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The truth, Mr. Blake, has 3 habit of making
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Agatha Christic: Five Little Pigs
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PAA: HACTOHHIEE

9Ta paﬁora nme'rca BTOpO#t WacTIO Cepumt crathell mo nonpocy L) pmnnmec—-
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CTATBE uuuaupylo-rcn camure -nmuqnue 4YePTH BTHX TPAXMIME M ACAANOTCE COOTBET-
creyomue 3axmiovenud. Coraacio HOCaEHK, HEBOIMONMNA KAKAN- uﬁym. aANMTEpRA-
THBA ZMMAMMYECKMX aKCMOM HAcpa (JAKOHOB MM NPHENHMHAI O ROJNYECTSE IBHie-
. MM M KMHETHUECKOM MOMEHTe TBEPAOro Teas), a MHaMWdecKue ypasnemusy Jlarpamxa
ABAAOTCA AL MX NPOEKUMAMHE Ha nomo,unmx ocell. DTa paboTa aBaseTCH npessa-
puTeasuoft noaroToskolt ana peuenita wecToft npobaemus 'mapbepra 06 axcHoMaTE~
* wecKOH KOMCONMAAUMH NOTMYECKAX OCHOB aHAJNMTHMeCKOfl Mexamuim.



-con'm" NTS.

-Georgl Chobanoyw, Ivan Ohobanov—LagrangeorEn]er"

Part two: The Present ........cccviiiiiiiiieneiiiinenniericronisannans
Georgi Chobanov, Ivan Chobanov—LagungeorEller"

Part three: The Future .........ccoiiviiiiiiniiiiiiaierieinecnaenseranss
Sonia Deneva— On nonholonomic problem for the motlon of rigid
' body on a rough SUITAOE . .eeeeeeeeneesseeereeaieenenannsd reireeas
Rumen Slmeonov—-Pumvemotnonsofvectbrsandrepeu .........
Jordan Mishev— Oninverse problem in quantum scattering theory for
. radial Schrodinger equation. I1. Nonintegral orbital momentam ........
Vassil' Vassilev — Group propemeaofadm of {ourth-order partial
' - differential equations ...........i.c.c.iiiiiiiiiiiniiiieet it
Konstantin Markoyv, Krassimir Zvyatkov—Onthc

effective behaviour of a noplinear dispersion of spheres .................
‘Michail Todorov, Christo’ Chrutov-—Anapphuhqnol

inviscid separation model for investigation of flows around airfoils ......

Jo:dln Mishev, Evgeni Khnstov—Onanapphcahonof'
' the operators of Crumm-Krein® to the decomposition in products of the '

. salutiona of two equations of Scluodmger with equal spectra ...........
-leolxna. Vaulev;, Lyubomir Lnlov—‘Atemnnlfomof
Lagn.nges equALIONS ... ..iiiiiiinn TP SXTISTIRIIIE s rsdrusesnnnen

‘179

193

219



fo, DTR e et T _' S A DR R R T TIPS Tl ey e
RO S PR SN . £ Lom
o ‘f

romummx HA cmuﬁcxml Vnnax-:rcu'rm'r “CB. uuusu'r oxnmcxn- '

OAKYJITET l'lO MATEMATHKA H HHOOPMATHKA
Kaura 2 — Melunu
Tom 82, 1988 p

ANNUAIRE DE L'UNIVERSITE DE SOFIA “ST. KLIMENT OHRIDSKI"

FACULTE DE MATHEMATIQUES ET INFORMATIQUE
Livre 2 — Mécanique
Tome 82, 1888

LAGRANGE OR EULER?
PART TWO: THE PRESENT

GEORGI CHOBANOV, IVAN CHOBANOV

The tmth Mr. Blake has a habit of making
itself known. Even after many years.

.Agatha Christie: Five Little Pigs

.

leopzu '-Ioﬁanoa, Hean Yobanoa. JIAI‘PAHJK HJIH allIEP? ‘-IACT b BTO-
PAH HACTOH[IIEE

9T1a paﬁo'ra n:ue'rcn BTOpOIil -(acnlo cepum cTaTnheil 1o Bompocy o mec--
xux Tpazwuni Diinepa u Jlarpauxa, nepaas wacts [1] koropolt Guiaa onySaHKOBAHS B
TOM Xe caMom Eacezodnuxe. Hacrommee cocrosmme Bemedl p AHAANTRECKOR MexammId
MOXNO TAPAKTEPHIOBATE KAK nuemqecme conmebTnoR CYB(ECTBOBANNE ABYX HPOTH-
BONOJIOKHMX TenaeHunll — MBHAMAYECKHX IpagRHul Diinepa u Jlarpanmxa. B eroft
CTATLE uuuaupywrcn caMuie 'rumﬂnue HePTH OTHX TPASMUMA M ACAANOTCE COOTBET-
crsy:oume sm:owemu CoraacHo MOCIeNHHE, HEBO3MONMNA lm:a.l-nnﬁyn aALTEDRA-
THBA JMHAMMMECKHX akcuoM Dftaepa (yaxowop RN NpUHLEEAX O ROJAYECTRE XBELKE-
HUA ¥ KHHETHYECKOM MOMENTe TBEpAOTO reua), a JAHAMUYECKHE YDABNCHKS Jlarpma
SBASIOTCA KB HX TIPOEKUMAME Ha nonxomux ocell. DTa pabora apagercs npem
pHTeaboft noaroToskoit AAf pelexns mgc'roﬁ npobaemu ['manbepra o6 AKCHOMATHE~
q_ecxbﬁ KOMCO/NMAALMH' ndruqec_mx OCHOB AHAAMTHRYECKOS MeXaAHMKH.



Gaomi Chobanov, Ivan Ghobanov. LAGR.ANGE OR EULER? PART" m ‘m

traditions. The most typicarl features of both are analised in this article and oonelpldiu |

PRESBNT
! ’ ' N G
This paper represents the second part of a series of articles on the Eulerian
Lagrangean dynamical traditions, the first part [1] of which was published in this A
The present state.of affairs in analytical mechanics may be characterised as aa
coexistence of two opposite tendencies — the Eulerian and the Lagrangean dyi

conclusions are drawn. According to them, no alternative of the Eulerian dynamical
axioms (the laws or principles of momentum and of kinetical momeat of rigid bodies) is
possible, the Lagungun dynamical equations being only their projections on appropriate
axes. This paper is a prelimipary preparation for the solition of Hilbert’s sixth problem
- concerning the axiomatical consolidation of the logical foundations of analytical mechaaics.

Several years ago we have published the first part [1] of a series of articles
dealing with the Eultrian and Lagrangean dynamical traditions. This is a topic we
have worked out in the course of a clear decade, see for instance the article [2]. The
paper [1] contains a brief historical account on the conception, birth, and flourish of
the Lagrangean.dynamical tradition, antagonistic to the Bernoullis-Eulerian one.
The modus operandi of the Lagrangean approach toward analytical mechanics has

"been aimed at the stra.ngulation in-cunabula, if not in embryo, of the Eulerian
dynamical tradition. Its after-effects on the supenrement development of rational
mechanics, in general, and of analytical dynamics, in particular, resulted in an
utmost formalism that transmuted.into the domineering mechanical philosophy, of
the twentieth century. This phxlosophy is still in its climax in the current mechamca.l
literature even of recent time.

© Our initial intention, as ‘regards this second part, has been to proclum the

" paticlimax of the Lagrangean dynamical tradition. This is obviously not an easy
tagk especially if one aims at fundamentalistic goals, as we did, namely the so-

lugion of Hilbert’s sixth prablem concerning the axiomatical consolidation of the .

lppcal foundatlom of anglytical mechanics — a problem, at the face of which the
Lngrangcan dyramical tradition is entirgly helpless. In order to expose clelrly the
_rise and fall of the Lngrpngean dynamical tradition we had to replough a virgin soil,

' since :never before, in the course of a well-nigh a century, has rational mechanics

- been:even in the slightest touched by that critical spirit which mpade contemporuy

-mathematics what it now is. The'results of these efforts are reflected in the present

gbper — some of them, at least. In order to attain them, bowever, we.badly needed
me

This is‘the main reason for the ten years’ delay of the pnblication of this

second part of the series in question.

In the meantime a considerable list [3 — 24] of publications dealing with the

mterplay of the Eulerian and Lagrangean dynamical traditions has been printed
"in this Annual. Now. some words about these articles are, %o a not unconmduable

degree. necessary, As a matter of fact, the problems thetein discussed are corner-
stones on the meandering way one has to follow in order to throw light upon tu."'

AN
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very essence of the Lagrangean dynamical tradition. . -

What does, by the way, this term mean? What do the authors of mechanical
writings bear in mind when using the word combination “Lagrangean mechanics”?

The Lagrangean dynamical tradition has been conceived in the moment when
Lagrange's notorious michanical work Méchanique Analitique (sic!) [25] has seen
the light of day. In the Avertissement of this Traifé¢ which is the only part'of his
treatise Well known nowaday's by the mathematicians he has written:

“On .a déja plusieurs Traités de Méchanique, mais le plan de celui-ci est
entiérement neuf. Je me suis proposé de réduire la théorie de cette Science, et
I'art de résoudre les probléemes qui s’y rapportent, a des formules générales, dont
le simple développement donne toutes les équations nécessaires pour la solution de
chaque probléme. J’espére que la maniére dont j'ai taché de refiplir cet objet ne ,
laissera rien & desirer:

Cet Ouvrage aura d’ailleurs une autre utilité: il réunira et préséntera sous un'
meme point de vue les différents principes trouvés pour faciliter- des questions de
Méchanique, en montrera la liaison et la dépendance mutuelle, et mettra a portée
de juger de leur justesse et de.leur étendue.

“Je le divise en deux Parties: la Statique ou la Théorie de I’ Equilibre, et la Dy- -
namique ou la Théorie du Mouvement, et chacune de ces Parties traitera séparément
des corps solides et des fluides.

On ne trouvera point de Flgulu dans cet Ouvrage Les méthodes j'y expoae'
ne demandent ni constructions, ni raisonnements geometnques ou mechamquen,_
mais seulement des opérauons algébrlques assu;ettles' a une marche reguhore et
uniforme.™ ’

-All these statements of Lagrange’s ; and all the claims he has laid to. the me-
chanical performances the Méchanigue Analitigue contains have been taken by his
contemporaries and by all coming generations of mathematicians and mechanicians
at their face value. Not only Hamilton has praised the Méchanique Analitigue as “a
kind of scientific poem”, but.even today there are authors of mechanical writings
who maintain that “the whole of analytical dynamics is baged upon, and is devel-
oped from, the theorem of Lagrange that [ call the fundamental equation” [26, p. .
YH). The only critical notes apropos of Lagrange's mechanical achievements as a
‘whole we have come across. in all our professional days may be found in 'l'h]esdell '8
Essays [27] where one may read:

“At the end of the [eighteenth] century ' there wasa dmmaymg t,endency t.o turn
away frorn the basic problems, both in mechanics and in pure analysis. Dlrectly
contn.ry to the great tradition set by James Bernoulli and Euler, this formalism
-grew rapidly in the French school and is reflected in the Méchanigue.Aundlitique.
‘Much of the misjudgement that historians and physicists have passed upon the wark

. of the eighteenth century comes from unwillingness to look behind and around the.
Méchanigue Analitigue to the great work of Euler and the Bernoullis which is left
unmentioned. As its title implies, the Méchanique ‘Analitigue is not a treatise on
‘rational mechanics, but rather a monograph on one method of deuvmg differential
equations of motion, mainly in the specml branch now called, after .it, analytlcnl
me:hamu" (p. 134).



And later, as & general éstimation of Lagrange’s mechanical perforinances:

“1. There was little new in the Méchenigue Analitigue; its contents derive from
earlier papers of Lagrange himself or from works of Euler and other predecessors.

.2. ‘General principles or concepts of mechanics are misunderstood or neglected
by Lagrange.

3. Lagrange’s hlst.ones usually give the right references but mwreprannt or
slight the contents,

-4, Lagrange's best ideas of mechamm derive from his earliest penod when he
: was studing Euler’s papers and had not yet fallen under the personal mﬂnence of
D'Alembert '

Granted its more modest scope, estimates of h.;mnge s pe.rl'ormance must
rémain a matter of taste. In music, in painting, in literature, tastes have changed
. ib the past ceptury. Why should they not also change in mechanics? The historians
dehght in repeatmg Hamilton's praise of the Méchamqu Analitique as “a kind of
scientific poem”™, but it is unlikely that many pérsons today will find Hamilton’s
recommendablom in non-scientific poetry congenial” (p. 134 - 135, 246 - 248).

We give expression to our greatest regret that we cannot agree with this stand-
point of the author of the excellent Basays in the History of Mechanics, but the
acceptance of Lagnnge s main dynnmncal pretension — his famous dynamical equa-

. tions of motion — is by no means a matter of taste, even if a bad one: for analytical
‘mechanics the problem Iam” ‘'or Euler? is not a question of an alternative. It
turnis cut that the lawsuit. Legrange versns Exleris astryggle for existence. The op-

"position of Lagrange against the Eulerian dynamital tradition has begun five years
after Euler's death and nowadays the battle-field lies entirely in the hands of the
hgnngeamqts ‘The result is a total obscurantism, both ideological and technical,

in & vast domun of human knowledge, and no glimmer of hope is at hand for the

-time being. . -

.- But let us not anticipate evénts. Before answering the question whnt doen Ls-

.grangean dynamical tradition mean and which are its most characteristic features,
bhu first pose 'the pmblem are Lagrange’s statements i in his Avertissement true?

“Is it i other words, true that Lagrange succeeded ‘in his Méchshigue Anal-
-thgu “de réduire Ia théorie de cette Science, et I'srt de résoudre les p?obl&men
.qui.8’y rapportent, & des formules générales, dont le simple développement donne

: toutu lel équations nécéssaires pour la résolution de chuque -probléme*? . -

o -ls it true that the modus operandi Lagrange applied in order “de remplu cet

'ob;et ne lma rien & désirer”? ‘.

it trae that “cet Ouvrage ... réunira e préaentenm un méme pomt de vue

N Io différents principes trouvés jusqu'ici pour faciliter des questions de Méc.bnmquo,

/en mogtrers la liaison et la dépendance, mutuele, et mattn A portée de ,)ugar de
hur;m et de.letr étendue”?-

Is it true that the statical and, dynumcal parh of the M;‘chamm Aulﬂlfu

trest “des corps solides”? -
lntt:ue ‘that analytkca.l dynmumqybeapmdbymnmd‘mét de
:ne démandont ni constructions, ni raisonnements géométriques on




mum&opbahmdﬁﬁqu, l-qiethu aunemucheréguh@n#'
uniforme”?.

Is all this true?

Not a word, with the only exoeptlon that “on ne trouvera pomt de Figures
dans cet Cuvrage®. There are none, indeed.

A.Iltheledwmmfalaemthe utmost degree, and one of the mnu:umsof
thapmentpaperutoprovethnma.nunambnguousway

To begin with, let us first analyse Lagnnge (1 pretemons that the Me’chamqua
Analitigue presents “les différents principes trouvés juaqu'ici pour faciliter des que-
tions de la Méchanique”.

Why ask the Bmhop when the Pope is around? In Section premiére: Str
les différents principes de la dynamigue of Secoud parise: La Jynamtquc of hm
Méphamqu Aualmqu Lagrange writes:

. auparavant, il ne sera inutile d’exposer les principes qui servent de fonde-
ment i la Dynatmque, et de present.er la suite et la gradation des idées. qu.\ ont.
le plus contribué & étendre et a perfectionner cette science ... les principes ou.
théorémes connus sous les nomes de conservation des forces vives, de conservation
du mosvement du centre de gravité, de, conservation des moments de. rotation ou
Principe des aires, et de Principe de la moindre quantuté de l'action.”

' Apropos of the principle of conservation des forces vives Lagmnge states:
' “Le premier de ces quatre prmclpeu, celui de: ]a. conservation des forces vnven,-
a été trouvé ‘par- Huygens, mais sous une forme un peu différente de celle qu'on
lui donne présentement... Ainsi le principe de Huygeps se réduit & ce que, dans
le mouvement des corps pesants, la somme-des produits des masses par les carr&
des vitesses & chaque instant est la méme, soit que les corps se meuvent conjointe-
ment d’'une maniére qnelconque ou qu’ils parcourent librement des mémes hauteurs,
verticales .. . Jean Bernoulli ... donna ainsi a ce pfincipe le nom de conservation’
~des forces vives, pt il a%en’ servxt aivec succds pour résoudie’ quelquei problémes qui
n’avaient pas encore été résolus et dont il paraissait dificile de venir 3 bout par des
méthodes directs. Daniel Bernoulli a donné ensuit plus d’extension & ce principe
et il en'a déduit l¢és loig du mouvement des fuides :.. Enfin il I'a rendu tris général
.. en faissant voir comment on peut l’apphquer au .mouvement des corps animés
par des attractions mutuelles quelconques ou attirés vers des centres fixes: par’ des '
forces proportionnelles & quelques: fonctions des distances que ce soit.” ,

In order to penetrate this text of Lagrange’s, some detailed explications are.

unavoidable. Let us suppose that a rigid body B is-acted on by the active forces

» | R=tFa M) w=lom),

all moments M, (s = 1,..., m) being taken wnth respect to the origin O of an
orthono;mal nght-hand onentated Cartesian system of reference Ozyz. Besides, -
let B be subjected to certain geometncal constra.mt.s generatlng paaawc forcu or.
"rcac!wns of thc coudmmta - - .

2 R, = (R, Nv).';""" BEEY

)




=4
: thomomantaN. (v= l A , n) bungtilenngunmthmpecttoo Fortbeub l
of brevity let by definition

. g
3) ﬁm+,=}'i,' ]‘ '"l (u=l,...,’n),j
i. e i
(4) Fonyv =Ryy Mgy =N, (‘f=l|--- ’ “)
provided ) "5 a |
® Frivs' = (Emivs Moa) (v=1,... ).
' ﬂoreover let P, (v=1,...; m+ n) be points of B, coinciding at the moment of
time ¢ wnth the directrices of F, (v = 1,..., m+ n) respectively, In other words,
if S '
(6)'- r=0P, - _ (u—l/.,m+n.),
then the follow:ng two condl\hom are, by hypothebm aatmﬁed First, |
o &y = ra) =@ x (ri ~'ra) (v=1,., m4n),
“where
1(8) _' f'/' rqg= m

0 do.notmg the origin of an orthonormal rlght-hancl onentated Cutuian aystem of
-rﬁference Qén¢ mva.nably obnnected wnl;h B and’ o

-

® 5=—« XE T xFOHE it

f,;belng the mstantaneous angular velocity of ﬂfn( with. ) reppect to Ozy:. f ﬂ o
£’ in {9) denote the unit vectors of the axes Q{ Qr} - respectlvely with re-pect
4o Ozyz. Second., s

'(10) | ry 'x.l_rF, =M, . (y =1,... . rn+n)_-
R Further, let . - ‘
an, D :p:é vidm

denate the Linetic energy of B wnt.h rapect to Ozyz. In other words,. lf P denot.es

nny point of B and | ( : ‘*
(12), r=OP, |

10



. _ dr
(13) / v= dt’

the derivative i in (13) bemg taken with respect to.Ozyz, then the integral in the
right-hand side of (11) is expauded over the space occupied by B, dm. denot.mg
elementary mass of B.

A classical theorem of analytical mechanics reads °

' m+n

(14) dT =")_ Fdr,.
v=l
The equatnon (14) is usually called the kinetic: cnergy theorem. Let us now-see th'.

is this theorem proved?
Let by-definition

. m+n - - m+n
(15) ‘ F= 2 F,, M= ): M,
' : ‘=] v=l

. - N %
be the basis and the moment (with respect to. Q) of all forces, both active and
passive, a.otlng on B. Then (10) and the second relation (15) lmply

. m+n

(16) ) - M=Y r xF,
. N =l '
Besides, let
\
: ._ dra
(17) : vg dt ’
tbe derivative bem‘g taken with respect to Ozyz. Now the relations (7), (15) - (17)
imply \
m<4n o m+n .
18) .. 3 F, £ =Y Fulon+Tx (ro )
) vzl ' '
) m<4n T .m+n |
(vn+r¢) X @) z F.,+U E r.xF,, .
, ) y=l ¢ rsl : -
. e. A
A min dr .- . ’
(19) Yo Fy—= = (va+ra x@)F +T- M.
v=1, ' ' ‘

On the other hand; P being a point of B, the.-lrelations (12) and (13) imply

(2(\))1 ) v =g +Ui(r—rn).



Now (20) and the definition (11) imply ~

b ' ' . -

(21) ' % = / vwdm = j (va +@ x (r.— rq))wdm
= (vn +ra X U)/wdm+U-/r x wdm, .

provided

-(22) w=Z.

Let- by deﬁmtlon )
I_V:(23) K= / vdm, L= / r x vdm

denote the momentum and the moment of momcntum (kinetical moment) of B
“with respect to Ozyz. Then Euler’s dynamical arioms or the laws (prmcapla)
of momentum and: of moment of momentum (of kinetical :moment) governing the
motion of a any rigid body read

la

(24) %-.F o, %-M 0.

The relations (22) (23) 1mply that the laws (34) may be written in the form
(25) | /wdm-F /rxwdm:M

By yi‘;;.;le" of (25), the relation (21) may be written in th_e form

."(2.'5)’ ) .? - %'— (vn+fnxU)F+U M.

The n;ht-hand sides of (19) and (26) obvnouqu coineide. Hence (14),
~ Ini such a maner it is clear that the kinetic energy theorem (14) js unprovable
tfless Euler’s dynamical laws (24) come to its help. Lagrange, however, does
-t mention these principles among his “pnnclpes qui sefvent de fondament & la
P amique”. This is, by the way, a topic. we shall later, come back to. Let us
\nbwesee how the. kinetic energy theorem (14) may be used in solving dynamical
problems.
St.range though it may seem, in the genera.l case the pla.m answer ls not the
least dit. ' :

In order to explain this aomewhat disappointing conc]unon, let us write down
(14) in the equivalent form

r

'(27)‘ dT = Er dry +):R.dr,,.+,

=1 . r=l
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by vu-tue ‘of (4). Now (27) clearly dnﬁ;layi tliat the tlghbhmd side of the kmetlc_
energy theomm ﬁmmts of two addends The first one, namely

\

28)° . Er dr, -

p:l !

is well known for any position of the rigid body B consistent with the geometucal
constraints imposed on it. Indeed, the bases Fy (p =<.1,.,., m) of the active
forces (1) are known since the forces (1) themselves are. known: an active force is,
by definition, a force which is wholly defined in the conditions bf the dynamical.
problem. As regards ru (p=1,..., 'm), the only conditions imposed on, these:
quantitiés are (7) and (10) In such a way the quant.lty (28) may be regarded as
given. -
. The case vnl.h the sec0nd addend

(29) | 2 R,d.-,,,;, N

v=1

is a qmte different one. Indeed, nothing is known about thp reactions (2) of tﬁe,
constraintg save that their’ difectrices pass through the correspondmg pomt.s df
contact of the rigid body with the geometrical constréints. .

In such a way, the rigid-hand side of the relation’(14) js unknown, in the genern.l
case at least. Consequently, the kinetic energy theorem (14) implies no dynamical
integral, unless addltndnal hypotheses are made in. the condition of the dynalmcnl
problem in question.

As a tule, these addltlonal hypotheses reduce to the condmon

4

(30) En dr.,,.,.., =0.

vl

Oh\ tously. (30) is satlsﬁed tn\lally if the ngtd body is free. Another case when.
(30) holds good is espécially fawoured by the Lagrangeamsts It i i8 the case of the
so-called ideal constraints, \

Geometrical constrairits are called tdeal if the work the reactions of these con-.
straints accomplish is equal to zero. The ideal geometrical constrain{s afe called
_-al'so frictionlcss. Since the work i in question is, by definition, represented. by the
quantity (29). the geometrical const.ramt.s under consideration are ideal if, and only
if, the condmon (30) holds good. In such a case the kmettc energy tt‘eorem (14)
hocomes .

z h .. m g
A dT.= S Fdr,,
T

The condition (30) is “called the postulate of ideal constraints.
~* This form of the kinetic energy theoren is much more hopefyl than (14), since
the right-hand side of (31) is. as already emp!_\asxzed wholly deterrnined. ; Alas,

i3 13



these hopes are prematuré ones: in the genéral case (31) given also no dymmlca.l
-integral.

Indeed, in the general case ‘the 'active forces (1) are functlom of the position
of the rigid body B, of its velocities, and of the time t, rather than of its position
only, so that the differential relation (31) cannot be mtegrated Let us discuss this
question somewhat closer.

Let the rigid body B possess | degrees of freedom in other words, let any of
ite positions in space cansistent with-the geornetrlcd constraints imposegd on B be
deterrnmed by the aid of exa.ctly l'mutually independent quantltlen

(32) AU o A=1,...; D)

. ﬁ(mhpendcnl pammelera, or only pammetcra, of B). Tﬁe very definition (32) lmphen
that, if nothing else is required in the condition of the dynamical problem undet
conmderatlog, then not only t.he parameters of B but also their derivatives

(33) T =10

with respcct to the tnne t (gcnemhzcd velocmca, or only. velocatles of B) are mu-
tudiy mdependent. Moreover, the canonic pammetero of B, namely the Cut.ema.n
coordinates zg, yn, zn of Q.with tespect to'Ozyz and the Eulerian angles v, ¢, 6
'.beﬁween Ozyz and QU¥n(, are funchons of (32) and of t:

(34)\20 = 3ﬂ(q11' "'_ ’ QI: t)! yﬂ - .yn(le- .- '!'411 t); fﬂ = zh(?ll vecy ‘Ih t):

(38) ¢-¢(ql, « i, i). =l @ t) -0--0(q1. @ty t)T

Now i in the general case the a.ct.we forces (l) are wholly clet.ermmed functions

(36) ﬁ F (‘?h X Qh Qh ‘) Wr t) (""'l ) |
' of (3'2) (33) and poaslbly of t. Thls lmphes that thé bases F,of F, (,u =1,. )

are. opmpletely determined (i:e. given) functions - -
- (37:) ‘r =’F#(q]\l ""'."' ' ﬂh dlt ‘1 qh t) (" =1,. )

.Iof CINT 1) (A = ‘l, l), md of t..On the other hand, the very deﬁmuon of the
g quantma (6) lmphes t.hat. they are wholly determmed functions

(33)/ | "v = "u(‘h: f'-'- , Q1 t) : (v = l,;. .o, m+n):

. of the parameters o (A= l , 1) of B and poasnbly of the time ¢ (in the case when
the geomefncal constraints nnposed on B are rheonomic, rather than scleronomic).
..'Now (38) imply \

O L el =t
! EILERY . - ’. =1 aqx R RS

SU



- provided. for the sake of .bre\'ift_v, by definition -

(40) 'Il+'1 =t.
Then (39). (31) imply

(41)_ Py, dT = EQAqu,
. A=l -
where by definitién
~ | ;
: - a"n ‘ _-
(42) Q= Z'F"b_q;' VA= 1 14).

