where
¢y,...,¢r are constant symbols, f1,..., f, are functional symbols and Ty, ..., Ty —
predicate symbols. Let us suppose that each f; is a;-ary and each Tj is bj-ary. Here
each of r, n, k may be equal to 0.

A first order structure of the language £ is a r+n+k+1-tuple A = (4,p1, ..., P,
61,...,00,%1,...,%%), where A — the domain of % — is an arbitrary non-empty
set of objects, p1,...,p, are elements of A, each 6; is an a;-ary function on A and
each X; is a subset of Al

In what follows we shall consider only structures of the language £ with de-
numerable (finite or countable) domains. Given a structure 2, we shall denote the
domain of % by Y.

We assume that the reader is familiar with the basic syntactic notions as terms,
atomic formulae (atoms), etc. As usual, ground terms and ground atoms are called
respectively terms and atoms without variables.

A Horn clause program is an ordered pair (P, H), where H — the goal re-
lation — is a predicate symbol, not belonging to {T1,..., Tk}, and P is a finite
conjunction F1& ...&F} of universal closures of Horn clauses, i. e. each F; is in the
form VX, .. VX, (IV-Ily V...V-Il,), where m 2 0 and all I, ITy, ..., II,;, are
atoms with variables among X, ..., X,.

The constants, the functional and the predicate symbols, .which occur in P,
constitute the first order language Lp of P. We shall_always assume that Lp is
consistent with £, i.e. if Lp and £ have common symbols, then these symbols are
of the same arity and play the same role in both languages.
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To define the semantics of a Horn clause program (P, H) on the structure
A= (A,p1,...,pr,01,...,00,E1,...,5;), we need a first order theory 6(2), known
as the diagram of 2. By means of 6(?() we describe the underlined functions and
predicates of 2.

A new formal constant k, is introduced for each element s of A. The constants
k,, s € A, are called names for the elements of A. Let K = {k, : s € A}. We shall
assume that none of the elements of K occurs in P. Let Lk be the extension of £
with the constants of K. 7

Now define the diagram A(2) of 2, based on K, to be the set of all ground
atoms of Lx which are true on 2.

Let Tx denote the set of all ground terms of the language Lx. If T € 'TK, then
by Ty we shall denote the value of 7 on .

Let H be a-ary. Define the subset W of A% by the equivalence

51,...,5) EW = I .. A €Tk & .. & €Tk &mi=51& ...
A
Lr§=sckd@) U (PYFH(,.., 7).

Here the sign ”F” means derivability in the sense of the first order predicate calculus.

Since no one of the elements of K occurs in P, the set W does not depend on
the choicq of K.

Define the semantics P((P, H), ) of (P, H) on 2 to be equal to W.

Notice that if we know the diagram (%), then we have an effective way to
generate all elements of W. So we see that W is effectively enumerable on 2. On
the other hand, since the equality is not assumed to be computable on 2, we can

‘not decide effectively whether an a-tuple (s1,...,s,) belongs to W.

Now we shall show that our semantics agrees with the minimal model semantics
of van Emden and Kowalski. _

Let P be a finite conjunction of universal closures of Horn clauses. Let Lp =
(c1s---s¢ry fiy---s fn, H1, ..., Hi). Let Ap be the Herbrand universe of Lp and let
Mp be the least Herbrand model of P. In other words, Mp is the set of all ground
atoms II of the language Lp, such that P+ II. _

Consider the first order structure Ap = (Ap,c1,...,¢r,01,-..,9n) of the lan-
guage (c1,...,¢r, f1,..., fn), where each ¢; is an a;-ary function on Ap defined by
ei(m,. -y Ta)) = fi (11, .., Tay)-

Proposition 1. Let 1 £ j £ k. Then

(Tl,...,’rbj) € P((P Hj), Ap) H; (Tl,‘...,TbJ-) € Mp.

2. HORN CLAUSE COMPUTABILITY

In this section we shall examine Hotn clause computability from the viewpoint
of a general theory of computability on abstract structures.

Let A be a class of denumerable abstract structures. We want to treat 4 as
an abstract data type and, hence, we have to suppose some additional properties
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of A. The obvious requirement is that A should be closed under isomorphisms. S-
ince isomorphisms preserve the equality, we shall suppose something more. Namely,
we shall suppose that A is closed under strong homomorphisms. Strong homo-
morphisms are isomorphisms, which need not to be injective. More precisely, if
A= (A p1,---s0ry O1,-..,0n, 1,...,5) and B = (B, Qiy--osQry Plse.ry Pn,

o, .- .,ak) are structures, then the surjective mapping « of A onto B is a strong
homomorphism from 2 to B if the following conditions hold:

(1) ’ ®(p)=¢qi, i=1,...,7;

(i) #(0; (s1,...,84;)) =i (%(51),...,%(5q;))

forall sy,...,85, 0f A,i=1,...,n

(iit) (s1,.-,8,) €Z; <= (x(s1),...,%x(ss,)) € 0

forall sy, ..., 8, 0f A, j=1,..., k.

The class A is closed under strong homomorphisms if whenever B belongs to
A, U is a structure and there exists a strong homomorphism from % to B, then
Ae A

Each closed under strong homomorphisms class of denumerable structures will
be called for short absiract data type (ADT).

There are many natural examples of ADT. Consider, for example, the class of
all structures or the class of all denumerable models of T, where T is a first order
theory of the language £ without equality.

Let us fix an ADT A. A programming language on A is an ordered triple
L = (D,p,S), where D is a denumerable set of objects — the syntactic descriptions
of the programs of L, p — the arity function — is a mapping of D into N\ {0} and
S — the semantics of the programs in L — is a mapping of D x A, such that if
d € D and U € A, then S(d, ) is equal to the object computable by means of the
program d on the structure . This object is typically a partial functlon or a set.
Here we shall suppose that S(d, ) is a subset of |2[*(9). .

There are at least two natural conditions which should satisfy each program-
‘ming language L on A. First of all it should be in some sense effective.

The programming language L = (D, p, S) is said to be effective on A if for each
-d € D, the semantics of d is uniformly eflective on all structures B of A, such that
|B] = N. In other words, L is effective iff for each d of D, there exists an enumeration
operator I such that whenever B€ Aand B=(N,q1,...,¢r, 91, -, Pn,01,+..,0k),
then ,

(81, . -~15p(d)) (S S(d,A) = (S],. --;sp(d)) € F((pl,.. S Pn, 01y .,O'k).

For the definition of the enumeration operators the reader may consult [6].

The second condition is related to the implementation independence property
of the language L. Let A and B be elements of A and suppose that x is a strong
homomorphism from 2 to B. Let d € D and let Wy = S(d,2) and Wy = S(d,B).

Suppose for simplicity that p(d) = 1. Now the implementation independence prop-
erty of L can be described by either of the following two conditions:

57



(1) Foralls€ |, s€ Wy <= x(s) € W,
(2) Wg = {x(s):s € Wy}.

Clearly, (2) follows from (1). On the other hand, since » need not be injective,
we can not argue that (1) follows from (2).

The condition (1) is appropriate if the sets Wy and W are supposed to be
semi-computable. If they are effectively enumerable then we may expect only the
weaker condition (2)

The programming language L is e-invariant on A if whenever d € D, % and B
are elements of 4 andx is a strong homomorphism from 2 to ‘B, then

S(d,B) = {(%(s1),...,x(s,0))) : (51,---,5p(a)) € d, %)}

Let LP = (HC, po,P), where HC consists of all Horn clause programs,
po({P, H)) is equal to the arity of A and P is the semantics of the Horn clause
programs defined in the previous section.

Proposition 2. The programming language LP is effective and e-invariant
on each ADT.

The following theorem proved in [4] descnbes the main property of the Horn
clause computability.

Let A be an ADT and let Ly = (D1, p1,81) and Ly = (Ds, p2, S2) be program-
ming languages on A. Then L; is translatable into Ly on A (cf. [7]), in symbols
Ly € 4L, iff for each d; € D; there exists a dy € Dy, such that p;(di) = pa(da),
and for all A € A, §1(d;,Y) = S2(ds, Y). ‘

Theorem 1. Let A be an abstract datla -type. Let L be an effective and e-
tnvariant programming language on A. Then [ £ 4LP.

This result should be compared with the generalized Church thesis, formulated
in [3].

Other results, concerning universal programming languages satlsfymg certain
natural model-theoretic conditions, can be found in [8] and {4].

3. ABSTRACT STRUCTURES WITH PARAMETERS

In this main section of the paper we shall introduce the abstract structures with
parameters and define semantics of the Horn clause programs on such structures.

Let Si, ..., Si, ... be a sequence of new distinct predicate symbols intended
to denote parameters. For the sake of simplicity we shall consider here only unary
parameters. So we shall suppose that S;, ..., Si, ... are unary. However, all

definitions and results can be easily generalized for parameters of arbitrary finite
arity.

An abstract structure with parameters is an ordered tuple A* = (4y,..., A1),
[ > 0, where 2 is a structure of the language £ and Ay, ..., 4; are subsets of |2A].

For every structure with parameters 2* let ¥(2") be the number of the para-
meters of A*. Two abstract structures 2* and B* are of the same similarity type
if v(A*) = v('B%). ‘

If A* = (A, Ay, ..., A}) is a structure with parameters and W is a subset of
|2}, then by (2™, W) we shall denote the structure (%, As,..., A, W).
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The parameters and the underlined predicates play different roles in the defi-
nition of the strong homomorphisms between structures with parameters.

Let A" = (U, Ay,...,A;) and B* = (B, By,..., B;) be two structures with
parameters of the same similarity type. The surjective mapping x of |%| onto |B] is
called strong homomorphism from A* to B" iff x is a strong homomorphism from
AtoBandfori=1,...,1, B;={x(s):s€ A}

We generalize the notion of ADT, defining an abstract data type to be a closed
under strong homomorphisms class of denumerable structures with parameters of
the same similarity type.

Further on the notions of effectiveness and e-invariance of a programming lan-
guage on an ADT are generalized in an obvious way.

From now on we shall consider only Horn clause programs (P, H), such that
H¢{n,...,Te,5,...,5,...} and if for some I the symbol S; occurs in P, then
it is used as an unary predicate.

Now we shall define the semantics of a Horn clause program (P, H) on a struc-
ture with parameters 2A* = (2, Ay,..., A;) in a way providing that the respective
programming language is effective and e-invariant on each ADT.

For each element s of || we introduce [+ 1 distinct names k%, k!, ..., k!. Let

={k:sel¥}, ..., Ko ={kl : s€|%} andlet K = KqUK; U...UK;.
We shall suppose that the sets of names are chosen so that no one of the elements
of K occurs in P. Let Lg be the extension of £ with the constants of K and let
Tk be the set of all ground terms of Lk. Let () be the set of all ground atoms
of Lk which are true on 2.

Fori, 1 i 1, let 8(A;) = {Si(k) : k € K; and k is the name of an element
of A;}.

Let 9 (U*) = 0(A)V A(A;) U...UI(A).

Notice that in the definition of § (2") the underlined predicates and the pa-
rameters are not treated in an equal manner. For example, suppose that the un-
derlined function 6; applied to some s gives t. Suppose that t € X; and t € A,
where £; is an underlined predicate and A, is a parameter. Then both Tj (k)
and Tj (f; (k7*)) are elements of 3 (A*). On the other hand, S, (k{*) € 8(Y*) but
. S (fi (k7*)) does not belong to 9 (A*). The picture changes if the equality relation
is among the underlined predicates. In such a case f; (k) = k* € 9(U") and
hence, 8 (A*) F S, (fi (k7).

Suppose that the predicate symbol H is a-ary. Now the semantics
P*({(P,H), A*) of (P,H) on A" is the subset W of |%|® defined by the equiva-
lence:

(s1,-08) EW =31 Fre(rl €Tk k.. kT €Tkl =51 & ..
&Tﬁ:sa&a(%’)U{P}l—H(Tl,...,‘r“)).

It follows immediately from the definition that for structures % without para-
meters P((P, H), %) = P*({P, H), %).

Let LPP be the programming language (HC, p;, P*), where HC is the set of
all Horn clause programs and pq is defined as in the previous section.
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Proposition 3. The programming language LP P is effective and e-invartant
on each ADT.
The following theorem generalizes Theorem 1 and and shows that our definition
is in some sense the best possible one.
~ Theorem 2. Let A be an ADT and Iet L be an effective and e-invariant
programming language on A. Then L £ 4LPP.
The proof of'this theorem is long and technical and is omitted here.
As a first application of Theorem 2, we shall show that the respective Horn
clause computability is transitive.
Let I 2 0 and let A be the class of all structures with parameters 2* such that
v(A*) = l. Clearly A is an ADT. :
Let (Py, Ho) be a Horn clause program, where the predicate symbol Hy is
unary. For each A* € A, set Wy = P* ({Po, Ho), A*).
" Theorem 3. For each Horn clause program (P, H) there ezists a Horn clause
program (Q, R) such that for all A* € A, ‘

P*((P,H), (%", Wa)) =P" ((Q, R), %)

Proof. Consider the programming language L = (HC, p;, S) on A, where for
(P,H) € HC and A* € A, S((P, H), A*) = P* ({P, H), (A", Wa)).

Now we shall show that L is effective and e-invariant on 4. The effectiveness
of L follows from the effectiveness of LPP and from the well known fact that the
enumeration operators are closed under composition.

Let (P, H) be a Horn clause program and %* and B” be elements of A. Suppose
that x is a strong homomorphism from 2%* to B*. From the e-invariance of LPP
follows that » (Wy) = We. Hence x is a strong homomorphism from (2A*, Wy) to
(B*, W) . From here, using once more the e-invariance of LPP, we obtain that

x(P* ((P, H), (A", Wa))) = P" ((P, H), (B, Ws))
and, hence, that - ‘
»(S((P,H), %)) = S({(P, H), B*).

Now applying Theorem 2, we obtain that L £ ,<LPP. m
The last theorem shows that we can eliminate the computable by means of
Horn clause programs parameters in a uniform way.

4. HORN CLAUSE OPERATORS

Letl Z 0 and let A be the class of all structures with parameters 2* such that
v =1
Let A* € A and let (P, H) be a Horn clause program, where H is unary. Define
the mapping I'p i of the subsets of |A*| into the subsets of |A*| by the equality
Lpu(W) = P* ((P, H), (4", W)). It follows easily from the definition of P* that
the operator I'p iy is compact, i. e.

selTpy(W) < ID(DCW&Disfinite&se Tp u(D)).
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From here, applying the Knaster-Tarski theorem, we obtain that I'p g has a least
fixed point Wy and Wo = U rk P (D). We denote this least fixed point by
HW.P" ((P, H), (A", W)).

Now we shall show that the least fixed point of each Horn clause operator is
computable by means of Horn clause programs. In fact we have something more:

Theorem 4 (First Recursion Theorem for Horn clause operators). For each
Horn clause program (P, H) there ezists a Horn clause program (P*, H*) such that

for all U* € A,
uW.P* ((P,H), (A", W)) =P* ((P*,H*), 4*).

Proof. Let L be the programming language (D, p,S) on A , where D consists
of all Horn clause programs (P, H) such that H is unary, p(d) = 1 for d € D and
S({P,H), A") = uW.P* ((P, H), (U*,W)). To prove the theorem it is sufficient to
show that L £ 4LPP.

We shall prove that L is effective and e-invariant on .A. Indeed, the eﬂ'ectlve-
ness of L follows from the uniform version of the First Recursion Theorem for the
enumeration operators.

To prove the e-invariance of L, suppose that (P, H) € D, let A* and B* be
elements of A and let » be a strong homomorphism from 2%* to B*. Let us define
the sequences W and Wg of sets in the following way:

We=Wg =5;

Wat! = P* ((P, H), (A*,W})) and Wgt! = P* ((P, H), (B*,W3)).

Now using the e-invariance of L PP, we obtain by induction on n that x (W3) =
Wg,n=0,1,... Hence :

*(pW.P" ((P, H), (A", W))) = pW.P" ((P, H), (B", W)).

By this the e-invariance of L is proved. From here, by Theorem 2, it follows
L £ ALPP. =
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ON THE CALCULATION OF LINEAR PROGRAMMING BOUND
FOR ERROR CORRECTING CODES

KRASSIMIR MANEV, MAYA PETKOVA, RADA GOLEMANOVA

Kpacumup Manes, Maiia [Temxoea, Pada I'onemanoea. O BBIUMCIIEHUHN FPAHMHBI

JUHEAHOTO ITIPOTPAMMUPOBAHUA JJIA KOJIOB, UCITPABJIAIONINX OLIU-
BOK ‘

I'panuna nuHeiHOro nporpaMMMUPpOBaAHUA AJIH KOJOB, MCpaBAAlomWUX omubok, He AB-
naeTca GopMyJioi, a Pe3ybLTATOM BEIUMCIUTENBHON NPOUeAy Phi, KOTOPOI HeNerko BuINO-
HUTH Jake NpH NoMomU xomabioTepa. Hactoswas pabora nocsemena paspabGoTaHHOM
aBTOPAMU NporpamMMe AUIA TOUHOTO BHUUCJIEHUA BTOH IPaHUIL IPU 3aJlAHEBRIMY NapamMeT-
pamu kosa. [lporpamma cocToMT U3 ABYX He3aBUCUMMBIX YacTeil, KOTOpble MOXXHO NpUMe-
HATb N CaAMOCTOATE/NbHO. IlepBad 4acTh BRIUMCAAET 3RauecHUs nonnnomos Kpasuyka, npmn
NoMOWM KOTOPHX COCTaBJAETCA 3aZava JIMHEHHOro nporpaMmuposanud. Bropas peanu-
3yeT pPaliMOHa/IbHLII CHMNIEKC-MeTOA AJA peuledun ool 3agaun. OGe HacTH NPpUMEHAIOT
PAUMOHAJIBHY I0 aPUPMETHKY C NMpeABAPHTENBEHO 3aAaHHON TOUHOCTDLIO,

Krassimir Manev, Maya Petkova, Rada Golemanova. ON THE CALCULATIOVN OF LINEAR
PROGRAMMING BOUND FOR ERROR CORRECTING CODES

The bound of linear programming for error correcting codes is not a formula but a result of a
computational procedure difficult to perform even on powerful computers. In this paper a program
for calculating the bound for given parameters of the code is described. The program comprises
two independent parts, which can be used separately also. The first of them calculates the values
of the Krawtchouk polynomials for given parameters and builds the linear programming problem.
The other implements a rational simplex-method for solving that problem. Both of them use
rational arithmetic with preliminary defined precision.

Let’s remind some definitions and results from [1].
Definition. An (r, M,d) code is a set of M vectors of length n (with compo-
nents from some field F), such that any two vectors differ in at least d places and
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d is the smallest number with this property.
Definition. If L is an (n, M, d) code, the distance distribution of L consists
of the numbers By, By, ..., By, where

1 . . .
B; = -M{number of ordered pairs of codewords u, v, such that dist (u,v) = i}.

With dist (u, v), called distance between u and v, we denote the number of places,
where vectors u and v differ. Note that By =1 and Bg+B; +---+ B, =

Definition. For any positive integer n the Krawtchouk polynomial of the real
variable z  Pi(x;n) = Pi(z) is defined by

Pe(ain) = é(—l)f (j) (:::) k=0,1,2,...,

where the binomial coefficients are defined as follows:

z(z—1)...(z—m+ 1), if m is a positive integer

z\ _ m!
m/ )1, : ifm=0

0, ) otherwise,

 where m!'=1.2.3... (m—1).m, 0! = 1. Thus P¢(z;n) is a polynomial in & of degree
k. If there is no danger of confusion, we omit the n.

Definition. For any (n + 1)-tuple {Bq, By, ..., B,} with ZB.- # 0 we call
=0
{B4,B,...,B.} the McWilliams transformation of the B;,1=0,1 ..., n, where

n
= KI/I—ZB,-Pk(i), k=0,1,..., n,
1=0

Py(z) is a Krawtchouk polynomial and M is the number of codewords (M also is
called a size of the code).

Probably, the most basic problem in coding theory is to find the largest code
~ of a given length n and a minimum distance between codewords d.

Sometimes it is possible to use linear programming to obtain excellent bounds
on the size of a code with a given distance distribution.

Let L be an (n M, d) code, in which the distances between the codewords are
Te=0<7n <...<7. Let {B } be the distance distribution of L. Thus By = 1,

B, >0(i=1,..., s) and B; = 0 otherwise. Also M =1+ ZB Therefore
| j=1
the transformed distribution {B}} is given by

1 3
= MZBTiPk(Tj)’ k=0,...,n,
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. n
where Pi(z) is a Krawtchouk polynomial. Also By = 1, X:B,fc = 2"/M and
. . k=0

B, 20fork=0,...,n

Thus if L is any code with distances 73, j =0, ..., s, between the codeword-
s, then B;,, ..., By, is a feasible solution to the following linear programming
problem: ’

;' . -~
(1) Choose By, ..., By,, so as to maximize ZB,j, subject to
izt

ZBTJ‘PI:(TJ') zZ - (Z), k=1...,n.
i=t

Therefore we have the following theorem:

]

Theorem [2). If B}, ..., By, is an optimal solution to (1), then 1+ZB;J.

=1
s an upper bound on the size of L.

Note that (1) certainly has a feasible solution: By; = 0 for all i.

The using of the above mentioned result for practical purposes is very difficult
because of the following reasons: l

a) the Theorem does not give an explicit formula for the upper bound. The
finding of a particular value of this bound requires to work out and resolve non-
trivial problem of the linear programming (LPP);

b) both the working out and the solving of the LPP require calculations which
exclude not only a manual treating but an ordinary computer program too. Indeed,
the values of the Krawtchouk’s polynomials grow up so rapidly that it is impossible
to calculate them (even for not very large parameters) on any computer without
using special arithmetic programs. Moreover, having these values calculated, new
difficulties arise when we solve the LPP with such enormous coefficients.

That is why we have developed and implemented a program, which will find
the particular value of the linear programming bound for given parameters.

The main ideas, followed by us, have been:

1) To work out the matrix of the LPP using the programs from the package
COMPACK [3], which performs arithmetic operations with arbitrary big integers.

2) To extent the package with “big rational” arithmetic programs and to im-
plement a “rational” simplex method [4], which allows to find the upper bound
without loosing precision. ‘ ‘

Naturally, the proposed program 1pb (linear, programming bound) consists of
two essential parts. The first part, called kravtchuk, input the parameters n and
d, where n is the length of the code and d — the required minimal distance. As a
result this part constructs a matrix of the LPP. The second part, called rsimplex,
implements the classical simplex method, using “big rational” arithmetic and gives
the exact optimal solution of the LPP.
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The interface between these two parts can be modified through adding or/and
deleting some conditions, arising from other combinatorial or algebraic reasons.

Each of the two parts of the program 1pb is implemented as a separate program
too. So they could be used for solving other problems — kravtchuk for different
calculations connected with Krawtchouk’s polynomials and rsimplex for precise
solving of rational linear programming problems and as a preliminary step of more
complex programs for solving problems of the integer linear programming.

Now the package COMPACK contains the following new standard programs,
which could be useful:

o the, programs for “big rational” arithmetic — rat_add, rat_subtr,
rat_mult, rat_div and the program for comparing two “big rational” numbers
— rat_ testx;

e the programs connected with the equivalent transformations of the “big ra-
tional” numbers — modul, fact, factxy, twotry, twofactor, etc.;

e the program diag — for diagonalisation of a matrix with “big rational”
elements. ‘ '

The programs are written in programming language C and are implemented on
IBM PC under MS DOS. They are portable in all UNIX-like operating systems and:
systems with standard C compiler. The maximal size of a “big rational” number
is defined as a preprocessor parameter and could be changed before compilation, if
necessary.

As an example let consider the parameters n = 19, d = 8. In this case the
program gives (with some modifications) the following LPP:

19
Choose Bg, ..., By, so as to maximize ZBJ" subject to M.(Bs, ..., Big) >
j=8
A, where M is the matrix
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
3 1 -1 -3 -5 -7 -9 -~11 -13 -15 -17 —-19

-5 -9 -9 -5 3 15 31 51 75 103 135 171
-23 -9 9 23 25 7 -39 -121 -247 -425 —-663 —969
4 36 36 4 —-44 =76 -44 116 484 1156 2244 3876

76 36 -—-36 -76 -—36 84 204 132 -—-468 -2108 -—-5508 —11628

. 28 -84 -84 28 140 92 -196 -532 -—196 2380 9996 27132
-140 -84 84 140 -28 -260 —-156 572 1300 -884 —13260 —50388
-98 126 126 -98 -210 78 494 78 —1794 —2210 11934 75582
154 126 ~126 —154 154 286 —286 —858 858 4862 -—4862 —92378

and
A = (-136,-20,-172,-970, —3877, —11629, —27133, 50389, — 75583, —92379).
Using 64-bits arithmetic on 80286, the solution
(659/8,0,0,85/4,93/8,83/4,0,0,0,0,0,0)

has been calculated by the program in 50 minutes. The value of the linear pro-
gramming bound in this case is 136. '
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BECKOHEYHO MAJIBIE U3T'MBAHUA CROJIb/KEHUA
BBLICIHINX IMTOPAIKOB NOBEPXHOCTEN BPAUIEHUS

NBAHKA MBAHOBA-KAPATOIIPAKJIMEBA

Haanxa Hearnosa-Kapamonpaxaveaa. BECKOHEUHO MAJIBIE U3T'MBAHUA CKOJIb-
*KEHWSA BBICUIMX IOPAJIKOB TOBEPXHOCTEM BPAUIEHUA

Hccneayiorca 6eckoHeuHo Masble U3rnbaHUsA BHICIIMX NOPAAKOB OJHOCBA3HBIX KyCOU-
HO-BHNYKARX (HO rN06a/lbHO HEBHOYK/LIX) NoBepXHocTell Ly, NonyyeHHHe NPU MOMOUIM
BHYTPEHHErO CKIeWBaHUA BLINYKJHX COOCHHX nosepxHocTeit Bpamtenua. Ilonioc nosepx-
HOCTell npeAnonaraeTca raaakoi Toukoit (Hemapabonuueckoil unu napaGonuueckoii). Io-
Ka3aHO, UTO MOBEPXHOCTU L] ABJNAIOTCA HexkecTKUMHM nioboro nopaaxka. Halinenw neobxo-
JAKXMbie M JOCTATOYHBLIE YCIOBMA A/A NPOAOIKEHUN PYyHAAMERTANILHOrO NMoasA GeCKoHeuHO
MaJioro M3rMBAaRMA CKOJILKEHNA 1-ro MOPAAKA NOBEPXHOCTH U B Moste GECKOHEUHO MaJlo-
ro uarubaHua ckonbxenua (BAaonb napannenn L) nopaaka m > 1. Jlanu pocraTounbie
YCNOBHA KECTKOCTH NOBEPXHOCTHU LJ .

Ivanka Ivanova—Karatopraklieva. INFINITESIMAL BENDINGS WITH SLIDING OF HIGHER
ORDER OF ROTATIONAL SURFACES

The infinitesimal bendings with sliding of higher order of simply connected piecewise (but:
not globally) convex surfaces Iy, obtained by inner pasting together of convex coaxial rotational
surfaces, are investigated. The pole of the surfaces is supposed to be smooth point (nonparabolic
or parabolic). It is shown that the surfaces £}, are nonrigid of any order. Necessary and sufficient
conditions are found for extension of a fundamental field of infinitesimal bending with sliding of
the 1-st order of the surface £ to a field of infinitesimal bending with sliding (allong the parallel
L) of the order m > 1. Sufficient conditions for rigidity of the surface £ are given.

1. Beckoneuno Mayoe (6. M.) usruGanue S; mopaaka m 2 1 noBepxHocTH
S HaspiBaeTcA 6. M. M3rUbGaHMEM CKOJILXKeHUA BHoJb juHEMM L C S oTHOCH-

69



TeNbHO IJIOCKOCTH (i, €CJIN pacTofAHue M060il Touku M € L 110 MIoCKOCTH
He MEHAETCA C TOYHOCTBIO A0 6. M. MOPAAKA M oTHocuTesbHo t. X. JInbman
nepsbiii ucciaenosau [1] Takwe 6. M. MasrubanuaA M Zoka3al, 4To Ha cdepe cy-
MECTBYeT CYETHOE MHOXKECTBO NapaJjieneif L, Takue, uyto aid nwboit napai-
nenu L GOnbinag yacThb cheprl, orpaHnueHHas L, HonycKaeT HETPUBHUAJILHOE
6. M. narubaHne CKoNbKeHHUA 1-ro NnopAAKa BAOJL L 0OTHOCHTEJBLHO ee MIA0C-
KocT (Hafiblle Takue napajieny GyldeM Ha3biBaTh jguGMaHoBhiMu). IloTom
E. Pem6c nokasan [2], uto smGMaHOBLle chepUUEeCKUE CETMEHTHI JOMYyCKAIOT
1 6. M. u3aruGaHue CKOJNILXKEHHUA 2-TO MOpPALKA, HO ABJAIOTCA YKECTKMMU 3-T'0
nopsaaka. UM 6p1y10 noka3aHo erge, YTO Ha 3aMKHYTOM BBINYKJION TOBEPXHOCTH
Bpaillenna S TOXKe CYNIECTBYET CYeTHOE MHOXECTBO JIMOMaHOBLIX MapaJlieieit
Ly 2-ro mopAAKa M OHM CTYIIAIOTCA K Haubosnbileit napaanaeny NoBepxXHOCTH S
(yacte Sp, moBepxHocTH S, KOTOpad HOMYCKaeT 6. M. M3IrMGaHUA CKOJbKEHMA
UMeeT GOJBIIYIO MHTEr pasibHYI0 KpUBM3HY, yeM S\ S, ).

Noazske, A. II. Munka [3] o6o6mma pesynsratr E. Pem6ca, paccMarpu-
BaA 6. M. M3rUGaHUA CKOJIbXKeHUSA 1-To IOpPAIKA ITOBEPXHOCTEH BpAleHMA MO-
| IOKUTENLHOM KPUBU3HBI, BIOJL Mapajiiedd L OTHOCHTENHLHO NpOU3BONBLHOM
nnockoctd, a E. Anapeituun v Y. X. Caburos [4] nokazanu, uro pesynabrat
E. PemGca nna nubGMaHoBBIX IMapadiiiesieit 1-ro nopsamaka MMeeT MecTO M JJsA
ofSMUX BBEIIYKJABIX NMOBepXHocTeli BpalneHus.

B wactoameit crathe uccrnenyeM Bompoc o 6. M. M3THOAHUAX CKOJbXKe-
HMA BBICIIMX TOPAAKOB OJHOTO KJIACCAa HEBBITYKJELIX IIOBEPXHOCTER, KOTOpPBIE
MOJIyYeHHl NIPY ITOMOLIM BHY TPEHHEr'O CKIIEABaHUA BHITYKJIBbIX COOCHBIX IIOBEp-
XHocTeii Bpalllenusa. Bonpockl o cymecTBOBaHMM, MOIIHOCTU M PACIHOJIOKEHHUN
Jn6GMaHOBBIX napaJiyienieil 1-ro v 2-ro nopsAaka TaKUX NMOBEPXHOCTeH paccMoT-
peHnl B [5-7].

OTMeTuM, UTO 0 6. M. U3TUGAHNAX CKOJLKEHUA TOPALAKA m > 2 HaM He U3-
BECTHHI Apyrue paboThl, KpoMe [8~10]. B Hux uccienoBausl 6. M. uaruGauus
3-ro nopsaaka ABYX KJIACCOB OJHOCBA3HBIX MOBEPXHOCTEH BpalleHUA — peb-
puctsie B [8, 9] 1 KycouHo 2-KpaTHO IJIaZikMe C HenmapaboJIMUECKUM I10JI0COM

B [10].