The quantities (42) are called the generalized active forces act.mg on B. It is im-
meiiately seen-thdt, in the general case, the generahzed active forces aré. wholly
detnrmlned functlons -

(4 ;) QA _QA\(QIr .oy gn qllv-"- ' q"o t) ‘ ('\—l ')

of the paranwtors (32) of the rigid body B, of its generalized velocities (33), and -
possibly of the time {. For that reason, in the general case, the kinetic energy
theorems (31) does not, even when the rigid body is free or the postulate of ideals
constralnts (30) w satlsﬁt-d (the rigid body being not I'ree) lead to a dy'pamlcal

imegral. o )
S A necessary condil,ion' I'Or the integrability of (41) is
14 === A=1l,..., 0+ p=1,...,D.
(41) Ee ‘(_ . R )
An ollu;r words, Q,\ (A = k..., L4 1) must be hido;)endellt of the genei‘ﬂized
velocities of the rigid-body. ln such.a casethe gnnerahzcd actlvc.forcm (42) become
' wholly de hmmn d I'uncnnns . L 5
(l’)) 1 =Q;.(q_‘!.... ,"q\;; t) : ' (X:].,l-'}-})
of the parameters of 13 :ﬁul'nfl rnﬂ_\'. and (41) hecomes '
o 1+ oy .
(463 .- o SdT = ZQ;(ql.;. s g '”“*'.' )dya:
. \ 5 ) -,l. N T N

Wewere st [frow pillar to post, our v.oes have, homwcr not yet finished. -
'llu l‘fulhm Torin (16) e ails 1o no conclusion. We are rompvllr'd to hypothccatc
Still. b Iging the gner: |lm of the dynamical problem. Namely, we are. coerced Lo
h-‘.l." thesize thpt the right-hand ~|el- «_pf (-16) springs from a potential function .

oF) =1 (cn..--- te1)’

[
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ol' the pata.met.ers of B and’ pOBSIbl}P of t: by virtue of (40). in other worde, that

oU
: - ,\=.l,....l 1
(48) Qx = Pan ( = +1)

or, jmt-the sitme. that the right-hand side of (46) is co‘mélete differential

. 7S
(49) daUu = ZQ%qu.
ln such a case, and i in.such a case only, the kinetic energy theorem (46) Ieads toa
d.ynarmcal integral (the kinetic energy. mtegml) . :
(50) S T=U+h, :

h bemg an, azbltrary constant wnt.h respect. to t The qustnﬁty (47) ié-called a
funct:on of forccs,,and the quantity '

As1) V=eU

) called a potentml Now (60) and (51) unply

e
(52) o 1 5P T-hV I, .

by Lo ;

in other words the quanuty T +V rema;ns constant. ‘It is called the full meclumcal
lenergy of B, .and (52) lmphes that it does not change during the motion. of B.
A system of rigid bodles is called conscroative when its full mechamca.l energy
_preserves a constant value in the course of its motion. ,

" Mais \evenons @ nos moutons. The reason for all these con.mderatlona was
I.agrange 3 principe de conservation des jorcc tices. The term force vive means 27T,
“and'the exptéeslon ‘conservaiion des forces vives is incorrect, since pot the Joree vive,
it tl\e fuli mechahical eneryy is conserved iti some inechanical processes. Anyway,
et us make a brief commeit on the situation we are confronted with. -

Pe Lagtange claims in the Méchaniqgue Analitiqgue “d'exposer les principes.qui
sorvem de fondement a la Dynamique™ and adduces, in the capacity of principle
No 1 “le principe de conservation, des forces vives”. In other words, he claims that.
Me principe de.conservation des forces vives” is sufficient for “de fondement & la
I)yummqm- Mayhe ibis, but “la. Dynamique” which? Certainly not the dynamics

i a% we undestand ic today. Surely, “la Dynam;que as it existed in Lagrange’s head.
Bt the dynanms of conservative mechanical systems is certainly too mmerable for
A ﬂfn-lmﬁc ideal.;

“ Lot us rvnwmber the res‘.nctlons we. were compelled t.o |mpose ona qunumcal

:)roblenf in order i.hat t.hc Lmeuc energy theorem could provnde a dynamncal lntegra.l

. »

First, the postulate of |deal consl.ramts (30). G

S« cond, generalized act ive forces mdepcndent. of the generalized \)relocmes (4‘)



Tlurd emtenee of o potent.mi function (48). . -

Even if we suppooe that the analytical dynamics is such a freak of nature that
its whole essence is run dry, being restricted to the conservative dynamnc&l systems
only — even in this case, we say, “le principe de conservation des forces vives”
is insufficient in the capacity of a “fondement a la Dynamique”. The dynamical
integral (50) provides a single equation among the parameters (32) of the rigid body,
its generalized velocities (33), and the time t. At the same time, the full solution
of the: dynamical problem requires 2 equations involving 2/ arbitrary constants
of integration: - this solution consnst.s in dlscovermg (32) as complet.ely debermmed.
functions 1 '

(53) .\= G.D;U" g10: ..+ tl_m;_hém.---., é;oj

r=1,... l), ,where the initial values h

GO ge=aO =101
of the pammet.ers (32) of B a.nd the initial values

(65) ° C de=@0) A=k

of its generallzed veloclues (33) play the role of 21 arbitrary-constants..

The rangé of action of ‘le principe de conservatlon des forces vwes is extremely
Narrow. ' :

As we have already meutxoned the question that tlie kinetic energy theorem
.(14), and hence the kinetic energy integral (50), is undeducable save by t.hv aid of
Euler's dynamlcal axioms (24) is, for the time being, laid aside:

Apropos of the principle of conservation du moxwemcn! du cenire de, gnmié' '
‘Lagrange writes: : : :
. ~Le second prmcnpe est du & Newton, qui, au commencement de ses Principes’

mathématiques, démontre que Fétat de repus ou-de mouvement du-centre de gravité
-dé plusieurs corps n'est point altere par |'action réc:proque de ces corps,.quelle
qu’elle soit: de sorte que le centre de gravité des corps qui agissent les unes sur
les autres d’une manitre quelcongue, soit par des fils ou des leviers, ou des lois
Jd’atraction. .etc.: sans qu’il ¥ ait aucune action ni aucun pbstacle extérieur, ‘est
. toujours en repos ou se meut uniformément en ligne droit. D’Alembert a donne
dt-pmc a ce principe une plus grande étendue, en falaant. voir que, si chaque corps’
- est solicité par une force accélératrice constante et qui agxsse suivant des lignes
- paralléles. ou qui soit dirigée. vers un point.fixe et ag:sse en raison de la distance,
le centre de gravité doit. décrire la méme. courbe que si 'les corps étaient, libres; 2
quo: I'on peut ajouter que le mouverment de ce centre est, en général, le méme que
-si toites les forces des.corps, que]les qu’elles sonent y étajent appliquées, chacune
* suivant sa propre direction.” . -

The first remark that this text of Lagrauge 8 provakes concerns Newton 8 name.
According to Lagrange. “Newton ... démontre que I’état de repos ou de mouvement
.du centre de gravité de plusneurs coEps n'est altere par I’action réciproque de ces

A
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corps, quelle qu’elle’ soit”. Asa matter of fact, one finds in Newton 8 Pﬂnmpu [28] '
-nothing of the kind.

The statement that in Principia the foundatnons of rational mechanics have
been laid pertains to the Newtonian mythology. The reality is quite. different:

“Except for certain simple if important special problems, Newton gives no evi-
“dence of being able to set up differential equations of motion for mechanical systems.
It is not the function of the historian to guess what Newton might have done or
could have done, not is what Mach could do with Newton’s principles relevant; the
cold fact is, the equations are not in Newton’s book. As we shall see, a large put. of
the literature of mechanics for sixty years following the Principia searches various
principles with a‘view to finding the equations of motion for systems Newton has
studied and for dther systems nowadays thought of as governed by the “Newtonian”
equations. To summarize: In Newton's Principia occur no equations of motion for
systems of more- than .two free mass-points or more than one constrained mases-
pomt Newton’s theories of fluids are largely false; and tlie spinning top, the bent
spnng, lie alltogether outside Newtan’s range” (27, p. 92 - 93).

Clearly and simply, no dynamical problem concerning a single ngld body is
solved in Newton's Principia. The whole of rigid body dynamics is a creation of
Euler’s hands. Euler was the first to realize that “while Newton had uned the
.word “body” vaguely and in at least three different meanings ... the statements of
: Newton are generally correct only when applied to masses concentrahed at isolated

- points; he [Euler] introduced the precise concept of mdss-poin{, and his is the first
treatise [29] devoted expressly and exclusively to it” [ibid., p. 107].

In other words siting Newton’s name is connection with le principe de con-
servation du mouvement dw centre de gravité, Lagrange allows a historical mistake
to shp in. ‘As regards the name of D’Alembert mentibned in the same connection,
it is, inasmuch as rigid body dynamics is concerned, controversial ‘to ‘the hlghest
degree: The criticism the following fragment from Truesdell’s E‘sanys contains is,
By our opinion, not as categorical as it should be:

" “At the age of twenty-four, D'Alembert published a book- mt.h a title indicative
of what mechanics was in the Age of R.qason “Treatise on Dynamics, in which -
the laws of equilibrium and motion of bodies are reduced to the smallest possible
.number and are proved in a new way, and where is given a.general prmcxple for
ﬁndmg the motion of several bodies which react mutually in any way.” This.is the
“book to which we have several times referred in connection with the program of the
“age. In regard to practice, it is less successful. Contrary to the usual claims, neither
-did D'Alembert reduce dynamics to statics, nor did he, here br anywhere, propose
.either of.the two forms of the laws of dyna.macs now usually called “D’Alembert’s
‘principle”, these being due to Euler and Lagrange, respecttvely, at a later penod"
[tlnd pP- 112 = 113]

- By ouropinion, D’Alembert’s Traité {30] does not contain the corhplet.e soluuon :
of a single dynamical problem concerning rigid bodies. _For that-reason we find it
‘inadequate that Lagrange refers to D’Alembert in connection with le principe de
. conservation du mouvement du centre de gravité, as far as-namely rigid bodies. m:
concerned Anyway. let us see somewhat closer what doee as'a matter of fact; thm_

-
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pnnc1ple state’ ' '

According to Lagrange’s formulatlon, already cnted S“Tétat de repos ou de
mouvement cu centre de gravité de plusieurs corps n’est point altéré par 1’action
réciproque de ces corps, quelle qu’elle soit”. Three remarks are relevant in this
connection. :

First, Lagrange’s principe de conservalion du mouvement du cenire de gravité
is.a non-constructive statement, while a mathematical axiom, or pnnmple or law,
must contain in itself something constructive. (If a mathematical axiom, like Eu-
clid’s fifth postulate, for instance, states the impossibility of a mathematical phe-
nomenon. its goal is to ensure the soleness of a niathematical‘ object, the existence
of which is already independently established.)

Second, Lagrange's second principle does not imply the laws.of motion of a
single rigid hndy, being either meanmg]ess or trivial in the case of one only rigid
body. .
Third, the prmaple of conservation of the motion of the center of gravnty of
a system of ‘several bodies i i 8 trivial corollary from Euler’s first dynamical axtom
Indeed, the definitions :

(56). m=/d’m y

and

(57) P d
rG = m ram

of the mass and the radius-vector

(58) ro = 0G
' 1 ¢ . .

of the mass-center G respectively of any rigid body B imply
(59)- ‘n'lwgfz / wdm

provided
o d’rg

6 = —

(60) we = —

since by hypothesis

. -d _ d _
(61, d_r_(d'")." 0, —(m)=
Now (59) and_ the first relations (23), (24) imply

62) mwg = F.
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The equatlon (62) which is an n immediate corollary from Euler'’s law of mo-
mentum, expresses an important fact, classical for rlgld body ana.lytical dynnmu':n
namely that the mass-center G of any rigid body B is moving in the same manner,
as would a ma.ss—pomt located at G, the mass of which is equal to tha.t of B and
which is acted on by the same forces that act on B.

.Let now a system S of n rigid bodies B, (¥ =1, 2,..., n > 1) be given and

let m, and G, be the mass and the mass-center of B, (v = 1 .« y n) respectively.
Let : L
'(63) ST = oG, ' (v=1,..., n).

-Then the mass-center G of Sis deﬁned by

mu'x+ 4 mprn -
m1+ 4+ m, |

(64)

01; the other hand , let F, be. the basis of the system of- l'orces acting on B,
{v=1,...,n) reapectwely and let. .

d3r,

-(86) Wi=w v=1,..., n).
Then Euler’s theorem (62). implies
(66) mw, =F, '.('V=1,...,n)

‘and (66), (64) imply that G is moving according

_Fi4++Fa
my+---4mp

K

. Let us now suppose that tie bodies.of the system S‘ are subjected to. sddmonnl
_._'mt.era.ctlons More precisely, let the rigid body B, (v =1,..., n) be acted on by
-the rigid body B, (s = 1,..., .n; p # v) by.a system of forces with bagis F,.
Then, aceording to -Newt.on’s law of action and reaction,

‘(68)' ’ pr + pr = 0.

. The ngld '.body B, (v=1,...,n)is mo'ving according to the law

. n
‘(69) m,w, =F, +2pr (V= 1,..., "l),
> p=1 -
provided:
. / N
(70) F,,=90' (v=1,..., n)..

0



Adding the equations (69) with' ‘(70) together and: taking mto conmdermon (68),
one obtains

(71) Y muw, =Y F,.

y=1 r=1

'I\‘he last relation, together with (64), implies again (67),, therewith proving La-
' gra.nqe 8 principe de conservation ds mowvement du cenire de gravilé. Let us note
that 1t is undeducable save by the aid of Euler’s first dynamical law whnch does not
occur among Lagrange's dynamical principles.

We do not know how this principe de la Dynatmque ‘has been used in rlgld
body dynamics of Lagrange’s predecessors and contemporum for solying special
problems. For us, however, it is wholly useless in the capacity of a mathematical
tool for such aims. By our opinion, today it represents nothing more than a curious -
mathematical fact. In any case, the claims that it could serve de fondement d la
Dyngmigue, as Lagrange unambiguously states, are frankly ridiculous.

Apropos of the principle. of conservation des momenis de rotalion or printipe
des aires Lagrange writes:

“Le tromeme principe est beaucoup moins ancien que-les deux precedents et
parait avoir été découvert en méme temps par Euler, Daniel Bernoulli et d’Arcy,
mais sous des formes différerites. Selon les deux premiers, ce principe consiste. en
ce que, dans le mouvement de plusieurs corps autour d’un centre fixe, la somme
des produits de la masse de chaque corps par sa vitesse de circulation autour du
centre et par sa distance au méme centre est toujours independente de 1’action
mutielle que les corps peuvent exerces les uns sur les autres, et se conserve la méme
tant qu’il n’y a aucune action ni aucun obstacle extérieur. Daniel Bernoulli a
danné ce principe dans le premier Volume des Mémoires de I’Académie de Berkin,
qul a paru en 1746, et Euler I'a donné la méme ‘année dans le -tome [*" de ses
‘Opuscules; et c'est aussi-le méme probleme qui les y a conduit... Le principe de
d'Arcy, tel q'il I'a donné & I'Academleﬁea Sciences, dans les Mt’moma de 1747, qui
n'ont pary qu-en 1752, est que la somine des produits de la masse de chaque corpa
par l’'aire que son rayon vecteur décrit. autour d’un ceptre fixe sur un meme plan
de projection est toujours proportionelle au temps. On -voit que ce principe est
une généralisation du beau théoréme de Newton sur les aires décrites en vertu.de
I'orces centripétes quelconques; et pour an a.peroevou l'analogle ou plutét V'identité
avec celui d’Euler et de Daniel Bernoulli, il n’y a qu’a considérer que la vitesse de

VCII'CI.Il&thl'I est exprimée par I'éléments, multiplié par la distance au centre, donne
I'élément de I'dire décrite autour de ce centre; d’oti I’on voit que ce dernier ptincipe
n'est aurte chose que l'expression différentielle dé celui de d’Arcy. Cet.auteur
a présenté.ensuit son principe sous une autre forme qui le rapproche davantage
du précédent. et qui consiste eri ce que la somme des produits des masses par
les vitesses et par les perpendiculaires tirées du centre sur les directions du corps
-est une quantité constarite. Sous ce point- de vue, il en a fait méme une espéce
de principe métaphysique qu’il appelle la conservation de I'action, pour 1’ oppmer
ou plulol pour le substiteur & celui de la moindre quantité d’ actwn comme si
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des dénominations vagues et arbitraires fmwent I’essence des loi de 1a nature et
pouvaient, par quelque vertu secréte, ériger en causes finales de simples résultats -
des lois connues de la Mécanique. Quoiqu’il en soit, le principe don’t il s’agit a’
lieu généralement pour tous les systémes de corps qui agissent les uns sur les adtres
d’une fagon quelconque, soit par des fils, des lignes inflexibles, des lois d’attractlon,
etc., et qui sont de plus sollicités par des forces quelconques dirigées & un centre
ﬁxe' soit que le systéme soit d’ailleurs entierement libre, ou qu'il soit assujetti &
ce mouvoir autour de ce méme centre. La somme des produits des masses par les
aires décrites autour de:ce centre et pro;et.ees sur un plan quelconque est toujours
proportionelle au temps.”

The formulations of Lagrange’s in ) connection with the principe de conservation
‘des moments de - rotation or principe des aires . are considerably more indistinct
shan those concerning the first two principles: his explanations are obscure to such
a degree that quite a lot of historical generosity is required: for their acceptance.

In accordance: with Lagrange’s own words, the principle of conservation of the
“moments of rotation consist in the fact’ that, if several bodies are moving around a
. fixed center, the sum of the products of the masses of the bodies with their velocities

of rotation around the said center and with their distances from the latter is.always
.independent from the mutual interactions of the bodies, whatever they might be. It

18, however, completely meaningless to speak about velocity of rotation of a body.
“'around a center and about a distance of a body from a center, unless the body
* in: question is infinitesimal, i.e. a mass-point. In such a manner, a century after

. Newton and five years after Euler’s death Lagrange is using a mechanical language,
cast aside by Euler fifty yeais ago [29]. It\is clear that, in Lagrange’s formulation
" at lemst, the. prinéipe des uires belongs to mass-point dynamics and has, therefore,

nothing to do with rigid body dynamics, no matter that Lagrange is speaking about

cofps and not about patriles.

. The use of the term centre in Lagrange’s formulation is a qulte formal one:
the role of $his centre could play any other fixed point in space. This term is used
only inr the capacity of a system of reference and ot ‘as a source .of forces (centra.l
forces) acting on the mass-npmnt.s

One should not disregard the fact that all three principles already- clt.ed in
Lagrange’s formulation concern systems of (finite or infinitesimal) bodies and not

“a single rigid body. Thig fact is by.no means accidental: it is the result of a
mec.ha.mcal politics with far reaching sequels.
~ 'Indeed, as it has been emphasized in the first part [1] of this series, a chara-
.cteristic feature of the Lagrangean dynamlcal-t.radmon consists in the fact that
anything done by the Lagrangeanisis is accomplished for systems of a finite number
- of mass-poinis only, being afterwards quite unpardonably applied to rigid bodies
“in a completely illegal way (gee the analysis on p. 18 ~ 20 of [1]). This is the
quintessence of Lagrange’s dynamical polltlcs hl$ mechanical Weltanschaulug, his
scientific credo.

A most remsrkab]e scientific incident, if that is the word, will throw additional.
hght on Lagrange’s- ideological poslt,lons in mechanics. In his art.lcle [31] he has_
wnt.ten

)
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+Je considére les corps proposés comme I’assemblage d’une infinité de corpus-
cules ou points massifs unis ensemble de maniére qu'il gardent toujours nécéssaire-
ment ‘entre eux les mémes distances... J'aurai par les principes de mécanique,
a cause que le systeme est supposé llbre autour d’un point fixe, et qu’il n’est
d’ailleurs solhclte par aucune force etrangere ) aural dis-je, sur-le-champ ces trois
équations...” (quoted by [32. p. 590]).

Thenco Lagrange claims to have derived the theorem of moment of momentum.
Euler, who refused to accept the picture of -a rigid body as composed of infinitely
many mass-points, wrole apropos of [31] in the lntroductton of his memoir [33] with
ill-concealed if latent irony:

“But when I tried with greatest avidity to follow his extremely ptofound
thoughts, truly I could not get myself to go through all his calculations. Even
the first lemma so deterred me that on account of my blindness I could not hope
in any way to check through all the analytical devices he used” (quoted by [27, p.
260], see also [34]).

A broad hint — blindness. This is written in-1775, and Euler has been stone-
blind years ago. His blindness did not prevent him from printing many. tens of
articles every year. Moreover, namely this paper that “eonfession” is taken from
contains the greatest mechanical discavery of Euler in all his scientific life — his
dvhamical axioms. In order to understand Eulér’s delicacy, one must bear in mind,
that all his life through Euler has been extremely tolerant of his younger sclentiﬁc
coll.t-aguc The'inverse theorem is not true.

. Suifming up, one should clehrly state that Lagrange s principe des aires could
by no means serve de fondament d la Dynamlquc

Apropos the last principe de la: moindre gquantite de lac!wn Lagrange writes:

“Je viens enfin au quatrléme principe, que j’appelle de la moindre action, par_
analogie avec celui que Maupertuis avait donné sous cette dénapnination et que
les écrits de plusieurs auteurs illustres ont rendu ensuit si fameux, Ce pnnmpe,
envisagé. analytiquement, copsisté en ce que, dans le mouvement des corps ‘qui
aglssent les unes sur. les antres, la somme des produits des ‘masses par les vitesses
et par les espaces parcums est un minimum. “L’auteur en & deduit les lois de la
réflexion et ¢le la réfraction de la lumicre, ainsi que celles, du choc des corps, dans
deux Mémoires lus, I'un a I'Académie des Sciences de Paris, en 1744, bt 1'autre,
deux ans apres, a_celle de Berlin. Mais ces applications sont trop particuliéres
pour servir & élablir la~érité d’un principe général, elles ont d’ailleurs quelque
chose de Yague et d'arbitraire, qui ne peut que rendre mcertmnea les conséquences,
qu’'on en-pourrait tirer pour I’ exactitude méme du principe. Aussi.'on aurait tort,
ce me semble, de mettre ce principe, prwente ainsi, sur la meme ligne que ceux

.que nous venons d'exposer. Mais il y a une autre maniére d¢ V'envisager, .plus
générale et plus rigoureuse, et qui mérite seule 1'attention des gcomet.res Euler
en a'donné la premieérc idée a la ﬁn de son Traité des isopérimatres, imprimé 3
Lausanne en 1744, en y faisant voir que, dans les trajectoites ‘décrites par des forces
“centrales, I’ intégtale de la vitesse multipliée par I'édlément de la courbe fait toujours.
un maximum ou un minimim. - Cette prqprlolr qu’Euler -avait trouvée dansle
mouveinent des corps moles, et qui paraissait hornée a ces corps, je I’ al etendue, ,

-
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" par-le moyen de la conservation des forces vives, at mouvement de tout systémé

de corps qui agissent les unes sur les autres d'um maniére quelconque; et il én esl“
résulté ce nouveau principe général, que la somme des produ:t.s des masses par

"les’ intégrales des vitesses multipliées par des éléments des espaces parcourus est

constammement - un maximum ou un minimum. Te] est Je principe auquel je donne
ici, quonque improprement, le nom de miondre action, et que je regarde, non comme
un principe métaphysique, mais comme un résultat simple et général des lois de
la Mécanique. On peut voir dans e tome Il des Mémoires de Turin )'usage que

,j’en ai fait pour résoudre plusieurs problémes difficiles de Dynamique. Ce principe,

combiné avec celui des forces vives et développé suivant les régles du calcul des

“variations, donne directement toutes les equatlbns nécéssaires pour la. solution de

chaque probleme.”
(All fragments of Méchamque Auahttquc concernlng the four dynamical prln-

“ciples of Lagrange are quoted after [35, t. I, p. 238, 257 - 262]. )

This last principle of Lagrange’s Is obviously a variational one. As a such, its
range of action is restricted to conservative dynamical systems only, and in this con-

. nection it falls under the criticism made apropos of the principe de conservation des

forces vives, third point. Therefore, the last statement of Lagrange’s, namely that
this principle “donne directement toutes les équations nécéssaires pour. la solution

N 'de’ chaque probléme”, belongs to the fairy-tales of the Lagragean tradition.

« At that, let us underline that no variational prmc:ple of analytical dynamics

“isup to now proved save for mechanical systems consisting of a finite number of

* mass-points only. In order words, any application of such a principle to ngld bodies

'is mathematically |llegat at least till the contrary is proved.

In such a way:it'is established beyond doubt that Lagrange s claum in the

'Méchanigue Analitique, namely that “cet -Ouvrage ... réunira et presentera sous
'un méme; point de vue les différents principes trouves jusqu'ici pour faciliter des

questions de Mécanique, en-montrera la liaison et la dépendance mutuelle, et mettra

- a.portée de juger de:leur jusfesse et de leur étendue”, is not true:-Indeed, as already
. emphasized, the four principles discussed above. purely-and simply cannot serve “de

fondement.& la Dynamique”. The fact that Lagrange included-them in his treatise is

"not yet the biggest misfertune. Far worse is-the circumstance that he.ovérlooked the

only dynamical principles on which the niathematical consolidation of the loglca.l
‘foundations: of analytical inechanics is possible: the Eulerian laws of morhentum
amd of kmvuml moient.

S Before we :-nl,or this . topuc it 18 necessary to turn .our attentlon to a phe-

vomenoit inherent to the early history of mechanics and focused on the existence of
an inhmense numiber of mechanical principles. Come to that what does in actuality
a dyuam:ml principle mean? -

A categorical answer of this question is nowhere to be found in thie mechanical

‘Hterature. An attempt along these lines has been made at the beginning of this

century. by A. Voss in the Encyclopedia of Mathematical Sciences [36].