2. Ilyctb B miockocti Ouy 3a1aHbl KpUBLIE
2,
rae J; = [u;41 Y1), Koraa i deTHoe, U J; = [uj_1,; uj i4+1], Korda 7 HeueTHoe,

ri(u) € C(1)NC?(Jy \ uo,1), s € C(Js) NC?Js \ s 541), 1M60 74(u) € C%(J,),
ari(u) € C¥J;),i=2,...,s — 1. Nycs

c:y=ri(u),u€di,i=1,...,ss

v

N - ri(w)>0 B Ji\ug,u,
(1) ri(uon) = rs(tss41) =0, rs(u) >0 B Jo\ 41,
ri(u) >0 B J;, i’=2,...,s—1;

(2) r{’(u)g 0, r,'(u) < r,-_l(u) B Ji-1N (J,' \ u,-_l,,-),
ri(uio13) = rici(uicri),ciNe =@apu j#£i—1uj£i+li=1,...,s.
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PaccMOTPMM KYCOYHO-BBIMYKJIYIO 3aMKHYTYI0 MOBEPXHOCTb BpallleHus
Y =S5 U...US, c MepuaranoMm ¢ = ¢ U ...U¢; u ¢ ocbio Ou BpalueHua
(BrInykable MOBepxHocTH S;—1 U S; BHYTpPeHHe CKJIE€eHHEIE BIOJb UX oOimeit
napaiienms U = ui_j ;).

Ilycts B oKpecTHOCTH noJioca u = %y (6ydeM ucnoab3oBaTh 06o3HaYeHUE
U1 = Up,1) KpMBad ¢] UMeeT NpelcTaBlieHUe

(3) u=u+y" fiy), FHO)#0, fi(y) €C0%), nz22,
¥ Koraa AJs HEKOToporo j € [2, s| KpUBBIe ¢j_1 M ¢j KACAIOTCA B TOYKe CKIEH-
BaHMA Uj_1 j, BEIIOJHEHO " '

4) Jj € Jj—1 (paBeHCTRO ﬂonycxae'rcﬁ TOJABKO TOrAA, KOTA& Cj_1 U
Cj—7 KACAIOTCA B TOYKe CKIEHBAHMA Uj_3j_1) ¥
ri(u)rj-1(u) = ri_(u)rj(u) £ 0B Jj, ecnm j€[2, s — 1], u
B Js \ Us, 541, €CIH j = 5.

OTMeTHUM, UTO OPU 1 = 2 NOJIOC U = Uy ABJAeTCA Henapabolanueckoil Toukok
MOBEPXHOCTH, a NpU 1 > 2 — mapaboiamyecKoil, ¥ cjledoBaTebHO — TOYKOit
YILIOUIEHUA MOBEPXHOCTH.

IpeacrasuM paamMyc-BeKTOpP HOBEDXHOCTH ¥ B BUle

z(u, v) = u.es +r(u).e(v), r(u)], =r(w), vel0, 27],i=1,... s
a ee gepopmarmio Kak z(u,v) — z(u,v) + Y ¢ UJ(U, v), e
j=1
(5) (j(u,v) :c{(u, v).ea+ é(u,v).e+ 'yj(u,v).e', j=1,...,m,
e(v) = cosv.e; +sinv.ey

(e1, €2, e3 — OpPTHI KOOPAMHATHON CHCTEMBI B R%).
B [5] mokazaHo, uTo Ha YacTH S, NOBEPXHOCTH L CYUW{eCTBYIOT AMOMaHOB-
ble TapaJlljielid, eciv

(6) rf,_l(u,_ll_,) < 0, koraa s yetHo, U 1,_;(us—1,5) > 0, KOr#a s HeYeTHO.

llaa nwboit takoit mapannenmn L € S, yacte X NOBEpXHOCTU ¥, KoTopasd
COMEPKUT MOJIIOC U = u; M OTpaHMYeHa Mapaliielbio L, monyckaeT HeTpUBU-
ansHOe 6. M. usrubanure cCKoabXKeHnA 1-ro nopﬂmca BIONs L oTHOCUTENBHO ee
TIJIOCKOCTH.

[Tycts moBepxHOCTHL L yaoBieTBOpAeT yciaonuan (1)-(4) u (6) IyctE L :
4 = 4 — uaubMaHoBaA mapaiieis 1-ro I'IOprlIKa MOBEPXHOCTH S; H

1 1
U (u,v) =U r(u,v), k 2 2, HeTPUBUAILHOE (byﬂnamen"ranbﬂoe noie [11] 6. M.

n3rnbaHna cKonbkenus 1-ro nopsaaka nosepxuoctu Xp. Wiem nona U(u v),
Jj=2,...,m, 6. M. u3ruGanua CKOJIbXKEeHUA nopfmxa Jj=2,...,m NOBepXHOCTH

YL, KoTOpBIe ABJNAIOTCA NPOJOKEHUAMM MOJIA Uk(u,v), k 2 2. Bynewm npen-

J
nonarath, uto nons U (u,v),j = 1,..., m, npunamiexat knaccy C? Ha riaaikux
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KyCKaX TMOBEPXHOCTM BHe II0JIIOCA ¥ = u; U HempepbiBHbIe Ha Xy . Takue moxa
6yeM Ha3bIBaTh PeryaIApHEIMU Ki1acca C*ZL).

Koopannats a(u v), ,B(u v), 7(u v) nonA U(u ¥) OTHOCHTEJIBHO M0 ABHK-
Horo penepa es, e, € umeror suz [11]:

(1) &(w0) = 3y, [Bra(we?+ bpuwe™]
(»
Bu,0) = 3 [Epr(w)e™+ X _pe(w)e= 7],
(»
‘;(u,v) = Z ka(u)e’.”k"-}- 1Z_pk(u)e""’k”] , j=1,...,m,
® -

re § -pi(u) = pi (u), X—pk(u) = pi (1), ¢-pk(u) tl)pk(U) p=0,2,...,j, Kor-

ma j yetHoe, u p = 1,3,...,j, KOTJa j HeueTHoe. Qyﬂxmm <p,[,,c i(w), X pki(u),

J J
1 pk,i(), KOTOpHIE COOTBETCTBYIOT IOJAM U(u v) = "’”)ls.-’ i=1,...,s,

YAOBIJIETBODAIOT CUCTEMaM
(8) @ pei(1) + Ti(W)X g i(w) = R pri(u),

j . J
X?k,i(u) + ipkpr i(v) = Ropk,i(u),

ipkdpri() + ri(u) [ipk,z,,k,,.(u) - zi;k,xu)] + (W) g (6) = R pni(u),

i=1...,m,
rae
9 Ripi(u) = Ropi(u) = Rari(u)=0;
. J 1 =1 1y ]
(10) Rypr,i = — ) Z Priki®P (p—r)k,i
=1 (1‘])

! i1 i et}
+X :‘lk.fjx (,P_"l)k:i + 1/) :’krilp 2}’_’")]‘1") !

Rophi = - o z z{ K = 1) prue By

Y=l ()
. . i- it
+ (if'zer,k,i - lbr.k,i) [l(P - TI)kXEp——n)k,i - 1/)(p—n)k,z]

! j-1 e
+ <irzk¢nk,i + Xlr.k,z) [i(.v = T)kY (perk,i + X(,p—rz)k,i] }
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j-1

Rapes == 3 3o = rki s dolp-rihs
1=1 (ry) ’

1 . j— 11
+ X riki [z(p — )X (peri)ki = ¥ (p=ry )k,s']

! : i-t i- .
+ 1/):-,15,.' [l(P - T[)k¢ (p—n)k,? + X‘(p—rl)k,i] }v ] = 2; ceey M.

OTMeTHM, UTO cyMaunoHBIA uHaekc 1 B (10) npMHUMaeT 3HAUEHUA B MHO-
xectse {0, £2,..., £l}, koraa | 4yetHoe, u B MHOxkecTBe {£1, £3, ..., I},
korna [ meuernoe. [IpuToM r; Takoil, YTo p — r; NPMHALIENKUT MHOMKECTBY
{0, £2,..., £(j — D)}, xorna j — I uerHoe, u MuokectBy {£1, +3,..., £(j — 1)},
xorga j — [ HedeTHoe. KpoMe sT1oro cumBou i ynorpebaen B (10) asymsa cmo-
cobaMyu — Kak MHIEKC M KaK MHOXMTeJib. Korga oH ymoTpe6iieH Kak MHIeKc
NpUHUMaeT 3HaYeHHd 1,...,s, a Kak MHOXKMTeJb 0603HaYaeT MHUMYIO €IMHU-.

ny.
N3 (8) npu p =0 (j — uerHoe) MMeeM

(11) 30 () + ri(w)ih i(w) = Ry o(u),

: on,i(u) = éz,o,i(“), |

ri(u)h i (u) — ri(u)dos(u) = Raoi(u),
a npu p# 0 — COOTBETCTBEHHO:
j 1 iy FNT i
(12)  opr,i(u) = ~ o [T:’(U)ka,i(U) + (p?k? = 1)ri(u)xXpr,i(u) + Ppk.i(ﬂ)] ,
rage
(13)  Pori(w) = ri()Rapi() = ri(WR Y i o) + phif s (w);
g 1 j ;

1) i) = [Rz,pk,i(u) - xpk,i(u)] ,

¥ X pk,i(4) yIOBIETBOPAET ypaBHEHUIO

(15) () e o) + () (PR = D pea(t) = By (),
rae
(16) Ropki(u) = = v/ (W) R o,ph () + ri(w) RY.p (1)

— PR pra(u) — pRiRL
p 1,pk,i(u) — pki 3,pk,a(u)'
purom mpu j = 1, 1. e. Ans GyHOAMEHTAILHOTO TOJA I}k(u, v), k 2 2, uMeem
1 1 ’
Pk,,'(u) = Rk,,-(u) = 0, i= 1, R (CM. (9), (13), (16)).

73



3. Jlerko BnAHO, UTO MOBEPXHOCTDh X7 HewecTKa Joboro mopAaka m 2 2.
B camoMm zejie, MOBEPXHOCTHL S; TaKOBa, TaK KaK y Hee HET aCMMIITOTHUYECKUX
napanieneii u coriacHo [12] moGoe ee HeTpUBMalbHOE, peryiapHoe GyHaa-

1
MeHTaJbHOe moJe Uy 1(u,v) 1-ro nopanka, AAg KOTOporo

k> A(m,n) = .T_il_\/;(m = Dr@2m-1) - 2m]’

n—1

MOKHO NIPOJOJ/KMTh B peryJjiApHoe IoJe dl(u,v) € C?*(S)) 6. ™. usrubaunus
, . ‘ j
nopaaka j = 2,...,m. IlpuroM ana ¢pyHrumm épkll(u), )Zpk,l(u), Ypr,1(u), KO-
' TOpEIE ONpPEREIAIOT MoJle (}1 = UJIS1 ,j=1,...,m, UMeeM:
1) le(u) = x:"l('u) — peryJiapHoe pellleHWe ypaBHenuda (15) npu j =p =
1
=i=18BJy,a @k, 1(u) m ¥ 1(u) nomyuatorca coorsercTento us (12) u (14)
mpn j=p=i=1;
2) Ifpn p= 0 (j — 4erHOE)
U
(17)  oa(u) = / [Rl,o,l(f)— Ti(T)R'z,o,l(T)] dr+dos, do, = const,
Uy ‘
Xo,1(u) = Ra0,1(u),
u

5

i R j ;

Yo,1(u) = ri(u) /__3,2_01£f_) dr+bo,1}], bo, = const;
r3(7) | ,

Uy

3)Mpup#0,j 22

U

u
(18) ipk,l(“) = X:k,1(") chk + / D;k,1(7') dr| - X;k,l(u) / D:k,1(7') dr,
ug u;
rae cjpk = const, ug € (u1, ¥1,2),
Rpk,1(v)

Diia(w) = r(u)Wpk,1(u)

+
ka,l(u)7

Wok,1(u) = X;-I:,l(u)x;k,l(u) - X:k,l(”)X;k/,l(“)
(x ;-k,l(u)) X pk,1(¥) — dyHIaMeHTasbHble pellleHWs OIHOPOIHOrO ypaBHEHUHA

(15) B (u1, u1,2}, npuTom X;k’l(u) — peryaspHoe, X ;(u) — HeperynspHoe

: 7
BuU=1u), aPpk1(u) ¥ ¥k 1(u) nonyyalorcs coorercrnenno us (12) u (14). .
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i
Ilanbiie u3 HenpepblBHOCTY NoJieit U, j = 1,...,m, caeayer, uto $yHKIMMN

. , p
M 7 . .

0 pr,i(4), Xpr,i(w), Ypri(w), i=2,...,s, j =1,...,m, ABAAOTCA pelIcHNAMMU
cucTeM ypapHeHuit (8) npu HauabHBIX YCIOBMAX

(19) - ‘Pjpk i(8iz14) = Sépk ica(tic1d),  Xpri(uicrg) = )Zpk,i—l(ug'-l,i),

kl(u: lt)— pk: l(ut ll) i=2,...,8j=1...,m
Uz (11) (cm. Tawke (17)) BuaHo, uto npu p = 0 3anaya (8), (19) Bcerna
nMeeT peutenne, a u3 (12)—(16) u (19) Buamo, yro npu p # 0, 7, j — duxcu-
pOBaHHBIE, OHA CBOJMTCA K penieHMio 3afauu Komw mis ypasHenns (15) upn
HaYaJbHBIX yCIOBMUIAX

(20) Xpki(iy, i) = X pri=1(ti-1,3),

X b i (Ui 1.)_[ X pe iy + (P7k% — 1)—'—‘;——'x,,k. 1+ka. 1.] el
rue 7
(21) Gonimsa) = 5 (Porica() = Praa(w))

3aMeTuM, UTo Q,,k i- 1,(11, 1,) =0 (cMm. (9)) u, KpOMe 5TOr0, KOrAa KpHB-
BI€ C;—1 M ¢; KACAIOTCA B TOUKE CKIIeHBaHuA, T. €. Korga r;_,(ui-1 .) = ri{ui-1,i),
yciaoBusa (20) npuHUMAIOT BUI

(20" X pki(Uio18) = Xpki-1(Uiz14), X i(Uio14) = X peio1(tiz1,3)

(u3 (10), (12), (13), (19), (21) BuaHo, uTo Torda ijk',-_ly,»(ui_ly,-) =0).
: TakuM o6pa3oMm, -pemas mocienoBaTensbHo 3amauy (15), (20), npu ¢ =

2
=2,...,5, j =1,...,m, mu Haitaem nonsa U;(u,v), i = 2,...,s, 6. M. u3ru-
Ganus TopsAka j = 1,...,m NoOBEepXHOCTH X, KOTophle NPUHAJIEXKAT KJaccy
C*ZL).

4. B »Tom nynkre 6yner naH Bua pemrenunsa 3agauu (15), (20). Hycts X:—k,l
M X ;1 ABIMOTCA GYHIAMEHTAJLHEIMU PeIeHUAMM 0JHODPOMHOTO ypaBHEHUA
(15) npu i =1, roe X:k,l — PETyJIAPHOE B U = Uy, & X ,; | — HEperyJApHoe.

O6o3HaunMm 4depes X;J;:k ;» 1=2,...,s, pelleHus oIoHpoxHOro ypaBHeHus (15)

1
npy HavaabHEIX ycaoBuAx (20) ¢ Q pi,i-1,i(ui-1,i)) =0, T. e.
(22) X;tk,i(ui—l,i) = X;:fk,i-l(ui—lyi)’

! /
:t 1"._1 7. i
o) = [+ (08 -
1

)

U=Ui_g,i

COOTBETCTBeHHO A i = 2,...,s. OueBnano ka W) mox gy (w), i=2,.
ABNAIOTCA beHlIaMeHTaJILHL]]VIM pelleHUAMU OJHOPOAHOr0 Yy paBHEHUA (15) npu
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i=2,...,8 M Wy i1(ui-1,:) = Wpi i(ui-1,:). OT™MeTnm, uro dyHkumu X,’,"k’,.(u),
i =1,...,s onpexeasloT peryjApHoe Iolile l};'k(u,v) 6. M. uarubanua 1-ro
nopanka kiracca C?(Xy) mosepxuoctu Xp, a GpyHKuMH X;k,,'("), i=1,...,8 —
HeperyJsapHoe B MOMIoce U = U I10Je & ;k(u,v) 6. M. uaruGauuAa 1-ro nopsan-
ka. [lputom kax Qpysxmn ¢}, (u), X (), ¥k i(u), Tak n dynxwam ¢ ;(u),
Xpr,i(8), Ypp ;(4) yAOBAETBOPAIOT CHCTEME

(23) ‘Pl;,k,i(u) + rxl'(u)xl;)k,i(u) =0
X ok i(w) + ipkt) pi i (w) = 0,
ipképk,i(u) + T;(U) [ipkxlpk,.'(u) - ’l/;pk',,'('u)] + r,-(u):/;;,k,,-(u) =0,

a yciaopue (22;) BBIpaskaeT, 4TO

(24) @ i (Wim1,) = P iy (Ui ,i)-
PaccMoTpum perysnspHoe B mosroce u = 4y pemenue (cm. (18))
(18') Xpk1(u) = Corxh 1(WH X pii(u), uwe,jz2,

. j
ypaBHeHus (15) npu i = 1, rlie ¢pr NPOM3BOILHAA KOHCTAHTA, 3

u

u
. F] _ . _ 3
(25) A rea(w) =) / B () dr = x50 1) / B, (r)dr.
Up

Uy

B puny (18') u (25) ycnosua (20) npu i = 2 npunuMaloT BUA

(26) X pk,2(u1,2) = Gprx 1 (u1,2) + X i 1 (11,2),

7/ 'l
rn—"rs X+
Ty pk,1

!

X pi,2(u1,2) = Gk l:xz-k,l +(p’k* - 1)

uU=u; 2

/ ’ .
"y — 7Ty i, j
X pk,1 + ka,l,2]

+ [i 4 (k- 1)

P
2 ’ U=u,2

IIpu nmomomm MeTona Jlarpamwxa cTpoum JyacTHoe pellleHMe

u u
iy ' - 3 L
() jeale) = x520) [ BiaVdr = xia(w) [ Drparyir, we s,
1,2

uy,2

ypasuenusa (15) npu i = 2. O6o3naunM Yepes )ZJ;m(u) ®TO pelleHHe ypaBHe-
Hua (15) npu i = 2, KoTopoe yA0OBJIETBOPAET YCAOBMAM

Jy e
(28) ka,2(u1,2) = X’pk,l(ul,z)’

3, i r, —r!
Rk a(ung) = [x + R -y

T2

ik 3
Xpka+ ka,m]

u=u; 2
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Toraa

i;k,z(u) = d;k,2X:k,z(u) + dik,zx;k,g(“) + )Z;k,z(“): u € Ja,
u u3 (25), (27), (28) n (23) nonyuaem

u
' 1 22— - - - 2
Aok 2 =W{P k [ka,1‘Ppk,z—ka,z‘Ppk,1]/D:k,l(‘r)dT
: J

u
22 [ - F + - b- d 3 -
+p Xpk,2Ppk,1 ~ Xpk,1¥pk,2 pk,l(T) T= rlka,1,2ka|2

b

u=uj,2
Uo
‘ u
) 1 j
72 22 + - - 4 +
a = k [ - ]/D T)dt
pk,2 "Wyt {P ka{2¢pk,1 Xpk,1Ppk,2 pk,l( )
Uy
u
j i
+p?k? [X:k,ﬂo:m "'X:k,z‘)oz-k,,l] /Dpk,l(T) dT+7'1ka,1,2X:k,2}
U=y, o

Uo

Teneps u3 (22) u (24) caenyer

+ % £+ _
[Xl’krltppk,z - ka,chpk,l] =0,
/ U=Uy,2
21.2 + F F + .
pk [ka,?sopk,l - ka,l‘Ppk,z] =Wk ;
U=uy,2 u=uy2
OTKY A
Uy,2 3 _
i1T E ka,l,zxpk,l
(29) Gpk2 = / Dy y(r)dr — W ,
‘ pk,1 u=uj 2
Uo
uUy,2 ]
2 +
i2 2+ ka,1,2ka’1
Gpk,2 ™~ / Dpk,l(T) dr + W
pk,1 u=u1,2

uy

TakuMm o6paszom pemeﬁne xjpk,p(u) sanaum (15), (20) npu i =2 , T. e. 3agaun
(15), (26), nmeer BUA '
(30) ipkﬂ(“) = (épk + “lezk,z) X:k,z(“) + d?»kﬂx;k,z(“) + )Z;k,z("); u € Jy,

rae ¢, IPOM3BOJNBHAA KOHCTaHTa, 41, , u 42, , mmeloT Bua (29), a % (u)
ne Cpp TP y ok 2 2 13 Xpk,2

Pk,
— BuUA (27).
Pemas 3amauy (15), (20) npu i = 3 Takum ke 06Gpa3oM Kak npu i = 2,

oJIydYaeM, YTO PelIeHHe X pk,3(u) UMeeT BUI
J (7 i1 71 + ig i2 - T
Xpk,3(1) = (Cpk tay.t apk,3), Xpk 3(u) + (‘1 pk2 T apk,B) Xpk 3(8) + Xpr,3(1),

77



u € Ji, rue

2,3 Q’

71 4 — ka,z pk,2,3

apk:,——/Dpkz(r)dr—— W ,
pk,2 u=u2,3

1,2
C M + é

ig  _ LS Xpk,2% pk,2,3

dpk3= / Dpk,Z(T) dr + ——-————ka ; ,
) u=uz3

Uy,2

ka 3(u) Xpk,a(t) / D‘ch 5(r)dr — X:k,a(") / Dy s(r)dr, u € Js.

Uz,3
MponomKkana Aafbmie, HalJeM pelleHNs ;2',,,;,4(11),...,;2',,,;,,(1;). OueBuano
pelesne Xj,,k,,-(u), ue i, j22,i=2,...,s, sanaun (15), (20) umeer BUI
(31) Robi(w) = (pp+ dlp o+ dbe ) X i(w)

+ (ajzk,z +---+ aJ,Z;k,i) X i (8) + Xpe (1),

rne

b

Uy,2 3 :
i1 i_ Qpk12 _
(32) dpp o = /Dpk,z(f)dT—m‘ka,l
Ug

u=u,,2
UTIeW 3 -
i 1-1,1Xpk 1~1
al D‘ d _@'__'_P;___ 1=3 i
Pkl / pk,l- I(T) T W. y 8= 950y by
pk,i-1 -
Up—2,i-1 H-1l
Y1, 3
T +
ig. E Q pk,1-1,1Xpk 11 _
(33) apk,l et / D;k,l—l(r)dr_*_ Wkl R ) = 2)' ' 4
PRI~ uU=uI_y 1

U201

(34) Xj;k i) = xpp i (w) / Dpk i(r)dr — X;-k,i(u) / Do (r)dr, uw€ Jj

Ui—1,i Ui—1,i
Rypii(w)
u
pk :( ) r’(u)ka (u) pk t( )
Takum oGpazoM BuMI (yHKUMHU xzpk,,-(u),...,)'(",,k,,-(u), i=1,...,5 Korma

p# 0, maerca npu momomm dopmya (18) u (31).

5. Teneppb naifsiem ycioBusa ckonbskeHUs noBepxnoctu Lp. W3 (5) u (7)

1 1
BUAHO, uTO ¢yHaaMenrtanbHoe noie U(u,v) = Ui(u,v) u ero mponomxenns
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i
U(u,v), j =2,...,m, ABNAIOTCA noAAMM 6. M. N3rNGaHUA CKOJILYKEHUA MO PAL-
Ka j = 1,...,m noBepXHOCTH ¥, BAOJAL Napajljienu L : 4 = & OTHOCUTEILHO ee
MJIOCKOCTHU TOYHO TOr/Ja, KOrAa

i o _[0,2,...,j, kKorma j — JeTHoe,
(35)  Ppra(8) =0, p= { 1,3,...,j, korma j — HeueTHoe, j=1,...,m.

1
Hpenionoxum, uro perynsproe noye Ug(u,v) 6. M. H3ruGaHUs CKOJILKe-

. 1
Hus 1-ro mopsnka nponomkeno B peryinspHoe mnoye U(u,v) 6. M. usrubanua
CKOJILPKeHMA MOPANKS [=2,...,j—1. U3 (35) Buaso, 4To NPOAOIIKEHHOE MOJE
U(u v) 6. M. n3rnGanua NOpAdKa j 6y11eT nojeM CKOJbLXKeHUA BAOJb L Tou-
HO TOTIa, KOTZa cppk,,(u) =0uapup =0,2,...,j, kKoraa j — YeTHoe, U NIPU
p=13,...,j, xorma j — Hedernoe. Mz (11) Bumso, uro npu p = 0 (j —
YeTHOE) ®TO YCJOBHE BCETJA MOMKHO yIOBJIETBODUTH 3a CUeT BbIOOpa MHTer-
pammoHHo# KoHcTaHTH (cM. (17)). B ToMm caydae, korma p # 0 u3 (12), (31)

2 -~
1 (34) HemoCpeACTBEHHO MONyYaeM, YTO @ pk s(%) = 0 TouHO ToOrAa, KOTAa

u
J
(36) cPk + aplc 2t---+a pk s / D;k,s(‘r) dr

Uem1,s

X [’I'_,ka s + (p k2 l)r:X:k,s]

u=td

ittt [ B0

Us—1,s

k)
+ Ppk,,(ﬁ) = 0.

x [roxp, + (08 = Drixge ]

Hycte p pukcuposano. OueBuaxo ycnoBue (36) MOKHO YXOBAETBOPUTH 3a

cyetT BLIGOpa KOHCTaHTbI épk TOJIBKO Torna, Kornaa
rs(@)xF (@) + (PPR* — Dri(@)x, (@) # 0,

T. €. Kor4a 1oJe U k(u v). 6. M. marubanua 1-ro mopsAnKa He ABJIAETCA MOJIEM
CKOJILXKEHMA TIOBEPXHOCTHU X, BIOJb napajutenu L. B npoTusHoM caydae yc-
noeue (36) npuHUMaeT BUA

u

(37) df}kﬂ +--+ aj}2)k,3 + / pk, s(T)
us—l,s

J
. + Ppk,s(ﬁ) =0.

[T,ka st (p2k2 —r, ka a]

!
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HanomMH#M, 4YTo BeauuuHa 15,,1:,,(12) B (36) m (37) monyuaerca uz (13),

OTUYMTHLIBAA PaBEHCTBA go'pk,,(ﬂ) =0, rae p=20,2,...,l, . xorna | — yetHoe, u
p=13,...,], xorna |l — neuernoe, [=1,...,j - 1.

TakuM o6pa3oM MMeOT MeCTO ClleAyIOIMEe yTBEPKACHUA.

Teopema 1. [Tycms noseprnocmsy X umeem pezyadpnoe gyndamenmansuoe

noae (}k 6. M. uzeubanus cxorvxcenus I-zo nopadxa edoab napasseau L: u = 1,
2de k > A(m,n) u m vemunoe wucao (m = 21). Iycms (}k npodoaxceno 6 pezy-
AAPHOE TOAE ';]—16. M. uszubanus cxoasxcenus (m—1)-z0 nopsdxa edoas L. Tozda:

a) Ecau Tp ne umeem pezyadpnoiz fynoamenmarsuss nosel (}zk, [}41;, el
(}mk 6. M. uszubanusg cxoavxcenus I-zo nopsdxa edoav L, mo (}k MONCHO nNpo-

m
doaxwcumo @ pezyaspuoe noae U 6. M. uszubanus cxoavncenud m = 2l-zo0 nopsodxa
8doas L.

. 1
6) Ecau Lp umeem pezyadpnoe gyndamenmaarvioe noae Ugpp, 1 < 2h £
1
gm = 2, 6. m. uzeubanus cxoavucenus 1-20 nopsdxa sdoav L, mo U Moxnc-

m
1o npodoaxncums 8 pezyagpnoe noae U 6. M. uszubanus cxoavxcenus m = 2l-20
nopadra mozda u Moabke mozda, xozda evinoaneno ycaosue (37) npu j = m u
p = 2h. ‘

CaepncrBue 1. Ecau noeepznocmb L UMEEM KOUEUNOE NUCAO PE2YAAPHIT

pyndamenmanvnviz nosed Uk‘, i=1,...,4,2 < k1 < - < ky, 6. m. useubanus
cxoavcenus I-zo nopm)xa adoad L, u 0onycxaem 6. M. u32u6anue CKOAD HCENUA

Hevemnozo nopadxka m — 1 edoas L, nopoxcdennoe u3 nexomopozo noad Uk ,
k

ki > max [ X, A(m n) m =2, mo EL donycxaem nempuguardnoe 6. M. uzeu-
2 y bl b ’

banue cxoavmcenus m = 2l-20 nopadxa e¢doas L.
Teopema 2. ITycms noseprnocms Xp uMeem pezyaapnoe ¢yu()aMenmaMnoe

noae Uk 6. M. uzeubanus cxoavucenus I-zo nopsdxa edoas napa/me/m L:u=1,
20e k > A(m,n) u m nexvemnoe wucao (m = 20+1). Hycms Uk npodoaxceno 8

pezyagproe noae T 6 M. uzzubanug cxoavxcenus (m — 1)-20 nopm)xa gdoay L.
Tozda:
1

1
a) Ecau T ne umeem pezyadpuuniz gyndamenmarviir noaetf Usg, Usg,. ..,
1 1
Umk 6. M. uszubanus cxoasxcenud I-zo nopadxa edoas L, mo U moxcho npo-

m
doaxcums 8 pezyaspnoe nose U 6. M. uzzubanus cxoavocenus m = (21 + 1)-20
nopadxa edoav L mozda u moabxo mozda, xozda emnoaneno ycaosue (37) npu
j=mup=1.

) 1
6) Ecau Xy umeem peeyaspnoe fyndasmeumansnoe noae Upppyr, 1 <
<2h+1gm= 241, 6. M useubanus cxosvacenus [-zo nopsdxa edoav L,

1 m
mo Uy moxcno npodoaxcums & pezyaspnoe noae U 6. M. uszubanud cxoasmcenus
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m = (21 + 1)-20 nopsdxa edoas L, mozda u moasko mozda, xozda evinoaneno
ycaoave (37) npuj=m, p=luj=m,p=2h+1.
Caencreue 2. Ecau nogeprnocms L umeem XOHEUHOE HUCAO PEYATPHHLT

1
Pyndamenmanrsunz noaetd Uy, ¢ = 1,...,q, 2 2 k) < -+ < kg, 6. M. uszuba-
NUF cxoabwceNuds I1-20 nopsdxa edoav L, donycxaem 6. M. uszubanue cxoadmce-

1
nug xemnozo nopadxa m — 1 adoasv L, nopoxcdennoe uz nexomopozo noas Uy,
k .
k; > max (?, A(m, n)), m = 2l + 1, u suinoaneno ycacsue (37) npu j = m,

p=1, k =k; mo X donycxaem nempusuaasnoe 6. M. uzzubane cxoabAICeNUS
m = (21 + 1)-20 nopadxa sdoad L.
Teopema 3. [Iycms noesepruocms L uMeem peeyagproe fyndamenmansuoe

1
noae Up 6. M. uszubanus cxoavucenus I-zo nopadxa edoav napassesn L :u = 1,
2de k > A(m,n) v m > 1. Tozda: :

1 1
a) Ecau Xp ne umeem peeyagpuviz gyndamenmasvusiz noaest Ugg, Usk,.. .,
1 1
Umk 6. M. uszubanus cxoavmcenus I-20 nopsdra edoas L, mo noae Up MoxcHo

m
npodoaxncums 8 pezyagpuoe noae U 6. M. useubanud crosbxcenus m-zo nopao-
xa 8doas L mozda u moarvko mozda, xo20a ewinoaneno ycaosue (37) npu j =
=3,5..,2l+1Emup=1.

1
6) Ecau L umeem pezyagpnoe pyndamenmaasnoe noae Upy, 1 < h £ m,

1
6. M. useubanusg cxoavxcenus I-20 nopaoxa adoav L, mo noae Uy Moxcro npodoa-

m
acumb 8 pezyaapnoe noae U 6. m. uzzubanud cxoavxcenud m-zo nopadka
@doabr L mozda u moarko mozda, xozda ycaosue (37) avinoaneno npu j = 3,
5,...,2l+1<m,p=lunpuj=hh+2,...,h+20 S m, p=nh.