- Voss begins his article Die Pmmpsen der rationellen Mechanik with.a brief
peﬂphrastlc explanation of the various features of the notion:

“Prinzipe md Prinzipien der Mechanik. Der Ausdruck Prinzipe oder Pnnznp-
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jen witd in der Mechanik in schr verschiedener Weise angewendet. Unter Prinzipien
versteht man in irgend einer Wissenschaft, hier speziell der Mechanik, erstens Aus-
sagen, die nicht wieder auf andere demselben wissenschaftlichen Gebiete angehérige
Behauptungen gurickgefiihrt, sondern als Ergebnisse anderer Resultate der Erken-
ntnis angeschen werden..., 2.B. die Aziome oder Poslulate..., und die teils lo-
gischer oder methodolopuher, teils metaphysischer oder physikalischer, Art sein
konnen; zrweitens, allgemeine aus den Grundvorsiellsngen der Mechanik gewonnene
Satze, die, wenn auch in ihren einfacheren Fallen auf Grund fritherer dedusierbar,
doch in ihrem weitesten Umfange tatséchlich nicht mehr vollstandig beweisbaz er-
scheinen (z.B. das Prinzip der virtuellen Geschwindigkeiten, das d’Alembert’sche,
resp. Gauss’sche Prinzip); drittens, ... allgemeine rein mathematische Methodeén
fir die Behandlung' der Mtchcuuchen Probleme, die an sich zundchst vollig auf
Grund von Prinzipien der zweiten Art erweisbar, zur rein deduktiven' Behandlung
ausgedehnter Teile der Mechanik nusreichend sind, in ihrer weitesten Ausdehnung
allerdings wieder einen heuristischen Charakter erhalten (Haemilton'sches Prinzip,
Prinzip der kleinsten Aktion); endlich, nach C.G.J. Jacobi ... analyiuche Metho-
den, Integralgleichungen der dynamischen Dlﬂ'erentlalglelchungen zZu gewinnen..
Die methodologische Stellung der Prinzipien zweiter und dritter Art zuelnander
wird sehr verschieden beurteilt. Auch wenn man beide, wie vielfach zu geschehen
scheint, gleichsam als Beschworul\gsformeln anseht, in denen ein lange fortgeaet-
zter Prozess induktivet Erkenntnis seinen Ausduck gefunden hat, besteht doch ein
sehr wesentlicher Unterschied in-dem Grade der Abstraktion, der in beiden Fillen
eintritt. — Die im Texte getroﬁ'ene Unterscheldung vor Prinzipien verschiedener
Art kann aberhaupt nur eine allgememe sein; an welcher Stelle jede éinzelne. der -
manmgfa.ltlgen ‘als “Prinzipe” im Laufe der Zeit bezeichneten Aussagen einguord-
nen ist, wird von den oft schwankenden Vorstellungen abhangen, die den Ausdruck
Prinzip begleiten” [36, erster.Teilband, S. 10 - 11].

Apropos of the fourth sort of mechanical principles Voss says: -

“Wir reclinen dahifi die analytische Verwendung des Satzes von der lebendi- °
gen Kraft. die Schwerpunktsmtegra.le das Prinzip der Fla.chen, des letzten Multlp—
likators, Hamiiton'sches Prinzip der varierenden Wirkung, das Poisson-Jacobi’sche
Prinzip. die mannigfachen ’I\'a.nsformat.lonq- und Aquwa.lenzprmmpe etc. ete.”
[sbid.. S. 10 - 11).

It is worth noting that Voss is fully aware of the contemporary unenviable
state of the logical foundations of rational mechanics as well as of the hopelesaness,
in these strained circumstances, of any try at strict formulations:

. “Die Erscheinung, dass die Resultate mathematischer Lehrgebaude von grund-
Inegender Wichtigkeit oft eine lange Zeit hindurch ikrer strengen wissenschaftlichen
Begriundung vorausgeeilt sind, hat sichi in weit hoherem Grade bei der Mechanik, wie .
bei der Arjthmetik oder Infinitesimalrechnung wiederholt. Man kann den Stand-
- punkt, welchen die systematische Entwicklung der Mechanik in ilirer gegenwatt.xgen
Gestalt einnimmt, etwa mit dem der Infinitesimalrechnung vor ‘Cauchy vergle
ichen, auf den sich fast wortlich die Bemerkungen von Hertz in seiner Einleitung -
zur Mechanik anwenden lassen ... iiber das bei der Exposition der Grundlagen
‘der. Mechamk haufig hervortretende Bestreben, iber die Schwnengkelten und Ver-
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legenheiten in ‘denselben mogrchst. bald hinaus und zu konkreten Bemplelen Y
kommen. .. Ein Blick ‘auf den gegenwartlgen Zustand der Werke iiber M
soweit sxch dieselben nichit auf eine rein mathematische Behandlung, sondern
die Entwicklung der eigentlich mechamsche\ Kor_st.ellungen beziehen, diirfte ind
des zeigen, dass unter denselben, da wo es sich nicht um stereotype Wiederh
ung gewisser Wendungen handelt, die grossten Verschiedenheiten- hinsichtlich
Prinzipien bestehen” [ibid., S. 8 ~ 9].

" In the second part Die allgemeinen Prinzipien der rationellen Mechanik of hi
article Voss discusses three classes of mechanical pzmclples
7 Apropos of the first class phllasoph:sche Pﬂnnptcn Voss writes:

“Von den philosophischen Prinzipien muss hier neben dem schon oben erwa.hn-i
ten Kausalitdtsprinzip der  Salz vom zureichenden Grynde hervorgehobén werden
Man schloss aus dem letzteren, dasg der in Bewegung unabhangig von allen andere
Dingen vorgestelite materielle Punkt seine Richtung nicht dndern konne, wahren
ein gleiches auch von der Grosse der Geaschwindigkeit zu behaupten erst durch die
dialektische Unterscheidung von’ Ursache und Wirkung moglich.wird, wejche die
Ursache ausserhalb des Bewegten verlegf... Auch bei der Entwicklung des Kraft-
begriffes, den Beweisen fiir das Parallelogramm der Krafte, der Betrachtung der
Fernwirkung zwischen zwei matenellen ‘Punkten etc., spielt dieser Satz eine his-
toruche Rolle. .

* Dass man aus bloss loguchen P;am:ssen keme Entscheidung iiber reale Verhalt-
‘nisse treffen kann, wird gegenwirtig ‘woh! nicht bezweifelt... Anders aber steht;
- es, wenn der Satz vomn Zureichende Grunde in der Form eina logischen Schlusses.
auftritt, dessen Pramlssen vollstandig als aus der Erfahrung bekannt vorausgesetzd
werden. .. - . !
Von ganz wesentlichen Einflusse sind fiir die Entwicklung der Mechamk tele:
ologwchc Pnnzlplen gewesen. Das Prinzip der kleinsten Wirkung ist geradezu \rcml1
Euler ... aus einem solchen Gesichtspunkte abgeleitet; Gauss® Prinzip des klein:
sten Zwanges sowie gewisse Prinzipe der Elastizitatstheorie . : kniipfen ebenfalls
an golche Vorstellungen an. — Die Frage, ob in der Natur wnkllch Thatsa.chen;
vorltegen, welche den Gedanken beschaftigen, dass mit dem kleinsten Aufwande
von Mitteln: der grossl:e Effekt erreichbar werde, braucht man. indessen hier-nicht
zu beriihren. Bei Uberlegungen dieser Art diirfte meistens ein sicheres Maass weder
der aufgewandten Mitteln noch des erreichten Effektes zugrunde gelegt sein, sodass
die Behaupiung einen klaren Sinn uberhaapt nicht besiizt. Was aber die Anwen-
dung desselben in der. Mechanik betrifft, so sind diese teleologischen Gesichtspunkte
- im eigentlichen Sinne schon um deswillen ganz unzutreffend ..., weil keineswegs
— weder beim Prinzip der kleinsten Aktion, noch beim Gam’achen Prinzip —
" die wirkliche Bewegung durch eine Minimumeigenschaft vor atlen anderen ebenfalls
méglichen ausgezeichnet ist, sondern nur gegeniiber gewissen rein fingierten, im all-
gemeinen aber unmdglichen Bewegungen.  Thatsachlich haben sich alle}dmgs diese
teleologischen Gesichtspunkte fiir den Aufbau der Wissenschaft: als sehr forderlich
erwiesen, und es erscheint in mehrfacher Beziehung von Interesse, die a.llgememen
Griinde ‘hierfiir aufzusuchen. .

Mach . .. hat dagegen auf andere Prinzipien aul'merksam gemacht, welche aller
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x aturauffassung zugrunde liegen sollen, die der Okonomie und Einfachheit. Nach
[ ist es das Ziel aller Wissenschaft, das Gebiet der einzelnen Erfahrungen durch
;usammenfassende Beschreibung derart zu ersetzen, dass durch den geringsten
Aufwand an Gedankenarbeit dasseble iibersehen werden kann. Das ist natiirlich

pur dadurch moglich, dass man die den einzelnen Erfahrungen zugrundq liegenden
Elemente aufsucht und durch deren gesetzmassige Konstruktion eine Erklhmng der
Vorgange liefert, fur deren fortschreitende Ausblldung dann wieder rein formale
Prinzipien, wie das der Kontinuitdt und Stetigkeit, — dem Hankelschen. .. Prinzip
der Permanenz der formalen Gesetze verglcichbar — vor allem die Pnnzap:cn der.
Analogie. .., d.h. die Ubertragung gewisser Gedankenrelhen' welche fiir ein Gebiet
vollstandlg entwu:kelt sind, auf neue Gebiete, maassgebend werden” {idid., S. 18 -
20

) Apropos the secdnd class mathematische Prinzipien Voss says:

“Insbesondere ergeben sich aus dem Prinzip der Einfachheit gewisse alige-
meine Geéichlspu»k{e rein mathematischer .4rt. Solche liegen vor, wenn man den
Bewegungsraum als Euklidischen mit seiner unendlichen Theilbarkeit..., die Ko-
ordinaten der Bahnen der Punkte als stetige, beliebig oft dlﬂ'erenilerbare Funk-
tionen der Zeit..., wenigstens insoweit von einzelnen singuliren Stellen abge-
schen wird,’ anschon.' wenn wir demgemass von den Grenzwerten..., d.h. den
(ieschwindigkeiten und_ Beschieunigungen reden..., wenn wir ‘voraussetzen, ‘dass
das.'Verhaltniss von Masse zum Volum bei kontinuierlicher Raumerfiihlung bei
stets_abnelimender Cirdsse des létzteren sich einem-bestimmten; iiberdies wieder
differenzierliarem Grenzwerté, der Dichtigkeit, nahere. Die Mathematik ist freilich
gegenwarlig so weit entwickelt, dass auch bei Zugrundelegung des allgemeinen Be-
griffes der stetigen Funktion noch bestimmte Aussagen moglich sind, doch hat sich
bisher kein Bediirfuis gezeigt, in die Mechanik diese von der anschaulichen Form der’
Bewegungsvorginge weil abliegenden Abstraktionen aufzuheben. .. Man betrachtet
es fernér als ein allgemeines Prinzip, dass eine durch Krﬁ.fte_deﬁnierte Bewegung,
durch iliren’ Anfangszustand vollkommen bestimmt sei. . . ; ausreichend ist dafiir, die
I\raftr- als eindeutige heliebig oft differenzierbare, insbesondere als regulare Funk-
tionen der Koordinaten und Geschwindigkeiten vorauszusetzen... Hierher gehort
auch das llomogeneititsprinzip. Die Begriffe der Mechanik erl'ordern die Fest-
setzung cimer Reibe fundamentaler Finkeiten (z.B. fir Linge, Zeit, Masse in der
reinen Kinetik). aus denen weitere Begriffe (wie z.B. Geschwindigkeit, Beschlenni-
gung. hraft ete.) abgeleitet werden. Es liegt nun in der Natur. der Sache, dass bei
vielen Betrachtungen Bezichungen zwischen diesen Begriffen von der Wahl dieser
Grundomheten unabhingig sein miisson. Solche Gleichungen bleiben daher invagi-
ant. wenn die Fundamentaleinheiien der Maassbestimmung durch irgend welche
andere nmabhangig von cinander ersetzt werden. In diesem Charakter der Invari-
“anz bestelt das Prinzep der llomogeneatal. . .; durch dasseble wird denjenigen Gle-
Sichinugen der Mechs uuL welche zur Beschrelbung von den gcwahllcn Einheiten un-
abhangiger Vorgang? dienensollen, ein Yormeller Charakter fugesc]mebnn der sich
zur Prufung solcher (msalze selbst niitzlich erweist. .. In einer-ctwas andere Form
kommt slas Prinzip bei der Untersuchung dynamnscher Verhaltnisse als Prinzip der
Abnlichke ot (principe de similitude) zur Verwendung. .. Endlich sei noch an das Su-
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‘perpasitionsprinzip, als éiner unmittelbaren Folgerung aus den Eigenschaften der
Losungen linearer homogener Differentiagleichungen, erinert” [¢bid., S. 20 - 23]. .

"At last, apropos of the third class, mechamach-phgsakahscbcn Pﬂnzqncn Voes
writes:

“In naher Beziehung stehen den mathematischen Prinzipien die mechanisch-
phgatkahachen insbesondere die Kontinusigtshypothese, die man iiber die Materie. .
die bswegliche Substanz, zugrunde legt. Es scheint nicht angebracht, hier au erorten
ob die-Mechanik ein Interesse daran bat, den Begriff der Materie neben dem fiir sie
allein maassgebenden der Masse beizubehalten. .Die Mechanik geht zunachst von
dem Begriff des materiellen Punktes..., d.h. eines geometrischen, aber vermoge
seiner Masse inserer Beobachtung zugiingligen, Punktes, dann vort dem System n
‘solcher Punkte aus, und man wird geneigt sein, die,Vorgi.n’ge bei einem beliebig
grossem n, wenigstens soweit allgemeine Theoreme in Frage kommen, hiernach zu
beurteilen. Es ist aber leicht zu sehen, dass man auf diesem Wege nicht unmittelbar
zu. der Vorat.ellung der Bewegung eines kontinuierlich mit Masse erfullten Raumes
“kommt” [tbtd S. 24 - 25).

While in the third part Die Grundbegriffe der rationellen. Mechanik of Voss’
article the basic notions of phoronomy; statics, and dynamics are introduced and
discussed, the fourth part Die speziellen Prinnipien der rationellen Mechanik con-
teina a formulation and analysis, together with detailed historical and bibliograph-
ical data, of the. principle of virtual velocxt.les, the principle of Fourier, the principle
of. D’Alembert and Lagrange’s dynamijcal equations, the principle of Gauss, the
principle of Hamilton, the principle of least actlon, the principle of living force, and
the'general pnnclple of energy in physics. .

Although written almost a century ago (“abgeschloesen im Juli 1901”), this
article of Voss’ 18 dwtmg'nuhed by its exactness, elaborateness, and thoroughness,
which are. a-caroely found in the later literary sources on the subjeqt It penetrates
into the historical roots of the idea of mechanical prmclples its role in the devel-
opment of mechanics, its many-sided aspects, and, after all, its prejudices if not
superstitions, These are the important reasons mcntmg us to carry here such vast
fragments from this article: after all, the encyclopedia [36] is nowadays not easy
of access for the ordinary reader. Neverthelem, after studing even such a profound
account on the principles of rational mechanics, one keeps on being at a loss when
faced with the question: what does namely a mechanical principle mean?

No ‘wonder Voss could not give an explicit answer of this question: the only
way to such an answer leads through Hilbert’s axiomatic scheme, and his Grund-
lagen {37] have been published only two years before Voss finished Die Prinzipien
der rationellen Mechanik: If rational mechanics is nothing but mathematics, and
mathematics of the fizst water at that, as Truesdell maintains {27, p. 335, 337],
then mechanical principles should differ in no way from mathematijcal prlnc:ple In
order words, a principlé in ‘mechanics should mean the same thing as a principle in
mathematics. Hence, the answer of the question “what does a mechanical principle
mean?” would be completely trivial if one knows the answer of the question “what
does a mathematical principle mean?”. What.does it mean, indeed?

As a mattér of fact, the term principle is in mathematics a historical remnant
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and its use ‘today may ‘be exculpated only by the lmg‘uage tradition. In reuhty, thu -
is avoided in modern mathematical texts as an anachronism.

A principle in mathematics means a theorem or an azriom: tertium non datur.
In other words, a mathematical principle is a mathematical statement which, as
such, is either provable (or disprovable) or unprovable (or undisprovable): in the
first case it is, purely and simply; a (true or untrue) mathematical theorermi; in the
second case it is, also purely. and simply, 2 mathematical axiom — neither more,
nor less. Classical examples for mathematical principles.of the first and second
kinds are the principle of Cavalieri and the principle of mathematical induction,
respectively: nowadays the principle of Cavalieri is a simple theorem of integral
calculus, and the principle of mathematical induction is an arithmetic axiom. .

- Naturally, the qualification of a mathematical statement as “provable” or “un-
provable” is a relative, rather than an absolute, procedure: it depends upon the
adopted axioms of the specific mathematical t.heory In such a sense, a mathemat-
ical principle, qualified as a “theorem” in a given axiomatic system mny turn out,
to. be an “axiom” in another one.

" This interpretation of the term principle is by no means somethmg new: Hilbezt
proclaimed is more or less a century ago. Hilbert’s name is mentioned here in no way
a.cc:denta.lly when the word ariom was used above, its meaning was in Hilbert’s
sense — not the old-fashioned; discredited, disreputed, though nevertheless. fre-
quently used by the physicists,.in geperal, and by the mechanicians, in particular,
namely “an obvious truth needing no démonstration”. Dedekind used to say: Was
beweisbar ist, soll in der Wissenschaft nicht ohne Beweis geglaudt werden. An ax-.
iom is 8 mathematical statement withaut a proof not because it does not need one,
but for the simple reason that it cannot be proved (in the frames in a given system
of othér axioms). Hilbert was the first to see that an axiom must unconditionally
include undefinable matherhatical notions: ‘if all the terms an axiom includes were
defined preliminarily, then it would be a (true or untrue) theorem and no axiom at:
all. The indefinable terrns the axioms of a specml mathematical theory (arithmetic,
geometry, topology, analytical mechanics, in the long run) include.are, a.ccordmg to
Hilbert'’s axlornatlcal principles, defined implicitly namely by this system of axioms.

All these things are truisms today for all educated mathematicians all over the
world. Their repetition here may be excused only by the fact that, all the same,
"they have not yet become a part of the intellectual furniture of most contemporary
mechanicians, of their scientific mental constitution. The uninitiated in the present -
state of affairs in rational mechanics may find it hard to believe; the cold fact, how-
ever, remains that ideologically most modern representatives of such a fundamental
mathematical theory as analytical mechanics share the logical prejudlces of their
colleagues from, the epoch before the French revolution. .

Why should Lagrange call principles the laws de conservation des forces vives,.
de condervation du mouvement du centre de gravité, de conservation des moments
de rotation, and de la moindre quantité de 1'action, all these propositions being.
simplé mechanical theorems? A taste for a pompous language? Putting on a
consequential air? Or amenability to irrationality? The philosophers delight in
chewing upon das Wesen der Dinge, over den Kern der Sache, on weltumfassende
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Gedanken; the mathematicians hre, however, men of quite another kind: they

‘believe in cats that catch mice.

Similarly, why should one call “principles” those proposltlons Voss refers to,
dividing them into three groups? As regards the Kawsalitatsprinzip, the Salz
vom zureichende Grunde, and the teleologische Prinzipien, mathematically they
are hardly wort.hy of being mentioned. The same holds good.for the Konti-
nuildtshypothese, for Mach’s principles of Okonomie and Einfachheit, for Hankel’s
Prinzjp der Permanenz der formalen Gesetze, die Pringipien der Analogie, the
.S'iet:gkentahypotbeae, the principles of Homogeneitat, of Ahnlichkeit, and the Su-
perpositionsprinzip — all these must be regarded as general- requlrements that are
satisfied in a most natural way in the process of techpical development of the

‘special mathematical theory under consideration. However, as regards the other
‘mechanic;l- “Prinzipien” Voes mentions — for instance, das. Prinzip. der virtuellen
Geschwindigkeiten, das d’Alembert’sche Prinzip, Gauss'sche Prinzip des kleinsten
Zwanges, das Hamilton’sche Prinzip, das Prinzip der kleinsten Aktion, etc. — all
these statements are specific mechanical theorems to which the qualification “prin-
ciple” is nowadays attached without the slightest motive or any leg to stand on.

" . The only two legitimase pretendents for the principles of rigid body analytical
'dynmmcs in the whole history of this'science among all other impostors are Euler’s
two dynamical axioms. If one has not become conscious of this fact, then he does

‘not know a B:-form a buffalo foot in rational mechanics. The essence of the laws of
momentum and of kinetical moment is discussed at length in the articles [16, 17],

“so that in this connection the reader is referred to these sources, What we shall do
here is to write down the analytical expressions of Euler’s axioms (24) called the
Eslerian dynamical equations: they will serve us for deepening our undemtmdlng
of a rigid body dynamical problem. '

- Let 7 =T2P for any point P of the rigid body B and let Zic = m Then the

'sde.nt:ty

' (72) r=ra+p

i;npliés

(73) / rdm = f raodm + / 'ﬁdm
(74) ’ re =ra+ —1—/ dm
AT : ¢ = n m ? .

by, virtue of (56), (57). Now (74) and the identity

(7,5) | ré =ra+ fg

imply

‘30



1 :
(76) Pc = ;/ﬁdm.

If by definition -

(17) Zr= [5x (@ x pdm - mpg x @ x p)
and
(78) M(,--=M+F>(rc;

denotes'the moment with respect to G of all forces, both active and passwe a,ctmg
on B, then Euler's wcond dynamical axiom takes the form

-

(79) Lr - Mg = O.
Let by definition ‘
(80) P=LEC R +((°,
P L
(81) Pc = &c€ ° + 167 ° +(a( °,

(82) Iy = / (€% + n¥)dm, I = j 0 +¢*)dm, ke = [ (¢* + €%)dm,

’
(83) D¢, =./'£qdm... Dye = /-r}CdHl.- D¢e = /‘éfdm,

(84) A= Inc —m(; + (&) B = Ieg — m(GE +€5), C = Igg — m(EG + 1),

8) D=D, - )rﬁ)GG(:. E= D“ - m(c€c. F=0D¢- mEGqG.

Besides, let 4, j, & be the unit vectors of the axes Oz, Oy, O: re 9pect1vely of t.he_

inertial sysl.em of reference ODzyz and let by definition
*

i (_36) re'= zgi +ygi + Zal_'.
. (RT) ‘ Fu=Fuei¥ Fuy) + Fuk (p=1,..., m),
(88) R, = Rugi + Ruyj + Rk w=1,.,n)



At laxt, let -

(89) @ =wek * +wg ° +weC °,

(90) Mg = M;'ef ° 4+ MgnT ° + Mg °.

Then Euler’s first dynamlcal axiom is equivalent mth the following syat,em of
dxﬂ'erentlal equations

oy miG = Fue =3 Run =0,

. #s=l ' wv=l

(92) mijc — Y Fuy— ) _ Ruy =0,
p=1 ry=l

(93) mEG."zFﬂi""E'Rn = .l
=1 , v=1 s

and Euler’s second dynamical axiom (79) is equivalent with the following system
of dlﬂ'erentla.l equations

(94) Awg - (B C)u,,w( — D{wj - w‘) E(we + wewy)

~F (i ~ wewe) — Mag = - 0,

(95) Biy - (C = Ayoqw — Ew} —w}) - F(g +wpwe)
- '_D(Q( —w;w,,'). -'MG',= 0,.

(96) G - (A — Blwguw - F(w:-w:).—u(on + wgw)
~E(w¢ - “ﬂ“"() Mg =

The differential equations (91) - (96) namely are called the Eulerian dynamical
equations. In particulag, the equations (91) - (93) are calléd the Eulerian dynamical
-equations for the motion of the maas-center of a rigid body, and the equations (94)
~.(96) are called the E'ulerun dyncmtcal ena!mus Jor the motion of the rigid body
arourd ils mass-center.
- Since the Eulerian dynalmcai equa.tlom are equwalent to the Eulerian dynam-
“ical .axioms, in the gense that (91) — (96) are implied by (24) and, inversely, (24)
are implied by (91) - (96), sometimes the Eulerian dynamical equations (91) ~ (93)
and (94) - (96) are (mcorrectly) called the first and the second Ellcmn J’nmml '
.law respectively.

\ i
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Let us now give a brief professional characterization of the Eulerian dynamical
equations (91) ~ (96): what in them is given, and what is sought ina dynamwal
rigid body problem? v . -

There are given: first, the inertial moments (82) and the dematmual momentis

(83) as well as the mass-center (76) of ‘the rigid body (or, if not explicitly- given,
they can be computed, the geometry of the rigid body B and its density being
known by the conditions of the dynamical problem under consideration), hence the
quantities (84), (85); and, second the active forcrs(l) acting on B (i.e. their bases
and moments).

There are sought, first, the mdependent parameters (32) of B as fanctions (53)
of the time ¢ and of the initial conditions (54), (55); and, second, the reactions (2)
of the geomemcal constramlb \\Inch take part in (91) - (96) by means of' their
bases (88) in view of ’

/
|

(97) ' N,_r.,,...,xR Cv=1.., n)

Let us note that, by virtue ol'(aS) (l)) (101 the rclatlons

m+4n "
(98) Mg=) (r,%F, Y F, xra)

v=1

hold good at that. the radius-vectors (b) are given funchons of the parmneters (32)
of B and possibly. of the time ¢. .

Formulated in such a mauner, the dynamlcal problem 18, in the general case,
mal.hematlcall\r indetermined: the number of the unknown functions (53), together
with that of the unknawi companents R,g, Ry, Ry: (v =1,..., n) of the Lases
(88) of the. l'eactlons (2) is greater than the number of the Eulerian dynarmcal
equations (Y1) ~ (96) which is 6 at most (5 in-the case of a rectilinear rigid rod).
From a mathematically formal point of view this mdetermlnatenas is. of the kind -
of the indefiniteness in a geomol rical problem, say. for a triangle, the two ouly sides
of which are given. The physical: motivation {.this indeterminateness is, however,
much deejier. .

For the. time being we Slld“ not enter into detail in thls problem It is closely
connected with the definition. of the uotion of geometrical constraints imposed on
rigid bodics and with the dynamical nature of such constraints. We shall confine _
us to the remark that the simplest way to make a dynainical problem mathemat-
ically completely determined. passes through the hypothesis that the geometrical
constraints imposed on the rigid body are smooth. By definition, a geometrical
constramts is smooth if. and ouly if. the reaction it generabes is normal to thls
consl raint. Apphed to the rt'dC(IOIh (2) this hy pothesns implies

\

(99) Ry dvmy, =0 W=1,....n)

Now (99) implies that inr the case of smooth constraints the postulase (30) of ideal

constraints is satisfied trnmll\ ifa geomet,ncal constraint is smooth, it i6 ‘o apao
“ideal. : _—

33



‘The hypothesis of smooth cdnstraints is classical for artalytical dynamics and
it is traditionally accepted in the predominant majority of problems this science
solves. :
Now one can state completely categorically that the competence. of the Eule-
rian-dynamical equations (91) - (96) or, just the same, of the Eulerian dynamical

axiomns (24), is extended over any dynamical problem concerning rigid bodies, in
the presence of, any geometrical constraints imposed on them and under any suf-
ficiently determined conditions concerning the mathematical nature of the forces
of friction. Moreover, although in Euler’s times the non-holonomic dynamics be-
longed to the distant.future, nevertheless the Eulerian dynamical equations (91)
- (96), and they only, are in the position to solve completely any non-holonomic
dynamical rigid body problem. .