CaenctBue 3. Ecau nogeprnocms L uMeem KOHEUHOE YUCAO PEeYAFPNBLT

1
pyndamenmanvuviz noaett Ug,, i =1,...,¢,2 £ k1 < --- < kg, 6. M. uzeubanus
cxoavcenus I-zo nopadxa edoas L u ycaosue (37) sunoaneno 0aq nexomopozo

k
k:lc,->max(—2q-, A(m,n)),m>1, npuj =3,5,...,204+1<m,p=1, mo It

donyckaem nempusuaasroe 6. M. uszubanue cxoadvxcenud m-20 nopsdxa 8doas L.
B [12] noka3aHo, 4to ycaoBue k > A(m,n) aBnserca u HeoGXoAUMBIM (3a

MCKIIOYEeHNEM MOXeT GbITh JUIA He Gonbmte yeM 5(m —2) + 3 <[%] - 1) 3Ha-
yYeHuit n > 2 nmpu m > 3) ,lIJIH’TOI‘O, uyToObl peryiapHoe ¢yHIaMeHTaIbHOE
none [}k 6. M. uarnbanma 1-ro NOPAAKA TIOBEPXHOCTU S; MOMXKHO HPOAOJIKUTD
B peryiisipHoe IloJie U 6. . usrubanua m-ro nopaaka. Tam eme mokasaHo,
YTO HUKaKoe peryJjisapHoe ¢pyHIaMeHTalbHOE IoJie l}k, k < +/2n, 6. M. usruba-
HUA l-ro mopsAaka Hesb3s NMPOAOCJDKUTE B peryiapHoe MoJjie (']nG. M. H3rubaHus

n—2 h—?

2
2 — 1) —
3 ) +k%(n—1) B

HOpSiAKA M 2 —n—, rae vi(n) = (
= n—y(n)
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[Iycts n > 2 Takoe, uto yciosue k > A(m,n) ABiAeTcA HeO6XO0AMMBIM.
Toraa UMeIOT MECTO CHEAYIOLME YTBEPKIECHHUA.

Cuaencreue 4. Ecau'noséprnocms Ly ne uMeem Opyzuz pezyaspunz yiym)a—
Meuma.nbnuz noaed 6. M. uszubanus crorsxucenuds I-zo nopadxa edoas L, xpome

nosed Uk ,12i2¢, 25k <---<ky £ A(m,n), mo £y obradaem xcecm-
XOCMs10 M-20 NOPAOKE NO OMHOWENUI0W K 6. M. UFUBAHUAM  CKOAbHCENUT
adoas L. ‘

Caencreue 5. Ecau nosepriocms Ty ne umeem 0pyeuz pecyagpnus gynoa-
MENTRAABNNT noaetl 6. M. uszubanus cxoavocenus I-z0 nopsdxa edoas L, xpome

noseti [}k.-, 12i£¢ 25k <---<k< V2n, mo £ obagdaem xcecmxoc-
mew nopadka m 2 1o omnowenuw x 6. M. uUGAHUTM CKOANCENUS
= n—vg(n)
gdoas L.
3ameuanue. Y TBepxIeHnd B Téopemax 1-3 m B ciemctBuax 1-5 ume-
IOT MeCTO M MJIA OJHOCBA3HBIX 2-KPaTHO TJAJKMX NOBEpPXHOCTeil BpalleHMA
6e3 acumnroTuueckux napasmieneil. Torma B ycaosuu (37) umeem s = 1 u

J 2 . ] 2 ;
Qpk2="" Qrk,s =0.
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~ O TEOPEMAX BOPCYKA-YJIAMA
1N JIIOCTEPHUKA-IHHUPEJBMAHA-BOPCYEKA

HUKOJIAW XAKMUMBAHOB, BIIAAUMUP HUKUPOPOB

Huxonot Xadmcuveanos, Baasdumup Hunupopos. O TEOPEMAX BOPCYKA-YJTAMA U
JIIOCTEPHUKA-IUHUPEJIbLMAHA-BOPCYKA ’

OcuosHolt pesynesrar: Ecau f: X — M™ romoTonuuecky TpUBHaILHOE oTOBpakenne
(n — 1)-cBasnoro nmpocrpanctBa X c uHBOMIOUMENH ¢ B n-mepHoe MHorcobpasme M", To
CymecTByeT TO4Ka &, Ana Kotopoit f(z) = f(v{z)). |

Nikolay Khadzhitvanov, Viadimir Nikiforov. ON THE THEOREMS OF BORSUK-ULAM AND
LJUSTERNIK-SHNIRELMAN-BORSUK

The main result: Every homotopically trivial map f : X —+ M™ from the (n — 1)-connected
space X with involution ¢ to the n-dimensional topological manifold M" identifies a pair of points

(=, #(2))-

1. BBEAEHUE

C. Y nam chopmyauposai, a K. Bopcyk [1] nokazan B Hawase 30-bix roaos
ClleAyIOUIYIO 3aMEYATENbHYIO TEOPEMY:

Teopema Bopcyra—Yaama. [Jad acaxoz0 nenpepbienozo omobpaxcenus
[ S — R* n-mepuoti cfepu S™ 8 n-mepnoe ssxaudoso npocmpancmeo R"
naidemca maxas mouxa xo, wmo f(zo) = f(—2zo).

E. llenus [2] nokasan, 4To MOKHO 3aMeHUTh R” n-MepHEIM Tomosrormdec-
KMM MHOrooGpasueM, Cy3uB Kiacc 0TO8pakeHuUi:

Teopema Ilennna. FEcau nenpepuianoe omobpamcenue f : S* — M™ o

83



n-Meproe MHo2006pazue M™ zomomonno nocmoasnnoMy, Halidemes maxas mouxa
zo, wmo f(zo) = f(—zo).

D10 npennoxkenue o6obmaer Teopemy Bopcyka—¥Y mama, Tak Kak o4eBUI-
Ho, uTo J10Boe oTobpaxenue f: S" — R" romoronHo mocTosHHOMY.

0606mum Teopemy lllermna, 3amensan S™ (n—1)-CBA3HEIM HPOCTPAHCTBOM,
a aHTuUIIo ZaJjJibHOE OTOGP&}KCHIIIC = —r — HpOHSBOJ’IbHOﬁ HHBOJIIOLIHeﬁZ

Teopema 1. Iycme X — (n — 1)-ceasnoe monoaozuseckoe npocmpancmeo
c ungoarwyuedf p. Ecau nenpepuanoe omobpancenue f : X — M™ zomomonno
nocmosnKoMy, natidemes maxas mowxka Lo, vmo f(zo) = f(p(zo)).

HaroMHMM: TomoJIOrHyYecKoe IpOCTPAHCTBO X n-CBA3HO, eC/IX BCAKOE He-
npepruiBHOEe oToOpakenue x : S” — X romMoTOINHO NOCTOSHHOMY, a HelpepHIB-
Hoe oToBpaskenue ¢ : X — X — unpomoima, ecaun p(p(z)) = .

C¢epa S — (n — 1)-caA3Ha, a aHTHUIOAaJbHOE 0TOGpaKeHHe T +— —T —
uHBoIOIMA cheprr S?. IMosTomy Teopema 1 HelicTBuUTeNbHO 0600IIaET TEO-
pemy Hlemmna.

C paccmaTpuBaeMoi npoGnemaTm{on CBA32Ha M CIelyIOas TeopeMa, 10~
ka3annaa Jlroctepenkom—ITampensmanom [3] u Bopcykom {1]:

Teopema Jliocrepauka—Ilanpeasmana—Bopcyka. Ecau cfepa S™ no-
xpima n + 1 3aMENYMBLMU MEOXICECTREAMYU, ZOMA 66l 0010 U3 HUT codepacum
nexomopywo napy {xy, —zo}-

Anr [4] n fAsoposckuit [5] 06ob6mumnm sTy Teopemy cienylomuM o6pa3om:

Teopema frra—fIsoposckoro. Jas awbol unsosoyuu @ chepun S™ u avo-
6020 noxpumus S n + 1 saMEKNYMBMU MHOKCECTNEAMY ZOTMA 6Bl 00HO U3 NUT
codepacum nexomopyw napy {zo, (zo)}.

O6o06mmm teopemy fura-fBopoBckoro ciaexyiommm obpazom:

Teopema 2. Jas aboll unsoawoyuu @ (n—1)-ceq3nozo mempusecxozo npoc-
mpancmea X o awbozo noxpumus npocmparcmed X n+ 1 samxnymbiMmu Muo-
acecmeamu, ToOMA 6v 00H0 U3 NUT codepacum nexomopyw napy {zo, ¢(zo)}-

QueBngHo mobad MHBOJIONUA TOMOIOTUYECKOI0 HPOCTPAHCTBA ABIAECTICA
romeoMop¢usmMom, Ho o6paTHOE He BepHo. IIpun = 2 6oee cuiIbHUEA pe3yiib-
TaT 1Mo cpaBHeHUIO ¢ TeopeMoit Aura—-ABopoBckoro monyuna kmapckuii:

Teopema IIxaapckoro. Jag awbozo zomeomopdusma b : S — S? u awbo-
20 noxpumus cheput S? mpems JAMENYMBLMYU MHONCECTREAMYU, TOMSA bt 00HO U3
nuz codepacum nexomopywo napy {zg, h(zo)}. '

3xech OOKaMeM 0HO cyllecTBeHHOe 0GobleHne sTo# TeopeMsl:

Teopema 3. Ecau Mempunecxul xonmunyym X cmazueaem omuocumMesdbo

SLap: X > X uyp: X 25X — nenpepnsnsie omobpancenus, mozda dad ato-
6020 noxpuimud npocmpancmea X mpeMs 3aMEHYMBMU MHOACECMEAMY, TOMST
68 00no uz nuz codepacum nexomopyw napy {p(zo), ¥(zo)}.

HanomuuM, 4To TpocTpaHCTBO X CTATMBAEMO OTHOCUTENBHO S', eciu BCA-
Kafd HenpephBHaA ymxmua X : X — S' romoronHa moctosmuoit. Coepa S™
CTATMBaeMa OTHOCHTENLHO S, Torma M TONBKO Toraa, korma n 2 2. Ilostomy,
Zlaske B YaCTHOM caydae, korga X = $? u ¢ = id, Teopema 3 Gosee cuapHa Io
cpaBHenuio ¢ Teopemoit Ikasipckoro, tak Kak ¢ : X — X — npomsBoabHOe
HelpepbiBHOE 0To0paskeHne, a He 06A3aTebHO roMeoMOpHU3M.
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Pesynbrartet moknanoBaumt Ha VI-oif koudepennun BMIL B Bapue, 6-9
anpensa 1977 r.

2. JOKA3BATEJBCTBO TEOPEMBEI 1

Jlemma 1. [Tycms - — uneoawyus (n—1)-ceasnozo npocmpancmea X. Toe-
da cywecmayem. maxoe Henpepvlenoe omobpaxdcenue p, : ST — X, umo
Pa(y) = ¢ (Pn(~y)) 047 awbozo y € S™.

IlokaskeM aTo yTBepKIAeHWe MHAYKUKeH o n. CHadasa BBeJeM HECKOJBKO
o6o3navennii. Ilycte

St ={z R ||kl =1}, S} ={z€S" [ap 2 0},
S ={x€S"|zn41 £ 0}.
Ouesunano, yro S"~1 = Synse.

Y TBep:aeHUe UMeeT CMBICT U Ipu n = 0, ecJIM CUATATh, YTO i06oe mpoc-
tpaHctBo (—1)-cBazno. Uneem S° = {—1, 1}. Buibepem py(~1) npoussonnno
B X u nonoxum po(l).= ¢(po(—1)). Ouenmmio ps : S° — X — nenpepsin-
Hoe otobpaskenue U po(y) = @(po(—y)) mus moboro y € S°, t.e. muny=1u
y=—1.

Honycrtum, uro n 2 1 1 yrBepxaenue Bepao mst n—1. Mycte X — (n—1)-
CBA3HOE [POCTPAHCTBO ¢ MHBoommMel . Ipoctpancreo X (n — 2)-cBasuo M,
COTJIACHO MHIYKTHUBHOMY [PEANOJIOKEHNIO, CYIIECTBYET TaKoe HENpephIBHOE
oTo6paxkenue p,—1 : S*! — X, uro pu_1(y) = @(pn-1(~y)) npu y € S*~1.
Ilpoctpancteo X (n — 1)-cBA3HO M, cllemoBaTelbHO, 0TOOparKeHWe p,_; ToO-
MOTOIIHO HOCTOAHHOMY, TaK UTO €ro MOXHO IPOAOJIKUTL Ha N-MEPHBIA mMap C
rpanuieit S*~!. 3HaUNT cymecTByeT HempephIBHOE IpoAcbKeHue py, : ST — X
oTobpaxennsa pn_1. Has mo6oit Toukn y € ST monoxmm pt(y) = o(p; (—y)).

Orobpaxenus p} u p;, comanaior ia Muoxkectse ST NSE = 5”71, Ilejic-
TBMTensHo, Nycth ¥ € ST Tak kak 4.€ S NS"1, 10 p;(¥) = paa(v), 2
us —y € S"~1 cuenyer, uro p;(—y) = pn_1(—y). U3 onpenenenua p} uneem
pi(y) = ¢, (—y)) n Tarkum obpasom pl(y) = ¢(pn_1{—y)). Ilo ompcaene-
HUAIO Pn_1 MMeeT MecTo paneuctBo ¢(pn—1(—~y)) = pu—1(y). Oxonuaresnno
pH(Y) = pu-a(y) = p; (y) ma S™-1

Onpenenum uckomoe oroGpaxenne p, : S® — X kak cuenyer: p,(y) =
= p,(y) npm y € ST u p,(y) = pf(y) npu y € ST. Dto onpelesenue, cor-
JIACHO TOJIBKO-UTO JOKA3aHHOMY, KOPPEKTHO M, KpOMe Toro, oTobpaxeHue p
HENpePLIBHO.

A ceituac pokaxkem, uro p,(y) = ¢(pn(—y)) mpu y € S®. HelicTouTenn-
Ho, ecnn y € ST, Torma pa(y) = p(y) = p(pr(-3)) = P(E(=)), a ecmn
y € ST, cornacno ToNbKo urto mokasaiHomy, pa(—¥) = ¢(pa(y)) ¥ ciaenosa-
TensHo p(pn(—y)) = ¢(¢(Pn(y))) = pPu(y)- '

WNunykrvsupii war caenan i AeMma 1 Joka3aHa.

HoxkaxeM TeopeMmy 1 ¢ momoIubio sieMMbl ¥ TeopeMul Hlennia.

ycte X — (n— 1)-cBaA3HOE TONOAOrMUECKOE IPOCTPAICTBO C MHBOJIOLM-
eif ¢, a f: X — M™ HenpepLiBHOe oToGparkenue npocTpuHcTBA X B n-Mepioe
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TonoJiIorudeckoe MHoroobpasme M" u orobpakenme f — roMOTONHO MOCTO-
AHHOMY OTOGPasKEHUIO.

CorsiacHO JeMMe CyIIecTBYeT TaKoe HelmpepulBHoe oTobparkeHHe
Pn:S® — X, uro pn(y) = ¢(pn(—y)) npu y € S*. Beenem HenpephiBHOE 0TO6-
paxkenne F = fp, chepsr S*'B M". OHO rOMOTOHHO NIOCTOAHHOMY, MIOTOMY YTO
®TUM CBOMCTBOM II0 ycJoBHIo obiamaer otobpaskenue f. Toraa x HUM mox-
HO NpUMeHNTL Teopemy UlenuHa M Takum 06pa3oM 3aKIIOUUTH, YTO Haitderca
Touxa yo € S, ana kotopod F(y) = F(~10), ™. €. F(pn(0)) = F(Pn(~0))-
HonosknM zo = pn(yo) 1 Tak Kak pr(—Yo) = @{pn(Y0)).= ¢(x0), TO NOAYUeHHOE
PaBEHCTBO MOXHO 3alMcaTh cielylommMm obpasoM: f(ze) = f(o(z0)).

Teopema 1 nokazama. Ona o6obimaer Teopemy Hlenuiia, notomy uro ce-
pa S® — (n — 1)-cBa3na. ‘

Tak kak n-mMepHoe MHOroo6pasue R” crarusaemo B Touky, To J1060€ 0TO6-
paxkernue f : X — R" romoronso nocroanHomy. [MosTomy, 3 Teopemul 1 BuITe-
KaeT ciaenyouiee o6obuenue teopemnl bopcyka—Y nama:

Caencreue 1. IIyems X — (n — 1)-ceasnoe npocmpancmeo ¢ unegonio-
yued . Jadg acaxozo nenpepvianozo omobpaxcenus f : X — R" waiidemes ma-
xad mouxa £o € X, wmo f(zo) = f(e(20)).

3. IOKABATEJNBCTBO TEOPEMEI 2

Mycte X — (n—1)-cBA3HOE MeTpUUECKOE IPOCTPANCTBO ¢ HHBOMIOIMEH @,
a {F,Fs,...,Fy41} — nokpriTHe npocTpaHcTBa X, COCTO/IIEE U3 3AMKHYTHIX
MHOKECTB.

. O6o3nauuM MeTpuMKy npocTpasHcTBa X uepe3 p ‘M IIA APOU3BOJILHBIX
z€ X, ACX, nonoxum p(z, A) = inf{p(z,a)|a € A}. s moGoro ¢uxcupo-
BanHoro A ¢yukimsa p(z, A) — Henpepuinna. Ecin MmiloxkecTBo A 3aMKHYTO M
p(z,A) =0, Torna z € A.

OnpenenuMm ¢pyHrumio g : X — R™*! kak caenyer:

g9(z) = (p(m, F1), p(z, F2), - .., p(z, F'H-l))'
4 n+1
®ynkuma g — HenpepoiBHa. Tak kak X = |J Fi, To ana mo6oro 2 Haiinerca
: =1

Takoe i, uTo r € F; u cnenonarensro p(¢, F;) = 0. Taxum o6pasom

n+l

g(X) cY= U{(xl,...,z,.+1)|x,~ =0;z; 20, ecnu j #i}.

i=1 .
Jlerko cooGpa3suTh, YTO MPOCTPAHCTBO Y romeonopduo npocrpauctny R";
uvepez h : Y — R" o6ozuaumm romeorvopdram Y ma R? u modowum f = hg.
Ipumenus k otoGpaskeuuio f : X — R" caencroue 1, Mmoo caenaTh 3a-
KJIOYeHnre, YTO CyLlecTByeT Touka zo € X, aua koropoit f(zo) = f(e(z0)),
T. e. h(g(zo0)) = h(g(p(20))), 3Hauur g(zq) = g(¢(z0)).. Mocaennee pasencTBo
03HaYaeT, 4To

plzo, Fy) = p(e(xo), Fi), i=1,2,...,n+1.
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Ina HekoToporo i mMmeeM zp € F;, cnemosatenwio 0 = p(zo, Fny1)
= plp(z0), Fny1)- OTO nokassiBaeT, 4to ¢(zo) € Fj.

Taxum o6pa3oM MHokecTBO F; comepxkut napy {zg, ¢(zo)}.

Teopema 2 nokasama. Ilpm X = S™, nokaszaHHad TeopeMa COBIALAET C
Teopemoit flura—fABopoBckoro. '

4. IOKA3ATEJbCTBO TEOPEMBI 3

Jemma 2. Ecau xonwmunyym X cmazusaem omuocumeasuo St, 9 : X — X
— Henpepuenoe omobpaxcenue npocmpancmea X na X, a o : X — X — wne-
npepwanoe omobpaxcenue npocmparcmea X o X u, navoney, f : X — St —
nenpepbianoe omobpaxcenie npocmpancmaa X e oxpyxcnocms S, mozda cy-
wecmayem maxas mowxa ro € X, ymo f(p(xo)) = f(¥(z0)).

HokaszartenbctBo. To,yTo X craruBaeMo oTHocHTedbHO ST, 03Ha-
qaeT 4To Mo6oe HelpepHIBHOE 0T06pa.>i<e}me npoctpancrsa X B S! romoTonHo
noéroannomy. CllenoBaTenbHO, orobpaskenme f : X — S! TCOMOTOIHO IIOCTO-
AHHOMY M, noaTomy CYUIECTBY €T TAKOE HellpepLIBIIoe 0ToGpaxkenne f:x— R,
yto f = eif * (em. Hanp. [7], c. 209). CornacHo NPOCTOMY YTBEp:KICHUIO U3
[8], cTp. 222, cymecTByer Touka Zo € X, ana Koropoit f(p(zo)) = F(¥(z0)).
Toraa u f(p(x0)) = F(¥(z0))-

JleMMma moka3aHa.

IIpMCTYyNMM K I0Ka3aTelbCTBY TEOPeMhl 3.

IMycts X — MeTpuUeckHit KOHTMHYYM C METPUKOM p, KOTOPBIA CTArMBaeM
OTHOCHUTENbHO OKpyskHOoCcTH S!, a 9 : X 2 X ¢ : X — X — uenpephiBHbIe
orobpaxkennsa. Bo3mem nokpniTue npocTpaHcTBa X TpeMs 3aMKHYTHIMA MHO-
kectBaMu Fy, Fo u F3 u nokaxeM, 4To X0TaA Obl OJHO U3 HUX COAEPKUT IMapy

touek {¥(zo), ¢(z0)}-
Y TBeprKIeHMEe OUYEBUOHO BEPHO B ciydae, Koraa Fy N Fo N F3 £ . eiic-

3
TBUTeJILHO, 1) ABJAeTcA oTobpaxkenueM 1ma X M, ModToMy 1)~ ! (ﬂ F,) + O,
Ina nmo60ii TOUKU £o M3 BTOrO MIIOXKECTBA MADA {1/)(1'0) e(z0)} coaepmm‘ca

B HEKOTOPOM M3 MHOkecCTB Fj, TIoTOMYy 410 1/)(1'0) € ﬂ I, o(zo) € U F;.
i=1 i=1

Urak, B nanbHeiliieM MoOXKHO IpeqIoaraThb, 4To ra] F; = @. Ilas moboro

z xotTsa 6ul oaHo U3 unucen p(z, F;), i=1,2,3, 0TJI]/[‘-IH:)=(1)T 0 ¥ ciemoBaTeNLHO
3

Zp(z F)#0. Tomosum

i=1 )

(o= BBy )

/ L 1) = (€@),().
i; p(z, Fy) ; oz, Fy)

. .
3aeck 1 o6o3auaeT MMACMIEPHYIO eAMLIMLLY.
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3
Oto6pasketue f: X — R? oueBunuo uenpepuisuo. Tak kak X = |J F;, o6s-
i=1

3aTeJIbHO BHIIOJIHEHO OJHO M3 Tpex paseHcts p(z, F;) =0,71=1,2,3, u cneno-
BaTeJbHO MPEACTABIACTCA X0THA OBl 0AHA U3 CIEXYIOIMX TPEX BO3MOXKHOCTEM:
E(z) = 0, n(x) = 0, &(z) + n(z) = 1. DOr1o mokaspiBaeT, uTo f(Z) NEKUT Ha
rpannie 0T Tpeyronbhuura T c sepumuamu (0,0), (1,0), (0,1). MHoxkecTBO
OT romeomopdro S! u cnegoBaTensHo f — HeNpepbIBHOE 0TOGpaskeHUe IPoc-
rpauctBa X B OKpy*HocTb S1.

CormacHo jemMe 2 cyiiecTByeT Toudka zo € X, ana Kotopoit f(p(zo)) =

= f(¥(z0)), T. €.

ple(xo), Fi) _ p(¥(zo), Fi) =19
3 3 ’ -
> P(p(z0), Fi) 37 p(d(20), i)
i=1 i=1

W3 21X KBYX paBeHCTB Cienyer, uto ¢(zo) € Fx, k = 1,2, Toraa v TosabKo
Toria, korZa Y(zg) € Fi. Ecau o(zg) ¢ F1 U Fy, torga u ¢(ze) ¢ FrU Fa n
sHaunT @(z0) ¥ Y(xo) comepxarca B Fi. '

Teopema nokaszaHa.

UsBecTHO, uTo J06Goe 1-cBs3HOE U JIOKAJLHO JIMHEHHO CBA3HOE TPOCT-
paHCTBO cTArMBaeMo oTHocuTeabHo S! (cm. mamp. [9]; c. 138). Dro maer
BO3MOXXHOCTb M3 TEOPEeMEI 3 TPUBUAJIBHBEIM 06pa30M BBIBECTU ClieAylollee

Caencreue 2. Ecau xonwmunyyst X I-cedsen u aoxaadvno aunetino ceAsen,
e : X 22X up: X — X — uenpepsiansie omobpancenus, mozda das a1060-
20 noxpwmug npocmpancmea X MPeMd FAMENYMUMU MUOICECEAMY Toms bu
0010 us nuz codepucum P(zq) v (xg) 0ad nexomopot zg € X.

Cdepa S™ — 1-cBaA3sHa, TOrAa v TOJBKO TOTAA, KOrAa n 2 2 U, K TOMY Xe,
OHa JIOKaJIbHO JiMHelHo cBs3Ha. [losToMy caencrsue 2 o4eBUAHBIM 06pa3zoM
BJleYeT cielyolee

Caencreue 3. Jas awbwz wenpepsionnzs omobpaxcenud 1 : S™ —= SN
p:S" = S", n 22, u 0ag awbozo noxpumus chepst ST mpemdA 3aMEHYMBMU
MHUOCECMBAMYU TomA bb 00n0 u3 nuz codepaucum P(zg) u p(zg) 047 nexomopol
mouky rop € S™. ‘ '

OueBNHO, yTBEPXKACHWE U3 CHEACTBUA 3 He MMEeT MecTo npu n = 1.
Ecau B caelcTBun 3 TOJIOKUTL 1 = id, monydaem

CaencrBme 4. lycms ¢ 1 S* — 5™, n 2 2, — npoussoasioe uenpepuignoe
omobpaxncenue, ¢ S* = Fy U Fo U F3, 2de I'; — zamxuymue smnoxncecmea. Tozda
cywecmayem mawvas mowxa xg € S, wmo &g u p(xg) odnoapestenno codepacames
8 nexomopoM Fj.

Ouepuaiio cienctoue 4 aBiserca oGobutensiem Teopemsr HIkmsipckoro, He
TOJBKO ITOTOMY YTO 7 2 2, HO M TaK KaK ¢ He ABJAeTCA 06A3aTelbHo IroMeo-

MODP(HU3IMOM.
B 3aknioueHue Npuaa uM HECKoJbKo Apyryio popmy teopeme 3. ITo om-
pellesieHyIo, TOoIojloTuYecKoe IPocTpaHcTBo X — YHMKOTeDEHTHO, eclid OHO

CBA3HO U JJIS KasKA0M Iaphl 3aMKHYTBIX CBA3HLIX MHOXeCTB A M B, Takux 4To
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X = AU B, niepeceuerdne AN B — cBA3Ho. MeTpuyeckuit KOHTMHYYM CTAIrU-
BaeM OTHOCHTeJNbHO S, Toria M TOJILKO TOTJa, KOT4a OH YHMKOTepeHTeH (CM.
Hanp. {7], c. 209). HosTomMy, TeopeMy 3 MOKHO BBICKA3aTh elle cJieAYIOMMUM
obpa3om:

CaencrBue 5. Ecau xomnaxmuoe Mempuweckoe npocmpancmeo X ynuxo-
zepenmuo, a @ ‘X > Xu Y. X LN g nenpepvlansie omobpaxcenus, mozda
dad awb0z0 noxpumud npocmparncmaa X mpema 3aMENYMHBMY MHONCECTNEAMU
zomd 6w odno uz nuz codepxcum nexomopyw napy {p(zo), ¥(ze)}.
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Tome 84, 1990

O CKIIEMBAHUAX, IPOUCXOAAIMNX IIPU
HEIIPEPBIBHBIX OTOBPAKEHUAX TOPA
B IIJIOCKOCTDb

HHKOJ]Aﬁ XAOIKUNBAHOB, CUMEOH CTE®AHOB

Huxoaat Xadwcuueanos, Cumeon Cmeganos. O CKIENUBAHUAX, NPOUCXOOAUINX
IIPA HENPEPBIBHBIX OTOBPAYKEHHWAX TOPA B ITNIOCKOCTDb

PaccmaTpusaloTca HenpepuBHHE 0TOSpakeHUsn ABYMepHOro Topa B mnockocts. H.
Xanpxuusanos noxazan (cm. [1]), uro nio6oe Tikoe oTobparkenme cxnemBaer nmapy yma-
nennbix Tovek. Ilo3xke oH yTOUHMA MecTonono>kenue oTux Touek. HacToamee nokasa-.
TEAbLCTBO BTOrO YTBEPXKAEHWA NPUHAANESKUT oboum apTOpaM.

Nikolay Khadzhiivanov, Simeon Stefanov. ON THE IDENTIFICATION OF POINTS BY CON-
TINUOUS MAPS FROM THE TORUS TO THE PLANE

Continuous maps from a 2-dimensional torus to the plane are considered. N. Khadzhiivanov
has proved for such maps that they identify a pair of distant points (cf. [1]). Later he has precised
the situation of these points. The present proof of this result belongs to the both authors.

e

CornacHo KiaccH4YecKoit Teopeme Bopcyxa-)’mu\n it BCAKOTO He-
npepuBHoro oto6paskenua f : §° — R? cdepn §? B nnockocts R? naiizer-
CA napa AMAMETPAJbLHO MPOTHUBOIONOXKILIX TOUeK cdephl, 06pa3bl KOTOPHIX
copnanawT. O6 aHaJIOrMYHOM pe3yabTaTe NofiJleT peyb B HacToAIEH CTaThe.

Monyoxpyxkuocts (z— 1)+ 22 =1,y =0, 2 £ r, rae r > 1, obosna-
uuM uepe3 L, a gononbHuTennyio — vepes L'. Uepes S o6o3HauMM moBepx-
HOCTb, II0JIYUYEHHYIO BPAllleHUEM I10J1Y OKPYKHOCTH L’ BOKpYT ocH Oz. Ouesuz-
Ho T = S U L ABJA€TCA NOAMHOXeECTBOM IBYMepHoro Topa T2, mony4eHHoro

. —
BpalllenMeM okpyxHoctH L U L' 'Bokpyr ocu Oz. Iaa mo6oit Touku u € L
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yepes S, 0603HAUYMM OKPY>KHOCTH Ha TOpe, NapajieabHylo miockoctu Ozy u
HPOXOIANLYIO Yepe3 TOUKY Ha okpyskioctu L U L', auaMeTpalbHO HpOTUBO-
TOJIOXKHYIO TOUKe u. Kpyr c koHTypom S, o6osnauum uyepes D,. Ilonoxum
a=(r,0,1),b=(r, 0, -1).

B [1] chopmynupoBaHo crenyoliuee HpenIokKeHUe:

IIpu mo6om HenpepbiBHOM oToGpaxenuu f : T? — R? naiizercsa mapa
To4er (u,v), LA KoTophiX |ju — vl 2 2r u f(u) = f(v). _

Ha VI-oii koHpepenumn Boarapckoro MaTeMaTuyeckoro obiiecrsa B Bap-
He, 6—-9 anpensa 1977, o6ouMu aBTOpaM#u OLLJI cHedaH OOKJIald, B KOTOPOM 5TO
HnpeJIcKeHe yTOUHAETCA CIeAyomMuM o6 pa3om:

Teopema (H. Xamxuusanos, 1973). Mycms f : T — R* — nenpepusnoe
omobpancenue. Tozda ono umeem zoma 6w 00no u3 caedyowur mpexr ceoiicma:

1) £(5.) N 1(S) # 25

2) Cywecmeyem mouxa u € L\ {a, b}, 0./ur xomopoil f(u) € f(Su);

3) Cywecmeyem mouxa u € S\ (Sa U Sp), 0as xomopot f(u) = f(~u).

[pennoxenne us [1] ABnAeTCA TPUBMAJIBLHLIM CJEACTBMEM M3 BTOH Teo-
peme1, notomy uto T C T2 u mo6oe u3 cpoiicTs 1)—3) ouenMaHo rapanTupyer
cyurecTBoBahMe mapel (u,v) , AT KOTOpoit Hu =l 2 2r n f(u) = f(v)..