In other words, the Eulerian dyuamlcal equations (91) - (96). provide a possi-
bility to give, for any (holonomic or non- -holonomic) dynamical rigid body problem,
& mathematically completely correct answers of the following three questions:

“First, are the conditions of the problem consistent: does'the dynamical problem

+ possess a solution or nof (or, in a mechanical aspect, is the motion, described in
the conditions of the dynamical problem, possible or mot)? - e
' Second, if a motion ezisls, then which is if?.
Third, which are the reactions that generate this motion?
There we are: here is what Euler has done for. analytlcal dynapics. Tlus 1]
-~ using Lsgranges own words — what ne laissera rien d désirer. These are -
‘a.ga.m quoting Lagrange — .des formules générales, dont le simple développment
-donne lowles les équations nécéssaires [et suffisantes) pour la solution de chaque
_problémc This is what Euler has published thirteen years before the Me’chamque
“Analitigne saw the light of day and' what Lagrangé passed over in silence in seven
' Ianguugea in-his Traité. Thls is what is seldom found in the mechanical textbooks
-and is completely omitted in Pars’ treatise [26) dealing with twentieth century’s
analytical dynamics and clmmmg “to give a compact, consistent, and reasonably
" complete sccbunt on-the subject as it now stands” {p. VII, our ll.ahcs] Because
‘the Eylerian dynamical equations are the mghtmare of the Lagraugean dynmmcal
tradntlou — a rope in hanged-man 8 house. =

~"We- come now to the sign of the cross of this tradition — ta the notbrious
Lag‘mngean dyucmtml equa!wna ' #

d ar 8T :

dlﬂq,\ an 9,\—0 (‘\—l.""")

, Tbr whose Vahdxty the postulate (30) of |deal constraints is a condmo sine qua non:
the equations (100), simply and purely, do not fiold if this postulate is violated.

" Almost any modern textbook on analy tical dynaniics inflames over. t.hese equa-
tions. Pars, for instance, writes: i

"‘The whale of analytical dynanucs 15 based upon, and is derived from, the
-theotem of Lagrange that 1 call the fundamental equation. .. Thé presentation of

- the subject .. ‘nvolves the translation of the fundamental equation into a number
of different forms . six in all... The beautiful and powerful theorem contained

7~

(109)
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in the equations (6.2.1) and (6.2.2) was established by Lagrange in 1760. It pro-
vides a simple and expeditious method of forming the equations of motion for any
dynamical system. .. The equations have a central place in Lagrange’s great work,
the “Mécanique Analthu?e [sic] ... published in 1788, one of the epoch-making
books inthe history of mathemaucs ‘The Mécanique Analylique is the primary
source of the subject of analytical dynamics' and it is rightly regarded as ope of
the outstanding intellectual achievement of mankind” {idid., p. VII, 76]. '

A more sober appraisal is found in Truesdell’s Essays:

. “For systems of mass-points, in 1782 Lagrange had introduced generahzed co~
ordlnates and had achieved the invariant formulation of analytical dynamlcs now.
called “Lagrange’s equat:ons . from which his treatise-has gained its main fame.

Much has been said in praise of these equations which belong to the only
part- of mechanics of the cighteenth century that is réasonably well known today.
Their importarnice for later work in analytical mechanics and in modern physics is.
clear. Less clear, perhaps, is that abstractness of forrnulation conceals. the main
conceptual problems of mechanics: The role of inertial frames and the ‘conicept of
rigidity, essential to the classical idea of “observer”, are hidden in the invariance of
algebra. ‘ : »

"It is true that Lagrange's.equations. have the same form in a.ll descnptnons, but.
it is not true that a system of differential equations in Lagrange's form necemarlly
belong to a dynamicgl system satisfying Euler’s law in some frame, let alone an in-

-ertia] frame.. By obscuring the forces, Lagrange’s equations conceal the invariance
group of classical mechanics, which is immediately plain from Euler’s equations. -
Moreover, Lagrange's equations do noi. reflect the space-time geometry of classical
rhechanics, the main property of which is the possibility of, adding together vectors
located at dlﬂ'ereni. points. Without this distant parallclism, we may speak of en-
ergy, but we cannot even forni those other basic quantities of classical mechanics, -
montentum, eenter of mass. and moinent of momentum. From Lagrangeé's equa-
tions, we cannot tell'whether a system has momentum or not; Euler's equations
- show at once that it does. and this'is borne out by the fact that the general integrals
of linear momentum fir<t_appear in treatments based upon Euler’s,forinulation. In
any case, Lagrange's equations aré relevant only to special kinds of mechaitical
systéins and are far loss grneral than Euler’s laws or t.l\an Lagrange’s prmclple of
virtual work™ [27, p. 134], : . |

1€ is"Strmige that such an-illustrious author as Truesdell makes no mention’
of other ailinents of Lagrange s dynamical equations that are as §rave as inborn
vices. We shall begin our exposition wnh the ﬁrst of them, wlnch is remedtable in
contrast to the other ones. r

“Let us remind Voss' rematk. already cited:: “Fs ml aber -leicht g sehen, dass
man auf diesem Wege nicht unmittelbar zn der \’orslclluu.g der Bewegung eitics
kontinuierlich mit Masse erfillten Rantues konimt. ™ Now, it-turns out, that this
“leicht zu sehen” is inapplicable to the author of the dynamical treatise [26]. Indeed,
all he accomplishes in his book does not a'whit touch rigid bodies. The rigid bod}
slip out of his ﬁngers as water runs out a sieve. The “fundamental equation” e
writes dowh the slx forms™ of it he derives, all dyna.rmcal theones he develops
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‘on all the pages of his composition [26] — all this is meamngless as far as rigid
bodies are concerned. Because all Pars performs is dynamics of systerns of a finite
number of discrete mass-points: of one mass-point, of two mass-points, of three
mass-points, of four mass-points, of ten mass-points, of hundred mass-paints, of
thousand mass-points, of million mass-points, of milliard mass-points, of milliard ;
-milliards mass-points, of n mass-poiuts, at last, where.n is any natural number.
And that is it! No body: no sphere, no ellipsoid, no cube, no pyramid, no rod,
no discs’. . In two words: no continuum, only discrete mass—pomts no matter how
great their number may be. L.
Incredible dictu? Incredible. Factum? Fact. .
Hic Rhodus, hic salta.. Hic L.A. Pars’ A Treatise -on Analytical Dyuamtcs.
Aic hia “fundamental equation”. If somebody states that it is meaningful, to say
nothmg of valid, for a single rigid body, then this somebody is not all there.
' Things being so, what about the solemn promise of the author of [26]) “to give |
a compact, consistent, and reasonably. complete account on the subjject as it now
-stands ? Nomintbus mollire licet mala. '
: Let. us. play fair, however. As a. matter of fact, promising to expose “the
subject as it now stands” he is speaking the naked truth, by an irony of fate. In the -
.tradnt.:onal literary sources analytical dynamics stands now exactly as he presents
it in {2!5] It would be unjust, however, if we let him bear .the brunt alone. He 4
is not solitary. He only accomphshm what his t.cachera haye taught him.. What
all his ¢olleagues do. (And what all.his pupils will do,) It is not the person —
it_is the system. 1t is'not the professor — it is the profession. And it is not .
.the analytical dynamics —- . it is the Lag:&nggan tra.dlhon in'it. The Lagrangean |
tradition is as dangerous as a highway robber: it kills the intellectual faculties af the
mechaniciang, their mdw;dualnty, t.helr ablimes to think mdependently critically,
and authent.lcally gy
_In-order not to let the aptlior of [26] take the rap alone. let us invite for -
,cp.mpany some.other authots. agdherents of the same mechamcal phllosophy, say
those of the monograph [38] on non-holonomic dynamics. Both books are almost
coe\(a.ls Though quite different in. contents, approaches, and style, far rea.ghmg
_ a.nalogues ‘may;, nevenheless be.observed. -
. The first of.Lhese smnlltudesls the attituge towards Euler’s dyna.mlcal laws It .
s teue that chapter I of [38), entitled * Havqenue NBWXKEHHUIM HEFOOMOMHKIX CHMC-
oM Ak ectone oOuMX 3aRanou nuua,a.mm Kneccuuecine 3anaun o kauenun
CTHePANIO TeHR 110 NoBepxuocTn” , is dedlcated to the solutions of some classical
—.nouaholoponuc problems conceruing rolling of rigid: bodlea an surfaces without slid- «
ing and slipphig (intertial rolling of a dynamically symmetncal ball on. 3 sphere; a
. heavy-symmetrical ball rolling on an inclined plane; rollmg of a heavy ball inside a
sphere; rolling of 'a ball inside a sphere; which P" its part is rollmg on an inclined
plane; rolling of a dlgk and a torus on:a horizontal plage; rolling of a hq]low sphere -
with an inside gyroscope ‘on a horizontal plane; motion of Tchapllgm 's sled; rolling
ofa homogeneous ball on"any surface under the action of a system ¢f forces, the ba- .
.sis of which pasees through the center of the ball, ect.)..In the same ume, ‘however, ’
it.is true thnl. the authors of [38] use, at least in their t.heorettcal _considerations,

-
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Newton’s rather than Euler’s laws of momentum and of kmetlcal moment the
first sentence of § 1, entitled “O6ume 3akonn musiamuiu. O6o6wenue -reopeuu
naomanet”, reads: “PaccMOTpuMM cMcTeMy, cocTommyio M3 N MaTepHaNbHEX
rouex ¢ Macamu m;(i=1, 2,..., 'N)...”, and all that follows afterwards is de-
rived for such systems only, being in the sequel, nevertheless, applied nashely to
rigid bodies (just now listed above). On the other hand, in the “Baeneyme” of this
boak one reads the following most queer statement: - .

“3apoiieHne AUHAMUKM: HETONIOHOMHBIX CHCTEM, HOrBHIUMOMY, CleAyeT
OTHECTH K TOMY BpeMeHH, KOraa Bceobbemisiommit U GaecTAIMA AHANHTH-
ueckuit GopMann3M, CO3AaNHLIA TpyLamu Ditiepa u Jlarpamwxa, oKa3aics, K
BceobmeMy yaMBJIEHHIO, l-IerlpHMeHHMth ‘K OMeHb MPOCTHM MEXAHUUECKKM 30~
_maqaM o xayenuyu Ge3a npocuanbauaauua TBepAOro Tesa no niockocru” (cTp.
7.
"Such a statement is perfectly unaccep‘t.able by virtue of ttvo reasons. Flmt Eu-
ler never creited “analytical formalism”, the contrary may be maintained-only by
him who is ignorant of the very essence of Euler's work in mechanics; as well as in
analysis. ‘Second, it is absolutely false that Euler’s mechanical apparatus-is ‘inappli-
cable to the problems of nen-holonomic dynamics: ‘as we have already emphasized
above, namely Euler’s dynanucal laws of momentum and of kinetical'moments are
the genuine and only tools for solving non-holonomic dynamical problems.-

.In any case, the authors both of [26] and [38] are unanimous in their attitnde
that, as far as non-holonomi¢ dynamics i§ concerned, Euler is a persona non graia,
although, it is true, the name itsel is not mentioned explicitly: homines notos-
nominare odiosum eal.

Ghapter I1I of the monograph [38] entitled “Aummmecxu mm&umm. Rero-
nosoMuux cuctem” deals with various non-holonomic versions of the' Lagrangean
holonomic dynamlcal eqt{atmns equations of motion of. non-holonomm systems
with Lagrangean multipliets (equations of\Routh), equations of Tchaphgm and,
Voronetz, equations of Volterra and Magql equations of motion in quamcoordl-
nates, equations of Appell ete. The role of a start.mg point of all the. following
exposition plays §.1 of this chapter, entitled “It PUHILMN BUPTY&JAbHLIX nepemeje-
umit ¥ ypapHeHuA Ianambepa-Jlarpatwxa”, where the principle of virtual dis-
placements. (as the principle of virtual work is ca!led m [38]) and the dyna;mc&l
equation of D’Alembert.—[.agrange are deduced.

‘In order to understand the principle of virtual displacements one rnust under-
stand the meaning &f the term virtual displacement itgelf. Now the authors of [38]
wnte:_ [y :

Y nup'ryanbuuu nepememel-meu CUCTeMBl HA3LBAETCA nepeueme}me

xo'ropoe-cuc‘reua copeplliaeT npu BUPTYaIbHHIM BaPbHPOBAHMH eé d606ueHHbix
xoopmma.'r Ilon BHpTyMbHOM ‘BapbMpOBAHMEM TIPH BTOM TIORUMAeTCA Gecxo-
HEUHO MaNoe U3MEHEHUE KOOPAYHAT, COBMOCTUMOE C HAJIOMEHHELIMHU Ha CHCTe-
MYy CBA3AMM M COBEPLIAEMOE B ‘puKcHpopaHhbit MOMEHT npeuem: (c-rp 191). .

Wé do not know the reaction of the readers of this article in connection with
the above excerpt from [38]. As to the authors of this article they confess that their
feelings would hardly be different, if they were confronted with a fragment from. the
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Koran. They think, at that, that they are scarcely the only people in this world ’
for which such “definitions” sound enigmatically. And they have good grounds for
such suspicions. -
Indeed, what other reason, .save complete lack of understanding- of the essence
of the (metaphysical?) notion of virtual displacement, could raise the well-known
‘violent dispute concerning the - -commutativity or, noh-commutativity of- the d-
operation and 6-operation, a far away echo of which resounds in t.he following
~text from [38): ° . :
' “l{ume e NepecTaHOBOYHME COOTHOLIEHNA npa.nmlbm" llo NoCAeAHEero
‘BpEMEHH naxe B yqeGHoﬁ nurepa-rype re 6o emoﬁ TOYKHA 3pemul B 1;011-

poce o nepecn.uosoqnocm onepawgit Ambq:epemmpona.nua oo apeuel-m T

BMPTY&ALHOTO BapbMPOBAHUA 6 (uam, xopoTko rosops, onepamutt d u é)npu
HANMYMM HEMATErpHUPYEMuIX KMHeMaTuWeckux cpaseit. HapecTHw zme Tourm
apesua. -CorpacHo oapoft (koTopolt NpUAEPHUBAIOTCA, HATIpUMED, - Bo.nb'rep-
-pa w lamenn), nepecranopounocTs onepaimit ¢ u 5 MMeeT MecTo mm BCEX
HCTHHHEIX KOOPAMHAT (i, ¢2,..., n, HE3ABHCUMO OT TOFO, ABJIAETCH cHcTeMa
ronoHompolt wiK uerononommolt. Cornacuo apyro#i Towxu 3penun (Cycnos,
Jlesu-Uusura u AManban), nepemMecTHMotth oneparmi d u § uMeeT MecTo
TOJIbKO AR FOJIOHOMHEIX cHcTeM. B cayuse HEeroJOHOMMBIX CHCTEM COOTHO-
mﬂ S . 4 L e . . ' ' '

'-',. dbg; —bdg;.= 0. {64)

NPUHAMRETCA TOMbKO ANA Tex 6606nIeHHEIX KOOPIMHAT, BaPHALMH KOTOPHX (B
COOTBETCTBHH C YPABHEHNWAMK HErOJOHOMHMIX CBA3eH) ABAMOTCA He3aBUCHM-
'.'hmu, a ANA OCTBHBHRIX KOOPAMHAT- [IEPECTAHOBOUHKE COOTHOLIEHNA BRIBOMAT-
',ca, 'uaxonu w3 ypa.auemm HEroJIOHOMHBIX CBA3ell, ¥ OKRILIBAIOTCA OTAMYHEIMM
""o‘r (6.4). DTa mTopaa TouKa 3peRmA MosyuMia Bceolllee NPU3HAHME, U ee
-’"npltkepa(eﬂuu TWMTANM nepsylo touky spewus.ommbounioft. Oanako Famesn .
"_noxa.aan, uTo o6punenme B omubke ne 6eccn6puo TAK KAK, €CJIN PACCYAATD
' l_uuaqe, TO NMEPBAA TOUKA PPEHUA TaloKe OKAILIBAETCA npuemanBoll, a HMEHHO:
* fIpOTUBOPEUME MOXKHO CHATh, €CTM BRPHALMM KBAIWKOOPAWHAT COOTBETCTBY-
'lqmux chaiell we fonaraTs pasHrIMM Hyaw. Bwmecte ¢ Tem I‘me.nb He fan
"oﬁotnonuum CBOEMY DPACCYMIEHHIO H Ha aonpoc noqeuy MMEHHO TaK cle-
AYeT MOCEYNaTh, a He MHaue, OH He orserun. B noc.uenuee BPeMA B BTOM |
-Rompoce 6LIIA BHeCEHa ACHOCTDb B paﬁore , Tl TIOKa38HC, YTO NPH Haane-
ameMm no,uxone K NepecTaHOBOYHLIM. coomomelm.ﬂu ofe Touiu 3perus BepHbI
¥ He NPOTUBOPEYAT, KAK 9TO Ka3aROCk, APYT Apyry. AHaJm3 BONpPOC MOKa3kl-
BaeT, YTO. npot:mopetme PO3HUKAET U3-3a o'rcy'rcmua onpele/ieHHA HCXOAHBIX
:nou.n'run ‘T.€: onepauuﬁ dwus, COoAepKAlUNXCA B nepec'ranonotumx COOTHO-
meHuAay”. (c'rp 139). '
It is obvnous that all these profound thought.s — 1o usé' Euler’s exprmnon
. apropbs of Lagrange s mental speculations — are anythmg save mathématics. We
‘shall not enter into the essence (if any) of the notion virtual d:splacement — this
~ deus ez machina of the Lagrangean dynamical tradition. In any cise we have not
" yet found an irreproachable definition of this term in all the mechanical literature
\. K \ '
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we have had an opportunity to hold in our hands in the course of a not quite brief -
professional life, and we think it is very problematic whethér- there is any at all:
otherwise the debates around (6.4) would be quite pointless. At the same time any
diplomaed mechanician all the world over would feel deeply offended if one makes
the slightest allusion that there is something to be desired in his understanding of
the virtual displacements. C’est la-vie. In result disputes about dé — éd, as if the

problem a x b+ b x @ =7 is a question of “eauHrol Toukn 3penKa” , of “pceobmee
npu3Hanue”, of “npuBepeHunl”, ect., and so on, M Tax zxsiee, As regm\da the
above fragment from [38], one is puzzled Mechanics? — Maybe, being prmtecl
in a mechanical monograph — Lagrangean mechamcs however.- Mathematlcs‘? -—
Mathematics, my foot. ‘

Things beiug as they -are, let us gwe a look in [38] in order to see how the
prmc:ple of virtual displacenients is derived in this book. There we read:

“Kax M3BeCTHO, ADWAKeHUe MaTepUa it HOH TOUKN NOJIHOCTBLIO ONpeaesAeT-, .
cA conoxynuocrmo CHJl, IPUNOWEHHbIX K Touke. JIna wanucamua ypaBHeHul
ABIKEHUA CUCTEMBI MATEPUAJIbHBIX TOYEK Mbl AOJDKHBI DBECTH CHAIL, AeHACTRY-
ollKe Ha KOKIYIO M3 TOMeK, 06pasylonMx pacCMaTpUBaeMylo CHMCTeMy. B
UMCJIO BTHX CUA GyAYT BXOAUTE M CUJILI, DO3HUKAIOWWE U3-38 HAIUUMI CBA3el
MEXAY OTAEAbHLIMU TONKAMM CHUCTEMLIL, Takum o6pazom, YPaBHEHHA ABIDKE-
HMA CHCTeMbl OKA3WBAIOTEA 323IMCaHHLMK B BUAE

mwy = F; + R; (1),
rae m; — Macca - Touku, w; — ee. yExopeHue",‘ F; + R. S neﬁcrnym..ua.ﬂ'
'Ha Hee CYMMApPH2A cuia, npuuem R; — pesy.nnupyloma.ﬂ cun ceasell, Ha-

NOWEHHLX Ha i-y10 TouKky, [Tocko/IbKY MBI RHTEpECYEeMCA TONLKO ABWKEHUEM
CHCTeMRI, CHJIW cBA3CH R; OKA3LIBAIOTCA NHUIb CIOMATATENbHLIMM Be.nuqmla-
MU, KOTOphie Mbl Bhilly)IEHE! BBECTH U KOTOpPhIE 3aTeM caeayer UCKITIOUNTL”
(czp. 90 - 91).

Several objections simply obtrude themselves in connecuon with, thme formu-
Iatlons, especjally as rcgards the ‘reactions. It is true that “Np1 uu‘repecyeuca
apwxenven cuctemu”, but it is not true that “mul uHTepecyemen mogsxo B~
HKEHUEM CHCTEME" We are devply’ concerned wnth two other extrcmely lmportant
‘problems: -

First, does the mechanical s}stcm move at all?

. Second, if it does, then why does nt move? .

The_answer of the first (question is equivalent to the answer of Lhc question
whcther the system of equations (1.1) is consistent or not, in other words does it
pr.-eu a solution-or not? This problem cannot ho solved without Lhe reactions B‘,
since they take part in (1.1) and predestinate the conclusion.

Second, if the system of equations (1.1) has a solution (m if the mechanical
syltem can move) then it moves under the lactions not only of the active forces F;,
but of the passive forces R; as. well. Hence, R, represent one of the reasons for the
motion of the mechanical system and, consequently, the half at least. of the &nswer
of the question why does the system move.
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1n both cases the role of the reactions of the constraints IR; is decisive. There-
fore they 'by no means can be qualified as “amws BcnomaraTeablLIMKU BEANYHHA-
mu”. They are unknown qudntilies of the dynamical problemy under consideration
. completely equal in rights with all the other unknown quantities of this problem,
)the ezislence of which we must establish in a mathematically perfectly irreproach-
“able way, and which, if they exist, wg must defermine from these very equations
(1.1) which the authors of {38]. like any genuine Lagrangeanists, so vigorously en-
deavour to eliminate. After these coments the statement of the authors of [38]
that the reactions of the constraints are somethmg that “MuI BLIHYKAGHE! BBECTH
H KOTOpHE 33TeM cjelyeT MCKAIounTh' sounds more'than queer.

Another objection, not less categorical than that concerning the reactions,
affects the relatiohs of the mechanical objects mass-points and rigid bodjes. The
mechanical ideclagy of the authors of [38] apropoe of theee relatibns is manifested
* in the following ‘considerations.

* “Taium 06pa3oM, BHauane GHJTH YCTaHOBJIEHN 3aKOHE ABUKEHNS MaTe-
pHa.ﬂbHﬂ‘( TOQeK.

Nns U3Y4EHMST 3AKOHOB hBvxenna Bo.nee CNOMKHBIX MeXaHUYECKHUX CUCTEM
'c'ra.nu npnﬁera-rb K MbICJIEHROMY paaﬁuenmo TaKoM cucTeMbl Ha MaTepHaib-
“Hbié Toukn. Taxoit NoAXo4 NpUBea K ToYeuHOMY NPeACTABAEHUIO MeXanuyec-
‘Kol cucTeMm, T.e. MEX2HUUECKYIO CHCTEMY CTANM MPeiCTaBJIATL B BUAE coBo-
| uymloc'ru MATEPURJILHEIX TOMER, KOTOpHIe N0 AYHHEHb! onpeneneHHIIM CBA3AM.

D7a TOYKa 3PEHUA NPOHMKAA AaXKe B THAPOMEXAHUKY B BHE TAK Ha3blBae-
Moro AArparwKenoro 3afAHMA ABKKEMHMA WUIAKOCTH, HO 3aTEM B 3HauUnTeNbHOH
Mepe GuAin BHTECHEHS TIOHATHEM cnaounol cpelhl ¥ COOTBETCTBYIOLUM €My
eﬁneponuu cnocbboM 3ananun ABWKEHUA HUIKOCTH” (CTP. 90).

The pnmnthnsrn of thm speculative scheme comprehended by Euler more than
'two clear centuries ago has never put out of ‘countenance the Lagrangeamsts who
-persevere in it with a ‘doggedness deserving a better destiny. This primitivism invol-
- untarily reminds the historical dawn of integral calculus when Denocrite considéred
‘the geometncal bOdleS as sums of an extremely Iarge number of ewrenﬂ small-
.atonis. - haitce the denomination of the method of indivisibles of this approach by
the l,a!.unzed individuum, of the Creelt Yaropo(. The developiient ‘of these ideas
should be very instructive for the Lagrangean mechanicians of the Twentieth Cen-
tury. Archimedes computed the areas and volum of many figures combining the
principles of the level with the idea’ that a plane figure -is. composed of an infinite
number of parallel rectilifear segments, and: a geometrical body is composed of an
mﬁmte amounto[ parallel plane sections. Stlll in the antiquity, however, such ldeas
and mrl_hodg came in for serious’ criticism. Arc:hlmedes. for instance, 1ooﬁ the vnew'
that it is absolutely obhgatory to redémonstrate by the meshod. of ezhawation (to use
_a°denomination introduced in ‘the seventeenth century; the éssence of the method-
*conalsts in infinjte succesive approximation of inknown quantities by lmown ones)
“of any regult obtmned by the method of indivisibles. Not lesser instructive. should
be the fact that ardent. dlqputes around the structure of the continuum have arisen
: atlll in the mediaeval science, to be continued not less passionately in our times. In
any case, no mgthemahmms of t.oday would apply to the circle a theorem on those
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only grounds that it is proved for any regular polygon: the movewnse npedcmas-
aenus of continual media are, in times long ago, not only ‘cémpletely compromised
in mathematical science, but even once and for all exiled out of its paradise.

(This picture does not a whit lessen the heuristic importance of discrete ap-

proach to continua, especially in phyau:al t.heonu, in any case, the Archimedean
model of mind should not be-cast aside.)"

We see, in the long run, that the authors of the monograph [38] are mt.endmg ;
to derive the pringiple of virtual displacéments for systems of a finite number of
mass-pointe- Here is the formulation of the result of their efforts in this direction:

“IlepeitneM. renepb ¥ ‘$opmynnponke npuEuMna aup'rya.ubnux nepemenie-
nuit; HeoG6XOAMMOE' M ROCTATOHHOE YCAOBME PABMOBECMA CUCTEMh MATEpH-
aJILHBIX TOMEK C WIACANLHLMM CBAAMH axniovaeTcA 8 papeHcTHe Hy /10 BUP-
TyaAbHO PaboTH 3anaBaeMuIX Cul, T.e.

Z Fibr; =0 (1.6).

yPaBHeuue (1 6) He COLCPUT peakuuit ¢Bﬂaeﬁ” (ctp. 92)

This “result” is absolutely chimerical. Or, using nathematical rather than
poetical language, it is completely false.

We shall disprove the sufficiency of the principle of virtual displacements (l 6)
for the equnlubnum of a system of mass—pomls usmg I.he very, argument.s of its -
authors. Their immediate text reads:

Tamm o6paiom, B cnrune 3amwa. 06 uckawouenun peakumit u,nea.nbuux
cnﬂ3eﬁ : ,
6A = Z Risri=0 (1.2)
. T =l | v .

. Pelaercn cAeayiolWMM 06paloM: Npunaras k Kamaolf Touxe CO®TBETCTBY-
lOllly!O PEAKUMIO. OCYUIECTBILIOUYIO HANIOKENIYIO CBAIb, 3AMEYAIOT cHUCTEMY
COPPKYNHOCTLIO "cpoBoannXx” TOueK, ycuuBMeM PABHOBECHA OJIA. xa:m.noﬁ M3
no‘roput 6yaeT caeayioulee:

Fi+R =0 (i=1.2,..., N} (1.7).
Ecnu.Teneph Kaiaov n3 ypasilenuit (1.7) yAHOXUTE CKANAPHO HA 5v; u BCe
BEIPaXeHMA CAVARUTL. TOI'AA MONAYUMMN YpaBHeHHe \

N N . '
E Fiér; = -zn,-&r'.- - (1.8), .
' ' =1 .

no‘ropoe coananaer C (l .6). HIOCKObKY npa'aa.ﬂ yacTh ofpamaercs B HyaAb
cornacid ycaoBuio (1.2) nacanvuocty cpAzeit” (eTp- 92 - 93). -

.+ Let us display some niathematical leniency, accepting that in this manner it is
proved that (1.7 and (1.2) imply (1.6) indeed.. What of it? This proves that the
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‘principle of virtual displacement (1.6) is, in the presence of ideal constraints (1. 2)1
a necessaty condition for the equilibrium (l 7) of N mass-points. But the authors
of [38] state that this same condition (1.6) is also sufficient for (1.7). Is it mdeed'ﬁ

By no means.

First, these same authors do not say in their book a single word more uq
" connection with the proof of the principle of virtual displacement. They have don:
their work, washed their hands of, shut the door in the reader’s face, and locked
it out with seven padlocks. The sentence immediately following the just now cited
text from [38] reads: “Bo3ppamanck k IMHAMUKE, €CTECTBEHHO PEUTL 3aa8YY
06 HckmoveHun peaxapit cpaseit cHauana TaKKe RAA CHCTEM C lulea.nbnmm
caaaamu” (cTp. 93). Acta est fabula. i

Second, there exist counter-examples. In other wo,rds there exmt. mm—pomt
problems, in which the would-be-sufficient condition (1. 6) of the principle of vutunl
dmplacement.s is satisfied, but the mass-points are not in equlibrium.
' Here is such a counter-example

Let a mass-point P be given, on which no active force acts and which is con-
strained to move on a smooth sphe5e S. Then P is under the action of the reaction
R of S. At that, - o

(101) ‘R#0,
. !
since otherwise P'would be moving alond a straight line and not on.S. If F denotes

the active force acting on P, then by condmon

L

-~

‘.,

(102) F=0 \
and(101), (102) imply .

@ﬁ) "" ) F+R#0.

'}I‘the relamh (103) dmplays that P is not in equlhbnum under the action of F and

‘ But it is In equhbrmm aceordmg to the authors of [38], Indeed, if O denotes
the conter of S and r = OP, then, on the one _hand
(104) ‘  Pér = 0

-

‘in:view of (102); on the other-hand,
(105) ' Rér =0

gince S 18 smooth by condition. Now (105) dlsplays that thé postulate of ideal
_constraints is satisfied by R, and (104) is, according to the authors of [38] a
sufficien{ condition for the equilibrium of P. Q.ed. .

. This counter-example has been constructed not later than November 1 1967
_and published in the article.[30]; in other words, it and [38] are the same age. Nev-
ertheless, up to-now it has been set at naught by the mathemahca.l and mechanical
pubhc Never mind: Nolo cpucopart
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Other counter-examples, displaying. the insufficiency of the principle of virtual
displacements for the equilibrium of rigid bodies, are given in the articles [9] and-
[24], while the principle itself is discussed in the article [13].

If we have paid so much attention to the principle of virtual displacements,
the reason is that abyssus abyssum invocat, as the Bible preaches: -the statical
principle of virtual displacements has, thanks to the efforts of D’Alembert and
Lagrange, in analytical dynamics a most crooked abortion. It is called the principle
or the equation of D’Alembert-Lagrange, and it namely is what Pars in [26] calls
the fundamental equation, insisting that “the whole of analytical dynamics is based
upon, and is derived, from it. Let us see what are the authors. of [38) doing on °
this occasion: :

“PaccvaTpuban B AanbHeililueM CHCTEMRBI ¢ mleam.m.mn cna:mmu.,aame-
MM, uT6 ypasuenwusa (1.1) no dopme amanoryuuu ypasnenuam (1.7). Ha
3Ty ananoruio obpaTtni BHUMaHUE Yyike Ila..naMGep, KoTOpLI# chopmynnpoban
cBOW M3BECTHN NPUHENN, NO3BOAUBLIKKA 3anauy o COCTaBJIeHMM ypasHeHuit
AMHAMUKK GOPMAILHO CBECTH K COCTABIIEHUIO. YPABHEHUNA CTRTUKM. YMHOMAA |
tenepb (1.1) Ha ér; u cx.nam.man' BCe BEIPAXKEHMA, Mbl TIONYUUM ypaal-lel-me,

M3BEeCTHOE non uMeHeM ypanHenun Jlanauﬁepa—)’la.rpa.uma
. !

z(m.-w,- L Fi)br; =0 (1.9),

KOTOpODE. B AUNAMUKE ur PACT TAKY1O Xe Go.nbmyio pPOMib, K&K ¥ MpUHUMT Bnp-
TYanbHuIX nepementennit (1.6) v craruke” (erp. 93). ’

In such a way, the authors of [38], on the one hand, and the author of [26], on"
the other hand, are in perfect harmony apropos of their appraisals of the notorious
principle of D'Alembert-Lagrange. In this respect they do not _difler {tom any
Lagrangeanist whoever, whenever. ‘and wherever all the world over.. But — there
is-a “but”, nevertheless.

But all these men are movmg alcmg a one-way street Indeed, bol.h treatises
[26] and [38] are lackingin the slightest hint that the routine mathematical manipu--
“lations by the aid of wWhich (1.9)is derived from (1.1) posscss the neccssary quality
of reversibility: The text of [38] immediately following Lhe last cilation reads:

~ "Takiam ‘06paszom, MM NpUUWIAKM K TOMY, MTo AaA sioboro imp'ryanbﬂoro
BepeMeeiun 1POU3DoasHON, MeXaluueckod CHCTEMN ¢ HACRILIBMH CEAAMU
UMEET MOCTO |)aIJPIlCTBO (19). B mmpnmtamoﬁ hopme ypaBHeHHe ﬂuumﬁe—
pa-Jlar pdlbﬁﬂ (}.9) MOXKET 6u'r|. UpeJACTARACHO B BANE ;

=~

1

N _
= Y (mjd; - Xz =0 (1.10).
Tkl o '
b .
Hyery, q, g2.. .-y Yy bobueme xoopmmam-pa.ccuarplmaeuoﬁ CHC-

Temil, .7 (eTp.. 93).
\:\ﬁo-rwards Al suthors ‘of [38] denve, én t.he basis of (l .9), the Lagrangean

‘dynanncal equi |llnn- ( I()U}
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" In other words the authors orl' [38] derive (1.9) from (1.1) in case of (1.2
leaving the question open whether, again in the case (1.2), the equations (1.1)
restorable on the basis of (1.9). But this question is of cardinal importance. I
is identical with the question of the equivalence of the équations of motion of §
system of N mass-points and of the D’Alembert-Lagrange’s dynamical equatlo
(1.9). And if they are not equivalent? What then? :

Then there must exist dynamical problems for which the equations of moti ;
(1.1) and the principle of D’Alembert-Lagrange (1.9) will lead to different aolunom:
Moreover, since- Lagrange s dynamical equations (100) are derived by means of (1 9)_
then thiey also will, in some cases of dynamical problems at least, lead to soluti
different from those obtained by means of (1.1). Since the equations (1.1) namely
sxe authoritative as regards the motions of mass-point systems, as far. as Newton’s
dynamics is accepted as authentic, this implies that both D’Alembert-Lagrange’
principle (1.9) and the Lagrangean dynamlcal equations (100) are unreliable and
untrustworthy in the capacity of dynamical laws. ;

~ This danger is not only a potential one, it is actual. Indeed, there exist counter-
examples. There exist dynamical problems, non-holonomic as well as holonomic,
involving ngld bodies, for. which the solutions, obtmned by the aid of the Eulenanﬂ.‘
dynamical axioms, on the one hand, and by the Lagrangean dyna.mlca.l equatlonsi
(or their non-holonomic versions in the non-holonomic case), on .the other hand
are quite different — in other words, mutually exclusive. Such countet-exmpla{
may be swarmedi in legions. The first of them were published in our articles [51
-7, 21, 22, 4). 'Ihey were called dynamical “paradoxes” or antinomies and the!
mathematical mechanism ruling these mechanical phenomena is revealed in the
‘articles in question. This is, however, a topic we shall treat later in detail. For the:
time being we shall still analyse some characteristic features of the treatise [38].
"+ (The principle of D’Alembert-Lagrange has a most count.er—prodnchve effect.in.
educational aspect. Indeed, let us imagine a ypung student making his first steps
in science who sees for the first titne the deduction of the simple corollary (1 QA
fromn' (1.1) and (1.6), pompously named the principle of D’Alembert-Lagmnge,
‘'he is observant, then he will not leave unnoticed the fact that the requirement (1. 6).
is a quite artificial one — a little short of a trick." Now,. what will the student s!
feelings be? A simple something — the science! You perform a scalar n'mltlphcatlon‘
“of (1.1) with ér;, add the obtaimed results together, take (1 6) into consideration
and — mthout any intellectual effort — your name remains in mechanics forever!
Is it-strange that Lagrange has so many imitators? . That many dozens, 'if not .
hundreds, of equations of motign of every sort and kind have been till now proposed
on the mechanical stock-market — in any case more, than particular dynamical
problems'have been solved by thelr aid? That all this scientific politics led to such
a devaluation of mathematical valuen, to such an mﬂatnon of mechamcal works?
‘Alas, indeed. And all this is an inevitable consequence of the letter and’ spirit’ of
the Lagrangean-dynamical tradmon )

All follawing considerations in chapter III of [38] are, directly or mdlregtly,-

based on D’Alembert-Lagrange’s equation (1.9). Therefore, all kinds of non-
- holonomic_dynamical equations of motion are valid only to mechanical systems

\
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consisting of a finite nurnber of discrete mnss-pomt.s a.nd to nothing elae — at least
not, before the contrary is proved in an irreproachable manner. That is why all the
applications to rigid bodies of these non-holonomic dynamicgl Lagrangean versions
that are made in the monograph (38] are mathematically illegal — and no prevar-
ications, no matter how ingenious they might be, can alter this fact. In reality,
the authors of [38] have come to a dead-lock in the moment they have decided to
expose in their book those non-holonomic equations of motion that have become
mast popular in this domain, following the originals of their inventors at that — in
these originals is also nothing more than mechanical systems of a finite number of
discrete mass-points. 'y

There is a very .interesting problem in connection- w:th the equation (1.9) of
D’Alembert-Lagrange on which we should like to fix the reader’s attention.:

There are many mechanical notions which are firstly defined for systems of a . -

finite number of mass-points. and afterwards these definitions are generahzed for
rigid bodies by a mere formal change of finite sums by integrals. -

Let P, be mass-points with masses m, (v = 1,..., n) respectively and let S"
be their system. Then by definition . .

(106) 7 m=Y n,
) v=1 ’
and
n
(107) re=—% mr,
m.v=l

are the mass and t.he radius-vector-of the masa-center G of S respectively provnded
r,=0P, (v=1,..., n) and TG = OG Similarly, the quantltles '

(108) K= Zn.,u,,

=1 !

{
.. .
(109) . L= Z"v X M, vy,
v=1 v
. 1 n.

(110) T=—§Z:m,v3

=1
where v, = 7, (¥ = 1,. o n) ark by deﬁmtl;h the momentum, the kinetical

-moment, and the Amehc energy of S respectively. Now the analogy between the
definitions (106) — (110). on the one hand, and (56), (57), (23), (11) respectively,
‘on the other hand. is obvious. At that, the advigability of the second serjes of
definitions is suggested by the first one.
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Snmlarly, there ate theorems of discrete analytical mechanics which have ana- .
logues in the continual one. KFor instance, Newion’s lews of momentum &nd of
kinetical moment for a single mass-point P with mass m, namely

(lll) -E‘-(mv)— F, B?(f X mﬂ) = M,

F and M denoting the basis and the moment (with respect to O) respectively of
the system of forces acting on P, provided r = OP and v = r, applied to S, lead
to the systems of equations '

d d .

(112) E(mvy) =F,, —(r,. X m,,v,]: M,
¥ =1,..., n), F, and M.,(u = 1,..., n) denoting the same as F and M
respectively, however, for P,/ (¥ = 1,..., n) instead for P,

Let by definition 1

. ‘. "'- ~ n
-(113) | F = ZF,, M=) M,

v=1

If we add (112) together and take into consideration (113) and (108), (109), then
we obtain the equatlons (24) respectively, ‘But as a proof of Euler’s dynamical laws
this approach is false, since, by its very essence, it holds good for systems of a finite
number of mass-points only. At that, the proved validity of (24) for such systems
does not a whit imply the validity of (24) for rigid bodies: for rigid bodies t.he laws
{24) are beyond demonstration; they are dynamical axioms.

With this only exceptlon, all other continual analogues of theorems of dlscrete
,mechamcs which ar€ true, can be proved, asfor instance the kinetic epergy theorem
(14), whith is. tnvmlly true in t.he discrete case, hsd been generahzed by us in the
continual case.

Nowlet the following question be.put: whlc.h contumal variant does D’ Alembert—
Lagrange’s principle (1.9) admit? '

Strange though it may seem at first. glance, the answer of this questlon is,
negative: no variant. The equation (1. 9) of D’Alembert—Lagrange, proposed for
discrete mechianical systems, has no immediate analogue in rigid body dynamics.

The reason for this state of affairs is concealed in the lack of a strict mathe-
matical definition of the notion of virtual displacement- already mentioned above.
The Lagrangeanists are reasoning in the following manner. Let (32) be mutually -
independent. paraeters of the discrete system S of mass-points introduced above
This means thatallr, (v=1,..., n) are. wholly determined funct.nons

(114) . . 1'.,— r"(q”"'_'['(.”) (”-—- 1;-.-,'“)
of(da) whence o
(115) o or, = h05!1,\ ' (v=:1,..., n).
A=1 693 .
/
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Now (115) and D’Alembert-'l',agrange’s principlé imply -

ZZ(m,w, F.,)aryéq;\- 0.

=lv=l

(hm‘

Let again by definition

,

31'..
117 = F .
(117) QA 2_:1 Ve

(/\.'= 1,..._,.-1)'

be the genera!.lzed active forces acting on the system 'S. On the other hand (114)

imply
i
or,
(118) v, = g TR
whence
v, . Or .
119 — = A=x1 I
(159 94r O (
BP‘;ldd‘s ) . .
(120) (g, 00 _ dvOr,  d (v ar,‘) . dbr,
: .‘,“'Bq,.\' T 8q,; - dt \"¥ 9qa di g
and o
i . - v
y d ()1",, : 831-9
121 — =
(_\.' ) dt 0gqx = 99,00, T \
A=1..,Le=1,., n). At last, (118) imply
N W ;8vy ' L "62-".” . ’ .
(122) . s ——r—_ ] A - ll " l; .
s, r o O “Z___:l dgadg, " (
and (121). (122) imply
. ‘ ¢ or, _ dv, |
(123)._ \ : «Tld_:f; = 0 ,(I'A,'_— | I
Now (120, (llQ)..'(l23) nunply
. o, 1 d Bﬂz 1 §v2
124 Wy 57— = e = o
( ) w Jqx  2dt9q, 2094,

(=1,.., n)
v=1,...,n)
v=l1,
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(A=1,..., Lw=1,..., n)and (116), (117), (124), (110) imply °
. _ ; )

1 . )
d ar oT - ,
' —_——— - dgx = 0.
(125) ;(da %~ box QA) =0 |
Obtaining (125), the Lagrangeanists maintain that, since é¢) (A = 1,..., 1) are

mutually independent, the relation (125) is possible if all coefficients of these vari-
ations are zeroes, i. . if the Lagrangean dynamical equations (10D) (for discrete
dynamical systems!) hold good. This conclusion cannot be implied if dr, and dgx
stood instead of 6r, and éq) respect,lvely (A =1,..., v=1,...,n). Indeed, in
this case :

N ' ! » ' .
' 81' . )
(126) S :(%;’L;-——_QA)QA= . -

would stay mstead of (125), and (126) do not imply (100).

If one accepts (125) and hence (100) for an equivalent of D’Alembert-Lagrange’s
principle (116), then one could say that the Lagrangean dynamical equat.:ons for
rigid bodies are a continual version of this principle.

Let us now make a brief recapitulation. The aims.of this second part, The
Pnunt of the series of articles entitled Lagrange or Eulér? are to give an undis-
gumed account on the contemporary state of unnlytncal dynamics as it may be
established by the popular literary sources. We have analysed in some details only
two such sources, namely [26] and [38], but this is more than ‘enough, since they
are typical for almost all books on the subject published nowadays. We have nof
discussed results published in the articles {2 — 24], since though chronologically be-
longing to The Present, thematically t.hey belong to The Future: a mathematical
result belongs to a certain epoch, if it is popular in this epoch, and [2 24) are
not popular, for the time being at.least. (For instance, although printed in 1799,
Wessel’s work [40], cgntmmng for the first, time in the mathematical literature the
geometrical répresentation of the complex numbers, belongs to a period in the his-
tory. of mathematics at least twenty years younger, being wholly unnoticed in the
meantime, to be rediscovered a hundred years later [41] ) Thé main results of [2 -
24] will be discussed in the third, final part of thm series.

.-In the. begmmng if this article the questlons have been put: what does the
term Lagrangean dynemical tradition mean; which are its characéteristic features;
what does Lagrangean mechanics mean? It is hléh time to try and give, more or
less satisfactary, answets to these questions. -

We must fix our attention on the first of these quemons Its answer, if gen-
uine, eo ipso, answers the. second one. As regards the third, one may say: La-
grangean mechanics means that misshapen image of rational mechanics which the
Lagrangeanists wear out in their minds. . "y
_ The Lagrangean dynam:ca] tradition is an unfortunate phenomenon in the
history of rational mechanics, in general, ‘and of analytical mechanics, in particular,
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conceived and borne in the womb of Méchanigue Anahhqn in the very dawn of
the Prenc.h Revolution. In 1783 died Euler who:

. was the domination theoretical physicist of the eigliteenth century. While
his work is underestimated in the usual, vague historical books and attributions,
the short factual history in the old Handbuch der PAysik lists twice as many specific
discoveries for Euler as for any other one physicist, earlier or later, and even at that
most of his work is omitted. When.Euler was nineteen, still a student, he outlined
a great treatise on mechanics in six parts, only three of which he lived to finish in
the next fifty years, although his program was virtually achieved by the hundreds of
papers he published in all branches of mechanics and was supplemented by treatises
on naval science, ballistics, and astronomy... He put most of mechanics into its
modern form; from his books and papers, |l' indirectly, we have all learned the
subject, and his way of doing things is 80 clear and natural as ta seem obvious. .
Three problems were critical and central for the development of a general mechamcs '
All three consisted in discovery of differential equations of motion for partlcu]a.r.
kinds of space-filling bodies:

" 1. A rigid body.

2. A perfect fluid.

3. An elastic bar.

All three of these problems were solved by Euler... With Euler’s memou' in 1778,
the wholé program of rational mechanics becomes clear... In fact, this scheme
remained general enough for at least 100 years” [27, p. 106, ‘167, 173). .

’I\'uesdell s last statement would remain true, if he wrote 1000, or 1 000 000 Qor
even eternity instead of 100 years. As a matter of fact, Euler’s mechanical scheme is
perpetual inasmuch as Euclid’s geometrical scheme is. It is true that in this century
new mechanical domains have been discovered that lie altogether outside Euler’s
range. These discoveries, however, concern Euler’s mechanics to such a degree, to-
which the discovery of the -A-bomb concerns Euclidean geometry it pertains to
entirely different phenomena, for which any juxtaposition is pointblank pointless.
In Euler’s days no thermodynamic and electromagnetic effects could be taken.into
consideration in mechanics. As regards the relativity, from a purely logical point of
view its relation with Newton-Eulerian dynamics is just t.he same, as the relation
between Euclidean and non-Euclidean:-geometries.

Under these circumstances, the M¢ehanique Analitigue is.not only a complete
depreciation of the whole-scientific inheritance of Euler in mechanics — moreaver,
"it i8 a strong deprecation against it. As we have seen,. Lagrange does not include
Euler’s dynamical axioms in his list of dynamical principles. The worst is yet -
to come: Lagrange's Traité wholly disregards these fundamental dynamical laws,
setting against them Lagrange’s dynamital equations. All his life through Lagrange
has not understood. the very essence of his awn equations, overestimating them in.
- the most repulsive way, and thousands of mechanicians todgy all the world ever
share this prejudice. As we shall see in details in the third part of this series, the -
Lagrangean dynamical equations are, purely and simply, linear combinations of the
projeetions of the Eulerian.dynamical axioms on appropriate axes.

. Indeed, as it has been shown in the articles [10 - 12, 14, etc.] the followmg
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.fudddfﬁcnl'al'identit;'u of Lagrangean formalism hold good:
('127) E'QX-Q—QA*Q,\—(K F) +(Lr—Mc)f -

(A =1,...; 1), where by definitién .

(128) . Q= Za,a""”j 7 (i = 1._...}_i)

are the generalized forces of the reactions of the constraints imposed on the rigid
" body B. The equations (127) are, as a matter of fact,.- mathematical identities. In
.other words, the relations (127) are obtained by the aid of identical transformations
- accomplished on-the definitions of the mechanical quantities involved, namely (15).
for F and M, (57) and (9) for rc ‘and & respectively, (78) for Mg, (76) and (77)
for pg and Lr respectively, (23) for K, (11) for T, and (42) and (128) for Q. and
Q) respectively. Now

(129) Q=0 (A=1...,10

in the case of ideal constraints (30). For such const.ralnt.s consequently, the funda-
mental identities (127) take the form

'(130) ii'?—-i’-""—-o;-(x F) +(f-r-1\4a)§wA

(A=1,...,1). Now (130) 1mply that the left-hand sides of the Lagrangean dynami-
cal equations (100) are, neither mare nor less, linear combinations of the projections
of the l'eft-hand sides of the Eulerian dynamical axioms (24) (the first of the latter)

'and (79) on axes parallel to t.he vectors %r_ and 3-— A=1,..., 0 reapectwe'y‘

Now any child could judge what a value could be a.sslgned to a mathematical result
"derivable from a.nother well-known, mathemut.lcal result, by a mere projection of
the latter. .

Let us note that the fundamental identities of Lagrangean formalism (130) at
once prove, in case of ideal constraints, the validity of the Lagrarnigean dynamical
equations for rigid bodies rather. than for systems of & finite number of discrete
‘mess-peints only, on the basis of the Eulérian dynamical axioms. In such a manner
this missing link in the dynamical literature is discovered and put on its'right place.
Let us.remind that, at the beginning of this article, we have ‘underlined that one
of the ailments of the Lagrangean equations.is curable: Up to now this disease
consisted in the fact that these equations have been nowhere proved except for
discrete mass-pointy. Now the fundamental ldentmes (130) provide a medlcme for
this weakness.

- Why are.the Lag.rangeamsts so opposed against the Euierum dynamical axioms
“or, just the same, against the Eulerian dynamical equations (91) - (96) as well?
. Very-simply: they do not like thé reactions t.hese latter equat.lons contain. And why
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Jdo théy ot like these réactions?. Very simply again: .the mathematical problem .

the equations (91) - (96) solve is. much more complicated than the mathematical
problem the equations (100) solve. Working with (100) is out and out easier: you
compute the Kkinetic energy T of the rigid body and ‘the generalized active forces
Qx (X = 1.... .- 1), differentiate with respect to ¢qx, ¢» (A = 1,..., I) and to ¢,
substitute the derivatives in (100) and that is the end of your troubles. A neat
job. While. working with (91) - (96) you have to compute inertial and deviational
moments (where a considerable amount of geometry is needed; here is the open
sesame of Lagrénge's faith that his “méthodes . . .-ne démandent ni constructions, ni
raisonnements géométriques ou mechamques ) and momernts of forces, to eliminate
unknown reactions, etc. A painful task, is it not?

Do not, however. get mislead by a popular fallacy do not take all this at
its face value The problem Lagrange or Euler? is not a matter of taste — of
liking or disliking reactions of constraints.. Thére is more to it than that. This
problem is much deeper. It is a matter of principle. The point is that working with
the Eulerian dynamical equations (91)'- (98) you obtain .the genuine solution of
the dynamical problem under consideration, and you obtain it by the sole possible
way. While, working with the-Lagrangean dynamlcal eqnatlons (100) you attack
w mdnulls

By the aid of the Lagrangean dynamical equations il is impossible to solve even
a single dynamlcal problem concerning constrained rigid bodies. P

Does this statement_ seetn improbable, incredible, unbelievable, mconcewab.le
unthinkable? Does it? At first glance, it does. Let us, however, make a little
thinking.

As . already twice »mpha.sne(l any dynamical problem, as any mathematlca.l
prohlwn in general, as a matter of fact consists of two questlons

.- Does there exist a solution of the problem?

2. If a solution exists, then which is it?

Now. .the Lagrangean dynamical equations answer nesther the first, nor the
second of thesc questions (with the only exception, when the rigid body is [ree)..

In order to.see that, let us look again at the fundamental identities (130).--As
a matier of fact. they deliver a‘method for the exclusion of the unknown reactions
of the constraints. Let the rigid body be non-free te. . <6 (I <5 in the case of a
rigid-rod). Then the Lagrangean dynamical equatlons (100) represent a system of
{ differential relations. while the number of the Eulerian dynamical equations (9})

(Y6) is 6 > I: it is clear that, in this case. the E'ulerum dynnmacal equations -are
unrestorable from the Lagrangean ones.

On the other hand, the reactions of the constraints are t.hat namely mathe-
matical factor which may make the Euleriain dynamical equations an inconsistent -
system of conditions. Lel this be the case. Then the dynamical problem has no®
solution, while the Lagrangean dynamical equations manifest a completely detet-
minate (although \'ﬁloll) illusionary) eolution: the reacl.lons are excluded in t.hem
and they cannot “see™ the inconsistency. - '

(‘There is no need to compute the number of the Eulerian {6) and of the La-
grangean (I < 6) equations in order to conclude that the first are not restorable from
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_the latter. It is enough to take into consideration that thée Lagrangean equatrons
do not contain the unknown reactlons and that the Eulerlan ones do: as plamly as
anything.)

The impotence of the Lagrangean dynamical equat.lons at the face of the prob-
lem of the existence of a solution is the clue to the riddle of most .of the dynamical
“paradoxes” we have mentioned above. Many of them are, indeed, dynamical prob-
lems with no solution. The Eulerian dynamical axioms catch this phenomeneon,
while the Lagrangean equations do not, supplying the problem with a completely

. definite solution. Cum grano salis, the Lagrangean dynamical equations are so

" powerful that they can describe non-existing motions. ) ,

Let us now suppose that the conditions of the dynamrcal problem are con-
sistent, hence a solution exrst,s Now we state that this solution slips through

. Lagrange’s fingers. ~ .