Csoiictsa 1) - 3) HezaBUCHMBI:

. 1. OpToroHanbHas npoekuusa Ha ILI0CKOCTS Ozy y#OBJIETBOPSAET TOJLKO
cBoificteo 1). \

2. Eciu f : T — R? — npousBoJibHOE HempephIBHOE 0TO6paXKeHUe, KOTO-
poe B3aMMHO OJHO3HAYHO Ha S, TOrZa BHINOJIHAETCA TOJBKO CBOMCTBO 2).

3. llycrs f — ToxkmecTBenHo Ha L, a mo6oit Touke u U3 S orobpaxkenne
f comocraBiseT TOUKy v Ha NMOJYOKPYKHOCTU L’| mmelomyio Ty ke camyio am-
mimkaty. Torma f — HenpepriBHOe oToGpaskeHue MHokKeCTBa T B IIOCKOCTh
Ozz, xoTOopOe yAOBJIETBOPAET TOJNLKO CBOMCTBO 3).

' IIpuctynaem K noKa3aTesNbCTBO TEOPEMH!, NpUHAIeXaliee 0GOMM aBTO-
pam.

Jlemma 1. B naocxocmu danst 0ga Qusonxmusie xonmunyyasa. Tozda zoms
66t odun u3 HuT codepucumcd 8 NEeOZPANUNENNOU KOMNONENTE COTIHOCINY JONOA-
nenud 0py2020.

Mokaszatenncrno. Ilycts PuQ — kourunyymsi B R* u PNQ = 2.
Jlerko coo6pa3uth, 4to UMeercs ayd 7 c nayanaom d € P U Q, KoTopblii He
COIePKUT APYrux Touek w3 P U Q; nycts Hanpumep d € Q. Torma mUQ —
CBA3HOE MHOXKeCTBO, KOTODOe le mepecekaer P U ciieoBaTesbHO COAEPKUT-
cA B KoMmoHeHTe MHOKecTBa R” \ P; 9Ta KOMIIOHeHTa HeorpaHMYeHa, TaK KaK
CONEPMUT Tii.

Jlemma aokasaHa.

Jlemma 2. Iycms K — npocmas 00nocmoponie neo2panunennas Xoneunas
aomannas na naocxocmu R%. Tozda ee donoanenue R%\ K zomeomopgno R

MokaszaTensrcTBo. OUeBMIHO CYyMECTByeT roMeoMopdpU3M IIOC-
“koctn R? Ha ce6a, npu KOTOpOM K usobpaskaercss Ha HEKOTODHIA Jy4u 7.
Herpyano coobpa3surs, uto R? \m™ romeomopmbno OTKPBITOM NOJIYNIIOCKOCTH,
a snauur — R?\ K FOMeOMop(bno RZ.

JleMMma nokazana.
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JemMma 3. [Iyems F — 3aMxnymoe nodMnoxNCecmeo HOPMALbH020 MONO-
aozuvecxozo npocmpancmea X, a f : F — R2 — uenpepuienoe omobpancenue.
Ecau mouxa ¢ codepacumes 8 neozpanuvennoil XoMnonenNme COIINOCTNU MHO-
acecmea R\ f(F), mozda cywecmeyem nenpepusnoe npodoancenue f : X — R>
omobpaxcenus f, daz xomopozo ¢ ¢ f(X).

IokxasaTtenbctBo. Ilycts M — ayu B R? ¢ nauasom d, KOTOPBIiA
nenukoMm comepxurca B RZ\ f(F). Torma i colepXUTCA B HeorpaHUYEHHOM
xommoHeHTe U aToro MHoxecTBa. Tak Kak, mo ycaosuio, u ¢ € U, 1o cymec-
TBYeT KOHeuHad JioMaHHaa P, coxepxamasca B U, koTopaa coeauuser c c d.
Bes orpannyenns o6GIIHOCTH MOMKHO CUMTATh, 4To P — mpocTtas JiomMaHHad,
KoTopad He nepecekaer 7, kpome B d. Torna K = PU™m — nmpocrasa oaHoc-
TOPOHHe HeoTpaHWYeHHas JoMaHHaa B R? u, cornmacHo jemMMe 2, MHOXKeCTBO
R?\ K romeomop¢uo R?. Toraa nenpepeBHoe oToGpaxenune f : F — R? \ K,
COTJIACHO KAaccH4YecKoi Teopeme TuTue—Y pricoHa, NPOAOBKAETCA 10 HENpeEp-
BIBHOT'O OTOOpakeHUs f: X — R? \ K. W3 Bkmouenus ¢ € K caenyer, 4To
c ¢ f(X). :

JleMMa nokasana.

Jlemma 4. [Tycms F — 3aMxnymoe nodMuoxcecmso nopmatbrozo npocm-
pancmea X, ¢ u d — mouxu naockocmu R%, € >0, c € O.(d) u f: F — R?* —
nenpepuanoe omobpaxcenue, 0ad Komopozo f(F) NO:(d) = J. Ecau cywecm-
eyent nenpepuenoe npodoacenue o : X — R? omobpancenus f, das xomopozo
¢ & ¢(X), mozda cyyecmeyem uenpepuenoe npodoancenue f: X — R% omobpa-
xcenus f, dax xomopozo f(X)NO.(d) =

HokasaTteabctno. Ilycts r: R \c—»RZ\O (d) — HenpepEIBHas
perpakuma U f = rp. JlokakeM, 9To f 06IaLacT UCKOMBIM CBOMCTBOM.

Ecmuz € F, Torzma ¢(z) = f(z) u tak kax f(z) ¢ Oc(d), To f) =r(f(z)) =
= f(z). Taxum.o6pasom, f aBaserca npozokenneM otobpakenua. CooTHo-
wenre f(X) N O.(d) = @ srmonneno, motomy uro f(z) = r(e(z)) € r(R? \ ¢) C
C R?\ O(d) mnsa moGoro = € X.

Jlemma nokasaHna.

Jlemma 5. IMycms f : T — R* — uenpepnanoe omobpaxcenue, das xomopo-
20 f(Sa) N f(Se) =D u f(u) & f(Su) 047 w6020 u € L. Tozda cywecmeyem ne-
npepusnoe omobpancenue f : DaUDy — RZ, xomopoe FBATEMCT NPOJOAHCERUEM
omobpaxcenus fls.us,, u ydosaemaopaem ycaoouds f(a) € f(Da) u f(b) ¢ f(Dy).

HNokxaszartenbctso. Onpexenrum nmoammoxecrso Ly MHoxkecTBa L
ciaeyoumMm obpasom: u € L, TorAa M TOJILKO TOTAX, KOrJa CYILIeCTBYeT
HelpepbIBHOE Nponomkenue fy : D, — R? orto6paskenus fls , AJs1 KOTOPOTO

flu) ¢ fu(’D )- Ham nyxato nokasats, uro a € Ly u b € Ly; HefCTBUTEIBHO,
Toraa MoxHo 6yaeTs monoxkut f(u) = - fa(u) nns moGoro u € Dy m Ffw) = fo(u)
ana moboro u € Dy n otobparkenue f 6ynmeT UCKoMoe.

Crauana ycramosuM, uro Ly # @. Omuo u3z muoxects f(S,;), f(S;) co-
JePKUTCA B HEOr PaHMUEHHO KOMITOHeNTe JOIMOJIHe s Apyroro (cm. JemMMy 1):
nyctb 1o HanpuMmep f(S;). Tak kak b € S,, To f(b) neXUT B HeorpaHUYEHHOM
KoMIoHeHTe MHOecTBa R\ f(Sb) Y, TI0O9TOMY CYIIECTBYET HENPEPHIBHOE IPO-
nomxenue f, : Dy — R? oTobpaxkenns fls.,’ ana xoroporo f(b) ¢ fo(Ds) (cm.
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aemMmy 3). A aTo mokasniBaet, uTo b € L.

Urak, L, # 2. A Tenepnb ZoKakeM, UTO0 Ly — OTKPHITO—3aMKHYTO€ MOA-
MHOMKECTBO MHOXecTBa, L, T. e. uTo MEoxkecTBa Ly m L_ = L\ L} — OTKpHTH
B L. A aTo Bymer Tak, ecim IiA moboll Touku up € L cymecTByer Ayra
(u1, uz), conepanad ug ¥ LeJHKOM JeKamad Wi B Ly, umm B L_.~

Myctb ug € L. o ycaosuio f(ug) ¢ f(Su,) M cllenoBaTeNbHO CYIIECT-
Byet € > 0, ana koroporo Oz (f(uo)) N f(Su,) = D. Jlerko coobpasuts, 4TO
uMeloTcA 41 € L u uy € L, n71a KoTophx ug € (u1, u2) u

o) F({u1, ) € Oc(F(u0)
(2) Og(f(yo)) Nf(Sy) =D aasa moboro u € (uy, uz).

Ile#CTBUTENEHO, M3 PaBHOMePHO! HelpepHBHOCTH oTobpaxenus f|  cuexyer,
YTO €CJIM OKPYKHOCTB Sy JOCTATOUHO GaM3Ka K Sy, Toraa f(Su) C O (f(Su,))
u tak Kak O2,(f(20)) N f(Su,) = &, T0 Oc(f(u0)) N f(Su) =D

JloKaskeM, YTO TMPH CIeAHHOM BEIGODE U; M Uy MMEET MECTO MM BKIIOYe-
mue (ug, ug) C L, mau (uy, up) € L. JlonycTum, 9To mMepBO€ HE BHINOJHEHO U
cienoBaTenbHo (Uj, uz) ﬂ Ly #@. Hano nokasazs, uTo (u1, ug) C Ly. Tlycrs
u € (u1, u) N Ly, a v’ € (u1, up). Hano mokasate, uro u” € Ly, T.e. uto
CyLIeCTBYET HelpephBHOe npoxomkernue fyn @ Dyn — R? oroGpaxenus f| Syn’
s koroporo f(u") & fun(Dyr).

Tax Kak 4’ € L4, TO CymecIByeT HeNPePHBHOE NPOXOIKeaNe fyr 1 Dyr —
R? oTobpaxenns fls , Aas xotoporo f(u') ¢ fu'(Dy'). Bnaronapa nemme 4,
MOMKHO CUYMTATh, UTO fu (Dur) N O:(f(uo)) = D, 1ax rak v € O(f(uo)) (cM.
(1)) u f(Su n Os(f(uo)) =@ (eMm. (2)). HOJIO}KPIM Dy = 'Du/ UU{Sulu €

€ (v, u")} U Syn m onpemenmm orobpaenue Fur : Dyn — R? cnexyrommm

obpasoM: fun(v) = fur(v), ecnim v € Dyr, u fuu(v) = f(v), ecm v € Sy AnA
Hexoroporo u € (v, u”) U {u"}.

M3 JaHHOTO ONpEIEeNIeHUS ACHO, UTO f,u ABIAETCA MPOLOJKEHUEM 0TOE-
paKkeHMs fls "

Hoxaxem, uro f(u") ¢ fyu(Dun). Heticteuremsro fun(Du) = fu(Dur)
u fu(Duw) N O:(f(w)) = D. Kpome roro, ecim u € (v, u”) U {u"}, Tor-
Ia fuu(Su) = f(Su), a f(Su) N Oc(f(uo)) = D (cm. (2)). CnenmosarensHo,
furl(Du/') N O:(f(ug)) = @ m rak kak f(u”) C f((u1, u2)) C Oc(f(uo)), TO
F(u") & fun(Dun).

OueBuano cymecTByeT romeoMopdusm h : Dyn 22, Dy, KOTOPHIL OCTaB-
nAeT Ha MecTe Bce TOUKM M3 Syv. [lomowum fyr = funh. Torma fun : Dyn — R?
— HeIpepHIBHOE IPOLOIKEHHE -0TO6 parkeHus f[s , 4 fun(Dur) = Fur(Dun);

tak 4T0 f(u”) & fur(Dyn).
Taxum oBpasom moxasano, uro u'' € L.

I/ITa.K, L+ ~—— HEITYCTO€ OTKPhITO—3aMKHYTO€ IIOAMHOXXECTBO CBA3HOI'O MHO-
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xectBa L. CnenoBatenvio Ly = L msHaumr a€ Ly, b€ Ly.

Jlemma noxa3ana. ‘

Jlemma 6. ITyems f: D — R? — nenpepusnoe omobpaxncenue xpyza D o
naockocms R?, 0D — xowmyp xpyea, p€ 0D, g €0D, p# ¢, 0 < 26 < ||p — q||-
Tozda cywecmeyem nenpepbianoe omobpaxcenue f D — R® co caedyouumu
ceolicmeamu:

L. f(D) C £(D);

2. f‘av— fIaD’

3. f(D\ (Os(p) U Os(q)) C f(OD);

4. f(Os(p) C f(Os(p))-

HokasaTtenscTBo. OnpeaennM HenpeprslBHOe oTobGpaxeHue ¢ :
D — D co cAeAYIOMMMH CBONCTBAMM:

a) ¢lyp=id;

6) ¢(D\ Os(9)) C 0D;

B) ¢(0s(p)) C Os(p) N OD.

ITocTpouThb @ HE COCTABUT HUKAKOT'O TPyda. A Tenephb oNpeNeMM MUCKO-
Moe f ciaenyiommm obpasom f: fe. Mposepka ycaosuit 1 — 4 siemeHTapHa.

Jlemma moka3aHa. ,

Jlemma 7. [yems f : Dy UDy, — R? — nenpepusnoe omobpaxcenue,

f(Sa) N f(Se) = D, f(a) ¢ .f(Da), f(b) ¢ f(Dy). Tozda cywecmsyem wenpe-
poianoe omobpamcenue f D, UDy — R? co caedywouumu ceoiicmeamu:

1) {'S,usb N fls.,usb

2) f(u) # f(—u) 0ax awbozo u € D,.

Hdorkazarennbctro. Kak nerko coobpazuts, cymectsyer §, 0 < § <
< 2r, ana xoroporo f(Os(a))N f(Os(b)) = D, f(Os(a)) N f(Da) =S, f(Os(b)) N
(D) =9

[Tpumensas aemmy 6 nas kpyra D = D, u Touek p = a u ¢ = —b, mocTpoum
orobpaskenme f: Dy — R?, qus koroporo \

16. f(Ds) C £(Ds);

26. f;lS f|$,,

36. f(Ds \ (Os(a) U Os(—b))) C £(Sh);

46. f(Os(a)) C f(Os(a)).

[Ipumensas nopropuo nemmy 6, ma aToT pas ama kpyra D = D, u Touek.

= b u ¢ = —a, mocTpouM oTo6paxkenue f D, — R%, nnsa kotoporo

la. f(Da ) C f(Da);

2a. f|s.—f|s,’ \

3. f(Da\ (03(8) UO(=a))) C £(Sa);

4a. f(O5(8)) C £(Os(v)).

_ Jlerko nokazartn, uTo TakuMm obpa3om ompeneienHoe oToGpakenme
f: DaUDy — R? ob6namaer uckomemu cooiictBamu. CaoiicToo 1) odeBuano.
Yrtobel moKa3aTh ¥ CBOHCTBO 2), pACCMOTPUM OTUENHLHO TPU BO3MOMKHOCTH.

Mycrs u € Dy \ (O5(b) U Os(—a)). Torma —u € Dy \ (Os(a) U Os(-b)).

Bocnonpsyemcsa 3a u 36, yTOGHI chaenaTh 3aKilOUeHHe, UTO f(w) C f(Sa) m

f(~u) € £(S}), Tax uto f(u) # f(-u).
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Hycts Tenepy u € O5(b). U3 4a caenyer, uto f(u) C f(Os(b)). Tak xax
F(~u) C f(Ds) C £(Ds) (cm. 16) u F(Os(6)) N f(Ds) = B, 10 f(u) # f(—u).

Mycts, nakonen, u € Os(—a). Torma —u € Os(a). U3 la cnenyer, uro

(u) C f(Dg), a u3 46 — uTo f(~u) C f(Os(a)). Takxak fDJ)Nf(Os(a)) =D
ro f(u) # f(~u). o

Taxum o6pa3om mokazano, uro f(u) # f(—u) mua nwboro u € D,.

Jloka3aTelNlbCTBO JEMMEL 3aBEPIIEHO.

IoxasarenscTBo TeopeMsl. Iycts f: T — R? — HenpephiBHoe 0ToGpa-
eHue, 1A kotoporo f(S,)N f(Sy) = D u f(u) ¢ f(Su) ana moboro u € L.
Ioxkasxxem, 4To cymecTByeT ug € S, 414 Kotoporo f(ug) = f(—uo)

Cormacho memMMe 5 CyIecTBYeT HeNpePHIBHOE 0TO6 parkeHne f D, UDp —
R% koropoe aBaserca NpOaOJDKEHNEM OTOO parkenusn fls us, W KpoMe Toro,

f(a) ¢ f(Da), f(b) ¢ f(Ds). Torama us nemmet 7 ciemyeT, 4To CyMecTBYeT '
HenpepLIBHOE 0TOGparkeHMe f: D.UDy — R? koTopoe aABAAeTCA MPOIOI-
KeHrneM oTobpakenua fls S, & CYIelloBATENbHO U oTOG paskeHU fls us, W
KpoMe TOTO, f(u) # f(—u) naa moGoro u € D,.

Nonosxum § = SUD,UD; u onpenemnmn f(u) (u) ona moGorou € 5. Ta-
kuM 06paszoM, HenpepriBHOE 0TOGpaxkeHne f: S — R? onpeneneno na nce MHo-
*XecTBO S, KOTOPOE OUEBMIHO roMeoMop¢HO ABYMepHOM cd)epe S%. CornacHo
Teopeme Bopcyka—Y nama cyluecTsyer ug € S, nna KoToporo f(uo) f(=uo).
Ho mbr 3naem, uto f(u) # f(—u) mna mo6oro u € Py UD,. CrexopaTeabHo
ug €S ¥ 3Haunt f(ug) = f(—uo).

Takum 06pa3oM I0Ka3aTEIbCTBO TEOPEMBI 3aBEPILIEHO.

JUTEPATYPA

1. Xagxvuunsaunos, H I'. HenpexbcHarn nsobpaskenitn na xabbpueTa B eBKIAMIOBHM
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nposeTtHa koud. na BMIO). C., BAH, 1974, 221-230.

MMocmynuaa 18.05.1991

96



FONMIIHUK HA COPUNCKUA YHUBEPCUTET ,,CB. KIITMMEHT OXPUICKH*

PAKYJITET 10O MATEMATHUKA U UHOPOPMATHUKA
Kunra 1 — MartemaTtuka
Tom 84, 1990

ANNUAIRE DE L'UNIVERSITE DE SOFIA ,ST. KLIMENT OHRIDSKI“

FACULTE DE MATHEMATIQUES ET INFORMATIQUE
Livre 1 — Mathématiques
Tome 84, 1990

*

O PASMEPHOCTH BUKOMIIAKTOB

HUKOJIAN XAIIXKUVMBAHOB

Huxonad Xadncuseanos. O PASMEPHOCTU BUKOMITAKTOB

Mycre X — GuxomnakT, oGnapaiomnit cneayomum csoiicroom: ecsin X = UUV,
rae U u V — oTkphiThle MHOXECTBa, TOT A2 cymeCTByeT TaKad NOC/MeJOBATC/AbLHOCTL 3aM-

KHyThiXx MHOXecTB F, Fo, ..., Fi, ..., uto X = U Fo, i, CUnnu F, CV ansa moboro k
k—
ndm(F;nF;) Sn-1,ecnm i £ j. Toraa dimX £ n.

Nikolaj Khadzhiivanov. ON THE DIMENSION OF COMPACTA

The inequality dim X £ n holds for a compact space X with the property that each binary
open cover has a countable closed refinement {Fy} such that dim(F; N F;) S n~1fori #j.

B cratbe [1] MBI DoKa3anM cieaylomMit pesyaLTaT:

IIycte X — OukommakT, B nioboé GUHApPIIOE OTKPHITOE MOKPHITHE KOTO-
POro MOKHO' BIIMCATh CUYETHOE AW3LIOHKTHOE 3aMKHyToe Mokpuitie. Toruaa
dimX £ 0.

Teneps MBI 0606IIMM BTO NMpeNJIoKEHHE CIEAYIOWMM 0Gpa3oMm:

Teopema. ITycms X — 6buxosmnaxm, e awboe bunaprnoe omxpwmoe nox-
PHMUE KOMOPO20 MONCHO 8RUCAML TNAKOE CHEMHUOE 3AAIKNYMOE NOKPHINUE, YN0
nepecexenue A0OUT €20 08YT PASAUNNILT dAeMENMOB UAteem pasatepnocms dim ne
6oaee vem n — 1. Tozda dimX £ n

* Hoknan V konpepenunn. Bonrapcnoro MAaTEeMATHUYECKOro oﬁu(eCTBa, I'a6poso, 8-10 .
anpena 1976 r. Tpyast koudepeHumu eule He BHILHIU B CBET.
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O6paTHoe yTBepKIeHue He BepHo. Pegopuyk mocTpoud B (2] misa moboro
n, n 2 2 , npuMep b6uKoMnakTa X,, nMoboe 3aMKHYTO€ IOIMHOMECTBO KOTO-
poro umeeT pasmepHocTh dim uau 0 wiauM n, Tae n — pa3MepPHOCTb CaMOro
6uxommakTa X,,. OueBUAHO Henb3sA B o6Goe GMHapHOe OTKPHITOE INOKDBITHE
fukoMnakTa X, BOMCATH CUYETHOE 3aMKHYTOE IIOKPBLITHUE, NlepecedeHne JI0OBIX
JABYX Pa3JINYHBIX 8JIEMCHTOB KOTOPOI'O MMEET pa3MepHOCTh He Gosee yeM n~1.
IlejicTBUTENLHO, €caM 9TO 6Gb10 6B BO3MOMKHO, TOr'Ja BCE BONPOCHBIE Iiepece-
YeHUA UMeJid 6b1 pasmepHocTh ( M, ClleoBaTENbHO, MO TOJLKO YTO CHOpMY-
JupoBaHHol TeopeMe nosyuniu 6w dimX, £ 1, uro ecTecTBeHHO siBJIAETCA
[IPOTHBOPEYMEM.

C apyroii cTOpoHBI, JIETKO BHIETh, YUTC yTBEpXKIeHUE, KOTOPOe MBI chop-
My JIMpOBaJKA B cCaMoM HadaJe, o6paTUMoO, Tak KaK 0UeBUIHO B 1060e OTKPEI-
Toe MOKpHITUe BukommakTa X, s kotoporo dim X = 0, MO)KHO BimcaTb JayKe
KOHEUYHOE€ 3aMKHYTO€ JAU3BIOHKTHOE TOKPBITHE. , '

Ilna nokaszaTenbCcTBa TEOPEMEI HAM MOHAAOBUTCA caeaAyomasn

Jlemma. ITyems Ay u A_ — 3amxuymele nenepecexawuyuecs nodMmuo-
acecmea buxomnaxma C, xomopwil Jeagemcs obsedunenuem cuemHuo20 “UCAA
QUIBIOHKMUBT FAMKNYIHT NOOMNOCECTNE, HUKEKOE U3 KOMOPHIL He Nepecexa-
em odnospemenno Ay u A_. Toeda cywecmeyiom samxnymoe nodmuoxcecmea
Cy u C_ buxomnaxma C, dag xomopwz Ay C C4, AL C C_, C =CUC,
CinC-=92.

Jloka3aTenbCTBO JIEMMBI CONEPXUTCA B JOKa3aTesbCTBE JieMMbl 3 Ha
c. 123 naweii pabotst [3].

IHorkaszaTenbcTBO TeopeMmbl. Jonycrum, yro dimX 2 n + 1.
Toraa B X MoxkHO HaiiTu Takue n + | maphl 3aMKHYTEIX MHOkecTB $4i, P_;,

s kotophix ®4; NO_; = J, i=1,2,..., n+1, ¥ Hesb34 HAiiTU NMeperopoaoK
i n+l
Cis X mexkny ®4; u®_;,i=1,2, ..., n+1, c nycrem nepeceuennem [ C;.

i=1
Monowmm Uy = X \®_(n41y 1 U_ = X\ @y (nq1). OTKpeITHE MHOXKeCTBA Uy U
U_ cocraBaaioT oTKpLITOe OMHapHOE MOKPBITHE w GuKoMnakTa X. B nokpritue
w BIMIEM TaKoe CYeTHOe 3aMKHyToe MOKPBITHE, UTO TlepecedeHne NioObIX ero
IBYX Pa3IMYHBIX 5JE€MEHTOB MMeeT pPa3MepHOCThb He Gosee uem n — 1; mycThb
Fi, Fay ..., Fj, ... — >IEMeHTH 8TOro NHOKPLITHA. (J4YeBMAHO HMKAKOE U3
MHOKeCTB F; He IepecekaeT oQHOBPEMEHHO P (,41) u ®_(nt1)- MHoxkecTBO

M=|JFnxF
i#j
nmeet pasmeprocTs dimM < n — 1. Kposme Toro, ono F;-MHOXKECTBO ¥ T09TO-
my (cM. [3]) muoxectBo X \ M Hopmaieno npiteraetr k M. Toraa (cm. [3])

cymectBytor neperopoiaky C; B X mexny &, n ¢, 1 =1, 2, ..., n, Takue
YTOo ‘

Mﬂﬁc;:@.

i=1
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Muoxkectso C = ﬂlC u ero noamuoxkectBa Ay = C N Pyny1) u
1=
"A- = CN®_(,41) YAOBIETBOPAIOT BCEM YCJIOBUAM JIEMMBI, TaK KaK HMKaKO€
U3 3aMKHYTHX moamHoxectB C N F; 6uxomnakra C He mepecekaer oIHO-
BpemenHo Ay u A_ M, KpOoMe TOro, OHM TONAPHO He IEPECEeKAIOTCA:
CNnFIN(CNF;)CCNM, aCnNM =, Toraa cymecTBYIOT 3aMKHY-
Thie moaMHoxectBa Cy nm C_ 6uxomnaxkta C, mna xotopeix C = C, UC_,
CynNC- =9, Ay CC4, A C C_. 3amrnytole mHoxectBa Cp U @ (np1) ¥
C-U®_(nq1) He nepece}caroTCﬂ U MosToMy cyectByer neperopoaka Cpyq1 B
X mexay uumu. SflcHo, Yro Cpy1 fABAseTca neperoponxou MexRLY Pymnyr) M
—(n+1) U CﬂC,.+1 =.
I/ITaK Mbl Haiay neperopoaxku C; B X Mexay @4, m ¢, i =1, 2, ..
n+1l
n + 1, Takue 4yTo ﬁ C:i=0.
i=1
MonyuenHoe HpOTHBOpe‘{Me 3aBepHIAeT J0Ka3aTeldbCTBO TEOPEMEL.
Hoka3zanHasa TeopeMma o6omaeT YaCcTUYHO Teopemy M3 §2 Hameil cTa-
M [4].
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NUMERICAL INVESTIGATION OF THE BOUNDARY LAYER
FLOW AROUND IMPULSIVELY MOVED CYLINDER

CHRISTO CHRISTOV, IVAN TZANKOV

Xpucmo Xpucmoe, Hean Ilamxos. .‘-IHCJIEHHI)II‘/’I PACYET HECTAIIMMOHAPHOTIO
IIOT'PAHUYHOI'O CJIOA OKOJIO KPYTOBOI'O UMJAUHIPA

B nocneannie roas akTHBHO oBcyaaeTcs Bonpoc 06 cymecTBOBaAHMM IJIaKOrO pelle-
HUA ypaBHeHUH HeCTalMOHADHOrO MOCPAHUUHOLO CJIofA. PacuéTHnle pe3ynTaThl, HOJYyUeH-
Hble KaK B JlarpaH)keBol MOCTaHOBKe 3a/auM, TaK ¥ HEKOTODHIMU MHOJIyaHAJIMTUYECKHUMHA
MeTOZaMM, yKa3hIBAIOT, UTO PeHieHHE COAEP>KUT ocOBEHHOCTh. Pe3ynbTaTH, nojy4deHHLIE
B Diinepopoi MOCTaHOBKE 3aJa4M, He COrIACYIOTCHA C ®THM BHBOJOM. B Hacroameit paGo-
Te OTPOBOAMTCA aHAaNW3 BTUX Pe3y/JbTATOB M NpeANaraeTcs HOBas pacyeTHad CXeMa, IO-
CTpPOeHHAA NPHM MOMOIM MeTOoha mepeMeHHLx HampaBiiekuit. OHa asnserca 6eaycnoBHO
ycTofiumBoi, B TOM uMCle U B 06JACTH BO3BDATHHIX TOKOB. [lO/yuYeHHHE Pe3yIbTATH
O4YeHb XOPOIIO TOrMacylOTCH KOAMYECTBEHHO ¢ pesynbTaTtaMu B Jlarpamskesolt mocTraHoB-
K€ ¥ HeOBYCMEICJICHHO MOKAa3HIBAIOT, YTO pelieHue ACCTBUTENBHO COAEPHUT 0COBEHHOCTD
ansa t & 3,0 B 6e3pa3sMepHENX HepPEMEHHBIX.

Christo Christov, Jvan Tzankov. NUMERICAL INVESTIGATION OF THE BOUNDARY LAY-
ER FLOW AROUND IMPULSIVELY MOVED CYLINDER

In recent years the problem of existing of a smooth solution to the unsteady boundary layer
equations with unfavorable (adverse) pressure gradient is frequently discussed in the literature.
The numerical results for schemes with Lagrangian variables as well as some semi-analytical studies
strongly suggest that a singularity evolves after a finite time. The controversy, however, is fueled
by the maverick results, obtained by means of Eulerian difference schemes. In the present paper a
critical discussion on these approaches is given and for solving the problem a new Eulerian implicit
difference scheme of splitting type is developed, which is unconditionally stable in the whole region
of flow, including the zone of reversed flow. The results obtained here compare quantitatively very
well with the results of Lagrangian numerical schemes and unequivocally indicate that a singularity
evolves after a finite time (approximately ¢ & 3.0 in dimensionless units).
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INTRODUCTION

After Prandtl has introduced it, the boundary layer approximation turns out
to be one of the most successful ideas of the modern fluid mechanics because of
its simplicity and practical significance. The main advanfage of the stationary
boundary layer equations is that they are of parabolic type with the longitudinal
coordinate playing role of a “temporal” coordinate. The latter allows one to employ
marching numerical procedures that are significantly less expensive in comparison
with the methods for solving elliptic equations with equivalent number of spatial
coordinates.

The very nature of this advantage, however, erects formidable obstacles on
the way of applying the boundary layer approximation to steady separated flows,
since in them the longitudiﬁal velocity component may become negative, rendering
thus the governing equations to anti-parabolic ones that are explosively unstable.
That is the reason why the separated boundary layers are not exhaustlvely studied
numerically.

Unfortunately, the change of type is not the only deficiency of the boundary
layer equations when modelling the separated flows. The occurrence of a singularity
of the solution at the position of separation was long ago pointed out by Goldstein
[1] and since that a unified point of view has not been reached on the question
whether the boundary layer equations are at all applicable to treating reversed or
separated flows with a prescribed potential flow.

It is important to remove the first cause for deficiency in order to concentrate
on the mechanism of developing the singularity. Guided by the notion that the
change of type of equations is not crucial when unsteady boundary layers are treated
numerically, we choose to investigate the unsteady separation of the boundary layer
at a circular cylinder started from a rest.

The unsteady flow past an 1mpuls1vely moved cylinder is one of the classical -
problems of dynamics of viscous fluids due to its practical importance, amenability
to accurate experimental studies combined with relative simplicity, allowing one to
employ various theoretical approaches, (e.g. numerical integration of Navier-Stokes -
equations; method of matching asymptotic expansions; power series expansions
with respect to time and/or harmonic series expansions). That is the reason why
the said flow serves as a test example for checking both the quality and performance
of numerical schemes and the correctness of the different asymptotic approxima-
tions. For instance, Ta Phuoc Loc [2] and Ta Phuoc Loc & Bouard (3], in order
to check the accuracy of their schemes for the numerical solution of Navier-Stokes
equations, have compared the results obtained with the experimental ones of
Bouard & Coutanceau [4]. In its turn the mentioned numerical results fueled the
prolonged discussion on the existence of a smooth solution to the boundary layer
equations with unfavorable pressure gradient for arbitrary times. As far as the
present paper deals with the last problem, we choose the same flow around impul-
sively moved cylinder. One is referred to Telionis [5], Elliott et al. [6] and Cousteix
[7] for comprehensive review on the subject.
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One of the first numerical results concerned with developing the boundary
layer around an impulsively moved cylinder is published by Collins & Dennis [8].
They have succeeded to find a smooth solution up to dimensionless times as high
as t = 2.5 (the mentioned value is rendered in concord with the employed in the
present paper dimensionless variables). Telionis & Tsahalis [9], however, have found
a smooth solution only up to ¢ = 1.3. According to them, downstream the point
with zero skin friction a singularity of the type of Goldstein [1] is present. However,
the more close look at the cited papers has allowed Riley [10] to conclude that the
question of how the singularity evolves remains unresolved. Later on Cebeci [11]
has proposed another numerical technique and has found a smooth solution for
times up to ¢t = 2.8. He stated that the thickening of the boundary layer decreases
the numerical efficiency of the difference schemes employed and that is the only
reason why higher times could not be reached and the singularity of Goldstein’s
type do not take place at all. On this base he has concluded that the solution exists
for each finite time interval. The latter contributed to continuing the controversy
over the existence of a singularity of solution of boundary layer equations.

The first accurate in numerical sense investigation on the existence of solution
of the boundary layer equations up to the time of the singularity is performed by
van Dommelen & Shen [12]. They use a Lagrangian scheme and — unlike all other
above cited works — verify it on a set of different grid sizes, suggesting that at a
certain moment of time a singularity is born that is not of the type of Goldstein.
For instance, the longitudinal distribution of a tangential stress is not singular.
The singular behaviour of the solution in their numerical experiments has shown
itself up through a sharp increase of the amplitude of the longitudinal derivative
of velocity and of displacement thickness when t — 3.. The same authors (van
Dommelen & Shen [13]) propose also an asymptotic expansion for ¢ — 3, which
compares very well with the numerical results. '

The results of van Dommelen and Shen are verified to a certain extent by other
authors also: Cebeci [14] repeats his computations and finds that the results are
in good comparison with those of van Dommelen & Shen [12] up to ¢t = 2.75. He
believes that the treatment of such thick boundary layers is almost at the limit of
the numerical capabilities. Although only qualitatively, the results of Wang [15]
support the notion of developing singularity. According to him the latter is born
at t = 2.8. Following the double-series—expansion approach of Collins & Dennis
(8], Cowley [16] and Ingham [17] verify unequivocally both the numerical and the
asymptotic results of van Dommelen & Shen for ¢t — 3.

The recent paper of Cebeci [18] has managed to give support to the opposite
point of view, criticizing the previous works (including those of the same author)
in the sense that in them the Courant-Friedrichs-Lewy condition has not proper-
Iy been satisfied. Employing new numerical procedure that apparently encounter
for that condition, Cebeci [18] obtains a smooth solution up to ¢ = 3.1 and the
computations are interrupted because of the intolerable amount of the spent com-
putational time. '

Because of their queer nature the conclusions of Cebeci [18] should have spurred
a wide discussion but in fact they have not. After Cebeci [18] the problem is treated
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by Henkes & Veldman [19] and Riley & Vasanta [20] but mainly from the point of
view of the viscous-inviscid interaction. Concerning the limiting case of noninter-
acting boundary layer, Henkes & Veldman [19] show that their numerical scheme
gives results close to those of van Dommelen & Shen [12]-but it becomes unstable
for ¢t &~ 2.8. In the sense of stability the forthcoming results of Riley & Vasanta [20]
are better. They employ stream function — vorticity formalism, but as it is stressed
out in their work, the scheme does require considerable amount of computation-
al time because the iterations (sometimes about 100) are introduced everywhere.
Although on the expense of computational efficiency they obtain reliable results
that are in very good agreement with those of van Dommelen & Shen {12] and
Cowley [16].

So, by means of significantly different numerical methods (Lagrangian and
Fourier series) van Dommelen & Shen [12], Ingham [17] and Cowley [16] have
indicated the fact that a singularity develops with time for the solution of unsteady
boundary layer equations. On the other hand, the results of Telionis & Tsahalis
[9], Cebeci [11, 14, 18] and Wang [15], obtained by means of Eulerian difference
schemes, are not in concert neither among themselves nor with the results of the
previous group of works. They do not clearly answer thie question of whether does
singularity exist or not.

In the present paper one more such scheme is proposed and the respective
numerical algorithm, implementing it, is develoved. It is an implicit splitting-type
scheme, which is unconditionally stable. All mandatory measures for securing a
good approximation are taken, e.g. non-uniform mesh spaciags in normal direction.
A number of calculations with different magnitude of tl.e longitudinal spacing are
conducted in order to reveal the performance of the schem.2 in the vicinity of the
separation point. The results obtained with the pronosed robust Eulerian diTerence
scheme are in good quantitative comparison with those of the schemes of the first
group research works {12, 16, 17].

1. POSING TIIE PROBLEM

Consider the two dimensional viscous incom.nressible flow around a circular
cylinder. Let U be the velocity of the flow at ivfinity, L — tl.e radius of the cylinder,
and v — the viscosity of the fluid. The natural way to render tl.e velocities, spatial
coordinates and time dimensionless is to scale thexn by U, L and L/U, respectively. -
Here is to be mentioned, however, that another sat of scales, namely 2U, L, L/2U,
is also currently used [12, 16, 18]. For the sake ¢f unifcat'»n of the 1.otations the
last set shall be used in the present paper. For the rorm:l coordinate y and the
normal component of velocity v arc chosen the scalz factous LvVRe wxd 2U \/E,
respectively. Here Re = 2U L/v is the Reynolds nuraber. Fin:lly, the governing
equations in terms of dimensionless variables take the form:

ou Ov
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where u and U, are the longitudinal components of velocity in the boundary layer
and in the ideal flow, respectively.
Egs (1), (2) are coupled with the boundary and the initial conditions. The

boundary conditions at cylinder surface read:

(3) u=v=0 fory=0,
and at the outer edge of the boundary layer
(4) u— U(t,z) fory— oo.

The initial condition, corresponding to an imipulsively moved cylinder, is:
(5) . u=0 fory=0, u=U, fory>0.

The equation of the unsteady boundary layer has two “marching” coordinates
— t and z, and requires therefore “initial” conditions «lso with respect to z. For’
this reason alongside with (5) one needs also an “initial” (in fact a boundary)
condition with respect to . The zones of influence of tl.e initial conditions must
cover the entire region under consideration (see, e.g. [5]). When no any separation
or/and reversion is present, the problem is fully defined by the conditions at the
leading-end point. When the flow reverses at the rear-end point, one needs an
“Initial” z-condition at that point. In the case under consideration the needed
condition is a corollary of the symmetry. In terms of the adopted notations it
reads:

(6) u=0 forz=20,7.

2. COORDINATE TRANSFORMATION

The most important from numerical point of view featurc of tl.e problem under
consideration is the asymptotic boundary condition (4) beczuse for the transverse
coordinate y one must consider only a finite intervel at v/hose right (upper) end not
only the condition (4) is satisfied, but also the derivative of velocity has to vanish.
In fact the boundary layer problem is ar inverse ong, in wlich the thickness of
boundary layer is defined implicitly from the “additional” condition on derivative.
As a result the numerical investigation of boundary layer flow is susceptible to
the way in which the thickness is calculated. Additional difficulties are created
by the significantly non-uniform behaviour of the thickness as a function of the
longitudinal coordinate. For instance, in the vicinity of the leading-end point the
layer is thin enough, while around the rear-end point it changes sherply spatially
and grows continuously with time [21, 22].

In the earlier numerical works the solution to the boundary layer equations is
sought in a prior chosen large enough region in the plane (z, y) and the calculations
are conducted only until the moment, in which the bou..dary layer grows beyond the
frame of that region [11]. In certain algorithms it is pozsible to enlarge deliberately
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the computational domain at a certain moment, adding new grid points [9], even
though the computations are limited in time.

The problem of adjusting the computational boundaries remains one of the
crucial ones in the numerical treatment of boundary layer flows. For this reason a
number of different ideas have been employed in the recent works. For instance,
Cebeci [18] introduces a scaled normal coordinate 7 = y/H, where the quantity H
is defined as follows:

(7 \ t<1, H~t'2% t21, H~exp(t).

The urge to transform the computational domain in such a manner as to force -
the region in consideration in terms of original coordinates to follow the growth
‘of the boundary layer thickness with time in the vicinity of the rear-end point, is
obvious. At that time, however, in the subregion, where no separation is present,
the thickness grows immeasurably slower. As a result the number of informative
grid points in normal direction, according to (7), decreases with time, which worsens
significantly the approximation. In order to overcome that difficulty the quantity
H has to be not only a function of the time, but also of the longitudinal coordinate,
i.e. H must virtually be proportional to the boundary layer thickness.

As it has been mentioned above, the behaviour of the velocity in the boundary
layer is asymptotic and hence the thickness is an artificially introduced quantity,
needed only for the purposes of numerical treatment. For that reason it can be
defined quite arbitrarily. One of the ways to do that is to calculate it from the
inverse of the normal gradient of the longitudinal component at n = 1. Howev-
er, our experience in that direction turned out to be nesative and we were faced
with growing oscillations of the solution despite the t.bsolntely stable fully implicit
scheme, employed for calculating the velocity cor:porent. ;This setback should not
- be surprising since the numerical differentiation is a notorious incorrect operation
which, as a rule, increases the truncdtion error in order of magnitude. Moreover, in
the boundary layer case the numerically evaluated derivative is very close to zero,
i.e. the errors, introduced by the numerical differentiation, are of couples of order of
magnitude greater than the sought value. Stability of algorithim has been attained
only when the function. H(t, z) was set proportional to tle dicplacement thickness:

(8) 5(t,2) = 7 (1 - UZ) dy.

The typical values of the coefficient of proportionality :.re from the interval [6, 8],
which secures the asymptotic behaviour at 5 — 1. Ilere is to be mentioned that in
the frame of the present numerical scheme it turns out to be fully erough for the
stability to take the magnitude of § from the previous time step.

By employing a scaled normal coordinate 5/H eq. (2) is recast in the form:

o) Qu  ou L ( OH OH \NOu_0U, 9 1 3%
o Y%z T H ETAE P i S TR H26n2’
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and after introducing a new dependent variable instead of the normal component
of velocity

' OH  OH

(10) w’ﬁ(”"ét“”_“a—x"“)’

it adopts its final form 4

ou Ou ou oU, ou., 1 8%u

11 — — —=—— 4+ U.—+ 5+—.

(11) 3t+u3:c+w37) ot + oz +H23772
In its turn the equation of continuity (1) transforms into an equation for the new
dependent variable

ow - 1 [0H OB(Hu
(12) 517 = —'1_7 ['5? + (az )] .
Boundary conditions (3), (4) take the form: 7
(13) u=w=0 forp=0, u=U,(t,z) forp=1,
and the initial condition (5) recasts as follows:
(14) n=0,u=0; >0, u=U,; H(t=0)= const.

The boundary conditions with respect to the longitudinal coordinate (6) are left in
their original form.

3. DIFFERENCE SCHEME

To device an unconditionally stable difference scheme for a numerical solving
of boundary layer equations when the sign of longitudinal component of velocity
is positive, is not a problem at all. A number of difference approximations to that
problem are known. As a rule they are descendants either of Crank—Nicolson scheme
or of Keller’s “box”-method [23, 24]. The both mentioned numerical approaches
are well documented in the literature (see, e.g. [5]). After a discretization with
respect to the temporal coordinate the equations are recast into a quasi-steady
form and then solved numerically, marching in longitudinal coordinate z.' The
absolute stability of the schemes is guaranteed by the fact that the longitudinal
component of velocity does not change its sign..

The situation changes dramatically when a reversing zone is present, where
the disturbances are convected in the oppositc to the main flow direction. Then, in
order to acknowledge correctly the convection in the difference scheme, one has to
consider also the value of velocity in the downstream vicinity of the point in which
the equations are approximated. Naturally, in the said case the marching methods
for the steady equations become highly unstable and only the unsteady equation
remains correct. One of the frequently used approximr:tions is the co-called “zig-
zag” scheme recently employed, among other authors, by Cebeci [14] and Wang
[15]. The difference approximation of the “zig—zeg” scl.eme on the regular mesh

20=0,z; =z;_1+ 1 (i:f‘l,?;...,])
(15) =0 n=n-1+r (i:l\,?,...,])
t0=0,t"=t"" 141 (i:l,2,...,N)
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has the form
(16) ?_1_{ ~ u?——U?_1+U?—1 _u;l:ll .
Oz 2h
It can be shown that the well known condition of Courant—Friedrichs—Lewy is not
autornatically satisfied for the above approximation, especially in the case when
the characteristic direction s of the operator
0 0

coincides with the line s;, as shown in Fig. 1. In other words, the algorithm is stable
only when the computational region of dependence contains the actual region of
. dependence, which imposes the following limitation on the time increment:

(18) 7 < —hfu for u < 0,

i.e. the scheme is conditionally stable.

v

g

82 &

n—1 ' ¥ . H—
: PN oN

i—1 i i+l

Fig. 1. The points taking part in “zig—zag’ approximation — z, and the points included in
characteristics scheme — 55, s2 ;

A comprehensive survey on the currently used approximations in the reversing
zone is performed by Telionis [5]. As an alternative to the “zig-zag” scheme he
points out the scheme of Keller [25], originally implemented by Cebeci [18]. "Ac-
cording to it the derivatives with respect to ¢ and z are replaced by the single
Lagrangian derivative with respect to the characteristic direction s. Then

d 0 d

1 5 ey
( 9) ‘ dt + ua.’c dt |s=const

and when s coincides with s; (Fig. 1) one has

0 9 ul—utt

T
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Unlike the “zig-zag” approximation the Courant-Friedrichs-Lewy condition is sat-
isfied here and the scheme is stable. As far as s; is a characteristic direction then
z; — £g = Tu and therefore:

_ . n-1 n n—1 n-1__,n-1
Yo _ Ui~y n Y; Ug
T T T
(21) ‘ n n—-1 n—1 n—1
Uy — + )
= U
T i —¥Q

Eq. (21) shows that the approximation is rather close to the “zig-zag” one if the

latter is taken with a local longitudinal spacing, equal to (z; —2q). To have, howev-

er, the same spatial approximation one needs |&; — zg| < h, i.e. the approximation

(20) is not to be taken along the characteristic direction s;, But rather along s

(Fxg 1). The latter imposes the same limitations on the tlme increment as in the
“zig-zag” scheme.

The conclusion of the above review on the numerical schemes for solving the
unsteady boundary layer equations is that for the separated boundary layer flows
an absolutely stable fully implicit difference scheme has not yet been used (cf. also -
reviews [5, 7]). Perhaps this has happened because of the natural tendency to use
numerical procedures for the unsteady problems that are straightforward general-
izations of the respective ones for the steady problem. In our opinion, however,
the two problems are rather unlike and the possibility to solve them with similar
numerical schemes is to be viewed as an exception, not as a rule.

In the present work we make use of the method of fractional steps, namely
the scheme of Douglas & Rachford [26] (cf. also [27]). Of course, one can use
also the ADI (alternating directions implicit) scheme, which is of second order of
approximation with respect to time, but we prefer the former scheme because of
its flexibility: one can have either a fully implicit scheme though of first order of
approximation but with a certain margin of stability or a scheme of second order of
approximation which is rigorously stable only in the linearized case (see, e.g. [28]).
In the present paper, however, only the first order scheme with respect to time is
used.

Let us denote

: i} 0 1 82 U U,
22 A = —U— = — — — <.
(22) Y52 BT Vet man =% tUeg;
Consider the following difference scheme of splitting type:
= g1
(23) Lf— = A%+ Bu*1 4 7,
u® - U
(24) =B -,

where A and B stand for the difference approximations of the operators A and B,
respectively.
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The approximation of the scheme with respect to time can be assessed exclud-
ing the half-time-step variable @ (cf. [27]), namely

(25) (E~TANE — B)u" = (E+ 1B)u""! — (E — rA)rBu™~' + f7,

which follows from:
n un—l

(26) (E— rA)E — B) L:?—_ =(A+ Bu L.

It is easily seen now that the scheme possesses the so-called “full approximation”
[27], i.e. when u®~! — u", it gives to the steady equation of boundary layer an
approximation that is independent of the magnitude 7 of time increment. The
latter is of crucial importance for an application to the stationary boundary layer
flows. Here is to be mentioned that not every scheme of splitting type possesses
the last property [27]. The scheme is implicit and unconditionally stable if the
coefficients in the operators A and B are “frozen” and do not depend on the sought
functions. The differential operator A is oblique and B — negatively definite (see
the definitions in (22)), i.e.:

(27) (9, Ap) =0, (p,Bp) s —1llell.
Then one has ||E ~rAl| =1, ||E — 7B|| 2 1, and therefore

|- raxe-B)7| <1,

which for the differential form of the splitting type scheme is a sufficient condition
for stability. The said property is retained also for the difference form provided
that after a proper linearization a conservative differencing for the set functions,
that secures the properties (27), is employed. All this means that the scheme is
stable. The simplest way for linearization of A and B is chosen: thinking of the
longitudinal component of velocity as a known from the previous time step quantity.
Then the first half-time step (the eq. (23)) adopts the form:

n—1

Ui — Uy; e T
(28) T AL

where ®; ; is a known set function and §%/6z stands fo: fLe difference approxima-
tion of the first derivative. Here is to be poirted out the! for eq. (28) a fully implicit
approximation can be devised that is independent of t::e sign of the longitudinal -
component of velocity. Hence, the dependence region is liriited orly by the region
of flow. So that if the boundary layer incorporates a reversing zone, the latter is to
be entirely imbedded into the computational domain.

It is well-known now that for equations of the type of (28) unconditionally‘
stable difference schemes can be constructed either with first or with second order
of approximation, provided that the respective conservative differencing is applied
for §/6x (see for instance (28], p. 128129, [29]). The first order schemes employ,
as a rule, upwind differences and exhibit considerable scheme viscosity (artificial
diffusiveness). The latter is not necessarily undesirable property of a scheme be-
cause it helps to damp also non-physical oscillations that could be amplified by
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the nonlinear nature of the problem under consideration. So that it is preferable
to start calculations (as it is done in the paper of Tzankov & Christov [30]) with
a first order scheme and only after the limitations of the numerical algorithm are
revealed and the regions for parameters, in which stable calculations are possible,
are found, one should repeat the computations with the second order scheme.

Following this general notion in the present paper, two different schemes are
proposed and the following difference approximations are employed: for the first
order scheme — the upwind differences

Bij~U-1i o n-1 5
& h P B
(29) 5z ) ® T
z T _
. -+l,1h i “?,j 1.0

and for the second order — the central differences:

U _ Wiy, — Wiy

bz 2h

Concerning the three-point second order scheme (30) for the first derivative, the
following features should be mentioned: ‘

1. A Gaussian elimination with pivoting is to be applied when solving the
resulting .three-diagonal algebraic system, since the main diagonal is dominating
only if the spacing and the time increment are related i in a manner as to satisfy the
condition 7|u|/h < 1.

2. The three-point approximation requires two boundary conditions. In the
case of flow around blunt bodies (including the case of cylinder moved from a rest)
the second condition stems from the symmetry condition at the rear end stagnation
point. In those cases when a second boundary condition can not be deduced from
physical considerations (e.g. for bodies with sharp recr er.ds) one has to employ the
two-point difference approximation in the last point in longitudinal direction.

In approximating the operators from the second half-time step one can employ
either the “box”—method [24] or the central difference scheme. The crucial differ-
ences between them become transparent when a non-uniform mesh is employed,
namely
(31) 7)020', 7]j=1)j_1+7’j (j:l,‘.z,...,]).

In this case the “box”—method yields a scheme of second order of approximation
— O [max (r )] At the tlrne same the dlfference scheme results into a vector
three—dlagonal system.

In the present paper a central dlﬂ'erence scheme is used and the derivatives are
approximated as follows:

(30)

5_“ Uiy — Y

32 =

(32) on rj+ri_i

(33) ‘52_’2‘ -1 ["1+1 I uj—x] '
on ri+ri-1 rj ri-1
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In this case the order of the approximation is O [max(rj.rj_1,7j —rj_1)]. It is
obvious that the variation of spacing r of mesh (31) is not to be very strong. That
is a limitation, of course, but it is paid off by the fact that one is faced now with a
plain three-diagonal system for an unknown scalar.

For the continuity equation (12) we employ the following two-point in normal
direction and three-point in longitudinal direction scheme with second order of
approximation with respect to both spatial variables:

(34) wihi —wh; 1 [H} = HP? + Wit i — w0 HLy
: - H? T "~ 4h
+ uiyy jHY — “?-1,jH«7'—1
4h '

4. GRID PATTERN

The adequate non-uniform distribution of the grid points in normal direction
is of crucial importance for the performance of the numerical algorithm. The grid
pattern is to be consistent with the intrinsic features of the problem, such as the
presence of non-uniform gradients of the sought variables. The best way for that
is to devise a rule for governing adaptively the mesh gradientwise (see for instance
[31]) during the calculations {for comprehensive survey see [32, 33]). On this stage,
however, we are not prepared for such a general approach to the mesh problem.
Hence we rely on a particular analytical law for the grid distribution in normal
direction, which is selected on the base of general considerations on the behaviour
of variables in an order of approximation in longitudinal direction according to
formula (30). Using this approach, the calculations remain unequivocally stable
and monotonic.

The second group of our numerical experiments has been aimed at assessing
the influence of the normalwise grid distribution. In them, in order to minimize

the computational time, a rougher spacing in longitudinal direction with 73 points
(h = % = 2.5°) and relatively large time increment (r = 0.04) were used. In
normal direction we took consecutively 26, 51 and 101 mesh points and set the
grid parameter w to 100. The comparisons, cited below in Table 1, arc for the
displacement thickness which is one of the 'most snoiled quantities for the problem
under consideration, especially in the interval [100° < z < 125°], where for larger
times a non-monotonic behaviour develops. It is seen that the results, obtained
with 51 and 101 points in normal direction, differ less then by 0.5%. This accuracy
is acceptable and hence the chief portion of the calcrlations to be mentioned bellow
are conducted with 51 points. For the sake of comparison it has to be mentioned
that Cebeci {11, 18] employs meshes with 301 and 161 points, respectively. The
attained in the present work good accuracy on rouglier meshes we attribute to the
adequate choice of the non-uniform grid pattern.
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Table 1
Displacement thickness — t = 2.8, r = 0.04, ] =73

d(de 105 110 115 120 125 130 135
3

J =101 2,075 3.001 7.204 9.547 9.094 9.198 9.374
J= 51 2077 3012 7.237 9.590 9.133 9.238 9.412
J= 26 2087 3.055 7.575 9.752 9.378 9.443 9.547

The third main set of experiments are those that help to reveal the dependence
of the results on the particular values of the mesh parameters T and A (the influence
of the normal grid pattern has already been clarified in the above).

An interesting observation is that the flow in the immediate vicinity of the
wall depends insignificantly on the said parameters of the difference scheme. This
conclusion has been supported by the obtained with different mesh size results for
the skin friction coeflicient, presented in Table 2 for the critical moment of time
t = 2.8. It is well seen that those results differ less than by 0.5%. The latter allows
us to present separated boundary layer.

Table 2
Friction coefficient — t = 2.8, J = 51

0(deg) 30 60 20 120 150
T=004, [ =289 0.5779 0.7966 0.4783 —0.5070 -~0.4871
7=002I= 73 0.5778 0.7964 0.4776 —0.5087 -0.4891

In a separated boundary layer two regions are fo.med {21, 34]. The first one is
adjacent to the rigid wall and evolves slow in time. 11 that region the longitudinal
component of velocity sharply falls from zero to its minimal (the largest negative)
value and the velocity gradient is considerable tl.ere. The thickening of the bound-
ary layer, however, is due chiefly to the development of the second (outer) region,
in which the longitudinal component raises to its asymptotic value, defined from
the ideal flow. The gradient there adopts low and moderate magnitudes. So the
transverse distribution of the gradients in the separated laminar boundary layer
resembles, in a sense, the structure in a turbulent bouadary layer with the first
region playing the role of a viscous sublayer

Being guided by the above analogy, we take the following law for the distribu-
tion of mesh in normal direction:

1(j-1 i-1. w414
(35) n,—w(J_1+O.4>[exp(J_ln 1.4) 1],

_where w is a parameter responsible for the deviation of grid pattern from the u-
niform shape. Here is to be reminded the requiremest for second order approx-
imation of derivatives on non-uniform mesh stemming from the formula for the
accuracy O [max(rj.rj_1,7j —rj~1)]. ‘A uniform approximation will be present if
max (r; — rj_1) does not exceed max(r;r;_1). Values of w, for which max (rjr;-1)
~ max (rj — rj-1), are enclosed in the interval [50,100].
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5. NUMERICAL TESTS AND VERIFICATIONS

In order to assess the approximation of the scheme proposed and the per-
formance of the algorithm as well, a number of numerical experiments have been
conducted. We began with the upwind differences in longitudinal direction accord-
ing to formula (29). The time evolution of the computed quantities was stable and
no oscillations were present. That encouraged us to increase the further results for
the local skin friction coefficient without mentioning explicitly the particular size
of the mesh on which those results are obtained.

Unlike the delighting results for the skin friction coefficient, the dependence of
the displacement thickness and displacement velocity (voo = 8(6*U.)/dz) on the
mesh parameters has turned out to be significant. A quantitative feeling for the
dependence gives Fig. 24, b, where the mentioned functions of longitudinal coor-
dinate are plotted in the most volatile interval [110° £ = £ 135°], for sufficiently

27 g
21 1007
87 3 80
60 1
4} 204
20 4
0 ]

110 120 130 110 120 130

i z (deg) z (deg)

a) b)

Fig. 2. Susceptibility to the specific values of longitudinal spacing and tlme increment of the
computed characteristics:
I — h=25° 1 =004
2 — h=1.25° 7 =0.04;
3 — h=25° 7=0.02.
a) dJsplacement thickness of boundary layer;
" b) displacement velocity

large time ¢ = 2.8. It is seen that the values in the immediate vicinity of the
detachment point are especially susceptible to the mesh parameters at the time
when the rest of the values are virtually not affected from the change of the mesh
parameters. The value of time increment 7 affects only the longitudinal localiza-
tion of the displacement thickness maximum (cf. lines I and 3) without influencing
the gradient of that quantity. Respectively, refining the longitudinal resolution (cf.
curves 2 and 3) results into an increase of the thickness gradient. The magnitude
~of max }5* is predicted reasonably well in all cases and the curves for displacement
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100 +

0.4 0.3 0.2 0.1
Fig. 3. Evolution of the displacement velocity when t — 3:

———— — expected behaviour of the exact solution according to In Vjps = —1.7414In(3 —
t) + 1.9597; :

1 —h=08625°2—h=125%3—h=25°

thickness are close enough, which allows us to conclude that the proposed scheme
is accurate enough. It is well seen that the present results are smooth, which is not
the case with the results of Henkes & Veldman [19] for ¢ = 2.85.

Similar conclusion about the correctness of the results obtained can be drawn
from the calculated displacement velocity vo,. One should be reminded here that
the said velocity is obtained by differentiation of the displacement thickness and
hence the eventual differences are amplified.

Here are to be mentioned the measures taken for securing a good approximation
of the displacement velocity. As far as the approximation with respect to the
longitudinal coordinate z is of second order or even in some cases — of first order,
the straightforward numerical differentiation of the displacement thickness with
respect to z will result into decreasing the approximation to first or even zeroth
order. In order not to lower the accuracy we use a third order spline interpolation
for displacement thickness, which gives a second order approximation for the first
derivative. Results, depicted in Fig. 2¢, are obtained by means of the said spline

¢

interpolation.
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1.0 T -
t=0.5; 1.0; 1.5;
2.0; 2.5; 3.0
Cy
0.5 1
180
_o5 4 .

Fig. 4. Evolution of the local friction coefficient with time:
x%% — asymptotic results of Bar-Lev & Yang (1975};
~——— — present numerical results

6. RESULTS AND COMPARISONS -

After the difference scheme and the aigorithm has been properly verified we
turn to investigating the separation itself. Our results show (cf. Fig. 2 a) that for
t > 2.5 the displacement thickness §* grows fast and for approximately ¢ ~ 2.8 a
distinct local maximum is formed. These findings are in good agreement with the
predicted by van Dommelen & Shen [13] behaviour of the solution.

As it has been already mientioned, the displacement velocity is more suited
for quantitative assessment of the separation as it is more sensitive. According to
van Dommelen & Shen {12, 13} for ¢ — 3, max(—08u/dz) — oo proportionally to
(3 —t)~1-7. It can be shown that the displacement velocity is a proper indica-
tor for that type of behaviour (cf. [16]), since it grows as ve ~ (3 —¢)~1™. On
the other hand, it is well-known that the value of v, is a measure for the influ-
ence of the boundary layer on the outer potential flow. In the classical theory of
boundary layers when no separation is expected, the displacement velocity behaves
as Voo ~ O(Re'/2). Therefore the above suggested behaviour of v, speaks of
singularity, whose occurrence dismantles the classical theory. For this reason the
displacement velocity ve, turns out to be one of the most important characteristics
of the boundary layer to be monitored. Fig. 2 b hints that in order to prove that
Voo — o0 for ¢ — t,, one needs a very fine longitudinal resolution of the mesh
(very small ). It is instructive, therefore, to trace the variation of solution with
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TIME
3.0 v

2.5 ¢+

15 +

1.0 1

0.644

Fig. 5. Trajectory of the point of zero skin friction:
%% — asymptotic results of Bar-Lev & Yang (1975);
——— — present numerical results

decreasing the spacing h. In Fig. 3 the results are compiled for the maximal value
of the displacement velocity, obtained on three different meshes with number of
points in longitudinal direction 73 (h = 2.5°), 145 (h = 1.25°), 289 (h = 0.625°),
respectively. In the adopted in Fig. 3 logarithmic scales it is easily seen that the
computed curve tends to approach a line when A — 0. Our result for the value of
the line’s slope is 1.7414. The respective value of van Dommelen & Shen [13] is
1.75. Very close to it are also the results of Cowley [16] and Ingham [17].

Another important characteristic of the boundary layer flow, whose behaviour
in the separation zone is instructive, is the local skin friction coefficient. Van
Dommelen & Shen [13] state that this quantity exhibits regular behaviour when
t — t, and hence it can not be used as an indicator of occurrence of unsteady
singularity. It is important to compare it to the results of other authors in order to
have an additional verification of the performance of the algorithm. This is done
in Fig. 4, where also the analytic results of Bar-Lev & Yang [35] are plotted. Like
the numerlcal results of Van Dommelen & Shen [12], our results compare well w1th
the analytical ones.

Following Blasius, most of the authors report data concerning the position of
a point with zero skin friction on the wall as a function of time which characterizes

119



F"(0) F"(180)

2.0 1 L5
1.0 ¢

154 0.5 1

1232 | —— —— — === —x
+ + + 4 —05+4
0.5 1.0 1.5 2.0

TIME -1071-

-151

e)

Fig. 6. The skin-friction coefficient rendered in terms of local similar variables:
%% -— asymptotic results of Bar—Lev & Yang (1975);
e+ — numerical results of van Dommelen & Shen (1985);

— present numerical results

a) leadingend point; b) rearend point rendered

adequately the evolution of the separation zone. It is believed now that the point
of zero skin friction occurs initially for ¢ & 0.644 ([8, 12, 16 etc.]). The present
results (Fig. 5) are not only in very good agreement with that value but also with
the asymptotic formula of Bar-Lev & Yang [35] for the entire time interval. Some
- slight deviations (less than 1°) are observed only for ¢ ~ 3, where the conditions
are very harsh for conducting numerical investigation. Here is to be mentioned
that the same good agreement is reported by van Dommelen & Shen [12] for the
computations with Lagrangian scheme. :

In certain numerical schemes for investigating the boundary layer flow around
blunt bodies the same similar variables and coordinates as in the asymptotic solu-
tions are employed [11, 12, 14], which allows to use the similar solutions as initial or
boundary conditions for the numerical scheme. In the present paper such an eclec-
tic approach is avoided and this gives one more opportunity to check the accuracy
of computations through comparing to the mentioned similar solutions. In Fig. 6
a, b are plotted the rendered in terms of the usual similar variables values of skin
friction in the leading and rear end regions, respectively. In both cases the obtained
here results are in good comparisons with those in [11, 12, 35]. In Fig. 6 b with -
special symbols are presented the numerical results of Cowley [16], Hommel [36]
and van Dommelen & Shen [22] in a generalized form. The agreement is excellent,
which once more supports the main notion of the present work that the difference
schemes in Bulerian variables can bring the same results as those in Lagrangian
variables, provided the scheme is devised properlly.