When existing, the solution of a: dynarmcal problem for a rigid body consists
in answering two questions:

1. How does the body move?

- 2. Why does the body move?

The first question is answered fairy well by the Lagrangean dynamlcal equa-
tioirs, while the second is not. Indeed, & constrained rigid body is moving under
the action of both the active forces (1) and the passive forces (2). The first ones
are given in the conditions of the dynamical problem under consideration, while

,the second ones are wholly unknown quantities that are to be det.ermmed in the
process of problem solving. Naturally, the Lagrangean dynarmca.l equahons where
the reactions are dellberately excluded, are completely helpless at the face of this

'queatlon :

In few words: the Lagrangean dynamrcal eqmrhou describe the motion if any,
and cannot determine the reactiopa of the constraints. : '

The main characteristic feature of Lagrange’s approach to analytical mechan-
ics is its superficiality. Proposing a mathematically simple Schablon for problem

solving, it does not stimylate the solver to penetrate its deeper aspects, the geo-
metry of the rigid body and of the constramt.s imposed on it. At that, not only
Lagrange with his notorious “On ne trouvera point de Figures dans cet _Ouvrage ,
but together with him any of-his adherents is boasting with this neglecting of geom-

. etry. So, for instance, Pars reproduced on p. 76 of his treatise [26] this statement
.of Lagrange s, commenting it in a moet stilted manner.

) In the meanwhile, no genuine mechanical problem can be solved without geo-

metry, let analytical or differential, il not synthetical. The very definition of the

- fundamental for analytical mechanics rigid. body. concept is purely geometrical,

‘s well as the notion of geometrical constraints imposed on such bodies. The

‘ Lagrmgeamsts however, inspired by their magister’s ‘mechanical phllooophy, pay

- little’ attention to such prejudices as strict mathematical definitions or rigorous

mathematical demonstrations: the intuition of the initiated is-for them,much more

trustworthy and reliable. Truesdell’s ascerta,mment that in the Méchanique Anali-
tigue one ¢ould find “ne explanation of concepts, no illustrations either by diagrams

. or'by developed examples and no attempt to justify any Iumt process by rigor-

’
. A
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ous mathematics” (27, p. 173] remains valid for any mechanical exposition of any

All these circumstances lead to such a situation in the mechanical literature
with Lagrangean deviations that it hardly could be qualified otherwise save as
chaotic. Along with the rigid body concept, this topsyturvydom concerns to the
highest degree the notions of holonomic and non-holonormc constraints imposed on
rigid bodies. . . .

In order not to be unsubetnntmted let us again take a look at the repeatedly
mentioned monograph [38) on non-holonomic dynamics, seeking to see the way its
authors introduce these basic dynamical concepts.

The first sentences the book begins with read:’ '

“IIpW PacCMOTPEHHH MHOIUX BOMPOCOB ABWKEHHA W PABHOBECHA MEXAHH-
4YeCKMX CHCTEM BO3MOXHA JMCKPOTHAA MICANM3ALUMA, T.€. WACBAMIBLMA, NPU
KoTopo#l MexaHMYecKoe COCTOAHOE pa,i:cua;rbuaaeuoﬁ CUCTEMH olipelennerca
KOHEUHEIM WHCJIOM BeJWuMH. - B 8TOM cayyae cucTeMy Ha3LIBAIOT MMCKpeT-
Holl. K IMCKpeTHLIM cucTeMaM, HApMMEpP, OTHOCATCA CHCTeMBI, cocTosAlOmMe
M3 KOHEUHOTO YKCAA MAaTEPMa bHLIX Touek ¥ abCOMIOTHO HECTKUX Ten.

‘Bo MHorux cayvasx B cuny ycrpolictsa camoit cucTemu o'me.nbl-tue ee
YACTH He MOTYT ABUFATLCA NPOM3BONLHEIM 06pa3oM, UX ABMKEHUA U MOJIoNKe-
HMA KaK-T0 CBA3AHM Mexay cobGol u JloAunHeHb! pAny ycnosuit M orpanude-
uuit. Ha cucremy, kax npusaro FOBOPHUTh, HAJIOMKEHK! CBA3U. KoHKpeTHmit BUA
pTUX cBAdelt MOKeT GHTH BeChbMa PAIIMUHLIA. DTo MoxeT OuiTb, HANpUMEP,
lecTepeHOYHOE 3allenfieHre, COeAMHeHUe ABYX OTRENbHHMR Tesl CTEPHHEM He-
H3MeHHOU AnMBH au yTo-ambo apyroe. na Hac ceivacHyayT BarkHK auUllb
Te OTPaHHMEHMA Ha FeoMeTpHUYecKoe PAcioJioXkeHWe W ABWKEHWe OTAeNbHHX
yacTel cucTeMhnl, KOTOPhIe BJIEKYT 0T CBA3U. - CBA3M MOryT HANaraTh, OrpaHu-
YEHMA HA BOIMONHBIE FEOMETPHYECKUE PACNIONOKEHUA OTAENbHLIX. YacTeHt —
TAKME CBA3N HAILIBAIOTCA [EOMETPHUYECKAMM, M HA KMHEMATHYECKH BO3IMON-
HEe e¢ ABIDKENHA, T.e. Ha BO3MOMNKHBIE 3HAMEHHA CKOPOCTed ee OTAEeNIBHLX
vacTeft — Takue CBAM Haaunalo'rca KMHEMATUYECKUMY. fcuo, YTO BCAKAA
reoMeTpuUdecKan CBA3bL BMECTe C TeM NMPEACTaBAAET coﬁoﬁ M MeKOTODYIO KMHE
MATHYeCKYIO CBASb; OJHako o6paTHoe, KaK OKa3BIBAeTCA, MOXKET U He MMETh
MECTA, T.e. CBA3b MEXAY BO3MOMHBLIMA CKOPOCTAMM OTHENLHLIX 4acTeld cuc-
TEMB! MOXKET He YIPHBOAWTL K OF PAHAYEHMAM HA BO3MOXKHLIE MX nonomemm
{cTp. 9). -

This kext. unplles that the book [38] is addressed to a widest auditorium — in
any case, to readers also who have not the slightest idea of nonfholonomjc dynamies.
It is clear also that it is not a mathematical text. In a sence, it is even a text that’
could be as well designed [orfstuden_ts in physics. As a matter of fact its aim is to give.
a physical motivation of the mathematicallf formal definitions and demonstrations
which, naturally, must follow. As such explanatory text it is beyond crmcmm any
author has his rights of methodologlcal corrcessions.

" - The quoted fragment of [38] followed lmmedla.t,ely by an exa.mple “Forthwith
after it one reads: _
"Ha cymecreosanmne xuuemamqecnm cBA3ell, He HaKkNaALWBAIOIMAX HU-
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_KAXMX OrPANMYEHMH HA BOIMONMILIE KOHPUIYPAIMN Mexammueckoll encrand,
* Bmdo obpameno BHMUMAHME cpmmrnenbno senssHo. Eme Jlarpasmx » csoekt:
3HAMEANTON “AHanuTHdeckolt Mexanuxe” He nonospenan o6 UX CymecTBOBA~'
HHe. DTO BHIPAIMNOCH B TOM, UTO OH CUMTAA BO3MOXHLIM ANA Aw0Goft Me-
XBHHYECKON- CHCTEME € YUETOM YCOBHHIX ypaPHeHMH, BLITEKAIOMMX H3 NpH-
poau bpTolt cHCTeMHl, BLIGHPATL HE3aBUCHMBIEC KOOPIMHATH C HESABHCHMBEIMHA
e BADHALMAMM. DTOT NPocMOTP OBHADYXKMACA JHMIIb 3HAMMTeNbHOE BpeMa
CIYCTA B CBA3M C WU3YYeHUEM PA3NIUYHLIX CJIy4aeB HBWKEHWA TBEPALIX TeA,
[ PUHY M AEHHLIX garurh'ca 6€e3 NPOCKalb3LIBEHHEM 110 NJIOCKOCTH WK no Gopee
cnoxHolt noeepxHocTu. Tonbko B 1894 r.- 'epu BBen pasnenenune cpmelt n
MeXBHHYECKHX CHCTEM Ha FOJOHOMHbIE ¥ HErOJOHOMHEle.
' l'!pencramm cebe, UTO MLl MBIC/IEHHO WM PAKTHUECKH CHANM C CHCTeMH
.pag uMeloumxcn y Hee cpazelf u_wto nocne eToro ee reoue'rpuqecnoe noao-
enue oripesieIAETCA N BENUUHHAMH 1, §2,.-- , In, HASLIBACMEIMMU 06obmen-
HEIMU KoopaKrnaTamu. - Toraa npouanom.uouy U3MEHEHHIO BTHX 0B0BIIeHHRIX
ROOPIMHAT BO BPEMeHU COOTBETCTBYET HEKOTOpOe apwxenue ocpoboxcnenHoR
cucremul. Eéiin Tenep, BHOBb HAIOXHUTL Ha CHCTEMY CHATHIE CBA3M, TO Y)Ke He
BCAKUM U3IMEHEHUAM 0606UIEHHLIX KOOPAUHAT ¢1, ¢32,... , ¢ 6yaeT coorBeTC-
TBOBATh HEKOTOpOE ABMKeHHE cucTeMul. Uamerenna o6obieHHbX KOOPAMHAT
M UX 3HAHEHUA JOJDKHE Tenepb NMONMUHATCA PALY YC/NoBUM, HapyllleRHe KO-
. TOpHIX 03Hauano 6ul HapyLIeHNe HaJloMEHHLIX ceaseft. Ot ycnosns MoryT, B
' YACTHOCTH, Bupa.ma:rbcn cucTeMolt HepabeHCTR Bnna

fol@1, a2, s Gni 12 G2ve-- s Guj 8) 20 : (1.3)
(@ =1, 2,...," m), ¥ TOria COOTBETCTBYIOIlIAE CBA3M HAILIBRIOTCA OMHOC-
TOPOHHKIMMU, Hey.&epmunmomuuu UAK OCPOGOKIRIOUIMMH, I ypmuemumu
pyBAaa

' fa(Qh 02,-'--- dn: q-l'l q.ﬂn---vl Qm t)zo (l 4)

"(a =1, 2,..., m), n Torae coorse'rcrayloume MM CBA3M HA3LIBATOTCA ABYCTO-
POHHBIMHU, ynepmaaronmm: WU HedCBO6OKARIOUIMAMMA. ynepamnaromue CBA-
31 B CBOIO OMepellb NEJAT Ha reOMETPHUECKHE U KMHeMaTHYeCKUe, 3aBMCAIMe
M HE3aBUCALLNE OT BPEMEHH, COOTBETCTBEHHO TOMY, BXOMMT WITH He BXOAMT AB-
HO BpeMA B MX ypaBHeHUA. CBA3M HaIWBAIOTCA reoMeTPUYECKHMH, €CIIH OHM
BLHIPAXKAIOTCA ypABHEeHWAMM BUAa '

]

Salgry g2,0-. 0 gni 8) =0 . . (1)

(a=1,2..,m)mn mnema’mqecm{ ecim nupm!omue HX ypaBHeHus
UMEIOT BHA ) | .

fa(q.la 124 - . ) q-n; 91, 92v%0- 5 qn) ‘)= 0 (16)

(@=1, 2,..., m). D10 onpenenenue BnoaHe COrNacyeTcaiC TeM, YTO roBo-

pHUAOCH O reOMETPUUECKMX M KHHEMATHUECKUX CBA3AX B CaMoOM HayaJjie aToro
naparpada.
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KunemaTrHueckue cpasu (1.6) MoryT GRIThH WHTer pUPYeMEIMH HITH HEMHTer-
pUPYEMLIMH, COOTBETCTBEHHO TOMY, BNOJINe MHTErPUPYeMa MK HET COOTBeT-
cTByIOWaA cucTeMa Iupdepenumansuux ypasHenuit (1.6). Murerpupyemsre
KMHEMATHYECKHME CBA3H — 3TO MO CyllleCTBY reoMerpuyeckue cBa3u: Hanpo-
THUB, HEUWHTEr pUpyeMule cBA3M, Boo6iue réBopA; OTINUHKI oT reoMeTpHYecKuX
¥ K HUM He CBOAATCA. .

Mexanuueckan cncreua C HEUHTErpupyeMuIMiL KUHEMATHUYECKUMU CBADA-
MM, HE CBOAAUIMMMCA K FEOMETPHUUECKHM, HA3LBAETCA uerononomoﬁ cUcTe-
moit. HeronoHoMHasa cucTeMa XapakTepu3yeTca TeM, YTo ANA'Hee He CYILECT-
BYIOT 06061EHHIIX KOOPAVHAT, MPOU3BOILHLIM M3MEHEHAM KOTOPHIX COOTBET- '
cTBOBANO GHl ABWXeHMe CHCTeMul, He Hapywalomee ee cBs3ell. Iloxuepxuen,
YTO COrJIACHO 3TOMY OMpeleNeHMI0 HManWuue onHoM HemHTerpupyemoit cCBa-.
34 elle He 03HauYaeT HEroJONOMHOCTH CHCTEMBEI, MOCKOJbKY BT& CBA3b MOJKET
OKa3aTbCA MHTErpUPYeMoit B CHIIY OCTaNbHLIX ypabHenult cpase” (cTp. 10 ~
12). ; )
This fragment from [38] has been quoted here s0 pedantically since it, if one
can put it like this, constitutes the theoretical basis of all tl}e' contents of the book..
All that follows consists in routine manipulations based on these definitions of
the authors. Therefore it is to the highest degree interesting to what extent this
theoretical basis is reliable from a formal mathematically point of view. ‘

The cold fact is, alas, that this reliability is equal to zero. There is not a bit of
it. All these explanations are anything but mathematics. As a physical text, this
exposition could yet be accepted. As a mathematical text its VBJue is ;educed to
nought. : ’
Those are no definitions at all. At/the best, all these sentences are a t.ry for an
elucidation on an intujtive level. The formulas (1.3) - (1. 6) are, from a mathematl-.
cal point of view, completely meaningless. The authors of [38] are making fruitless
efforts to give mathematical definitions of mathematically undefinable things.

As a matter of fact, the term constraint, geometrical as well as kinematical,
is no mathematical notion, in the genuine sense of the word. Nor are the terms
holonomic and non-holonomic constraint, holonomic and non-holonomic dynami-
cal problem holonomic and non-holonomic dynamics, at last. All these terms are,
simply, only a.fagon de parler, abreviations, a concise —.in other words, steno-
g:aphic — manner to express telegraphically a complicated mathematical situation
requiring many pages of formulas and symbols for its adequate forma] mathematical
description. :

There we are. That is the size of i it. Neither more, nor less.

. As we have repeatedly underlined, one-of the gravest deformity of Lagrange C)
mechanics, if there is such a thing, consists in its categorical refusal to construct
a rhathematically strict, logically irreproachable, definition of the fundamental for
analytical dynamics notion of rigid body: such a definition requires plenty of ge-
ometry, and the ‘Lagrangeanists are proud of having settled their accounts with
geometry once for ever; instead they use the notion of a mechanical system which
they do not define, so that it might mean anything and nothing in the same time.
But natyram expellas furca, tamen usque recurrel, as the saying is: uolens nolens, a "
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-strict mathematical definition of the rigid body concept exists. And it is a definition
that satisfies the most fastidious modern mathematical criteria for logical rigous.
'Now, it turns out that the intuitive idea of a geometnca] constraint must be, and
actually is, embedded in the fundament. of this strict mathematical definition of the
rigid body concept. ’

As to the special kinds of geometrical constraints the mechanical praxis has
arrived at in the course of its time-honoured history, they are not defined by general
unmeamng tittle-tattle, but are specified by means of painstaking numberlng, as it
is described in (23].

* It turns out now that — as far as nothing more is hypothemzed in the conditions

of'a dynamical rigid body problem — as a rule, this problem is mathematically
indefinite one’in the sense that its unknown quantities are more in number than
the‘equations one has in his disposal for their detertination.
'~ Two,:and two only, cases are familiar ta the mechanicians, proposed by the
centuries-old dynamical praxis at that, when the problem concerning the motion
of a constrained rigid body under the action of given active forcea and of unkhown
'passive forces is miathematically a completely determined one — in other words,
‘when the number of the. unknown quantities in the dynamical problem is exnctly
equal to the number of the equations available for their determination.

The first one is the case of smopth geometrical constraints.

The second one is the case of rolling withowt sliding and slipping, or in the
pnaencc of sliding and ahppmg of a completely determined kind, of a surface on a
surfa.ce, ‘of acurveona surface, of a surface on a curve, and of a curve on a curve.

" Dynamical problems of the first kind are called holonomic. Dynumca.l prob-

lems of the second kind aré called non-holonomic. -
. ‘That part of analytical dynamics that is concerned with holonomic dyna.nnul
problems is calléd Aolonomic dynamics; thqt part of analytical dynamics that is
concerned with non-holonormc dynamical problrems is ca.lled non-holonormc ly—
namics. ' , o, .

And that’s that. ,

\ The conditions of rolling wnthout sliding and shpplng, or with shdmg and
lhppmg of a completely determined kind; are expressed mathematically by means
of relations between the parameters of the rigid body, their velocities, and possibly

‘'the time. These namely relations the authors of [38] take cognisance of when they
write down the equatipns (1.4) and.(1.6). But these equations are corollaries, not
definitions. To lay them in the groundwork of the edifice of non-holonomic dynamies
is just t.he same 2s to state that the - wind blovn amce the branches of the trees are
swaymg :

- Somié ‘words more in- conilection’ with tbon citation - from (38]. The authors

wute “m.l‘uucnemro WIR GAKTHUECKR CHAMN C CHCTeML! PSJL HMEIOUMXCA ¥ Hee

‘cpAseft ... BHODL HANOMGHTE Ha CHCTeMy caaThié cBmn.” If thooe are physical

expenments with physical objects, then there is nothing to blame. ‘Mashematically,

‘however, these manipulations are wholly impermissible. According to a dynamical

axioms, any consttaint imposed - on a rigid body generates a force (reaction of the
constraint) acting on the body, the directrix of wlnch passes through the pamt

56 \



of contact of the body and the constraint.. Now the authors of [38] do not know

et whether such. a reaction exists at all: it exists if, and only if, the conditions
of the dynamical problem under .consideration are consistent — a question wholly
ignored by the Lagrangeanists, as we have already seen above. In other words, these
authors do not know at all whether their operations with “taking off” constraints

and “putting them down again” are mathematically legitimate. Before they’ are’
perfectly sure that these operauons are not illegal, they have'no right to acnomplrsh
them in their minds.

Anhother important remark concerns again the “deﬁmtlon (1.6) of [38] It does
not follow from the author's explanations that the case, when all the m equations
(1.6) are non-holonomic, is excluded. In other words, the hypothesis, that all
these m equations are non-holonomic, does not contradict the formulations of these
authors. But this hypothesis is an error with i immense consequences. Its immediate
corollary is the existence of God., :

In order to fix the ideas. let us, for the-sake. of brevy.y and snmphcnty, explam
the essence of this criticism on the example of-a single free mass-point with mass
m and coordinates z, y, = with respect to an inertial Cartesran system of refernce
Ozy:. Let the mass-point be subject to the action ol' no actxve force, and let, the
non-holondlmc constsraint '

(131) - i-e(l+yr=0

be imposed on it. 'I‘rls formulation of the problem does not a whit contradict the
formulauons of the, authors ‘of [38): m=1in (I 6),n=3.q = T, 2=y 493=2,

(132) fl(% do, 43 1. 2. g3 t)=q1—e ‘(1 +¢12)-\

'If we suppose thas the mass-point is under the action of no passive forces then
the kinetic energy theorem implies

(133) Pigei=

C denoting a constant of im.e'grat‘ioh. and (131) contradicts (133). Hence the mass-
point must be under the action of soine passive force =~

-

(134) - R= R+ Ryj + Rk,

the. quantmes Ry Ry. R. bemg unknown.

(Let usnow stop for a while and !lm)k .

The first thing frought to our attention. in this instant is t.he fact that, in- thelr‘
definition of non-holonomic constraints, the authors of [38] have not yet sald a single.
word about the existence of forces of the kind (134). .If one follows painstakingly
lhrough their exposition, then he will see that for the first time the term reaction
of a constrann is usedon p. 50: :

~Ocpo6oauM 3accMaTpUBAEMY wxcucremy OT cBA3eit, KoTepble 3aMeHni
HEeM3BECTHLIMU. Boobwe roBopA, cuiaMu peakumu R eThx ceaseil.” '

~
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- ' Neite, bene. First: on this third page of chapter II (p. 50) the authors sp
of ructwn.s of constraints, malnng no meption of the term constraini beforehand
"Second: lmmedlately below on p. 50 they mse D’Alembert-Lagrange’s equatio
which they derive oh p. 93, as underlined above. Third: nowhere before they havq
-anid a word about the possnb:hty to substitute a reaction for a consiraini. Neveq
mind.)

Let us take it for granted that our ma.ss—pomt. 18 acted on by the force (134)1
Then Newton’s axiom of momentum implies

(135) ' mzi = R,,,\ mj = Ry, mi = R,

and, together with (131), the ﬁljs‘t- equation (135).implies

(136) ' R, =me'(1 y+79).

As regards R, and R,, as well as the dependence of y and z of t, nothing reason-
-able can be said. In other words, we are faced with a mathematically completely
indeterminate dynamncal problém. K

- So far we have redsoning as Newtonians. Let us now think as Lagrangeans.

If the reaction (134) in non-ideal, then we, together with Lagrange, are helpless
m front of the dynamical problem in question. .But we do not like to be helpless‘
Let us, therefore, assume, t.hat it.is ideal, 1. e.

(137)- ’ . Rdr = 0. '

4
L

The poetulate of the ideal constraints (137) bemg satlsﬁed the kinetic energy the-
orem xmphes

(133) dT = Rdr = d,

whence agaln (133) and again a contradiction with the non-holonomic constramt
-(131). -

The existence of God is lmphed by non-ideal reactions (134) Indeed in such a
case nothing paradoxal is established in (135) and (136). Where did, hqwever the
_reaction (134) come from? From thin air? In our atheistic world this is impossible.
"But it exists according.to p. 50 of the treatise [38]. Hence it is created by God.
Quod erat demonstrandum. |
o If senously, then any mechamcnan must obey as strictly as the ten command-
ments the following dynamical canon: ‘

No non-holonomic constraint is pass:ble in absence of holonamic ones.

Many other things can be said about the Lagrangean machanical tradition in
holonomic and non-holonomic dynamics, but it is hlgh time to bring our exposntlon
toan end. Hoping that the reader has, though passing, obtained a rough idea of the
present state, of affairs in analytlcal mechanics where the influence of this tradition
is still- predominant, we shall conclude our exposition with a final criticat remark
on ‘the application of the Lagrangean politics in non-holonomic dynamics. .
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. [ S
While in the presence of geometrical constraints only imposed on rigids bodies

the postulate of ideal constraints (30) is a question of a definition, i.e. it is included
in the very conditions of the dynamical proh.lem in the presence of one at least
non-holonomic constraint it is, on tlie contrary, a question of proof. In other words,
the constructor of such a problem has yet lost the initiative on the question whether
the constraints are ideal or non-ideal — the situation has slipped out of his hands.
lie is compelled to formulate the conditions of the dynamical problem, saying no
word concerning the nature of the reactions of the constraints: are they ideal or
not is-a fact that must be established in the process of the problem solving.

Now the, Lagrangeanists arfe faced with.an impossible situation. Except for
certain simple if important special non-holonomic problems (rolling of a rigid body
on a'surface writhout sliding and slipping), in the general case they simply can
say nothing al,out the reactions. The reason for this paradoxal state of affairs is
rooted'in the very essence of.their dynamical approach. Their pride consists in the -
expelling of the reactions out of their equations. But once the reactions éxpelied,
the Lagrangeanists do not know whether they can apply their equations or not.

Euler’s dynamical equations (91) - (96) solve this problem at once. The reac-
tions take parl in these oqudllons Now nothing remains, but to determine these
reactions, to form the suin in the left-hand side of (30) and to establish whether it
is zero or not. But why should a non-Lagrangeanist take all these pains and'waste
his time? He4s not interested in the postulate ‘of ideal constraints. The Eulerian
dynamical equatipns (91) - (96) solve the non-holonomic problem in"both cases,
the Lagrangean in none: if the reactions are not ideal, they are inapplicable; while
if they are ideal: the equations are applicable, but the problem solver is ignorant
of the fact. Some dynamical “paradoxes” constructed on the baSIs of this'situation
are published in the afticle [2; 3).” 1 '

All that has heen said- up to now implies Lhat t.he Eulenan dynamical axioms
are the only poss:l»lv way leading to the goal — a modern analytical dynamics.
These axioms establish in analytical mechamcs a dictatorial regime, but npt more.
autocratic than, for instance, the prlncnple of mathematical induction in arithmetic:
they simply do not adimnit am alternative. As to the Lagrangean dynamical equations
(100), they are, as we have seen by means of the fundamental identities (l30) of
Lagrangean forialisin, sinple corollaries from the Eulerian dynamical axioms —
mere projections. as a matter of [act., g '

+ Analytical mechanics is heyond Lagrange’s powers llw-uucondluonality of
this ascertainment is not’ a whit diminished by the fact that the Lagrangean dy-
namical tradition keeps on as yet governing the minds of the mechanicians all over
the world in this' very moment: those are the agonies of a ¢lying tendency, of a
condemned Weltanschauung. If it is true that every Age has its Middle Ages, then
analytical jnechanics has not yet overlived them. Life is, "however, strongér than
anythmg He, who sees the veridy, should be’ calm,.as regards Euler i in mechamc.s.

Nolite flere, non est mortuus, sed dormit. -
{
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For every thmg there is4 season, and a tnme for
cvery matter under heaven: a time to cast away
stones, and a time to gather stones together. . .
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MY ATy st ellenmit. Crarbn aenoinyer Ha uup«mym HOTY e sym.ﬂrru, nouytlcn- .
LR R URATTE G,lmnumu AWTOPOY. :
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Georgl Chabanov, Ivan Chobanov LAGR:ANGE OR EULER? PART THREE: THE
FUTURE -

This paper is the third part of a series of articles on the Eulerian and Lagrangean
dynamical traditions, the first two parts [1, 2} of which have been published in this Annual.
It contains some conceptions on the future development of the investigations on the sta-
- bilization of the logical foundations of analytical mechanics, as the authors see it; in this
comnection Hilbert’s sixth problem on the axiomatic consolidation of these foundations is,
naturally, inevitable. After an analysis of the present state of aflairs concerning the basic
 mechanical entities, as for instance the gepmetrical background of analytical mechanics,
. the theory of arrows as the genuine mathematical interpretation of the force concept, the
motions in standard vector spaces, the rigid body eoncept, etc., corresponding definitions
- are proposed together with the main corollaries they imply. The article makes on a large
scale use of results obtained in previous publications of the authors.