Another important feature of the unsteady separation, observed by van Dom-
melen & Shen [13] and Ingham [17], is that the point of singularity of solution
moves alongside the wall in the opposite direction of the main flow with a constant
velocity. OQur results are plotted in Fig. 7 and they lie virtually on a straight line,
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Fig. 7. Trajectory of the point of maximum displacement velocity:
~—~— — the linear approximation r = 145.06-11.135¢;
-6-0-o- — present numerical results

which for ¢ = 3 gives 6 ~ 111.6°. Let us note here that van qumelen & Shen [13] ‘
report for the same ¢ the value § &~ 111°.

CONCLUDING REMARKS

In the present paper a fully implicit unconditionally stable Eulerian difference
scheme for numerical investigation of unsteady boundary layers is developed, which
performs equally well when a separation occurs. A number of numerical tests
and verifications are conducted in order to outline the limits of application of the
algorithm. Comparison with the other numerical results in Lagrangian variables
and with asymptotic analytical solution is conducted. The agreement is good and
the conclusion is that the observed until now discrepancy between the Lagrangian
and the Eulerian schemes is not principal and the predictions of the latter can be
brought closer to the former if implicit differencing is employed.

The results’ obtained support the findings of the authors, using Lagrangian
schemes, that a singularity develops for finite times ¢, a2 3.

Different calculations of physical significance are presented graphically.
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A NOTE ON THE ¢2-TERM OF THE EFFECTIVE
CONDUCTIVITY FOR RANDOM DISPERSIONS

KONSTANTIN MARKOV, KERANKA ILIEVA

Konemanmun Mapxos, Kepanxa Haveea. 3SAMEYAHUE O 02-'-{JIEHE 29PEKTUBHOM
NPOBOINUMOCTU CAYYANHON IUCIEPCUU COEP

Pabora nocBsulena uccnenobauuio addextunnoit TennonpoadmloCTu X* cnyuaitHoit
pa3paxeHHOM cycneHcuu chep. CnenmanpbHoe BHUMaHUeE yJeJielio cz-xoaq)tbuuueu'ry az B
Pa3/I0’KEHMH BTOH NPOBOAMMOCTH M0 CTeneHAM o6beMHON KoHueHTpauvu chep c. Ionb-
3ySCh MPOCTHMM coobparkeHUAMU NMOKa3aHO, UTO a2 NPeACTABHAETCA CYMMON MOCTOAHHH
M nuHelHOro GyHKUMOHANA OT paAMasibHOi QyHKUMM pacnpelnenenua cdep. B pasanunOM
cnyuae (MaTepuasl apMHPOBaHHLIA BOJIOKHAMM) HaiiZleH aHaJIMTUUECKUl BWJ ®TOro AApa
#“ BHBEJEHH HEKOTOPHE MNPOCThIE OLUEHKU IS HEro. '

Konstantin Markov, Keranka Ilieva. A NOTE ON THE C2-TERM OF THE EFFECTIVE
CONDUCTIVITY FOR RANDOM DISPERSIONS

The paper is devoted to the study of the effective conductivity ¥* of a random dilute dis-
persion of spheres. A special attention is paid to the c?-coefficient ¢, in the expansion of ¥* in
powers of the volume fraction ¢ of the spheres. The functional dependence of a; upon the radial
distribution function is discussed and it is shown, using simple arguments, that a3 is a sum of a
constant and a linear functignal of the said function. The analytical form and certain estimates for
the kernel of this functional are obtained in the two-dimensional case (fiber-reinforced material).
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1. INTRODUCTION

Consider a random dispersion of spheres in the three-dimensional case (3D)
or cylinders in the two-dimensional (2D) case, i.e. an unbounded matrix of con-
ductivity x,,, containing an array of either spherical or parallel cylindrical inclu-
sions, each one of radius a and conductivity ;. The centers of the inclusions,
assumed nonoverlapping, are in the random points x;. The statistics of the disper-
sion is described by the multipoint distribution densities fp(y1,...,¥p) that give
the probability of finding a center of an inclusion per each of the infinitesimal vol-
umes y; < y<y; +dy;, i = 1,...,p. We assume, as usual, that the dispersion
is statistically homogeneous and isotropic and f, ~ n® in the dilute limit n — 0,
where n is the number density of the inclusions.  The classical problem consists in
evaluating the effective (or overall) conductivity »* of the dispersion, making use
of the known conductivities %, and x; of the constituents, and of the statistical
information represented by the functions f, (cf., e.g., [1-6]). The mathematical
formulation of the problem reads '

(11 V - {x(x)VO(x)} =0, (VO(x)) =G

where 8(x) is the random temperature field, %(x)—the given conductivity field
(%(x) = %; or x, depending on whether x lies in an inclusion or in the matrix
respectively), G—the prescribed macroscopic gradient of the temperature, and (-)
denotes ensemble averaging. Upon solving the random problem (1.1), one calculates
the mean flux, which is proportional to the macrogradient G:

(1.2) (x(x)Vl(x)) = x* G,

where »* is the effective conductivity of the medium. The difficulties in calculating
x* are well acknowledged in the literature: they stem from the need to'account
properly for the multiparticle interactions in the dispersions and for the slow decay
of the single-inclusion field [2,4,5]. A number of approximations for x* exist; one of
the first and most famous of them has been proposed by J. Maxwell [7]. Though he
dealt with dispersions of spheres, we give the respective result in a bit more general
form in order to be able to cover both 3D (dispersion of spheres) and 2D-case
(dlspersmns of aligned cylinders, i.e. fiber-reinforced ma.tenals) simultaneously:

%" 4B

2 2 LY
(1.3a) "m_1+1 ﬂd,_1+dﬂdc+dﬂdc 4+,
where _
- [ - :
(1.3b) Ba = Sl [x] = %f — ¥

hereafter d = 3 in 3D-case and d = 2 in 2D-case, ¢ is the volume fraction of the
inclusions, ¢ = nVq, Vo = $ma® in 3D-case, or ¢ = nS,, S, = wa? in 2D-case.
Let ‘

k)

(1.4) i-=1-!-6'110-4-¢1262+--~

Hm
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be the so-called virial (or density) expansion of x* in powers of the volume fraction
c of the inclusions. As a matter of fact, the coefficient a; is the only thing rigorously
calculated by J. Maxwell (cf. [7]): @1 = df3s, while for the c2-coefficient his formula
yields only a certain approximation

(1.5) az = dBs’.

The rigorous evaluation of a; has attracted the attention of many authors because
this is the simplest case in which the multiparticle interaction shows up in a non-
trivial way (see, e.g., the papers [4-6], [10]), where a3 has been expressed in a closed
form, making use of the zero-density limit go(r) of the so-called radial distribution
function for the spheres, and of the one- and two-inclusion fields for the conductiv-
ity problem under study. Let us point out also the paper {8], where certain bounds
on as are derived in which the same function go(r) appears; the counterpart- of
these bounds in 2D-case is given in [9].

In this paper we shall first concentrate on the functional dependence of az upon
the above mentioned function go(r). We shall show in §2, using the bounds of [8,9],
that a; is a sum of a constant and a linear functional of go(») with a certain kernel
®;, and estimates on ®; will be then proposed (§3). In §4 we shall evaluate &,
analytically in the 2D-case, making use of a method originated by J. Peterson and
J. Hermans [10]. In this way we avoid twin expansion technique of D. Jeffrey [4]
and B. Felderhof et al. [5], needed in 3 D-case when solving the two-sphere problem,
and get the eventual 2D-case result for as in an explicit integral form. Moreover,
for some simple but important particular cases the integration can be performed
analytically employing certain well-known higher transcendental functions. Finally
~we consider some power series expansions for a; which allow us to calculate the
latter easily (§5).

2. FUNCTIONAL DEPENDENCE OF a , UPON THE RADIAL
DISTRIBUTION FUNCTION

Due to the assumption f, ~ n?, the coefficient a; could depend on the two-
point distribution density f; only. As usual, we represent the latter as fo(y1,y2) =
f2(r) = n2g(r) = n%go(r) +o(n?), where g(r) is the radial distribution function and
go(r) is its zero-density limit, r = |y; — y3|. Obviously, only go(r) could influence
as, so that

@1) az = §lgo(-)]

The functional F is defined on the space C of all bounded, piece-wise continuous
functions on the interval [2,00), go(Aa), A = r/a (due to the nonoverlapping as-
sumption) and go(r) — 1 at r — oo (no long-range order in the dispersion). The
continuity of this functional in the C-norm seems obvious so that, according to the
general representation theorem of V. Volterra [11], we can write down a3 in the
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form of a functional Volterra series:
oo

as = ¥ +/<I>1(/\)go(/\a) d
(2.2) ’

+//<I’2(/\1,/\2)90()\10)90(/\2“) diidia+---,

where ®¢ = const and ®;(}A), ®2(A1, A2), etc., are certain kernels that vanish at
infinity. These kernels do not depend on the statistics of the dispersions but only
on the ratio @ = x; /%y of the constituent conductivities or, which is the same,
on the parameters (4, introduced in (1.3b); to emphasue this fact we shall use the
" notations ®; = ®;(}; B4), etc.

Let us recall now the bounds on aj, derived in [8,9] in the 3D- and 2D-cases
respectively:

dfq dBa
(2.3a) dp3 (1 —-—m ) < ay < dp? (1 + ﬁdm2>,

)d-1 N
(2.3b)  mp=(d- 1)/(7\—5——1)“ so(ra)d, d=2,3.
' 2

As a first consequence of (2.3) we shall show that the functional (2.1) has the

form
o0

(2.4) az = df] + / ®1(A; Ba)go(Aa) dA,
2

1.e.

(2.4a) @0 = df}

and :

(2.4b) \ Pr=P3=...=0.

The proof is based on the fact that (2.3) holds for all admissible functions

go(r) € C. Indeed, consider the class of functions g8 € C such that gé(r) = 0
at r < A and g§(r) = 1 at » > A, A > 2a. The statistical parameter in (2.3b)
depends then on A, my = m#, and it can be easily calculated in this case, but we
need here only the obvious fact that

(2.5) mf -0 at A— co.
On the other hand,

¢ = [ ®,(\)gd(ha)dr — 0,
2/ 1
(2.6)

00 00
81 = [ [#01,32)a8 (u0)af (aa) dhsdda
2
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etc., at A — 0o. We employ now (2.3a) for the function go(r) = g¢ (r):
dfa AL gA L 2 dBa 4
dzl-———-——-)<<1>+ + ~<dfi(1+ my ).

(14 Ty ) < oot ot 4 <ag(1+ g

Letting A — oo and recalling (2.5) and (2.6), we get from the last inequalities
that ®; = d3% which proves (2.4a).

The proof of (2.4b) is very simple if the functional series (2.2) is finite, con-
taining N terms, N > 2. Let N = 2 first. Consider the kernel ®3 and suppose that
in the neighbourhood

Ae=(A2 =, X0 +6) x (A3 ~¢,A) +¢)

of the point (A%, A3) € R? we have say, <I>2()\1,/\2) > 0. We consider the class of
step-constant functions go(r) € C, such that go(r) = pifr € (Al —¢, A0 +£)U(A —
€;A9 4+ ¢); go(r) = 1 at r > A and vanishes otherwise. In this case the parameter
my is a linear function of p. On the other hand, the two-tuple term in (2.2) is a
quadratic function of p with a positive multiplier of u2. If 4 and A are big enough,
the inequality (2.3a) will be violated, which proves that ®3 = 0. The proof in the
case when N > 2 but is finite, is fully similar.

We should finally show that the series (2.2) for a; is finite. To this end it
suffices to recall the definition (1.2) and the representations

#(x) = (%) + [x]/h(x —y)w'(y) Py,

B(x) =G x+ / Ty(x — y)'(y) d

+/ Ta(x - Y1y’x - Yz)Dc(uz)(YI,YZ) d®y1 &y + o(n?),
where W'(x) = w(x) —n,

w(x) =Y §(x —x;)
)

is the random density field for the dispersion and

DP(y1,y2) = w(yn)lw(yz2) — 6(y1,2) = ngo(y12)lw'(¥1) +w'(¥2)] = n2go(y1,2),
Y12 = ¥1 — ¥2. The kernels T} and 75 have been specified in [6], but we need
here only the fact that the two- and three-point moments of w(x) depend linearly
on go(r), to the needed order n? [12], so that the series (2.2) should be finite and,
moreover, should indeed have the form (2.2), truncated after the one-tuple term.

3. BOUNDS ON THE KERNEL &,

Let us denote by a} the c*-deviation of a; from its Maxwell value (1.5), i.e.
a, = ap — dF2. From (2. 3) and (2.4) we have

[o.0]

(3.1) | a = / 1% Aa)go(Aa) dA,

2
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d? /33 , d? ,83
—t _my<ady < —T4m
1-(d-Dfa "=~ 145

Since the statistical parameter m; is a linear functional of go(Aa) and (3.2)
should hold for all admissible functions gy € C , we can conclude that

| Pd-1)g -

< @5 ();
1-(d- DB (A2 -1 ~ 1(XiPa)
d*(d-1)gF xi-t

- 14+ B4 (/\2 - l)d’
The proof employs the arbitrariness of go(Aa) in the space C and is fully similar to

(3.2)

(3.3) A€ [2,00).

that in §2.
Note that the estimates (3.3) imply that ®; decays as A~(4*1) at A — oo and
v 3d-1
(5.4 @0 80) = 4~ 18 57—y + ol

If %4 /#m — 00, i.e. Ba — 1, the upper bound (3.3) degenerates; if xy /% — 0,
ie. B3 — —3 or Bz — —1, the lower bound (3.3) degenerates (cf. Fig. 2 below).

4. EVALUATION OF THE KERNEL &, IN 2D-CASE

Let us recall first the formula for af, derived inv[4,10], see also [6], which in the
2D-case reads '

(4.1) ayG = M—l—/ d’x/go(z) [V,,T(z)(x; z) — VT(I)(x)] d’z

Hp, S2
. Z2¢ '

where Z;, = { z | |z| > 2a} C R?, and

[

L3 + %y ’

is the solution of one-inclusion problem at |x| < a; the inclusion hereafter is the

disc S, = {x ' [x{ < a} of radius a, located at the origin. The field T()(x; )

is the solution of the two-inclusion problem which represents the disturbance to

the temperature field introduced by the pair of equal discs f and 2 centered at the

origin and at the point z, respectively, when the temperature gradient at infinity
equals G. The field T(®)(x; z) satisfies the equation

(43 wnATO(0)+ (Y - { (460 + bx = D] [G+ O] p =0

(42) TM(x) = -G -x at |x|<a; B=f=

here z plays the role of a parameter and z € Za,, since the discs are not allowed to
overlap. The integral in (4 1) is condltlona,lly convergent and is understood in the
sense

(4.4) / d’z = Jim -d’z; / -d’z = / rdr / dQ,

Z?a,ﬁ ZBu R
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where Zyg g = {z]2a < |2| < R }. This means that in the integral over the region
Z3a,r we first integrate with respect to the angular coordinates, i.e. on the unit
circle @ = {z | |z| = 1}, and then with respect to the radial coordinate r = |z|,
see [4,6].

We shall calculate here this integral by means of an obvious extension of the
arguments of J. Peterson and J. Hermans [10], who tacitly considered only the
well-stirred case go(r) = L. '

Let us introduce the tilted coordinate system (x4, z4) as shown in Fig. 1, where
|0’04] = |O'0O2| = L, and the bipolar coordinate system (o, 7) for which

;L shr _ = _ ,
z) _bm =b (1+2§e P cospa') ,
(4.5)
sino
chr —coso

[=0]
=2b Z e~ P7 sin po.
p=1

zh =

The boundaries of the two discs I and 2 correspond to the coordlnate lmes
T = +7q, where _
' b
(4.6) J =g L=achr.

The solution of the problem (4.3), bounded at infinity can be obtained straight-
forwardly, making use of the bipolar coordinates (o, 7) (see, e.g., [10]). We shall
need in what follows only the values of the solution at the boundary r = 7 of the
disc I:

(G x + TO(x; z))

T=To

' 2%y, cOs po 2%y, sin po
= ¢, (1 m m
+Zx,shpro+xm ch pro Z ki chpry + »,, shpry’

where G and G5 are the projections of the temperature gradient at infinity G on

the axes z}| and x5, respectively.
As it follows from (4.2),

(4.8) TW(x) = -G -x = —B(G\ 2}y + G42h) + const,
so that the field W(x;z) = T(®)(x;2) — T()(x), needed in (4.1), has the form
W(x;z) = GiW| + GyWs,

(4.7)

[o <] o0
(4.9) Wi = Z Wyicospo, W, = Z W, sin po,
p=0 p=1
;2% Bbem2PTo ;o 2% fBbe” %P7
rl uyshpry + %y chpry’ P27 %s chpro + %5, shprg

129



Let us change now the order of integration in (4.1) and then apply the Gauss
theorem

(4.10) ayG = ’—[‘,-‘—]-S—Z/go(z) d’z / nW(x; z)ds;
8 |e]=a o

here n is the unit outward normal to the disk f and ds is its element of length

_ do b
‘ ds-T’ h—ch‘ro—-cosa'

(4.11)

29 l
n 1
z
—
[
'
€9 1 ’ o
/ 4
1 —
0, e 1

Fig. 1. Coordinate systems in the two-inclusion problem (2D-case).

Since the integral with respect to z is to be understood in the sense (4.4)
and go(z) = go(}zl]), we carry out the integration consecutively: first, at fixed
|z| = 2L = 2ach 7, i.e. at fixed 79, we integrate with respect to all orientations
of the dumb-bell shaped figure (see Fig. 1), described by the angle 1. Next we
integrate with respect to all |z|, i.e. to all 7. This procedure is equivalent to a
transition to the polar coordinates (p, @) in the plane (z1,z2) with a center at the
point Oy, so that p = |z| = 2L, after which the integration is performed first with
respect to o and then with respect to p (cf. Fig. 1).
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Consider first the integration with respect to p. Due to (4.9); and (4.11), we
have

K(L) = / do / W (x;a) ds
Zr rj=a ‘

(4.12)
k) x
:/da / n(G\W! + GLW3) ds =/da /‘(Wl’ne'1 + Wine))ds - G.
-%  |z|=a -x  |z|=a

In this expression we should once integrate over the orientations of the pair of unit
vectors e}, e} and once over the orientations of the normal n. Instead, we first fix
the angle 1 between n and e}:

(4.13) n-ej =cosy, n-e,=siny,

and rotate rigidly the triad e’l‘, €5, n. The dyadics nej, nej, after such an inte-
gration become proportional to the unit second-rank tensor I, so that, in virtue of
(4.11) and (4.13), the integral in (4.12) becomes

(4.14) K(L) = 7G / (GLW! + GyW)) ‘%".

It remains to integrate with respect to the angle 3 only.
Let us recall now the formulas

cosp , chrpcoso—1 Qbi e=P™ cos Do
h ~ “(chrp—cosa)? — p:lp po
(4.15) '
' sinp shrpsine = —pTo
h~ (chmo—coso)? Qpre Sipa,

p=1

which, when substituted into (4.14), together with (4.9) yield

=
K(L) = 7bG ) _ pe ™ (W,, + W)
p=1 )
(4.16)

pe_ep"'o
_ ,326_41"" :

oQ
= 1672232 —2" G
aB X + g }; i

Since the radius a of the discs is fixed, the integration with respect to p =
2ach 1y is an integration over 7y € (0, 00) and

pdp = 4a? ch 1o sh 7o drp.
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Fig. 2. Plots of the kernel ®; (continuous line) and the bounds & and ®¥ (dashed lines)
(2D-case); ) B =0.5; b) B=0.9

‘Making use of (4.7) and (4.1€), we thus get

&G = —m~ 5 / K(Lso(p)pdp = 4°M(9)G,

(4.17)
00 oo 3
M chrysh™rg  _
B) =16 _S_ 1p/go(Qa ch ro).l__ﬂ_ozrvio.e 6270 iy .
=l 0

Upon inserting (4.17) into (4.1) we easily obtain the eventual c>-formula for
the effective transverse conductivity »x* of a fiber-reinforced material:

(4.18) f— =14 28c + 26%(1 4 28M(B))c? + o(c?),

m

with the function M(f) defined in (4.17). This function is obviously even, which
implies the relation

(4.19) az(B) + az(—B) = 447
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for the coefficient a3, considered as a function of the parameter 3. It is to be noted
that (4.19) is a simple consequence of the Keller interchange formula [13], which
reads
5Ky, % )6 (%, 25) = 37 %3

here x*(x;, x,,) denotes the effective transverse conductivity of the fiber material
under study and »*(%m, ;) is the conductivity of the same material, but when the
fibers are made of the matrix material and the matrix—of fiber’s.

The comparison of (3.1) and (4.17) yields the analytical form of the kernel ®;:

(4.20) @3 (X B) = 453»\(/\2—4)21 ﬂzAs,,

here A=e ™ =1(A-+vAZ-4), 1> 2.

By means of (2.4) and (4.20) we can evaluate numerically the coefficient a,
for an arbitrary sphere statistics, represented here by the function go(r). Thus in
2D-case under study we avoid twin expansion technique of D. Jeffrey [4] and B.
Felderhof et al. [5), needed in 3D-case when solving the two-sphere problem, and
get the eventual result for a; as an explicit integral. Moreover, for some simple but
important particular cases the integration can be performed analytically employing
certain well-known higher transcendental functions, as we shall see in the next
Section,

The bounds (3.3) in 2D-case under study have the form

L (X 8) < &1(X8) < Y (1),
(4.21) 4 ) T
P71+ -2 P T I-g(aZo )T

The exact values of the kernel ®; together with the bounds ®f and &Y as
functions of A are shown in Fig. 2 in two cases: # = 0.5 and 8 = 0.9.

5. SOME FORMULAS CONCERNING a 2 IN 2D-CASE

In order to make easier the numerical evaluation of ay for the ﬁber-reipforced
materials let us expand the function M(f) in (4.17) in powers of the parameter 3:

[+

5.1 M M3, B =
(5-1) (ﬂ)kzo B 8=
(5.2) M = 162j/g0(2a ch ) ch Tsh®re=2(G+26)7 47,
i=1
The estimates (3.2) for a2 now imply
28 28
(5.3) T3 S 28M(B) < —p™
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so that

- .

' A
(5.4) My =mq =/(—/\§_—1)2yo(z\a) dA,

2
(5.5) M(B)=mz+0(B), ie. az= 28%(1 + 28mz2) + o(3°).
The formula (5.2) can be recast as
T ch rsh®r
M, =4 2ach7)—————
* O/g"( ) G

Having used the known formula for shn7 and making the substitution A = 2¢ch,
we get eventually

-1
k+1
(56) M= / Ago(Aa) {Z( 1Y C e ,A2<2'=—f+1>} ax

=0

The formula (5.4) coincides with (5.6) at k = 0. At k =1 we have

Ago(Aa
(5-7) | / o gg,(\24)~1)2 a

and this integral, as well as the integral in (5.4), can be easily evaluated in the most
frequently used well-stirred approximation for which g(r) = go(r) = go(Aa) =1 at
A > 2, yielding

1 1, V6, 3-V5

. My = M®* == Sy L YO
(5.8) o=M" =5, Mi=M"=5+ 50—

However, the analytical evaluation of M} by means of (5.6) at k > 2 is not
easy even in the well-stirred case. In the latter case we employ (5.2) which leads,
after simple manipulations, to the following result:

(5.92) My _ck{2¢(l+cg) 29(1 4+ 2;) + — (2”" —1)},

sin 2meg

where .
1 I‘ / (:c)

so that ¢(z) is the logarithmic derivative of the Euler Gamma-function which is
mvestlgated in detail and tabulated [14,15]. As a matter of fact, the formula (5.9)
is given in [10]. Note that since the arguments 1 + c; and 1 + 2¢; are rational, we
can employ the formula for ¥(p/q), cf. [15,.p.722], which allows us to represent
M;’* by means of elementary functions, namely

k+1
(5.10) MY’ = ¢ { 2—1— +8 stn(]wq) sita(3jmer) In sm(_nrck)}
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az 4

Fig. 3. The c?-coefficient a3 in the well-stirred 2D-case as a function of 3

Note also the asymptotic formula
(5.11) My =6((3)ct + 30¢(5)c} + oc}),
where ((3) = 1.2021 and ¢(5) = 1.0369 are the respective values of the Riman (-

function. The formula (5.11) glves four correct decimal numbers for M** at k > 4
and six at k£ > 6.

The formulas (5.10) and (5 11) make possible to evaluate ay in the well-stirred
‘case, having truncated the series (5.1) and replacing the remalnmg coeflicients M}’*
with their asymptotic values (5.11). In this way one easily finds, e.g.,

$°=27450 at B=1, ie x5/%, =00,
(5.12) a¥* =12550 at B=—1, ie. xp/xm =0.

The dependence a; = a3() is shown in Fig. 3 together with the bounds (2.3a),
which in the well-stirred 2D-case pnder study read

B ) 2 B
2ﬂ2(1+ <a¥ <2814+ —— ).
3(1+5) 2 3(1-5)
It is instructive to consider as well the more general radial distribution function

(5.13) o golr) =1+ Al—:-, r > 2a,

where A is a certain scalar parameter such that 4; > —2 (in order to have go(r) >
0). The coefficients My, corresponding to the distribution function (5.13) can be
easily evaluated by means of (5.2) and the final result i is

(5.14) My = M{* + ANy,
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. -
-1 1 B

Fig. 4. The c?-coefficient ay in the well-stirred 2D-case as a fu.nctlon of 8 for the dxstnbutlon
fanction go(r) given in (5.13); .
1 — Ay =-2; 2 — A; = 0 (well-stirred); 3 — A; =5

3 1 3 meos(mex /2) 2
A1 " Ny = =c? Ze) ~ - Bl Sl 7 S
(5.15) | k=50 {2¢(1+ 2c;,) v(l+ 2cl,) + sn(37a/2) 3 )’
k=0,1,..., where c; are defined in (5.9b) and M are the respective coefficients
in (5.1) in the well-stirred case, cf. (5.10). Havmg applied the above mentloned
formula for ¥(p/q) from [15, p. 722], we get

3, 2 2(k+1) -
(5.16) Ni = -2-ck §—+4 Z sxn(gwck}s1n(2]wck)lns1n 7 ("

so that Ny > 0,k =0,1,....
In particular,

1 1 1 95 3-+5
Ngmg—zln?), Nl—g ml 2 .
The asymptotic formula for Nj reads
= 3¢(3)ct + o(c}).

It gives four correct decimal digits at k£ > 2 and six at k > 8.
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Since A; should only exceed —2 and thus it can take arbitrarily big values,
equation (5.14) suggests that the statistics of the dispersion affects very strongly
the c2-coefficient in the virial expansion (1.4) of the effective conductivity. This is
illustrated in Fig. 4 for the radial distribution function (5.13) in the cases A; = -2,
Aj = 0 (well-stirred) and 4; = 5.

Let ‘us note finally that M () > 0 at 8 € (—1,1), cf. (4.17), and it could take
arbitrarily big values, e.g. for the distribution function (5.13). Then (4.19) implies
the following sharp estimates for the coefficient a3 in 2D-case: -

202 <az<oo, if B>0, ie % > xm,
(5.17) ,
—oo<ap <260, if B<1, Le. ¥ < %y,

baving taken sup a; and infa, with respect to all admissible radial distribution
functions go(r) (so that'varying, in particular the parameter 4, in (5.13) from —2
to infinity). We can thus conclude that there is no finite interval, independent of
the statistics of the fibres, within which the c?-coefficient ay is to be always found.
Note that similar to (5.17) estimates are to be expected to hold in the 3D-case,
i.e. for dispersions of spheres, with the only difference that the factor 2 should
be replaced by 3, and again there will be no finite interval for the coefficient a2,
independent of the statistics of the dispersion. .
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CTAINMOHAPHBLIE ABUKEHUA CUCTEM TEJI,
CBA3AHHLIX CTPYHAMHU

HUKOJIMHA BACHIJIEBA, JIOBOMHWP JIMJIOB

.

Huxoauna Bacuacesa, JTwbomup Juros. CTAIIMOHAPHBIE ABUKEHUA CUCTEMBI
TEJI, CBA3AHHLIX CTPYHAMU

Ha ocHoBe o6mux ypaBreuuii apMrkeHuA CONOHOMHOMN CUCTEMBl B MHBADUMABTHOMW TeH-
30paoit popme, BHiBeAeHHX paHee anTopaMu [5], HaiifenH CTanMoHADHLIE ABMXKEHUA CHC-
TeMbl a6CONIOTHO TBepAHX ocecumMMeTpuueckux Ten (rupockonos Jlarpansa), xKoropue
CBA3aHB Mexkay caboil aBconoTHO rMEKUMM HEPACTAXKUMBIMM CTPYHAMMU.

Nikoliia Vasileva, Ljubomir Lilov. STEADY-STATE MOTIONS FOR SYSTEMS OF RIGID
BODIES CONNECTED WITH STRINGS

Steady-state motions for systems of rigid bodies with dynamical axes of symmetry (La-
grange's gyroscopes) interconnected by means of absolutely flexible strings are found through the
use of general equations of motion, derived by the authors in [5] in an invariant tensor form.

H3BecTHO, YTO B TEXHUKE YaCTO BO3HMKAET HEOOX0AUMOCTh TEOPETHUECKO-
ro ¥ ®KCIEPUMEHTAJNBHOT'O UCC/IeJOBAHUA ABVIKEINA TBEPIBIX TeJl, CBA3aHHBIX
Mexny coboif crpyHamu. Tak, HallpuMep, MeToA AMHAMUYECKOH GajlaHCHPOB-
KM TeJl MCHOJIb3yeT 06CTOATENHCTBO, UTO TeJO HPOM3BOJELHON (opMEI, HOZI-
BellaHHOEe Ha CTPYHE, MOXKET COBEepIIaTh CTAlMOHADHOE IHBWKEHME, MPU KO-
TOPOM OXHA U3 €ro IJIaBHBIX HeHTPAJbHBIX OCeli- MHEPUMM COBIMAAAET C BEP-
TuKaano. HcciienoBaHne CTaiMOHADHBIX ABWKEHWMA OAHOTO Tela, IOJBeNiaH-
HOro Ha CTPYHE M MX YCTOHUMBOCTH ABJAETCA npeameroM pabor [1, 2, 3], B
KOTOPHIX MpUBEHEHbI IPUMEPH PA3JANYHEIX (OPM CTAIMOHAPHLIX IBWAKEHUI U
HaeTcA OMMCaHMe NPoBeNeHHRIX SKCIIepUMeHTOB. PaccMaTpuBaloTcA Kak oce-
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CMMMeETDPHUYECKHMe, TaK U NpOM3BOJIbHEIE alCONMIOTHO TBepanie Tena. Mcnonpio-
BaH#e TPAAMIMIOHHOTO MAaTEMAaTHYECKOT 0 aNlapaTa aHAJWTUUECKON MeXaHHUKU
AnA Gojiee CIOXHBIX CUCTEM NPUBOAMT K OTDOMHOMY 006beMy BLIYMCIUTEIb-
Holt paboThl. DTO ABAAETCA CNEACTBMEM TOT'O, YTO B KadecTBe 0000IIeHHEIX
KOODJMHAT CHCTEMBI BHIOMPAIOTCA CKaJApHBIE BEJUYMHBLI, KOTODhIe He HMe-
IOT KOHKPETHRIA MeXaHM4YeCKHM CMBICIH. Pﬂn MpOMEXKYTOUHBIX BEIUMCHeHUik
MOXXHO MCKIIOUYMTh, €CJIM MCIIOJIb30BaT TeH30PHYI0 ¢opMy ypaBHeHHMit nBinKe-
nua. TakuMm o6pa3oMm, ynpoiaeTcs 3anuch ypaBHEHU U u3beraercA 3aBUCH-
MOCTb pellleHMA NOoCTaBJeHHOH# 3axaud oT BhIGOpa 0606IIEHHBIX KOODIMHAT.
Wicnonb3oBaHMe ecTeCTBEHHBIX I'€OMETPUYECKMX XapPAKTEPUCTHMK PaCCMATPH-
BaeMBIX CHCTE€M B KayecTBe NMapaMeTpPOB ABWKEHHUA AeNA€T [PO3PAaUHBIM KX
MeXaHuUYecKoe MoBeJleHUe.