~
» -
L]

This paper is the third and final part of a series of articles published in this
Annual [1, 2] and dealing with the Lagrangean and Eulerian dynamital traditions.
The first part gives a brief historical account gf the birth and rise of these traditions,
and the second treats the present state of affairs in_analytical dynamics, in so far
. 88 it may be obsérved in the cprrent mechanical literary sources, as well as the
interplay of the Eulerian and Lagrangean dynamical traditions. This third part is
dedicated to the-fyture developments in analytical mechanics, connected with the
- golution of Hilbert’s sixth problem, as the authors see ‘coming events in it, relying
‘on their own professional experience in the course of many decades and scientific
researchiéa in the domain, concerning mainly the axiomatic consolidation of the
‘logical foundations of analytical dynamics and the realization of Hilbert’s directive
.concerning the axiomatic codtstruction of rational mechanics. '
 As'it is well-known, in his famous Vortrag (3], reported béfore the Second
Mathematical Congress in Paris 1900 Hilbert proposed a list of 23 mathematical
problems set for this century to solve. This list includes, as problem number six,
entitled Mathematische Behandlung der A:nome der Physik, the formingof a system
of axioms for those: theories of physical genesis, mechanics jn the first place, for
. Which the role of mathematics has already become a decisive one:

- “Durch die Untersuchungen iiber die Grundlagen der Geometrie wird uns die
_Aufgabe nahe gelegt, nach diesem Vorbilde diesenigen physikalischen Disziplinen
azivmatisch rw behandeln, in denen schon heute die. Mathematik eine hervorragende
Rolle spicli: dies sind in erster Linic die _Wabhrscheinlichkeitsrechnung wnd die
" Mechanif® [4, Bd. 3, S. 300).

After this exordium Hilbert outlined the contours of a program towards the
solution of his sixth problem containing some standpoints and recommendations
expoqed in the typical for him optimistic tones. The ensuing development in rational
mechanics, however, dashed Hilbert's hopes, and in the course of more than half
- & century after the announcement of his Mathematische Probleme the execution
of his program seemed to be postponed ad Calendas Graecas. As Truegdell has
~commented apropos of Hilbert’s sixth 'prqblem. “this problem, like all thoee he
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proposed concerning the relation between mathematics and" physical .éxperience,
has been neglected by the mathematicians. .. Only two significant atterpts to solve
the part of Hilbert’s sixth problem that concerns mechanics have been pubhshed
that of Hamel ... and that of Noll...” [5,p. 336]. ,

As regards Ha.mel Truesdell is referrmg to his article (6], ensued by [7]. None
of these deserves the qualification “significant attempt”: apropos of [6] see the
critical remarks in [8]; apropos of [7], see the critical analysis in [9] 'As regards
Noll, Truesdell is referring to his articles [10 11]. _

Noll's article [10] is the first actually serious pubhcatlon in connection with the
Hilbert’s sixth problem. It begins with some not especially flattering constatations
apropos of the status guo of the logical foundations of classical mechanics:- '

“It is a widespread belief even today that classical mechanics is a dead subject, .
that its foundations were made clear long ago, and that all that remained to be done
is to solve special problems. This is not so. It is true that mechanics of systems
‘of a finite number of mass points has been on a sufficiently rigorous basis sinee
-Newton. Many textbooks on theoretical meghanics dismiss continuous bodies with
the remark that they can be regarded as a limiting case of a particle system with
an increasing number of particles. They cannot. The erroneous belief that they
can had the unfortunate effect that no serious attempt was made for a long period
to put ¢lassical continuum mechanics on a rigorous axiomatic basis” (p. 266).

Noll does nat mention it explicitly, but essentially his criticism is dirécted
against the Lagrangean dynamical tradition. Indeed; this pamely tradition is that
regards the rigid bodies’ as composed by a great number of mass-points [2]. Let
us remember Lagrange's own standpoint on this question cited in the second part
of this series; “Je considére les corps proposés comme 1’assemblage d'une infinité
de corpuscules ou poits massifs unis ensemble de maniére qu’il gardent toajours
nécéssairement entre eux les mémes distances.” Let us remember also the attitudes
towards rigid bodiés of the authors of the treatises [12] and [13] analysed in  (2). The
first of them carries things'with a high hand. He rides roughshod over any manners
and customs of mathematical decency. Employmg in 1966 arguments which hardly
would. convince Euler in 1765, He states: :

.“In the classical dynamics we are conccrned with systems having a ﬁmt.e num-
ber of degrees of freedom, and it is with such systems we shall be mainly concerned
in- this book. -Nevertheless it issnatural to suppose, on physical grounds, that the
fundamental equation {i.¢. D*Alembert-Lagrange’s principle, derived by the author
of [12] for systems of finite number of mas-points only] will also hofd for continuous
systems, where the number of degrees is mfinite — for example systems involving
fluids in motion and vibrating strings. "In such problems the summation occurmg
in the fundamental equation will be. replaced by integration” (p. 37):

: We shall not comnient these profound thoughts recorded by an author tak-
ing infinitely many degrees of freedom with mechanics: We shall only note that
such a behavidur is completely within the frames of traditional demeanour of any
Lagrangeanist all over the world. :

Coming back to Hilbert’s sixtli problem we must pa.ss a verdict that is ﬁnal
and there is no appeal: the Lagrangean dynamical tradition is the only culprit for
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its neglecting on the part of the mathematicians. The argumcnts in favour of thd‘
sentence are abundantly closely’ discussed in [1, 2} in order to expose them here
again. If we should formulate in a few words the main reasons for this state of
affairs, we would adduce Truesdell’s appraisal apropob of Lagrange 8 Méchamqle
Analitigue: “... no explanation of concepts ... no attempt to justify any limit,
process by rigorous mathematjcs” [5, p. 173]. These characteristic features of the:
Lagrangean dynamical tradition overlived its originator in the course of two clear
centuriés to become nowadays its most. repulsive distinguishing marks Typical I'orJ
Lagrangean mechanics are:

First, a complete lack of genuine mathematlcal deffinitions.

Second, a complete disregard. of strict mathematica) proofs. a
, In result, mechanical treatises are printed in Twentieth Century in whlch the
logical spirit of the era before the French Revolution has survived.

" As the case stands, which forming-up place must be chosen for the onrush
against the positions of Hilbert's sixth problem? Where should one start from in
order to bridge over the difficulties it conceals, ta break the neck of the task? .

Under the circumstances, the sole answer of these questions is: ab ovo Ledae.
But what does ab ovo in analytical mechanics mean?

Let us take as a model some other mathematical theories which are already
conquered territories for the axiomatic approach, such as geometry or arithmetic,
foy instance. What does ab ovo in these theories mean?

~ Space! The first and greatest concern of a mathematical theory in the pro-
cess of an axiomatic consolidation of its logical basement is to construct the most
‘natural for this science medium, .in which the phenomena characteristic for the
mathematical theory in question: could proceed. In most:cases, though not always,
‘this medium is called space, or something of the kind, in order to evoke the mental
-picture of a multitude of certain objects: domain, field, line, plane, graph, tree,
body; ring, group, structure, neighbourhood, etc. (One speaks, for instance, of the
line ‘of real numbers, of Gauss' plane or plane of complex numbers. of the body of
quatgrnions, of the ring of integrals, and o on. No wonder that the term space, as
well as the term point as a general denomination for the elements of certain spaces,
are overburdened with usage, and they démand various adjectives with a view to
thejr specification.)- The elentents of the specific medium for a given mathematical
theory are, as the saying is, the bricks or the stefies the edifice of this theory is
constructed from. For synthetic geometry. for instance, the genuine medium is the
Euclidean space; for arithmetic, depending on eircumstances, it is the system of
natural numbers, or the ring of imegers, or the fields of- rational, real, or complex
numbers, etc. Syum quigue. ,

~ For analytical mechanics the natwe mediurp — as ait is the native element for.
Jbirds, and water far fishes — is the real standard vector space. It is the mathemat-
jeal world where the mechanical entities are borne. the place where their growth
and florescence set in,.the stage where. the mechianical-drama is running. As well
‘as the real numbers are the building stones for the classical real analysis, and the
complex numbers are the bricks for the classical complex analysis, the real standard
'vectors provide -analytical mechanics with the most natural, the most convenient,
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and the most resistent building matenal

Between analysis and mechgnics. however, there is a diflerence, though l.ech-
pical. rhther than on principle. While in analysis the terrajn, the building site is
cleared away and organized long ago. in analytical mechamcs until very recently it.
was left unkempt and overgrown.

Extra special cares for the Cvrurm’lagen der Analysis were taken in 1930 by
Edmund Landau. who. for the first time in the mathematical literature, gave a
consistent, sufficiently complete, and systematical up to pedantry. exposition [14] of
arithmetic of natural. whole. rauonal real, aud complex nhumbers. It is by no means
absence of mind that this aritlimetical treatise is entitled “Foundations of Analysis”:
never before Landau. in all the mathematical literature, classical ana]ys:s had at
its disposal its natural medium. its g 1_.,vnuine space — the fields of real “and complex
numbers respectively. constructed in'a mathematically itreproachable way. .

- (Entre parenthésgs: irreproachable” is, in mathematics at least, a Inst.orlcal
category. ‘Landau’s exposition bears the marks of his epoth and the tokens of
pioneerdom. 1t will not he useless o discuss this question somewhat. closer.

Landau skims the cream off age-old scientific toils. 1n [14] the roads of great
mathematicians meet: it is the juncture of first-rate nmthcmahcal ideas.

As regards the natural numbers. though familiar to mankind fromn times mermo-
rial, they had to wait till the seventcenth century when Pascal formulated one of .
their niost .innportant mathematical characteristics, the mathematical induction. ‘
At first this extremely useful property of the system N of all natural numbers has -
been applled for the goals of arithmetical proofs only. Grassiwann [15] has been the
first to use it for (lt'fllllll()rdl |)Ill'|l0‘sl’h the suin @ + b of the natural numbers a and
b he defined inductively by the two-link- clmm a+1=aand a+b'=(a+b), and
the product ab by al'= a and ab' = ab+a, n' de uoluu., Lhe successor. of the ndl.ural
numbet. n. : :

As regards the whole, rdlmual nu/«l real numbers, Landau used an stppmachl
already- classical for matl anaties. nccording ‘Lo wluch new mathematical object
may be defined as equivalence elasses™in preliminarily appropﬂat.ely defined seta
of well-known mathematical objects. If for instaice (a, b), (¢, d).€ 'N?.and by
definition (a. b) ~ (. d) il u + d=c+0b, then ~ is an equwaleuco relation in N2 -
and any equmtlc'nrc class in V2. generated by it, is by definition a whole numbeh
Similarly ‘is proceeded in the: definitions of rat lonal and real numibers. .

As regards the real muiwrs, Landan digposed of Cantor’s definition l'tom
1872,.according-to which a peal moubgr.is an equivalesice class in the sot (' of -all
Cantorian sequences {r,}) | ol-rational numbers 2, (v = 1. 2....). ‘At that, the
sequence {r,}.;_; is by definition Cantorian iff for any rational £:> 0 there -exis(s.
such a-tiatural numbers p, thit- e > p; and.n > Pe imply f£ = £n] < €. As regards
the equivalence relation ~ in €. it is defined i in the foUouuu, manner: by definition
{20}y ~ {35, iff for any rnt l(llldl £ > 0 there exists such a ualura! number ¢,
that n > g lmpl’,es len = ya< <. N - -

As regards the comiplex numbers, Landau dlsposed of Ilamlltou 8 deﬁnmon
Accordnrg to Hamilton, a complex number is an element of the Laﬂemm square
R? of the ﬁeld R of all real numbers. supplied with operatlons addition and multn- ,
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plication defined by

(1) . (zl-a yl) + (22’ y‘.!) ='(zl + 3-2-1 w1 +y2)
and '

) (21, n1)(22) 1) = (2122 = wives Tude + T2w1)
respectively.

* There ig much more, yet.

As regards .the axiomatization principle in general, Landau disposed with
Hilbert’s scheme [16] from 1899 and the title of Landau’s book [14] imitates the
title of Hilbert’s. .

‘As regards the axiomatization prmcnple in arithmetic of natural numbers in
patticular, Landau disposed with Peano’s scheme [17] from 1889.

-In such a manner, the book [14] of Landau is of a compilation character. And
yet, for three at least reasons this is a remarkable work that left behind ltsell' deep
traces in modern mathematics.

- First, Landau has realized for the first tlme in anthmetnca.l literature that
- Grassmann’s definition of sum and product of natural .numbers requires uncondi-
' tlona.lly proofs that such things (two valued furictions, as a matter of l’act) really
'exlst.

" Second, as it has been ‘already underlmed Landau's Gmndlagen def Analysis
contains the first systematical exposition of arithmetic of the mentioned number
syst.ems For this reason it served the purposes of the populanzauon of modern
. views in the domain. '

Last but not least, Landau has realized quite clea.rly that clmlcal analysis,
cdmplex a8 well as teal, is unthinkable, in up-to-date sense of the word, before
4 mathematically perfect arithmetic' of t.he fields of oomplex and real numbers
respectively is pbrformed : -

"~ As regards some “specks”of Landau’s expomtlon, we shall pause on one only
' shorttommg The operation addition in' N is defined in [14] before the order rela-
tion. “This approach. is, however, against the mathematical nature of these arith-
metical phenomena: historically counting goes prior to computing; therefore it is
»rather desirable that mathematically order precedes addition. An attempt to re-
store the natutal order of things has been ‘undertaken in'the book [18], see’ also
' [19),although the way chosen.in [18] is, obviously, not the'shortest poemble We
close the brackets.) . “

' We dwelt 80 thoroughly on these questions, since there is a complete malogy
between classical analysis and analytical mechanics, ‘on the one hand, and.between
the field of real numbers and the reat standard vector space, on the other hand.

Vectors are discovered out .and away later tham numbers, no mater whether
natural; whole, rational, real, or complex. In point of fact, vectors are coevals
wn‘.h quat.emlons or hypercomplex numbers. I'\lrthermore, not only vectors and
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quat.emlons are the same age, but for a long period vect.or and quutermon calculus
have been as inseparable as Siamese twins. - _

In the same year, 1844, when Grassmann published the first version [20] of his
Ausdehnungslehre, Hamilton published his first announcement concerning quater-
nions, shortly afterwards ensued by a series [21] of other articles on the same topic.
Since the following developments are of great importance with an eye to the bétter
understmdlng of the curgent state of affairs of vector and* quaternion calculus it
will not be otiose to discuss this matter in some details.

The necessity of a geometrical calculus, alias of a mathematical method for ex-,
pressmg quantitatively geometrical phenomena, has been realized already by Leib-
niz. ln a letter to Huygeus dated September 8, 1679, he states:

. Je ne suit pas encor content de I'Algebre, en ce qu'elle ne donne ny les
plus courtes voyes, ny les plus belles constructions de Geometrie. C’est pourquoy
lorsqu’il s'agit de cela, je croy qu'il nous faut encor une autre analyse proprement
geomet.rique ou lineaira, qui nous exprime directement situm, comme 1’Algebre
exprime magnitudinem.” _ ' ‘

Enclosed herewith Leibniz dlspatchcd to Huygens an “Essay”, in which he
explained somewhat closser his main ideas apropos of the “geometrical symbolical
language™ (“nouvelle characteristique™). Huygens, whose answer dated November
20, 1679, is hardly encouraging, obviously could not realize that one of the most
genial scientific_foresights was concealed in Leibniz's conception. And no wonder:
Leibniz's pragram towards the creation of a “geometrical”or “lineat” calculus has
been accomplisljed more or less satisfactory not until the end of the last century
with the invention of vector algebra and vector analysis.

(Some historians of mathematics interpret Leibniz’s phrase “une autre anal-
yse proprejnent geometrique ou lineaire, qui nous exprime directement situm” as
a foreboding of topology. We thing that such a standpoint is rather far-fetched
leastwise on account of the adjective “lineaire” this phrase includes.)

In order to stimulate investigations connected with the “analyse gaometnque
ou lineaire”:of Leibniz, the German scientific society Firstlich Jablonowsks’sche
Gesellschaft announced a competition the aims which were “den von Leibniz er-
fundenen geometrischen Calcul wiederherauszustellen, oder einen ihm ahnlichen .
aufzustellen”.  Grassmann carried off the palmn. Ilis prize-winning work [22] has
been puhhahed in 1847 with a commentary by Mobius. This is not, by chance.
Nearly twenty years before Grassmann's Ausdéhnungslehre, MSbius published a.
treatise (23] on the “barycentrical calculus”. invented by him, which is regarded as
a predecessor of Grassmann’ s "geometrical analysis™; one is left with the i impression
that some kind of likeness in the titles of [20] and [23] is hardly a coincidence.

~ During 1 the followi ing decade in the Journal fir die reine und angewandie Math-
emahl se\eral al'(ldt'a of Grassimann were published where various applicatians of
his method are made on diferent problems of geometry. His main work [20] , how-
ever. remained for a long period obscure for the general mathematical public and |
did not sumulale investigations of other authors. Several reasons led to this state
of affairs: :
“Ein Zeltal(er \\elclles die i nnagmaren GroBen noch als unmogllch ansah, und

»
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die “nichi.euklidische"G'ebmptrie mit Kopfschiitteln betrachtete, konnte natiirli
‘sich an den n Dimensionen der Ausdehnungslehre nur wenig Geschmack finden
und noch weniger vielleicht an den ungewohnten Operationen mit ebenso unge-
wohnten Objecten. Dazu kam wohl auch der Umstand, daB die mathematlschem
Krifte der letzten Jahrzehnte vollauf beschaftigt waren mit der Ausbildung der!
‘Thecrien eines Jacobi, Dirichlet, Steiner, Mdbius, Pliicker, Hesse und Anderer, die
alle einen Kreis eifriger Schiiler um sich sammelten, wiahrend dem Verfasser der!
Ausdehnungslehre das Geschmack eine gleiche Wirksamkeit versagt hatte. Endlich:
aber darl nicht unberiicksichtigt bleiben, daB das Werk in seiner mehr philosophi-:
schen als mathematischen Form, ungewohnlichen Inhalt in ungewohnlicher Form’
‘bietend, ‘'dem Studium groBen Schwierigkeiten -entgegensetzte, deren Bewaltigung
nicht einmal ein sehr lockendes Ziel verhieB. Denn die Ideenkreise des Buches lagen
von denen der iibrigen gleichzeitigenr Bestrebungen in der Mathematik weit ent-
fernt,und die raumlichen Anwendungen kamen meist nur der Elementar-Geometrie
zu Gute, welche damals noch unerschiittert auf der Euklidlschen Basis thronte”

24]

[ The completely rehashed new edition {25] of [20] was printed in 1862.. In the
course of time the ideas and the technics of the geometrical analysis won it more
and more followers and became generally acknowledged towards the end of the
last century. About that time the complete works [26] of Grassmann have been
published.
" ‘Meanwhile on the Bntlsll Isles another deVelopment took place. In the course

of two clear decades llamilton published an immense series of articles [27 - 38] on
‘various applications of quaternions, as well as the two books [39 40] . By and by
't.he quaternions became Hamilton’s fixed-idea. The situation is described rather
v:vnd]y by Felix Kleitt in- his Lectures on the developement of - t‘mthemahcs in the
last century [41]: : (

" “Sehr bald wurden die Quat.ermOnen in Dublin -ein alies andere iiberragender’
Gegenstand des mathematischen Interesses, ja sogar ein officielles Examenfach,
ohne dessen Kenntnriss kein Aibsolvierung'des Colleges mehr denkbar war.- Haniilton
selbst gestaltete sie fiir sich zu einer' Art orthodoxaler Lehre des mathematischen
Credo, in die er alle seine geometnschen und sonstigen Interessen hineinzwang, je
mehr’ sich- -gegen Ende, seines Lebens sein Geist vereinseitigte und unter den Folgen
des’ Alkohols vereindiisterte. \

~‘'Wie Ich schon andeutete, schloss sich an Hamllton eine Schule an, die lhren
Melster an Starrhe:t und Intoleranz noch tberbot. Sie war gecignet, Gegen-
stromungen hervorzurufen. und so wurden denn die Quaternionen z. B. in Deutsch-
land von der Mekrzah! der Mathematlker hartnackng abgelehnt, bis sie auf dem
Umweg uber die Physik .in Form der vor allem in der Dynamik uuec,nt.behrllchen
Vekt.oranalysns dennoch emdrangen Sollen wir heute ein Urteil iiber sie geben, so
‘ware etwa zu sagen: Die Quaternionen sind gut und brauchbar -an ihrem Platze;
sie relchen aber in ihrer Buleutung an die gew ohnhchen komplexen Zahlen nicht
heran

* The quatermons (hypercomplet numbers wnln three imaginary units) are a

natural generahzatlon of the (omplex mumber concept, whose nmultiplication is, in
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generul non—commutuu\e Espectally remarkable is thelr connection with the ro-
tations in the three-dimensional Euclidean space [42, 43}. Attaching ourselves to
Klein's estimation apropos of the significance of quaternions, we should say that,
while the standard vectors are the most natural means for the algebraic repre-
sentation of translations in' the Euclidean space, the quaternions aré the genuine
mathematical instrument for the algebraic expression of the rotations in the latter.

Its present aspects the vector calculus is obliged to the American theoretical
physicist Gibbs. As he himself notes, his interest for vector analysis has arisen when
he read the book [44] of Maxwell, in which the methdd of quaternions is applied to
electrodynamical and magnetic investigations. Gibbs soon convinced himself that
the quaternions are unsuitable to this end and began developing independently the
modern apparatus of vector algebra and vector analysis. Meanwhile he provided °
himself with the books [22, 25] of Grassmann, but they exerted a slight influence
on his occupations. Gibbs wrote the text-book [45] on vector calculus designed for-
students. in physics. Later he published several articles [46 51} on vector calculus .
meant to popularize the new method.. An important role for the confirmation of
the vector calculus have played the books [52] of Peano.and (53] of Hyde.

In its age of puberty the vector calculus represented a peculiar symbiosis of
geometry and algebra — synthetic geometry at that. The vectors were 1mt.m.lly
introduced as “directed segments”-and even “directed quantities”, with a strong
intuitional appeal to physical experience. Later the vectors were interpreted by
means of ordered triplets (z, y, =) of real numbers z, y, and z. This atmosphere
gave good grounds for the following sarcastic remark of R. von Mises: .

“Wenn man in den gebraulichen Darstellungen der Vektorrechnung an ihrer
Spitze die Erklarung findet, der Vektor sei cine “gerichtete Grosse”, so muB jeder
Verniinftige erkennen, daB damit sovicl wie nichts gesagt ist. Die andere Deflnition,
das man ebenso haufig begeguet, der Vektor sei eine “Zahlenmpel”, ist offenbar zu
weit, denn die Zahl der- Miuner, Frauen und Kinder an einem Ort ist gewiss kein
Vektor” [54, S. 155]. - ' i

This has beeh written ‘in 1924. The force of the irony in thow words is 8o
overwhelming that “jeder \fcmunfl..lge is inclined to think that, after they were
published. no author of a text-book on vector calculus would take the liberty to
repeat the fanlts Mises is laughing at. Alas, to all appearances, such authors do not
rcad the Zettschrift fur angewandte Mathemalik und Mechanik. We are miore than .
sure  we are utterly certain — that most of the text-hooks on vector calculus
or on theoretical. mechanics (including an introductory chapter on vector calculus),
printed in this very day. begin with an inevitable eniginatic “definition” of the sort
of “a vector is a directed quantity™. "fhe excuse that other authors are doing j.v’|st
the same is no exculpation .- it is an accusation: assinus assinsm’ frical. . ’

Making the long story short, we find it useful to give a first-hand account of a
case in which the older of the authors of tlus article has been a dramatic persona..
For the sake of brevity let us*call him Ivan. When he was an assistant, the head of
the chair of analytical mechanics in the Faculty of Mathematics and Physics of thé <
University of Sofia has been Professor Bingovest Dolaptchiev, composing at this
time his-text-book {55] on the subject: As the foreword to the first book of [55]
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displays. Ivan took part in the compilation of that part of the (ext-book which
entitled Flements of vector calculus. We lay emphasis on this fact, since furth
down #ome criticism is made on the manner the vectors are introduced in {55, a
it is most important Lo be as clear as day that this criticism is, as a matter of fa:
a self-criticism.

As the foreword to [55] testifies, “as a result of discussions ... an axiomal
exposition of vector algebra has been adapted in this book”. Not entering in
details, let us remark that this exposition has the following distinguishing featur

First, it has been realized that the mathematical nature of the vector concept
‘purely algebraic, though the heuristic genesis of this notion is purely geometric. (.
_that, saying veclors, we bear in mind here standard vectors; the algebraic nature
other kinds of vectors, as for instance, linear, Eucl:dean Hermitean etc. has be
- well-known long ago.)

Second, it has been understood that: the most natural scheme according
which the standard vectors must be introduced has to follow the spec:ﬁcatlon chai
groups — linear gpaces — Euclidean spaces — standard vector space (thou
the last-term has not been used in the text-book [55]).

Third, it has been perceived that the specification of an Euclidean space
‘down to a standard vector space V must be accomplished by means of a fowr
" operation (vector multlpllcat.lon) in E, introduced under the condmon that it mu
sat.lsfy a certain number of specific for this operation axioms.

‘These specific axiams according to [53, p. 26] are:
Ax14DabeV|mplyaxb-—(bxa) .

Ax15D. A€ R;a, beV imply (Aa) x b= Md x b).

Ax16 D.a. b, c€ V. |mply(a+b)xc-axc+bxc

Ax17D.a, b, ceVimplyaxb-c=a-bxe.

Ax 18 D. a, b, c€ V imply (a x b) x ¢ = (ae)b — (be)a.

Mdreover, it is supposed a.priori that the Euclidean space E is n-dnmensuom
n being indeterminate for the present.

Now, the greatest defect in the axiomatic exposition of the vector algebra in [§
consists in the fact that the conditions Ax 14 D — Ax 16 D' are needless. In oth
'words, they are superfluous. redundant, surplus, otiose, unnecessary, expendal
= \n the capacity of a.moms we mean. : :

Why" . )

Because they are theorems. They are provable properties of the vector mul
plication, demonstrable on the basia of-the remaining adopted axioms.

‘Why did ‘tlie authors of the vector aigebra in [55) commit thls error —
lnclnde theorems in the capacity of axioms?

Very simply: they were not aware o(the fact. They simply dld not Lnow th
"Ax M4 D - Ax 16 D'are theorems rath®dthan axioms. Even today the number
the mathematicians who know this fact is mlcroscoplcally small -Nemo mortalu
omnibus horis sdpii.

"1 Twenty years had to pass before l.he truth emerged For the first time the pro
of Ax 14 D — Ax 16 D was given-in the article [56] containing -at the samie tin
the most economical system oI' axioms for real standard vectors hitherto know
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Furthermore, it turned out that this axiomatical definition wotks in’ much more
general matherhatical situations than the real case represents. In otber words,

the field R of all real numbers may be replaced by an arbitrary ordered ﬁeld F.
and the corresponding axioms, mutatis mutandw of course, still imply a comnst.ent

mathematical theory.