Ilens HacTosAmel paboThl — BLIBOA ypaBHeHUil NBMKEHHUA POU3BOJIbHOMK
CHCTEMBI TeJl CO CTPYKTYPOH AepeBa B MHBapHMaHTHOM TeH30pHOH dpopme. Ilo-
JIyYeHHbIEe YPaBHEHHUA UCMOJb3YIOTbCA HJIA ONpelesleHUsA CTAUMOHAPHBIX IBHU-
#eHMl CUCTEMBI 0CECUMMETPHUYECKUX TeJl, KOTOPhie CBA3aHB MeXAy coboii ab-
COJIIOTHO TMOKUMY HEPACTAHKUMBIMM U HATAHYTHIMHU CTPYHaMH,

1. YPABHEHUA ABM/KEHUSA CUCTEMBI TEJI
CO CTPYKTYPOW IEPEBA

PaccMmoTpum rosonoMuyio cucreMmy. n + 1 abconoTHO TBEpPABIX Tel, KO-
Topad MMeeT CTPYKTypYy AepeBa. lomycTtum, 4To ABMXKeHUE ONHOTO U3 TeJI,
KOoTOpOMY NpucBauBaeM HoMmep (), 3alaercsa Kak ¢yHKUMsA BpeMeHH. be3 or-
paHUYeHUA OGIHOCTH MOKHO CYMTaTh, YTO C TesoM (0) cBA3aHO TONBKO OX-
HO M3 TeJ CHCTeMbl, TaK KaK B IIPOTHBHOM CJIy4ae CHCTeMY MOXXHO pa3bute
Ha YaCTH, KOTODEIe ABJAIOTCA HE3aBUCUMBIMU Mexay coboit. [lomyctum Tak-
e, UTO KHHeMaTHYeCKHe CBA3M, OCYIeCTBJIeHHbIe B COUIeHeHUAX (IapHUpax)
Tejl, ABJAIOTCA UAEAJLHBEIMHM, T. €. CUJBI PeaKIMM He COBEPLIAOT pabGoTHl Ha
BUPTYaJbHBIX [IepeMEIIEHAAX CUCTEMBL.

IlnA onycaHNA CTPYKTYPHI B3aUMOCBsA3€il MeXIy TelaMU U COUEHEHUAMU
BOCIOJIb3Y€MCA OCHOBHEIMHU ONpeJieIeHUAMM M 0603HAYEeHUAMU B KHUre But-
TeHGypra [4]. ‘

IlanHoit cucTeMe Tell CONOCTaBIAEM OPUEHTUPOBAHHLIA rpad, B KOTOpOM
Ayrd ug (@ = 1, ..., n) COOTBETCTBYIOT COUJIEHEHUAM, a BepHIMHEI S;
(i=1,...,n) — Tenam cucremnl. Kaxnmaa Ayra u, coeiuHsAeT B TOYHOCTH
ZiBe BeplIMHEI rpadpa. ByaeM roBopuTh Takke, UTO Ayra u, MHUMIACHTHA -
TuM BepmuHaM. OpueHTaIMIO AYTH U, ONPEAEAEM B 3aBMCHUMOCTH OT BHMIA
COOTBETCTBYIOLIEro €if coulleHeHMA B cucteMe Tel. QO6bIUHO NP ONUCAHUM
OTHOCHMTEJIBHOI'O ABWKeHNA B JIOGOM COUJIEHEHMM U, OAHO M3 TeJ ABJIAETCA
OCHOBHBIM, a IBWKE€HMe JpYroro paccMaTpHUBAaeTCA OTHOCHUTEJLHO ero. Toraa
ODMEHTALMIO AYTHU U, BhIOMpaeM ¢ HalpaBiieHMEM K3 BEPIUUHEI, COOTBETCTBY-
1omiefl 0CHOBHOMY TeJly K IpYTroif BeplllMHe, HHIMIOECHTHOM 9Toi AyTe.

Ilycte s; u s; nee Bepumnnl rpada. Ilepeitnmem u3 s; B §; BIOOIB TO-
CJIeROBATENLHOCTH BepUIMH ¥ AyT (He NIPMHMMAad BO BHMMAHUA HalpaBiieHMe)
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Ylo TaKoMy myry, yroGbl HM OJHa Hyra He MpoXoAuiach GoJiee oXHOro pasa.
Torza Heynopanounoe MHOMXECTBO, ONpeIeTeHHbIX TaKMM 06pa3oM Ayr, Ha3bl-
BaeTCA NyTem mekay Si M 5. B rpade co CTPyKTypoii nepeBa myTb MEXAY §;
M 5; ofipenensercs e AMHCTBEHHBIM oGpa3oM. ['0BOpAT, YTo BEpIUKHA Sj JEKUT
Ha NyTH Mexkay s; M 5, €CJIM XOTA Gul 0fiHA Ayra, NPUHAUIEKAIAA BTOMY Ny~
TH, MHIMAenTHa s;. BBeleM obosnauenns s; £ s; (s; 2 s;), ecau BepmMHA s;
NEXUT Ha myTH MeXLY S0 M Sj U §; < sj (8 > i), eClM BepIIMHA §; JIEKUT Ha
IYTH MeXay sq u s; ¥ He coBnalaer c s;. OTHolenue s; i $; €CTb OTpHUUAHHKE
s; 2 8.

Nyra u, naspiBaeTCA NpPENIeCTByONIell BEePUIMHE §;, €CIM U, TPUHAILIIE-
RKUT MY TH MexAy 5o ¥ S; Y ABIAETCA MHIMAEHTHOM Bepumte s;. Bceraa moxuo
HYMEPHUPOBaTh Iyr¥ ¥ BEPHIMHEI rpada TakuM o6pa3om, 4TOGRI Kaxkaas Bep-
WMHA W NpemuecTBYOWAA eff Ayra uMelH OMMH ¥ TOT ske Homep (perysap-
Had HyMepamnusa). JIn1A OPUEHTUPOBaHHOIO TPada paccMaTPUBAEMON CHCTEMBI
NpeanonaraeM peryifApHYIO HyMepaLHIO.

O603nauan uepes it(a) Havaso AYIM %, M 4Yepe3 i~(a) — ee KoHel, OI-

T
pelenseM MaTpuiy MHIMAEHTHOCTH (§’§ ,§T) , TIe

_‘SO = (SOI) ey SOn)1 _S. = (Sl'ﬂ)?,azl )

1, ecmmi=1i*(a)
Sia =1} ~1, ecmi=i"(a)
0 B OCTAaJbHHX cayudasax (i=0,...,n;a=1,...n),
Tak Kak HyMmepalMsa rpada — peryJiapHas, MaTpuna S u ee obpaTHas

S™!' = T aBamoTca BepXHMMHU TpPeXyroJbHEIMM MaTpMmaMu. DieMenthl Ty
MaTpHuubl T Toke npuHUMaloT 3Hadenua 1, —1, u 0, a umenno: Ty; = 1, ecam
AyTa % HAXOAMTCA HAa IyTH OT BEpPHIMHBI So K BepIiMHe S5; M HallpaBJIeHa K
s0, Tai = —1, ecan HanpaByieHne AYTH U, — K §; ¥ T, = 0, ecau nyra ug He
NPUHAUIEXUAT TYTH OT So K §;. ‘ .
YTo6rl onpemesnTh B3aUMMHOE MMOJIOMKEHME COCEIHUX Tell B COUJIEHEHMHM
(a), BrI6MpaeM ¢MKCHpOBaHHEIE COOTBETCTBEHHO B Tedax it(a) u i~ (a) Touku

—_—
Ci+(a)a ¥ Ci-(a)a- BexTop 24 = Ci+(4)aCi-(a)a HA3BIBAETCA IMAPHAPHHIM BEKTO-

poM, a TOUKH Ci+(a)q ¥ Cj-(a)q — WapHMpPHEIMM Toukamu. Toury C;; Gynem
Ha3LIBATh MpeAlecTBYOMmER Toukol Ansa Tena (i). BeemeM BekTopht
1 n s

(1) Za0 = i E m;Toj2a, Zai = Za0 — TaiZq (i,a=1,...,n),
i=1 ' :
rae mj — Macca Tenaa (j), M = E m;.
&
Tak kak T,; # 0 ToJNBKO ANIA Tesl C HOMEPAMIf j, JUIA KOTOPHIX §; 2 Sq,
npu ToM Tg; = Taq, TO

. 1 ' 1 n
Za0 = —M— Z m_,-Tajz,, = M Z m; Taaz2a,

sy 2 s j:8 2 Se
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240, B €CJIN §; i 8a

Zai = 1 °
as —
Zaa = i E m; | Taaza, ecam s; 2 sq.
j:"j ; 3a

Moo NpoBepHUTEL, YTO MMEET MECTO COOTHOIIEHHE
’ n .
E mjzaj=0 (a=1,...,n).
j=1

PaccMoTpuM Testo ¢ HomepoM i. Tak Kak myTh MeXIy BepIUMHON s; M
NpPOM3BOJIbHOM Apyroif BeplMHoi s; rpada — eAUHCTBEHHBIA, To Ha Teie (i)
CYlIecTByeT TOJNBKO ONHa IIapHMPHad TOYKa, KOTOpadA BeleT K Teay (j). K
KK 0if MIAPHUPHOM TouKe Tena (i) N06aBiIAeM TOYEUHYIO MacCy, PABHYIO CyM-
Me Macc BCeX Tell, K KOTOPBIM BeJeT aTa Touka. [losydeHHoe Telo Maccoit M
 Ha3BIBAETCA [OMOJHEHHBIM TeloM (i), a ero LEeHTp Macc — GapuUUeHTD Tesa

'(§). O6osnauum uepes C; u B; nentp macc u Gapuuentp Tena (i). Bpenem
"BekTopHl bij (j =0,...,n), roe bj; npu i #£ j ABAsIeTCA BEKTOPOM C Ha4daJIoM B
TouKe -B; ¥ KOHLIOM B IIapHHMPHON Touke Texa (i), KOTopadA BeleT K Teay (7).

B cayuae i = j monoxum by = B;C;. OueBnano
n
ijb,-j-—-O (i=1,...,n).
ji=1

BexTopH b;; u dij, onpenenfieMble paBeHCTBaMU
~

(2) ] d.'j =b,'0—-b,'j (i,j: 1,...,71),
KECTKO CBsA3aHHLIC C TEJOM (i), OtmeTnM TaK¥Ke, YTO MJIsA KaKI0oro j, BBIITOJI-
-HAKOUIEr0 yCJIIOBUE §5 8, CIpaBE€AJINBEI PaBEHCTBA

bi; = bio, d;; = 0.

Ilycts O — HeKOTOpasd HENOABWXKHAS B MHEPLMAJILHOM IPOCTPAHCTBE TOY-
ka u O’ — emMHcTBeHHas mapHMpHas Touka Tena (0). Tak kak sakon apu-

—_—
xenun tena (0) 3afaHHBIA, To U3MeHenne BekTopa T9 = OO’ B npocTpancTee
ABJIACTCA M3BeCTHOM (yHKuMell BpeMenn .

Pamuyc-Bekrop r; = OC; npeacTapiseTca CyMMoii [4]

n n n n
ri==Y djii=Y Tuzat+ro= Y (bji — i)=Y Twza+ro  (i=1,...,n).
i=1 a=1 j=1 a=1

Ecau 0603HaunTh Yyepes C LEeHTP MACC CUCTEMEI Tell (3a MCKIIOYEHHEM Te-

—— —_—
aa (0)), To anst paamyc-sekropa r. = OC u Bektopos It; = CC; cnpaBemMBh
BHIDAsKEeHUA

- n n n n
rc = ]\%Zmiri: -ijo—zzao+fo=-—Z(bjo+2jo)+ro,
j=1

i=1 a=1 j=1
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n
Rq':"i—TC:Z(bji'l'zji) (i=1,...,n),
i=1
n
npu aTom ) m; R; = 0.
i=1
KuneTnueckan sHeprusa cucTeMsl onpedenserca opmyroii ([4])

I ., 1l 1 .,
(3) T=3 ; miR} + 5 ;u;.JC,..w,- + 5 Mg,
w; u J¢o, — COOTBETCTBeHHO abCoMIOTHAA yrjoBad CKOpocThb Teda (i) U ero

TeH30p MHepUMM OTHocHTedbHO Cj.
Ipumenas MeTox BuBoga dpopmMyanl (5.56) B [4], ans neppoii cymmer B (3)
HaXoaMM

%jzlm‘j{? Zzzmk(l’ k+ 21)(bix + 2ix) + = 5 ZZ (b +z,_,) m;

:11¢zk1 . i=1j=1

:—_MZZ(b]:+zJ:) (sz+zzJ)+ szj i5 MszO Zii

i=1 j#£¢ :::1] 1

1 n
~ oMYz
2 i=1

ITpynumasn B BUAYy paBeHCTBa

1
= ZZ (b]() + zjo). (sz + zi0) + = Z (b2 + 2bio. 240 + 35)

i=l j#i

—7g. E (blO + ztO) + 7'0;

=]

bij = wi x bij, b = —wi.bij.bij.wi,

n
J,- = Jc — Emjb,-j.b,-j — Mb,'o.b,'o

j=1

=Jc+ Z m; (b}, B2 — bijbis) + M(bjg B2 — biobio),
ji=1
raet=1,...,n,j=0,...,n, E; — enunnqﬂmﬁ TEH30p BTOPOif BaJIEeHTHOCTH
[5], npuBOoMM BHIpa)keHMEe KMHETHIECKOM OHEPrHM K DHLY

T= Zws J;wi + MZZ [(bJO + zJO) (bzo + z;o) (b_u + z]z) (bl] + zq)]

=1 j#A¢

+M2Tu ( i0 + —Z.o) - Mry. Z(bzo + Zio) + M‘l‘o.

i=1 i=1

143



Tenzop J; sABJIAETCA TEH30POM MHEPUMM AOMOJHEHHOro Teia (i) OTHOCH-
TeJNBHO ero npenmecrsyouei Touku Cy;. .

Ich'rb B KadecTBe 00O0OIIEHHBIX KOOpPAMHAT CHCTEMbl BHIGpAaHbI TEH30DhI
X1,...,X;m BajeHTHoCTEH Vy,...,Vy. CornacHo [5], ypaBHeHUA ABV>KEHUA
SaHPICHBaloTCﬂ B BUIe .

3w, (1] a(b,'o -+ z;o) . . (1] 6z,
Xk‘{)\‘Z{ (J wi) + —m—-(ﬂizi—fo)'*'ﬂ; 3 Mb:o
@ 1] (11
1 6(b,0 + 2.0) - w 1 3(b, + Z,") M ..’ . <
+y [ (bjo + Zj0) — —éfi—-(bjﬂrzﬁ)]} =Xk AQy,,
J#
rae Q — 06obIneHHad cuia, COOTBETCTBYIOmAA 06oblIeHHON KoopAMHATE

X . Ecim r — paauyc-BeKTop NPOU3BOJBHOrO vileMeHTa dm u df — meiict-

ByIollad Ha dm cuia, To
| (1] gy
= ‘ .d
%= [ -t

v)

I'le MHTErPUPOBAHNE TIPOU3BOANTCA 110 TiosmoMy 06beMy (V) cucTeMsl.
Tak kak BeKTOphI b;j ABIAIOTCA HENOABWKHBIMU OTHOCUTENbHO Tena (i),
TO MOXHO NpUMeHHUTHb popmyasl ([5])

(1 3p,; (11 5p. . Mo, -
5 L= = —.b;; i=1,...,n,j=1,...,n).
( ) (9Xk an 6Xk J (1 n,J ) n)

Ecau CHIJIbI, I[(EﬁCTBy}OIIIPIe Ha CHUCTeMY, ABJAIOTCA NOTEHLMAJbHBIMH, TO

Qr = -—56)1(1—, rae I =1(¢t, X1,...,Xm) — NoTeHUMAILHAA PHEPIUA CUCTEMBL.
k -
Y paBHenus (4) MOXKHO 3aIMCaThb M B cileAyIOIeM BUIe:
N P (9(bio + 210)
b e (Jiwi) - M S22 e - Ty
klf}, ;{ axk ( th) s aX ,Z
- . Wa(di; + Tijzi) 5 .
(6) - 2 (4 +Tjizj)] +M Y L—’5),(—1:’——2-(610 + Zjo)
j:s_,-(s,' ) FRIP IR
ury U5 G =%
+ MT; axX, 0= k‘{‘\‘Qu,‘_ (k=1,...,m).

YpaBuenusn (6) caexyrot us npeobpasoBanmii

S a(b,‘o + ziO) v “ g b;; + zi5) - .
g; [ —ox, (biotZj0) - —(—5:@—’)-(6,-; + Zji):'
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Ula‘b.- + zi0) . M o(bio + zio) 5 -
= Z [ —(—-(—995(—;—.(bjo+zjo)— W-(bji'*’zji)]
jis; i s
(11 5(b; o) v
+ 2 it 2a) 0+z0)(bjo+zj0)“

J:si>8i

2 O(bi; + 2ij)

8X (bJO+zJO)]

B3] B(b, -+ 2z;
= 2 _(;7(:_3). (bjo — bji + 250 — %ji)
j:.!j i 3,

Z W (big — bij + zio — 2ij)
Xy

.(bjo-‘}'ijo).

Jisi>si
Tak Kak B HepBOif CyMMe OTJMYHHIMU OT HYJIS ABJAIOTCA TOJbKO cllarae-
MBle, JJIA KOTOPHIX §; < §;, To uMea B BuAy ¢opmyan (1) u (2), momyua-
€M BLIpa’KeHHe .

1] d(bio + 2i0) - . (11 Ndi; + Ti i) 5 .
1’aX —. Z (d]t+T71zJ)+ Z —__—_UaX i '(bj0+zj0)y

k Jisi<si jisi>8 k

M3 KOoToporo cileAyioT ypaBHeHus (6).
Ecau npeAcTaBUTL PalMyc-BeKTOp T NpPOU3BOJIBHON TOUKM Teja (i) Kak

——p
cymmy rc,, + @, rae r¢,; = OCj;, 10 o6obueHHana cuna Qp npeobpasyerca
cienyioumM obpasom: '

1 ]6(1'0" + o) Brc“ 1] fuw; .
Q= Z / ToX: if= E / I oz ) e
=) A (V)

LI S PR DEW ]
= —* F; + —.M;|,
S| Tt an

rae Vi — o6bem teaa (f), a F; u M; — coOTBeTCTBEHHO pe3yJbTUDPYIOIad
CUJIa M pe3yNLTUPYIOMHKA MOMeHT oTHocuTesbHO Cy; BCex cuil, AefcTByIOMUX
Ha Teilo (z) Ucnonwsys 10, 4TO

(7) TCu Z (dJ'+Tl'zJ) Tiizi,

I RFACH

TMoNyYaeM BBIPAKEHHE

z 0 o(d;; + Tji2;5) (1] 5, i 60.’,
= - — = Fi - Ty F; M;
Q=3 |- X ax, o hoaxFt ok,

i=1 Jjis;<s;

M;

~ [ o(di; + Tij2i) M §(~T;2:) [ g,
. P St e S L o

i=1 Jisi>s8i
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IMocaenHas cymma mojydeHa M3MeHeHMEM MOPAAKA CYMMHUDPOBAHHA ¢ Mocie-
Aylomleit nepectanoBKoil unaekcoB. M3 mpoaesaHHBIX BEIYMCIIEHU, TPUMEHAA
popmyanr (7) u (5), 3anucuiBaeM ypaBHEHUA ABWKEHUA B BUIE

n

- (1] Heo;
(8) XA E g;i- (Jiwi) = Mbyg x ¢,
k

+ Z d,'j X (Mi;jo-}-Mi’jo-f-Fj) - M;
jisi>s;

M a(—_T. .. b
# ML) (5 ) i, Mo

Xy ,
J:8;>8:
- Z (Mbjo+M5jo+Fj) =Xk‘/”\‘0w,y
Jisi>s
rae k=1,...,m, a O,, — HyneBoit TeH30p BaJeHTHOCTH V.

YpaBHenna (8) UMeIoT clieAyloumii MexaHM4ecKuii cMuici. Bripakenne
(Jiwi) — Mbjg X 7¢,; ABAAeTCA U3MEHEHNEM KUHETHUYECKOT0 MOMEHTa JOII0JI-
HeHHoro Teja (i) oTHocuTenbHO Toukd Cji. Ecau npeamosoduTh, UTo B KaX-
Zo¥ mapHUpHON TouKe Tela (i) AeiiCTBYeT CMJa, KOTOPAA ABJIAETCA CYMMOH
BeKTOpoB Mbjo+ MZzjo+ Fj, rae j — HoMepa TeX Tell CUCTEMBI, KOTOPEIE CBA-
3aHbI C TeJioM (i) MOCPEACTBOM BTOl MIADHUPHOI TOYKH, TO Pe3yNbTUPYIOMi
MOMEHT BceX CHIl, AeHCTBYIOIUX Ha Telo (i), BHIpaXKaeTCsA BEKTOPOM

~dijx Y (Mbjo+ Mijo+ Fj)+ M

. s>
U paBE€HCTBO
) |
K; =H(J,'.w,')' — Mb;e X ;C.‘; - —d,'j X z (Mi)jo + Mﬁjo + Fj) -M;=0

Jisi>8;
BHIpQXKAET TeopeMy O KMHETHUeCKOoM MomenTe (puc. la).
, R :
llna wapuupHoro BekTopa z; = Ci+(;)i(;-(;)i He3apucumo ot BrIGopa Ha-
NpaBJ/ieHUA AYrd u; rpada cucteMsl, BekTop —T;;z; HanpasieH ot Teaa (0) kK

reay (i), T. e. ero HavaJbHaA Touka G; HAXOAUTCA Ha Telle, IPEAUIECTBYIOUIEM
Teno (i), a ero KoHUoM Bcerga spagerca touyka Cj; (puc. 16). Ilonaras, uro

toukn G; u Cij MMEIOT MACCHl ). Mj Uy, mM; COOTBETCTBEHHO M YTO
Jis; i s; ji 2 % ‘ 7
Ha Touky Cj; NeiicTByeT cuia
Mbjo + F; + E (Mbjo+M5jo+Fj),
Jis;>8
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Puc. 1a Puc. 16

To abcosoTHOE IBWKeHNe Toukn Cj; ompeleiseTcA ypaBHeHueM (puc. 16)

L; = Z m; | #c,; — Mi),'o-'}-Fi'*‘ Z (Mi;jo-FMEjo-f-Fj) =0.

jis; 2 s Jisy>si

Ecnu o6o3naunte uepes D; meHTp Macc CMCTeMHl M3 IByX Touek G; M

——— — -

Cjj, T D;Gj = zjo, D;j€Cj; = 25, n BeKTOp M zjo MOXHO paccMaTpUBaTh Kak
cuay, ¢ KOTOPOil cTepxkeHb Macchl M c nentpom mMacc D; M yckopeHueM zjo
ZelicTByeT Ha CBOIO onmopHyio Touky G; (puc. 16). IomoburiM o6pa3oM Bek-
Top Mbjo + F; B paBerctBe (9) sABAAeTCA ciloif, ¢ KOTOPOit ZoMObHEHHOE
Teno (§) ¢ ueHTpoM Macc B; npu ero ABWKeHWM BOKPYT HEIOABM’KHOM TOUKU
Cjj neficTByeT Ha ®Ty TOUKY, B IPEINOJIOKEHUM, YTO AONOJIEeHHOe Teqo ()
HaXOIUTCA MoA Bo3AeiicTBueM cuinl F;.

Mow; Mo(~Tiz;)
’ g n

X k X k
HMue BekTopoB K; u L; Ha ypaBHeHus aswkenusa. Hanpumep, ecau ma,pfmpm.m
BEKTOD 2; HE 3aBHMCHUT OT KOOPAUHATH X, TO ‘

B ypaBHennax (8) TIPOM3BOIHEIE OTpaKaloT BJIMA-

M (T 2:)

X : L =0,

ecim X; = § — yroa BpameHuA Tena (i) OTHOCHTENBHO HEKOTOPOH HEIOABMXK-
Holt ocu §, TO

(1] few: (1] 9o,

bt L K;=t.K;.

00, 06
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2. YPABHEHUS IBUKEHUSI CUCTEMBI TEJI,
CBA3AHHBIE MEYKIY COBOW MIEAJNBHBIMU CTPYHAMU

PaccMOTpUM CHCTEMY Tell, .Ul KOTOPOMl BEIMOJIHEHbI CJIeNyIOIHUe yCJio-
BHA: CHCTEMA HaXOAUTCH MOA AeHCTBUEM CWibl TaxecTH, Tedo (0) — Hemona-
BukHoe (ro(t) = 0), Tesa CMCTeMBI UMEIOT AMHAMHYECKHE OCH CUMETDUM M
CBA3aHLI MEXAY cob0il B KOHIIaAX CBOMX oceil cMMMeTpUM abCONIOTHO HepaCTH-
KMMBIMHU, JIMIIEHHBIMU MacCOil CTpyHaMH, KOTODEIE OCTAIOTCA HATAHY THIMU BO
BpeMA aBwkenud. [IpM HaAMYMKM TakKUX COUNIEHeHUH yNo6HO paccMaTpHMBATH
ABVGKEHUE KAXKIOro Tejla OTHOCUTEJLHO ero NpeAllecTBYIOIIEro Tela U, TaKUM
o6pasomM, i~ (i) = i. OTclona cieAyeT TakKe, UYTO BCe Pa3jIMYHbIE OT HYJidA
?JleMeHThI MaTpHulbl 1 paBHAloTed —1.

B kauecTBe UIAPHUPHEIX TOUYEK, ONpeAeNAIOINIAX BEKTOP 2, BHIGHpa€eM KOH-
bl ocelt CUMMETDUM COCEIHWMX TeJl, CBA3AHHBIX IOCPEeACTBOM wmapHupa (i), a

1 .
B KayeCTB€ KOOPAMHATHOIo BEKTOpa eg), HEN3MEHHO CBA3aHHOI'O C TEJIOM (l)

6asuca el¥) = (eg'),eg'),eg'))T — e[VHMYHBIA BEKTOP €ro OCH CHMMMETPHMH C
HanpaBJieHreM oT Touku P; = Cy; k uentpy Macc C;. MHepumapyio Koopau-

o : 0
HaTHYIO CUCTEMY, AJA KOTOPON NnpennogaraeM, 4YTo BEKTOp 6:(3 ) nMeeT TIIpoTHU-

‘ 0) (0) (0
BOHOJIOXKHOE CHJIe TSKECTH HallpaBJieHHe, ob6o3HayvaeM depes Oeg )eg )eg ).
onoxkenne Tena (1) MO OTHOWIEHMIO K NMPEMIIECTBYIOLIEMY Tely O4YeBHIL-
HO ONpeAesAeTCA MATHIO CKAJAPHLIMM [[apaMeTpaMi. DTO MOJIOKEHHE MOXKHO

onpeneanuThr € JIMHUYHBIM BEKTODPOM uU; = U OPTOHODMHUPOBAHHbLIM TEH30-

Zi
|z
pom [;, koTophiM 3akaeTcA abconoTHoe HBUXKeHMe Gasuca e, Bennunnn
U1,...,U5,[1,...,I', npuHUMaeM 3a o6oOuIeHHBIE KOOPAUHATHI pacCcMaTpUBa-
€MOi CUCTEMEI.

Jlerxo yBHUAeTE, YTO OT NepPEMEHHOM 1; 3aBUCAT TOJBKO BEKTOPHI Zip, - ..,

Zin, a OT nepeMeHHoit ['; — BekTOpH! Wy, big, ..., by, ¥ Tensop J;, npn Tom
(Tak kak |zij| = const)

. gz, X L W,
(10) ' u;. 6_1:: =_|z,-j|u,~.E2 = z;j, I‘,’. aI‘: = 2
(i=1,...,n,j=0,...,n). Cyuerom popmya (10) 4, npunMMaa Do BHUMaHKE,

YTO OTEHUMAJbHAA SHEPIUA CUCTEMBI BRIpaXKaeTca GpopMyioi
© s
0 0
I =Mgrc.e;’ = —MgZ(bjo-'}-zjo).egx ),
ji=1

IUISi ypaBHeHMIA ABwxeHnA (4) HaxoauMM

;

Jiw) + MY [b,-o x (bjo + Zj0) — bij x (bji + 2,-,-)]
J#s

(11) — Mbig x 3; — Mgbip x e = 0,
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MZ [z,'o X (i)jo + }ljo) -2 X (i)j,' + ij,')] — Mz x 2,’
J#
—Mz; x b,o —~ Mgz;o X e( ) =

raei=1,...,n.
Yucno skBUBaJIeHTHBIX ypaBHeHusaMm (11) ckanApHeIx ypaBHeHuMit paBHA-
erca 3n + 2n = 5n, UTo coBmazaeT ¢ YUCIOM CTelleHeil CBOGOABI CUCTEMEL.
Ina kaxporo Tena (j) anmHa [; ocM CUMMETPMM ¥ BeJIMYMHEL

¢ = |CJ'PJ'|) Hi = __znlm! = M E ms,

is; 2 35

1
(cJ ljym; — ET};T": = 'M—(Cj = l)m; + iy
=1

ABNAIOTCA TocToAHHBEIMM. C Mx momomsbio BeKTopHl bjp M bj; BEIpakaloTcA
bopmy mamMu

(12) bo = ~bjed), by = —(Tjils +b)ed)  (ij=1,...,n).
BekTopHl z;, 2jo U zj; IPeJCTaBJIfAeM B BUIE
z; = pjuj, p;= const? zjo = —djuj, d; = p;ipj;
(13) 2 = —(Tyips +diyw; (i3 =1,...,n).
Hcnoabsya pasenctBo T;;T;; = 0 u obo3navas
- gij = =M (Tijkbj + Tjil;bi) = g,
vij = =M (Ti;pid; + Tjipjdi) = vji,
Aij = =M (T;;lid; + T;ipsbi),
i = Mbipi,  vii = Mpiid;,
¢ yueroM dpopmya (12) u (13) monyuaem

(14)

(J wt) +Z.q:_1 Xe(])—l-zx\ e qu+Mgbe XB;(?.O)_O’
J#i i=1

Z’\'e(J)+ZV‘J“ +Mgde(0) =0.
j=1

I/ICHO]IB3yﬂ 06CTO}ITeJII:CTBO, YTO TeJla CUMCTEMLI — OCECUMMETpUYECKUE,
MOXHO NpelACTaBNTh YpaBHCHNUA ABWMXKEHUA B BUAE

(J; .w;).e:(;) = q;,
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(15) e:(;) X (é:(;) Ji)w; + (a; By — w;. e3 Ji)w; + Zg., M4 Z’\’J X U;
J#i

+ Mgb;e;(,i) X ego) =0,

n n
(16) w; X Z /\j,'égj) + Z Iljiﬁj + Mgd;ego) =0,
i=1 ji=1
rae ay,...,a, — IPOU3BOJILHEIE CKaJIAPHLIE BEJIMUMHEL.

3. CTAIMOHAPHBIE JIBU/KEHUSA

Yriosoe nonoxkenune Gasuca e(!) mo oTHoOIEHKME K MHEPLMAILHOMY Ga3uCy
e(®) MokHO oNpelenuTh, KaKk M3BECTHO, TPeMA CKAJIAPHBIMU mapaMeTpaMu. B
KadecTBe TaKMX IapaMeTpoOB BHIGHPAIOT YTJILI TPEX MOCJeA0BATENbLHBIX [10BO-
pOTOB, IepeBOAANIMX Ga3uc e® B Basuc el®). Ilpn 2TOM 0GBIUHO MOCTEAHUI

MOBOPOT UMEET OCh BpallleHNA e3) O6o03HayanA yroJ BpalleHUA BOKPYT e( )
Pe3 i, MOXKHO 3alMcaTh, YTO abCOMIOTHAA YIIOBAA CKOPOCTh W; BHIPAKAETCH

popMmyioii w; = ; + p;e ( ) , Tle KaK MoKa3aHo B [6], mpoussenenue (2; e(i)

ye-

" i) [
3aBUCUTL OT yriia ;. Torna M3 COOTHOIIEHUH (J,-.wg).e_g =J;3 )(ﬂ .e5 G 4 ¢ )
= @, rae J() — TrJaBHBIA MOMEHT MHEPLMHM [OIOJHEHHOro Tejda (i) oTHOCH-

TeJbHO eg), MOXHO onpeleluTh BeawumHel @i(i = 1,...,n). CienoBateinb-
HO, KOOPAWHATEHI @1, . .., Pn ABIAITCA LMKINYeckumu. M3BecTHO, YTO B TaKOM
cllyyae CMCTEMa MOKET COBEpIaTh CTAlMOHAPHEIE IBWAKEHUA, B KOTOPHIX ABHO
BXOJsllMe B YPABHEHUAX KOOPAMHATH ([O3MIMOHHEIE) U CKOPOCTH HMKJIHUEC-
KMX KOOPIAMHAT COXPAHAIOT CBOM HayaJlbHEIE 3HAYEHHUA.

Ilna paccMaTpuUBaeMoii CHMCTEMBLI CTAIMOHAPHLIMM SBJAIOTCA Te NBWKe-
HUA, TIPU KOTOPBIX OCTOB CHUCTEMEBI, COCTABJIEHHBIA U3 ocell Tesl U CoeaMHA-
IOIMX MX CTPYH, OCTAeTCA HeMOIBIYKHLIM OTHOCHTENbHO Ga3uca, Bpalalo-
Ieroca BOKPYr BEPTHMKAJLHOM OCH C MOCTOSAHHON YTAOBO}# CKOPOCTHIO ¢e( )
1/) = const, a Tejla Bpam@lOTCA PABHOMEDHO BOKPYT CBOMX OCEll CMMMeTpHH.
Takum o6pas3oM, abcosoTHaA yriaoBas CKOPOCTh Tesa (i) BHIpaskaeTcA paBeH-
CTBOM ) ]

w; = ¢eg°) + gb;e(').
(%)

Ins nponssom{bxx BEKTODOB €3° M U; UMeeM
—el® o 5 _ 2 (0 (), G
._.1/)e3 xe;’, ég _1/)e:(,)x(63 xe:(,)),
. (0) . 2 (0 0 :
w=vey) X ug, Uy =1 eg)x(eg)xu;) (i=1,...,n).
AHaOrMYHEIM 06pa3uM BEIMMCIAIOTCA NPOU3BOJIHBIE BEKTOPOB

8 —291193 +ZA’J X Uuj,

J#
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n n
(17) = died) + Y ;.
i=1 i=1

Mocne HecnoxHEIX Npeo6pa3oBanumii HaxommM u3 (15) u (16), yro ypas-
HEeHMA OBMXKEHUA 3alIMCRIBAIOTCA B BUIE

(18) (el + pie). Ti.ef) = a;
D x {,;(_a,.Ez + (e )06l + 92 x (ef x 40) + Mghiel?)] = 0,
[,"/)2 (0) x (e(o) x ti) + Mgd,'e;(,o)] =0 (‘l =1,..., n).

Hcnonb3ya KoopaMHaTHOe NpejacTaBiienne Telizopa J; B 6asuce el®)

{0 0
Ji=eDT| o 4O o |9,
o o JW®

i i .
rae Jf‘) u J:g) — rJiaBHBle MOMEHTHI MHEPLMM AOIOJHEHHOro Tesa (i) OTHOCH-
TeJIbHO ero NpeecTBylomeil Touk P, 3anuceiBaeM nepBhble ABa ypaBHEHUA
B (18) B BUHZIE

i), ; (0 i
(19) I e + 1) = au,
2 e
e (ze —1/)3)— (i=1,...,n),

rZie IOCTOAHHBIE Z1,...,ZLy, ONPENENAIOTCA PaBEHCTBAMU
(20) 2= —aipp + 92e0 (T +8)+ Mgby  (i=1,...,n)

Takum o6pa3oM, Tak Kak daj,...,d, — IPOU3BONLHbIE, 3aJada HaXOXIe-
HUA CTAIMOHAPHBLIX ABWKEHMI CBOAMUTCA K ONpelleieHNio e IMHUYHBEIX BEKTOPOB

1

e:(3 ), ,eg"),ul, ..., %y, ¥ MOCTOAHHBIX Z1,...,&Ln, YAOBIETBOPSIONNX YpaBHe-
HUAM
(21) ) x (z: e — P28 =

(22) u; X [1/}2e§°) X (ego) x t;) + Mgd,-ego) =0 (i=1,...,n).

Iocse HaXOXKAEHNA BTUX BEJIMUMH, YTIA0OBLIE CKOPOCTH ¥ onpesenIOTCA
u3 pasenctB (19) u (20).
(1) e

OueBuaHO, eciM B KaXAblif MOMEHT BpeMeHM BEKTODH e3’,...,€3  ,

i 0
Ui,..., Uy U e:(,) OCTAaXTCA KOMIIJIaHapHBIMH, TO C:(;) X eg) (’) X 8; ABJA-

I0TCA KOJANMHEAPDHBIMU M IOCTOSIHHBIE Ii,...,ZTn MOXHO HaﬁTu U3 paBEHCTB
(21). CunenoBarenbHO, JOCTATOYHO ONpPENENATh TaKUe €AMIMNYHEIE BEKTODHI

1 n o -
eg ), .. ( ), %1,...,U%, , KOTOpBIE JICKAT B OAHOHU BEPTUKAJBIIOU MIIOCKOCTH U
yuoBJ‘feTBopHIOT paBeHCTBaM (22). C o7T0it Henbio BHIGMpaeM MPOM3BOJIBHLIE

(0)

KOMIIJIaHapHBIE C BEKTOPOM €3 ° €AMHUYHBIE BEKTOPHI %1, ..., Un, AJIA KOTOPEIX
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u;. ea) #0 (i=1,...,n). U3 paBercts (22) caenyer, 410 BekTOpH ty,..., 1,
JIOJKHBI Y IOBJIETBOPATD YCIOBUAM

Mgd;
(0) X ego) (1/)2t,‘ + ———-—g((;) ’u,-):l =0,
u;.e;
T. € Moad:
P+ —Lu = Mypiel?  (i=1,...,n).
u;.e;
3n€ech Yi,. .., Yn — HOCTOAHHHIE. ,Bupamaﬂ BekTOpH! t; 1o dopmynam (17) u

(14), monyuaem cuctemy

‘n n
= (Tyimsly + Tiibi)ed) + piliel) - > (Tyipips + Tijdj)u; + pipius

j=1 i=1
JHi 0 . '
+—.2———l—(0)— y,eg) (i=1,...,n),
P2 (ui.ez’)

KOTOpas 10 OTHOIIEHMIO K BeJIMUMHAM eg ), eg") ABIAeTca AuHeiHoM. BBe-
ZeM n-MepPHbIe MaTpPULbI-CTON6ULI 4, b, d, p, ¥, €, U, ¥ § COOTBETHO C DIIeMeH-

) A , gHi
TaMM fi, b, di, pi, yi, e3’, ui n i = m (i=1,...,n). C ux nomoumio

u;

mnyqaeM MaTpvU4yHO€ YpaBHCHHE
[~diag u(TT + E)diagl — Tdiagd] e + [—diag (T + E)diagp - .T_diagd] u

+ diag fu = ye(o),

KOTOpOe YMHOMEHMeM clleBa Ha Matpuumy —S = —T~! mpusoamm B Tpex-
yroabubiit Bun. IlelictsuTenbHO, MaTpUlla

~5 [~diag (T + E)diagl - Tdiagd)]

UMEET 3JIEMEHTHI A,‘j, KOTOpEIE€ BbIpaKaloTcA paBe€licTBaMHA

n
Ay = SuThrpel +Sijp b + 6505 = —Sij sl — D Sumeli+Siipili +8:5b;,

k=1 kisk>s;
rie &; — cumBonnt KpoHexepa. DiemeHTHl S;k'MaTpuusl S — HeHYyJeBbie
ToJIbKO B caydasnx ¢ = i~ (k), koraa Six = Sy = —1 u i = i*(k), vorma Sy = 1.

Ecmu yepes U; 0603HauMM MHOeCTBO HOMEPOB T€X CTPYH, MJIA KOTOPHIX TEJIO
(1) ABnaerca npeamectsylomwm, T. e. U; = {k : i = i*(k)}, 10

[ .
( Z ﬂk) 1;, ecCJIK §; = 85
keU;
- Z Sicpeli = 4 ;
kisg>s; ,Ll,'Ij - Z HE | i, €Cln 5 > s;

0 } B OCTaJIbHEIX cly4YasaX.
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Ucnonb3ysa, yro

1

. keU;
HaXOJUM
m;Cq . .
A CCmMi=J
A,’j = m,-IJ-
'—M-, €ecJiu §; > 85
0 B OCTaJbLHBIX CJIYyYasX,
m;l; .. mici
T. €. A‘-J-z—T},-—M— npu i £ j, Au = T
m;pj
ITono6HbiM 0Gpa30M BBIUMCJIAEM sJjieMeHTH By = —Tj.'—lw—— MAaTpHULEI

B=-5 [—diag l_i(ZT + E)diagp — T'diag d_] , OTKyZa MOJy4yaeM CHCTEMY

mic; (i) M i i m;y,
23) 51 Tied) + 2 =S Thulel + pjuj) + pows | = Y Siifu; = _Mq’_egm.
i=1 .

M g
J#s
Bripaxkenue B KBaJApaTHHIX CKODKax ABJAETCA palUycC- BeKTopOM T p, Npelle-
M
cTBylomeit mapHupHOi Touykm F;, a BeauuuHH y = —— E S,J Yj — TPOM3-

J =1
BosbHble. Bektop

M N gM Hi Hi
”%;S’Jﬁ’u’ Tt lw @ Z O

u;.€3 jeU; ¥j-€3
ABNAETCA QYHKUMEH TeX M3 eQMHMUYHBIX BEKTOPOD Ui,...,%Us, KOTODHE oNpe-
HeNAOT pHJeKalmie K Teay (i) mapHMpHEIE BekTophl. IlycTs (eg,e:(,, ))

opTOHopanonaH}mﬁ f6a3uc II0CKOCTH, B KOTOPO:I paciiosokeHbl BEKTOPbl

(0)

Uy, .. . HycTs a; — yroan Mexxay BeKTOpaMHU €5’ M U; C NOJONKHMTEIbHBIM

(0

HalpaBJIeHWEM OTCYETa, Ofipele/iAeMoe BEKTOPOM €1 = €3 X €3 ), BekTops! u;
n h; MMeloT npeacTaBieHUe

w; = —COS a,e3 (0) + sin a; €9,
’ 9 IM e~ ST s tea
(24) h; = 7 e T pitg o j%; pi tgaj| e

Hakomell, noCToAHHBIE Y] HYKHO OAPEASITATH TAKMM 06pa3oM, YTo6H yIoB-
JAeTBOpAIOIINE YPaBHEHUAM

(25) . c,e:(,) +rp, +hi = y:e:(,o)
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oy
Puc. 2 Puc. 3
BEKTO (1) n) g u %
PH €3 ’,...,€e;3 BUIM € AMHWUYHBIMH. 3 YCNOBMii CYMECTBOBAaHMA
peaJibHBIX pemenpm ypaBHeHMA
N 2 1 9
(26) 1) = 5 [u” — 2607-(rp, + B+ (rp, + ] =1

1
nosyuaeM HepaBeHCTBa |(Tp, + h;).ez| £ ¢i, KoTopkle mpyu momonm (24) 3amm-
CHIBA€M B BUAE

(27} yM Bi gM Hi

itga; < i—(rp,.€2)+ei.

Y——tga;—(rp,.e)—c £
3 JGU

ITo oTHomwlenwio K BequuMHaM tgaj, j € U;, »TH HepaBeHCTBA ABJIAIOTCA
JMHEAHBIMU Y [IPM 3aJaHHEIX ¢, Tp; ¥ ¢; BCErJa UMEIOT PelIeHNA.

Jlns kaxporo kpaiinero Tena (I) cHCTeMEL, T. €. T€JI0, KOTOPOE UMEET TOJb-
KO OJHY IMApHUPHYIO TOUYKY, MHOxKecTBo U; — myctoe. Torma HepaBeHCTBO
(27) umeeT BuK
gMp
P2my
M €ro Hy:KHO paccMaTpuUBaTh BMeCTe C HepaBeHCTBaMu Buzaa (25), KoTophle
OTHOCATCA K npeamectsyioumeMy (I} Teny. Tak kak B BhIpaskeHuH JJIA BEKTOPa,
Tp, BXOJUT CJIaraeMoe pju;, TO B IPOU3BEJEHUU T p,.€3 COINEPKUTCA CIATAEMOE
Piu;.e2 = pisin o U, TakMM 06pa3oM, HEPABEHCTBO (28) ue aApaserca AMHEAHBIM
OTHOCHMTEJNLHO tg ay.

YpaBrenus (25) u HepaBeHCTBa (27) ¥MerOT NPOCTYIO TeOMETPUYECKYIO
UHTepnpeTauymio. Y paBHeHue (25) BeIpa)kaeT ycjloBHe KOJUIMHEAPHOCTH BeK-

(28) tgon — (rp.e2)| £ a

_ :
13

topa O'C; = h; +rp, + c,-e;(,) BEKTODPY eg ), a HepaBencrso (27) HaknaabIBaeT

orpaHUYeHHe Ha BekTop h;, IIpM KOTOPOM BO3MOXeH TaKoii BLIGOD BelIMUMHEI

=10'C;], yT0611 |FC:| =¢; (puc. 2).
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n
BekToph e( ) R e;(; ) u OrpaHUYEHMA JJIA BEKTOPOB U], ..., Uy HAXOIUM
nociaenosarenpHo. [Ipu i =1, eciiu n > 1, BekTop u; BHIGMpaeM NMPOMU3BOJILHO,
a BeKTOpH u;, j € U; — Takum oGpa3oM, uTo6u HepaBeHcTBa (27) BHINOJHA-

auch. [loToMm ‘onpenensem y; u3 paseHcTBa (26) M eg’) —wu3 (25) u T 0. B

ciydae n = 1 BeKTOp u; onpeXesseTca U3 Hepapeuctsa (28) mpu l = 1.
OtMeTuM, uTOo cucTeMa (25) ynpomaercsa 3HAUMTENLHO, €CJIM YMHO-

MM COOTBETCTBYIONIee €ii MaTpuUuyHOe YpaBHEHMe clleBa Ha MAaTpPHIY

—ST = — (TT)™'. Toraa noanyuaem cucremy
1
(29) e;(;l) = C—I'(qul —h)+y/ e:(;o),

; 1 ‘ it
e:(;) = . [(C;+(.') - li+(g)) e;:( ) —piui — h; + hﬁ(i)] + yul"e:(}O)

(#=1, ..., n), rae pektop h;+¢;y — h; ABAAETCA KOJNIVHEAPHEIM BEKTODY €3,
a BeJMYMHBI Y, ollpeliefiAeM TakK, YTOGBI leg)l = 1. V3 nocieaHero moay4daem,
uto yraw o, j € U;, yIoBI€TBOPAIOT HEPABEHCTBY

i+ (i)
(30) (civy = li+()) €5 7 = piwti — hi + hys(iy| €2 < cin

B ¢opmyanax (29) u (30) BekToph eg) u uj, j € U;, BEIpaXxaloTca Hoc-

PEACTBOM BEKTOPOB e3 (), U;+(;) M Ri+(;), T. €. TeX U3 BEKTOPOB Uy, ..., Upn,
KOTOpHIEe oNpeAeiAloT npuiexamue K Teay (i¥(i)) mapHUpHBIe BEKTOPHI.

4. TIPUMEPEI

1. Mycts n = 1 (puc. 3). Briunciss nocToAHHBIE BEJIWYMHBI JUIA pac-
CMaTPUBAEMOI CHCTEMBI, ITOJIy4YaeM )

bi=¢é¢1, di=p1, M1=micip, vii=mpl,
_ — OM 2
sy = mapiuy, = micipiey’ + mipiuy,
hl ¢2(63)+tg0162) ” uy.

()

BexTop €53 ° onpeneiisieTca U3 paBeHCTBA

Cle:(s ) +pur+hy = yiego),

a AJaA yrijaa aq nojy4vaemM HEpaBe€HCTBO

A

p1sina; — ¢ £ -——tgal p1sinag + ¢;.

P2
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Puc. 5

P,

Puc. 46 Puc. 48

T'eoMeTpHUUECKOE NIOCTPOEHHUE Peille-
HMAA TpedcTaBieno Ha puc. 4. Cuy-
valt 4a) moayvaercs, eci |pysinog| >

g . g
]1/.)—2tga1|, ecmn |pisina;| < ;prz—]tgall
umeeM puc. 46), a cayuaii 4B), Kor-
oa |pisiney| = w.itgal — HEBO3MO-
xeH. JleficTBUTENBLHO, TOTA U3 paben-

ctBo (21) caenyer, uro

¥?sin ay

T = —————
el x €]

= 00,
oTKynRa, npuHuMas B Bugy (19) u (20),
MMEEM 7 = 00, )

2. Ecau n = 2, ypaBHEHHA MMEOT
BUI '

Cleg Y+ pur+hy = 1'9:(30),

- 61)63 O +pous+hy—hy = {ego).
rae

h, = ¢2 (63 04 tg ares) + Wm—f(tg a) — tgaz)es,

hy, = '/)2 (ea %) + tg azez).

CooTBeTCTBYIOMEE reoMeTpUUecKoe W306pakeHMe NpeACTaBJIEHO Ha pic. 5.
¥Yros ay cuMTaeM NPOU3BOIbHLI, a 0y Hy*HO BEIGPATE TaKMM 06p030M, YTOGH

BEKTOPHI A101 " AzCz OBIIM KOJJIMHEADHBIMM BEKTOPY €g
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IIPOBJIEMEI, CBA3AHHBIE C YIIPABJIAEMBIMU
HEI'OJIOHOMHBIMU CUCTEMAMMH

COHA IEHEBA, BACUJI IMAMAHIWEB

Cona leneaa, Bacua Juamandues. IPOBJIEMBI, CBA3AHHBIE C YITPABJIAEMBIMHU
HEI'OJIOHOMHbLIMHU CUCTEMAMU

B pa6oTe paccMOTpeRH NpuMephl HeNWHeHHIX HETONIOHOMHHIX CBA3ell mepsoro mo-
pAAKa.

Sonia Deneva, Vasil Diamandier. PROBLEMS, CONNECTED WITH CONTROLLED NON-
HOLONOMIC CONSTRAINTS

In this paper some examples of nonholonomic systems with nonlinear constraints are
examined. - :

B nactosmeit paboTe paccMaTpPUBAaIOTCA HET'OJOHOMHbBIE CUCTEMEI U3 B3a-
MMOCBA3aHHEIX TBEepPJALIX TE€J, KOTOPhle YaCTO IPUMEHAIOTCA B TeXHuMKe. Kak
nokazan H. Kupueros [1], ana ynpaBneHua ABIWKeHHEM MeXaHUYECKON cHc-
TEeMEI MOTYT GHLITH MCIOJAb30BaHBI T. H. yHpaBjaeMble cBA3M. Kpome cuaoBo-
ro, BO3MOMKHO TaKKe M KMHEMaTUYeCKOE YITpaBileline ABIWKEHUEM, 0CHOBAHHOE
Ha BBIGOpe COOTBETCTBYIOLIMX PEXUMOB M3MEHEHMA yNpPaBJiAeMbIX cBaseil. B
TeXHHKE MOXKHO yKa3aTh Ha IieJible 061acTH NpUMelieHUA KMHEMATUYECKUX YII-
PaBAAEMBIX CHCTeM, HO TEOPEeTHYECKM BTO HalpapJiellve eilie He NOCTATOUYHO
pa3suto. Kak nepsriii npumep B npeitaraemoii paboTe paccMaTpHUBAETCS pe-
AYKTOD C MepeMeHHbIM YnuCciioM niepefiad. OH COCTOMT '3 ABYY BaJloB, KOTODHIE
CBA3aHBI MeXIy coGoil Kolecom Nepexaum pammyca r (puc. 1). Ban C, xec-
TKO CBA3AHHEIA C KOJIECOM MepelauM, BpallaeTcs OKOJIO CBOE 0CH ¢ yrioBoii
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(€)

Puc. 1

CKOpPOCTBIO 1. Kojleco cBOMM OCTPEIM KpaeM 3alellIAeTcs 3a MaXoBHMK BaJia
D v npuBoauT ero Bo BpalleHUE C YIAOBOH CKOPOCTHIO ¢2. Bpamascs, Baa C
MOKeT NepeMellaTCA NOCTyHaTeJIbHO IO CBOeH OClf TaK, YTO PacCTOAHHUE p OT
TOYKH KOHTAKTa KOJIECa C MAXOBHKOM [0 OCH MOCHEAHErO ABJAAETCA HEKOTOPOM
byHKIMel BpeMeHH, T. e.

(1) p = p(t).
Tak Kak B HallpaBJIEHMM BPAIeHUA KOJIECO He NPOCKAAb3LIBAET, TO B €r0 TOY-

Ke KOHTaKTa C MaXOBMKOM JIMHEHHbIE CKOPOCTH ABYX BpPAllAaTeNbHLIX ABMKEHUIA
OIVHAKOBHI, T. €. UMeeM !
(2) ré1 = p(t)ga.
OueBnnHO, HErOJIOHOMHAA CBA3b CHCTEMHI (2) HemHTerpupyema. [lapamerpa-
MM CHCTEMEI ABIAIOTCA BEJAUUMHH @1, p2 U p. H3-3a cooTHOomeHnsa (2) Toabko
IBa M3 HAX He3aBMCUMBI.

Kunernueckas sHeprus CUCTEMEl UMeeT BMI

Jl Jk . J2 -9 m .

3) ‘ T =41+ ?‘Pl. toet 7/’2,

2
rae J1 © J3 — MOMEHTHI MHEPLMH BajioB OTHOCHUTEJLHO HX OCH, Jp — MOMEHT
MHEPIIMM KoJleca IlepeJadd OTHOCHTEJbLHO €ro IeHTpa, m — CyMMa Macc fnep-
BOr'0 BaJla U KoJjleca. DJieMeHTapHad paboTa, NeCTBYIOMWMX 11a CUCTEMY CHII,
3alMCBIBaeTCA CAeAYIOUKM o6pa3oMm:

4) 6A = Mép, + Fép,

rae M(t) — kpytammit Moment Bana C, F(t)— cuna, cosmalomas mocTyma-
TeJibHOE JBWKEeHUe ocM Baja. Beamuunst M(t) w F(t) 3aBucat ot ynpaBia-
eMbIX M3BHe cBAseif cucremel. M3 ypaBHenus (4) HaxoauM oGoGHIEHHbIE CUIIE
B BUJE

(5) Qe=M, Qp,=0, Q,=F.
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K paccmaTpuBaeMoil cHcTeMe NPUMEHAIOTCA yPaBHEHUA NBIMKEHUA AJA
HEroJIOHOMHBIX CMCTeM B popMe [2]:

d (0T ! 8T\ 0q. OT 8T 84,
o HE) AR5 5 5
dt \ 04, “=§k:+1 04, ) 04r  Ogr uek+1 0qyu 04r

8¢

=Q,+ E Quzt.

u=k+1 ar

U3 (2) noayumm
(7) . ¢1 = §¢2>

T. €. pacCMaTPHUBaeM P2 KaK He3aBHCHMBIA MapanMeTp.
B namrem ciydae ypaBHenua (6) npMHMMAlOT BHI

d (9T, d (0T 3¢ _
i (55) + i (53,) G = 0+ Qg

(8) , \0¢p1/) 02
d (9T, d (9T 0p _ a(p1
| at (5;) ta (az) = Qe+ Qe
U3 cootHowenuit (3), (5) u (7) ot (8) Haxoaum
(9) Japz + (J1 + Jk)tpl— = M— mp = F.

K (9) cienyer npubaButs (7), B pe3yibTaTe Yero MoJy4aeM TPH ypaBHEHH
IULA TAPAMETPOB 1, P2 U p KaK QyHKUMM yNpaBaAoMX Bo3aelicteuit F u M.

OcTaHoBMMCA Ha YacTHOM clly4ae, Korla ¢ = w = const. M3 (9) u (7)
oJ1y YMM '

(Jl + Jk)pr = M(t)

WA AN TPAHCHAAUMOHHOI'0 ABVXKEHUA GYlIeM HUMETH

(10) p(t) = ()0 + mb/M(t) dt.

M3 (7) nHaxomum

t .
) W r
11) - py = — —  { Mt dt
(1) b= po+w(Jl+,k)0/ (®)

Ypasuenus (10) n (11) BelpaxaloT TpacHALMOHHOE M BpallaTebHOE JABMKe-
aMe Basia C' B cilyyae paBHOMEPHOTO BpallleHMs BaJa -D.

B KauecTBe BTOpOro IpmMepa paccCMOTPIIM HEHTPOGEXHLI! perynarop,
MKECTKO CBA3AHHEIA Yepe3 KOJIECO C OCTPBHIM KpaeM C BEPTUKAJIbHBIM JHMCKOM,
Bpamajomuiica BOKpyr ropusoHTaibHoit ocu (puc. 2). Peryastop OP,NP;
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Bpalla.eTCA BOKDPYT BepTHKaJIbHOﬁ OCH C yriao-

0 y BO# CKOPOCTBIO ;. BoOKpyr Toif ke ocu Bpa-

maercsa U koseco K. Illapw perynaropa P, u

P, gw P, P, kaskaplit MMeromuit Maccy m;, 3aKpeIIeHbl Ha

2 /g mig KoHIax cTepkHeit OP; u OF2, KoTophle B CBOIO
N odepenr WIAPHMPHO COeAMHEHH B Todke 0. My-

¢a N machl my MokeT mepeMemaTcsa BAOJAb Bep-
THKaabHOM ocu. Myda mapHMpHO coemmHeHa co
crepxkuamu NPy u NP3, xoTophle B CBOIO o4Ye-
pedb coeNMHEHHl HIapHUpaMu co ctepxHAaMu O P,
u OP;. Kpome toro, OP,= OP;= NPi=NP,=1.
Upes ¢z 0603HaAYMM YIiOBYI0 CKOPOCTbL JMCKa C
weHTpoM Oy, KOTOPLIA HaXOJMThLCA Ha PacCToA-
Hnu p ot K. Tak Kak Kojleco KATUTCA MO AOCKe
6e3 NpoCKaJb3bIBAaHUSA, UMEEM

(12) TSbl = P¢2)

M rle r — pamMyc Kojeca.
O6o3HaunM 4Yepe3 ; yroi, KOTOphIi MmJjoc-

Puc. 2 KOCTb peryiaropa obpadyer ¢ KoopAMHATHoI

miockocTblo Oyz. Toraa anA KoopAMHAT ToYeK
Pi(z1,11,21), Paz2,¥2,22) ¥ N(x3,0,0) umeem
(13) zy =lcosyp, y =-—lsinpcosp;, 2z = lsingsinp;;
z3 =lcosyp, yp =Isinpcosy;, 22 =—lsingsinyp;;
z3 =2cosp, y3=z23=0.
IlapameTpamm cuCTeMBI ABJAIOTCA BEJIUUHHEL 1, 2 U @, IPUUEM YTOJI P2 3a-
BHCHUT 0T yria 1. Maccoii crepkueit OPy, OP;, PN u P,N Gyuem npene6-
perate. Torma B cooTBeTcTBUM C BhIpaxkeHuAMH (13), KHHETUYECKAA PHEPTUA
perynatopa 6yneT pasHa
Tp = I¥(my + 2masin® 9)p? + my2sin? pp?.
CrenopaTenbHo, KUHETHYECKaA SHEPIUA CUCTEMEI IPUHUMAET BUI
' 1
2
rae Ji — cymMma MOMeHTOB mHepuu Mydut N u koneca K, a J; — moment
WHEPIM JIVCKA.
DneMeHTapHadA paboTa BHEUNIHWX CHMJ HA€TCA BEIpaKeHHEM

(15) 6A = migézy + mygbzy + mogbazz + M(t)bep1, A
rae M(t) — MOMEHT BHELIHMX CHJI, BPaIaIOIMX OChL PeryiaTopa. Y YATHIBad
(13), u3 (15) nomyunm

(16) Qp = —2lg(mhy + m3)sinp,

(14) T = 2(m; 4 2mysin? go)fpz +my%sin? pp? + EJlgof + = J2p2,
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Qo = M(t)) QW: =0

TakuMm o6pa3soM, ypaBHeHMsi ABWKeHUA cuctemu (6), B paccmaTpuBaemom
cliydae, IPUHUMAIOT BUA

d (0T or
(17) ] (%) o9 =Qy,
AR AT AL
dt \ 9¢; dt \0p2) 8p1  Op Op2 81
Coraacao (14) u (16) nepsoe ypastenue (17) npuHMMaeT BUX

$1-

d 152 2
a8) T [202(m1 + 2ma sin? p)p] — 4mylPp? sin g cos ¢ =
= 2m; 1?4, %sinpcosp — 2lg(m;y + my)sinp.
Y pabuenue (18) aonyckaeT YacTHoe pellleHne

(19) ¢ = const, cosp = 2(771_1+_2_n_12_)
mylp]
KOTOpO€ ABJAETCH MOJOKEHHEM PaBHOBECUS peryJATopa.
IIpexxae ueM paccMoTpeTh BTopoe ypasHenue (17), nepeitneM K uccieno-
BaHuIo HerosioHoMmHoM cBasu (12). Tax kak

- (20) 2cosp+ NK + p =00,
To o6o3Hauas upe3 L = 00; — NK = const, U3 cootHomenus (20) umeem
(21) p(t) = L —2lcosp.
Ha ocuose (19) n3 (21) noayuum

_ 2g(m1 +my)

t)=1L ,
p(t) —

otkyaa (12) npeo6Gpasyercsa B BULe

P1 = P2 [L ——————2g(m1 + mz)]
m1<P1
OTciona HaXoJuM
(22) by = vy

Lmp? —2g(my + my)’

T. €. CBA3b MEXJy YFJIOBBLIMM CKOpocTAMM HeluHelnan, Vcnoansya (14), (16)
u (22), BTOpOe ypaBHeHue (17) npusnuMaeT BUA

Lmyg ;
(23) dt [J1¢1 +2m11 Sln 80901] + JZSO mlsol 6g(ml + m2)$01 _— M(t)
[Lm1<P1 —-2g(my + my)]*

IloacraBnan (22) B (23), HO Iy YHUM

L -6
[J1<p1 + 2my %sin oy | + Jo2 (L — Gg(m + m2)<p1] = M(t).
[Lm1$? — 2g(my + ms)]*
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DT0 ypaBHEHHE MOMHO IIPUBECTH K KBAJpaTyPaM OTHOCUTENBHO (1.

B wacTHOM ciyuae, KOraa ; = v) = const pelleHMe 3aJauM @ = const,
onpenenennoe u3 (19). B srom cayuae p = const, ¢, = const. Toraa us (23)
M(t) = 0, 1. e. Bpamaomuii BHeMHKI MOMEHT PEryATOpa PABHAETCA HYJIO,
DTOT caydail BO3MOMKEH KOT1a MOMEHT BHElHMX CUJI Y PaBHOBEIUBAETCA C MO-
MEHTOM CHMJI TPEHMA IIPU BPAIIEHMU PEryaATopa.
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