In order to make things crystal-clear we shall reproduce the correapondmg

axiomatical definition at full length.

A standard vector space over an ordered ﬁeld F is called any ‘et Vp, for which

mappings

(3) T m :Vg—»Vp

(eddstion in VF),

(4) ] mg:Fpr—-er

(multiplication of the elements of F with the elefneﬁts of Vr),

(5) . mg:Vi—F

(scalar multiplication of the elements of V¢), and
' b

(6) my: VA —Vr

(vector multaphcataon in Vp) are defined, so tha.t provided by deﬂmhon,

(7) | “a+b=my((a, b))
(sum of a and b),

(8) 1. aa=m(a, a)
(product of a and a), -

) ab = ms((a, b))
(scalar product of a and b): |

(10) a x b=my(ls, b))
(vector producf of a and b), and

(11) ' , a-b=a+(-b)

(difference of @ and b) the followi ing condltlons are satlsﬁed
Ax1F.a b cely imply (a+b)+c=a+(b+c).

Ax 2 F. There exists 0 € Vr with: @ € Vp implies a+ o =a.
Ax 3 F. a € Vr implies! there exists —a € Vr with a 4+ (—a) =0.”
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Ax 4 F. a € Vr implies: la = a.

Ax 5F. A, pu€ F,a€ Vpimply (Au)a = AM(pa).

Ax 6 F. )\ pu€F,a€Vpimply(A+p)a=Aa+ pa.

Ax 7TF. A€ F;a, be Vr imply /\('a+b)=/\a+)«b.

Ax 8 F. a, b € Vp imply ab = ba.

Ax 9 F. )€ F;a, be Vr imply (Aa)b = A(ab).

Ax 10 F. a, b, c € Vr imply (a+b)c-ac+bc

Ax 11 F. a € Vp impliesaa 2 0.

Ax 12 F. a € Vp, aa = 0 imply a = o.

Ax 13 F.a, b, ce Vrimplyaxb-c=a-bxec.

Ax 14 F. a, b, c € Vr imply (a x b) x ¢ = (ac)b — (bc)a.

Ax 15 F. There exist a, b € Vp with d x b # o.

The elements of Vi are called F-standard vectors. The conditions Ax 1 B
Ax 15 F are called azioms of a standard vector space over F. The symbols 0 (Ax 11
F, Ax 12 F) and 1 (Ax 4 F) denote the zero and the unit elements of F respectively.
The elements o (Ax 2 F, Ax 3 F, Ax 12 F, Ax 15 F) and —a (Ax 3 F) of VF are
called the zero vector and the opposite vector of a respectively. The scalar product
aa is denoted, for the sake of brevity, by a? and is called -scalar square of a.

The groups of axioms Ax 1 F — Ax 3 F, Ax 1 F — Ax 7F,and Ax1F
- — Ax 12 F display that any standard vector space over an ordered field F' is a
group, a linear space over F, and an Eucledean space over F respectlvely Hence
the following proposition holds good.

Pr1F.a beVrpimplya+b=>b+a.

The following propositions are also proved [56]:

Pr 2 F.a, b€ Vg imply a x.b=—(b x a).

Pr3 F. A€ F;a, be Vrimply (Aa) x b= A(a x b).

Pr4F.a, beVpimply(a+b)xc=axc+bxe.
(Let us note that Pr 2 F — Pr 4 F are analogues of Ax 14 D — Ax 16 D from [55]
quoted above.) : ‘

By definition V = Vg is called a real standard vectms space, and its elements
are called real standard vectors. ' ’

The following propositions hold:

Pr 5 F. The system of axioms Ax 1 F — Ax 15 F is consistent.

Pr 6 F. The system of axioms Ax 1 F — Ax 15 F is categorical. _

Pr 7 F. Any standard vector space over an ordered field F' is a 3-dimensional
Euclidean space over F.

Pr 5 F is proved by the aid of a model of Vp constructed ad hoc. It is proposed
by-the Cartesian cube F3 of F supplied with the following operations (correspond-
ing to (3) — (6) respectively)

| (12) : (21, @2, z3) + (y1, ¥2, ¥3) = (z1+ 41, T2+ 32, T3+ ¥3),

(13) ‘ /\(.’El, g, 1’3) (/\ll, f\mg, 1\583),. | : -..
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3

(1:h (21, %o, 23)(y1, yo. ¥3) = Z-'U'uyu,

rv=1

(15) A1 2. x3) X (Y1, 2. y3) = (oY — Tay2, T3y — 21Y3, T1y2 — T2v1)

for any A € F and (21, 22, r3). (y1. Y=, y3) € F3. Now Ax 1.F — Ax 15 F are
verified for the operations (12) — (13) .

In the general case of any ordered field F' the F- standard vectors are deprived
of modules. since the module of a € VF is, by definition, the element va? of F,
and in the general case such an element does not necessarily exist. This flaw is
corrigible. if one supposes that F is a Pythagorean field. An ordered field P is
called so ff for any a € P with a 2 0 there exists 3 € P with # 2 0 and ° = a.
This s called the square root of a. If Pis a Pythagonean field and a € V, , then
the module of a 1s denoted by @ or |al. -

The question now quite naturally arises whether the above definition of stan--
dard veetor spaces over ordered fields tolerates a complex generalization? As it is
well-known. the system of axioms Ax | F — Ax 12 F (with 12 instead of F') permits
such a generalization. and the result is called an ]Iunufean space. Now what about
Ax 1 F Ax 15 F?

Léit us specify the above question: if H is an Hermitean space, then is it possible
to define a fourth operation vector mulliplication in I, satisfying the conditions Ax
13F - Ax 15 F? ' '

(Let us note that only Ax 13 F and Ax 14 F are specific conditions for the
operation veetor multipheation, whereas Ax 15 F only demands that this operation
is not a trevtal one Andeed, if Ax 15 17 is violated, then the vector multiplication
would put into correspondence the zero-vector for any two vector multipliers: hardly
somebody would be mterested m such an eperation.)

[t is proved that the answer of this question is negative. In such a manner, at
first sight one remais with the nnpression that the system of axioms Ax 1 F —
Ax 15 F does not adinit a complex analogue. .

This-conclusion is a premature one, though. Not everything is lost. A happy
whim may save the situation. Indeed, in view of Ax 8 IY the condition Ax 13 F may -
be reformulated in the following equivalent manner: '

Ax 13 F bis.a, b celprmiplvarb.-ce=bxc-a. .

Let us now reformulate the above (|l|('-!|u|| with. Ax 13 I bis instead of Ax
13 F I H s a Hermitean space, is it possible to define a fourth operation vector
llmllipli('hlion in H ., satisfving the conditions Ax I3 F bis, Ax 14 F, and Ax 15 F
(naturally with € instead of )" '

Strange though 1t may seen this fast question s answered already in  the aﬂlr-
mative, as it is proved in the article (57)0 The resalts are formulated iimmediately

e

lu'ln“’_‘ : 3 -
If F s an ordered field. then the compler ertension. C'(F) of F s by definition,
the  Cartesian square F~ ot I supphed with’ the two operations addition (1) annd

multiplication (2) for any twoclements (o) and (s, y2) of 1*2. After this
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remark, we are in a position to formulate the complex extension of Ax 1 F — Ax
15 F; ‘

A standard vector space over the compler extension C(F) of an ordered field
F' is called any set V¢ (p), for which mappings

(16) my Vg(F) — Very

(addition in Ve(py),

(17) my : C(F) x VC—‘(F; — Veir)
(multiplication of t:hé elements of C(F') with the elements of V¢ (ry),
(18) , ms : VC::(F) — C(F) V

(scalar mul;iplication of the elements of Vi F)), and

(vector multiplication in Vg (p)) are deﬁned so that, prov1ded (7) — (11), the
following conditions are satisfied: :

Ax 1 C(F).a, b, ce Vep imply (a+b)+c= a+(b+c)

Ax 2 C(F). There exists o € V() with: a € V() implies a + 0 = a.

~ Ax 3 C(F). a € Vi(r) implies: there exists —a € VC{F) with @ + (—-a) = o.

Ax 4 C(F). a € V() implies la = a.

Ax 5 C(F). A, p € C(F), a € Vg (py imply (/\p)a = Mua).

Ax 6 C(F). A, p € C(F), a € Vgpy imply (A + p)a = Aa + pa.

Ax 7 C(F). A€ C(F), a. b € Vg(p) imply A(a + b) = Aa + Ab.

Ax 8 C(F). a, b € Vg imply ab = ba. . g

Ax 9 C(F). A€ C(F); a, b € Veypy imply (Aa)b = A(ab).

Ax 10 C(F). a, b, c € Vg(p) imply (a+ b)c = ac+ be.

Ax 11 C(F).ac VC(F, implies aa 2 0.

Ax 12 C(F). ac Vgpy.aa =0 lll]pl} a=o.

Ax 13 C(F).a, b, ce Vopymplyaxb-c=bxc-a.

Ax 14 C(F). a, b, c€ Vi (p) imply (a x b) x ¢ = (ac)b— (bc)a.

. Ax 15 C(F). There exist a, b € Ve (p) with a x b # o.

The elements of V(g are called C'(F)-standard vectors. The conditions Ax 1
C(F) — Ax 15 C(F) are called «xioms of a standard vector space over C(F). The
symbols 0 (Ax 11 C(F), Ax 12 (}(F)) and 1 (Ax 4 C(F)) denote the zero and the
unil elements of C(F) respectively. The elements o (Ax 2 C(F), Ax 3 C(F); Ax 12

€(F), Ax 15 C(F)) and —a (Ax 3 C(F)) of V(r) are called the zerg.yector and the
opposile z:m’m of a respectively. The scalar product aa is denote& for the sake of
brevity, by a® and is called the scalar square of a.

~ The groups of axioms Ax 1 C(F) — Ax 3 C(F), Ax 1 C(}) — Ax 7 C(F), and
Ax'1 C(F)  Ax 12 C(F) display that any standard vector space over the complex
extension C'(F) of an ordered field F is a group, a linear space over C(#9—and
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an Hermitean space over C(F) respectively. Hence the following proposition holds
ood.
& Pr 1 C(F). a, be V(p lmply a+b=>b+a.
The following propositions are also proved [67):
# Pr2C(F).a be Vo) imply a x b= ~(b x a).
‘Pr 3 C(F). A€ C(F); a, b€ Vgr) imply (Aa) x b= A(a x b).
Pr 4 C(F).a, b, ce Vg imply (a+b)xc=axc+bxe.
Ve iscalled a complex standard vector space, and its elements are called complea:
standard vectors.
The following propositions hold
Pr 5 C(F). The system of axioms Ax 1 C(F) — Ax 15 C(F) is consistent.
Pr 6 C(F). The system of axioms Ax 1 C(F) — Ax 15 C(F) is categorical.
Pr 7 C(F). Any standard vector space over the complex extension C(F) of
an ordered field F is a 3-dimensional Hermitean space over C(F).
Pr 5 C(F) is proved by means,of a model of V¢ (r). It is proposed by the
Cartesian cube C(F)? of C(F), supplied with the operations (12), (13) and

3
(20) (21, T2, z3)(y1, Y2, ¥3) = Ziﬂu?w

v=1

(21) (x1, xa2, 23) X (Y1, Y2, ¥Y3) = (T2¥3 — T3¥a, 37 — T1T3, T17p —~ T2¥;)

for any A € C(F) and (z;, za, 3), (v1, ¥2, y3) € C(F)3, corresponding to the
mappings (16) — (19) respectively. It is-easily verified that these operations in
C(F)? satisfy the axioms Ax 1 C(F) — Ax 15 C(F). '

In the general case of any ordered field F, the C(F)-standard vector are de-
prived of modules, since the module of a € V¢(F) is, by definition, the element va?
of C(F). and in the general case such an element does not necessarily exist. This
flaw is corrigible, if one suppose that F is a Pythagorean field. If P is such and
a € 1 ¢(p), then the module of a is denoted by a or |a]. f

A more detailed exposition of the algebras of Vr and V¢ (r) may be found in
the populat booklet [58]. :

Finis: Et nunc, et semper, et in saecula saeculorum. '

At the beginning of this article the following question has been put: What does
ab ovo in analytical mechanics mean. Now this question may be answered quite
categorically: ab ovo in analytical mechanics means the deductive development of
this science starting from standard vector spaces.

Along with this affirmation, a specific formulation of Hilbert’s sixth problem
concerning the axiomatical consolidation of the logical foundatlons of analytical
mechanics may be given, namely:

Starting from standard vector spaces, by the aid of specific definitions in them
of the basic mechanical entities and of specific axioms concerning these entities,
proceed to the construction of a mathematical theory of motion of mass-points and
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rigid bodles and of the forces, which generate these motions and are generated by
them.

This program may be qualified as a program-minimum. Indeed, after all,
its realization means proceeding in a model. In other words, once this program
settled, analytical mechanics will be shaped out of the elements of the standard
vector spaces in question. Working in a model before inventing a genuine “pure”
specific system of axioms is a classical mechanism, a time-honoured technique of all
mathematical theories. The examples are plentiful — nomen illis legio — in order
to adduce them here: we shall confine to the most typical. In 1872, if memory:
does not fail, Cantor and Dedekind .independently proposed two theories of real
numbers: Cantor’s by means of an equivalence relation in the set of all. Cantortan
sequences ‘of rational numbers, as already mentioned above; Dedekind’s by the aid
of Dedekindian sections in the field of all rational numbers. Both theories work in
‘a model. Half a century had to pass, before the modern axiomatic definition of real
numbers was invented. Natura non facit saltus. Mathematics too.

" As regards a program-mazimum, by the opinion of the authors of this paper
based on the present state of affairs in analytical mechanics, to say even a word
about it at all would mean to act prematurely and thoughtlessly.

Leaving programs-maximum whatever for the generations to come, let us fix
our attention on the program-minimum just now formulated, and let us, first and
foremost, put the following quite legitimate question: What has the problem La-
grange or Euler? to do with all this? Why should one connect Hilbert’s sixth
problem, on the one hand, w1th the question “Lagrange or Euler?”, on the other
hand.

The answer 1s a qu:te 51mple one.

First, because Lagrange has nothing to do with Hilbert’s s:\th problem.

Second, because without Euler Hilbert’s sixth problem is condemned to remain
a Gordian knot which will be undone by the mathematicians cum mula peperit.

Qui potest capere capiatl. If somebody is not concordant with the first affirma-
tion, then this is his problem: as Cicero says, cujusvis hominis est errare, nullius,
nist insipientis, in errore perseverare. As regards the second affirmation, its proof
is a problem of the authors of the present article, as well as the main aim of the
latter. As regarads the Lagrangeanists, let us remind them the following ancient
words of consolation: Temporis filia” veritas. Lagrange’s times in’ mechanics are
tempi passati. )

Another not incurious question must be answered before proceeding further:
Why should Hilbert’s sixth problem be connected with such “chimeras”, in a physi-
cist’s eyes at least, as complex standard vector spaces, over complex-extensions of
arbitrary ordered fields at that? Why not confine ourselves to the real standard
vector space solely? After all, the natural phenomena of motion in this world are
accomplished in such-a physical space, which is interpreted mathematically most
adequately namely by V| rather than by Ve or even by Vi F)-

The answer of this question is given b) Hilbert himself, in his Mathematische
-Probleme:

“Auch wird der Mathematiker, wie er es in der Geometrie getan hat, nicht blo8
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die der Wirklichkeit nahe kommenden, sondern uberhaupt alle logisch moglichen
Theorien zu bericksichtigen haben und stets darauf bedankt sein, einen vollstandi-
gen Uberblick tber die Gesamtheit der Folgerungen zu gewinnen, die das gerade
angenommene Axiomensystem nach sich zieht.” .

*... wie er es in der Geometrie getan hat ...” What has the mathematician
“ift der Geometrie getan”? ' a

Starting from the Euclidean geometry — a theory “der Wirklichkeit nahe kom-
mende” — he has invented the non-Euclidean geometry of Lobatchevski — Bolyai
— Gauss with its infinitely many parallels; the projective geometry in which any
two lines in a plane are intersecting; the n-dimensional Euclidean geometries with
an arbitrary n; the “finite” geometries the spaces of which consist of a finite number
of points, lines, and planes. And so ¢n, and so forth, etcetera.

Nicht bloff die der Wirklichkeil nahe kommenden, sondern wberhaupt alle lo-
gisch moglichen Theorien zu berucksichtigen — the very essence of mathematics is
incarnated in this device. Cantor gives expression of the same idea in other words:
das Wesen der Mathemalik liegt eben in threr Freiheit. Investigating all possible
theories, the mathematician expands beyond measure the boundaries 'of both con-
cepts and facts, reaching nec plus ultra borders, across which the notions become
devoid of sense and the theorems untruthful.

- For analytical mechanics, in particular, Hilbert’s motto concerns ma,mly the
following basic entities: the geometry of the mechanical space, the forces in statics
and dynamics, the motions, and the most fundamental concept of rigid bodies.
For the time being we shall confine ourselves to these remarks, postponing more
circumstantial explanations till the mentioned notions are discussed elaborately.

Before we enter into details, let us bring to the fore, in connection with Hilbert’s
advice, one more circumstance, specific for analytical mechanics and especially im-
portant from an ideological point of view. Mechanics has always been under the
action of strong centrifugal forces orientated in two different direction. The first of
them is the physical tendency. There is hardly a man who has not heard sentences
like “mechanics is the first chapter of physics”. Not a few mathematicians sympa-
thize with this outlook. It would be their problem, if it were not a problem of the
mechanicians also. This point of view has caused damages beyond repair to rational
mechanics, in general, and to analytical mechanics, in particular. The second is the
engineering tendency. It is_even worse than the physical one, for obvious reasons
which'we are in no mood to discuss here. In a few words, qualifications of the kind
"‘m'echanics is a physical science” and “mechanics is an engineering science” are by
1o means rara avis i terris.

We are in no humour for disputes dl)Olll the nature of mechanics — whether it is
physics or engineering — the more so that any debate of the kind is predestinated to
become a dialog among stone-deaf. The problemis which mechanics? Experimental
mechanics is physics, of course. Techmcal mechanicg i ong,mf*mmg, O.K. But
analytical mechanics? We heg yvour pardon.

Now an analytical mechanics | in Vegr) is surely neither physics; nor engineer-
mng. Furthermore, such a perverted thing is beyond the mental constitution of any
normal physicist and engineer. But such a thing exists — in a mathematician’s
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head, at least. Indeed, all the basic entities of analytical mechanics, mentioned
above — geometry, forces, motions, rigid bodies — may be defined and developed
in Vg(ry. Moreover, the Newtonian and Eulerian dynamical axioms may be for-
mulated in Vo at least. In such a manner, a complex analytical dynamics may
be constructed, and its natural medium is the complex standard vector space V.
Naturally, the classical real analytical mechanics (i.e. in V) is its particular case,
in the sense that the real numbers are a particular case of the complex ones.

It would be ridiculous to waste time, efforts, and nerves on building-up a
complex analytical mechanics only in order to stop the mouths of physicists and
engineers who know better than the mechanicians what mechanics is. It would
be all the same, as if Grassmann created his 1001-dimensional geometry in order
to convince the geodesists that Euclidean geometry is not geodesy. The complex
‘ _{analytlcal mechanics is constructed however, not ad hoc for physicists and engineers

— it is'a by-product in the process of realization of Hilbert’s directive nicht blof
die der Wirklichkeit nahe kommenden, sondern tuberhaupt alle logisch méglichen
Theorien zu bericksichiigen.

After this lyrical digression, let us return to our job.

The story begins with geometry. Above all things, let us make it pretty clear
that analytical mechanics and synthetic geometry of Euclid pertain to different
incompatible blood types. In order to avoid any possible qui pro quo, let us under-
line that the heuristic role of synthetic geometry for analytical mechanics is entirely
out of the question: this role has been priceless in all the history of mechanics, and
it will remain inestimable in the time to come. Synthetic geometry and analytical
‘mechanics are conflicting as far as the process of logical consolidation of the latter
1s concerned.

Which are the reasons for these antagonistic relations?

The very nature of either of these mathematical theories. While synthetic
geometry may be qualified as mathematics of situs, analytical mechanics is math-
ematics of motus. Although not impossible, it is, however, extremely difficult —
clumsy, awkward, lubberly, unwiedly, gawky are the true words — to implant
motion in synthetic-geometrical soil. As regards the mathematical description of
motion, all fingers of synthetic geometry are thumbs. It is true that geometers
use the term motion to describe certain geometrical operations; but in the same
- time it 1s also true that these operations are, as a matter of fact, only finite dis-
placements. As a stimulant of mechanical intuition, as a promotive of mechanical
discoveries, as visual illustrator of complicated abstract mechanical results — 4s all
that synthetic geometry is out and out irreplaceable. As a witness of mechanical
events, however, it is totally unreliable. While a great conqueror of new domains
of mechamcal knowledge, synthetic geometry is a poor leg}slator where the logical
laws of analytical mechanics are concerned. :

One thing must be unconditionally clear: synthetic geomet.ry must be categor-
ically, ruthlessly, and irretrievably expelled from analytical mechanics before the
first steps towards the solution of Hilbert’s sixth problem are taken. This dictum
may seem ratio ultima;. axiomatics, however, brooks no compromises. If one in-
tends to attack Hilbert’s sixth problem, he must once -and for all forget not only
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everything he has ever learned in synthetic Euclidean _geometry, but even the very
word Euclid.

What then? Without geometry, analytical mechanics is flesh without skeleton.
Where will the necessary geometry come from?

From the standard vector spaces. It e)usts there embryomcally It must be
carried and born.

At that, rejecting the services of synthetic ‘geometry as far as axiomatic pro-
cesses are concerned, one is following a maxim as old as the hills and especially
recommendable in such cases: principia non sunt multcplzcanda praeter necessi-
tatem.

Getting down to the forward delivery .of the convenient geometry for analytical
mechanics, let us remember something from synthetic geometry — since, as Landau
[14) used to say, we have not yet forgotten it entirely. As it is well-known, in analytic
geometry it is proved (by the aid of synthetlc-geometrlcal con31derat10ns) that any
line | has an equation of the kind

(22) ‘ _ rXa=b,

where 7 is a current radius-vector (the radius-vector of any point of {) and a, b are
given vectors with

(23) a # o, ab = 0. ' .

At that, the equation (22) defines { unequivocally, but the inverse is not true: { has
mﬁmtely many equations of the kind (22), and any of them is obtamable from (22)
by multlplymg it with an appropriate real number

(24) A#£0.

In other words,

(25) . . rxe=d
is an equation of [/ if, and only if, there exists (24) with
(26) a=2Xe¢, b= Ad.

This fact once realized, the equation (22) becomes already needless: one may imag-
ine a line | as the set of all ordered pairs (a, b) of vectors a and b with (23),
obtainable from one another by multiplication with arbitrary non-zero numbers A
according to (26).

Let us formalize these conclusions, regarding the set

(27) ' A={(a, b)eV?: a# o0, ab=0})
of all ordered pairs (@, b) of real standard vectors a and b with (23). Let us write

(28) | (a, b) ~ (c, d)
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iff there exists a real A with (24) and (26). It is easily seen that (28) is an equivalencez

relation in the set (27). Now any equivalence class in A, generated by the relation

(28), may be called a line. :
Similarly, any plane p has an equation of the kind

(29) re =y
where c is a given vector with

(30) : c#o

and a is a given real number. Now all the above considerations may be repeated
with (29) instead of (22). Formalizing the corresponding conclusions, one arrives
at the set '

31y ‘ 'Hz{(c,a)e"VxR:-c;éo}‘

of all ordered pairs (¢, a) of a real standard vector ¢ with (30) and a real number
a. Let us write '

32y (¢, @)~ (d, B)
iff there exists a real A with (24) and
(33) c=xd, a=M)g

It is easily seen again that (32) is an equivalence relation in the set (31). Now any
equivalence class in II, generated by the relation (32), may be called a plane.
; What of it? : ' ‘

Neither more nor less than the fact that in such a manner the linear analytic
geometry (the analytic geometry of points, lines, and planes) can be constructed
axiomatically without whatever appeal to synthetic geometry — as if it does not ex-
ist at all. (It exists, of course, and moreover, it suggests what to do next in order to
obtain, in analytical form, naturally, namely the synthetic Euclidean geometry and
not some of its distant relatives.) The manner this end can be achieved pedantically
is displayed in the article [59]; therefore we shall refrain here from any technicalities
whatever. Let us note in passing that in such a way the linear analytical geometry
becomes wholly emancipated from synthetic Euclidean geometry. -

There are, however, some remarks to be made in this connection, which are a
matter of principle. | |

In the first place, the definitions of lines and planes as equivalence classes in
A and IT respectively are somewhat ungainly: This can be avoided in the following
manner. (Let us 1\10te that the scheme exposed below is not specific for A and II.
It is applicable every time when new mathematical objects are defined as equiva-
lence classes in appropriate set of beforehand defined objects supplied with suitable
equivalence relations.)

82



Let the set A be supplied with*an equivalence relation ~ and let B and C be
primary sets (i.e. unknown sets of unknown objects which only now will have to
pe defined implicitly), satisfying the following condltlons

Ax1S.CCAxB.

~ Ax 2 S. a € A implies: there exists: 8 € B with (a, f) € C.

Ax 3 S. (ay, Bu)eEC (¥ =1, 2), ay ~ az imply 5 = f».

Ax 4 S. § € B implies: there exists a € A with (a, ) € C.

Ax 5 8S. (a,, ) €C (v =1, 2) imply a; ~ a3.

It is proved that the system axioms Ax 1S — Ax 5S is consistent and catego-
rical, see [60]. This system is called the model-axiomatizing scheme and it proposes
an axiomatic definition of the equivalence class concept. As a matter of fact, Ax 1
S — Ax 5 S define implicitly the elements of the set B, and the set C establishes
a correspondence between the elements of A and B.

If one puts A= Ain Ax 1S — Ax'5 S, then B is the set of all lines. Slmllarly,
B is the set of all planes provided A = II.

The only difference between the definitions by means of equivalence classes, on
the one hand, and by the aid of the model-axiomatizing scheme, on the other hand,
consists in the fact that the latter is not so categorical as the first one. Indeed, in
the case of lines, for instance, a line is an equivalence class in A generated by the
equivalence relation (28) provided (26) and nothing else, whereas Ax 1 S — Ax 5
S with A = A define the lines not so unambiguously.

Let us, for the sake of brevity, write a&f iff (o, 8) € C; in such a case a is
called associated with 3, and 3 is called determined by a. Undfer this notation Ax
2 S — Ax 5 S may be written in the equivalent form: '

Ax 2*. a € A implies: there exists § € B with a&f.

- Ax 3". a, &8, (v=1, 2), a; ~ ay imply B; = .

Ax 4*. 3 € B implies: there exists o € A with a&S.

Ax 5. a, &3 (v =1, 2) imply a; ~ a3.

After these remarks, let us say some words more about the above definitions
of lines and planes.

It 1s immediately seen that one can substitude F and Vg for R and V respec-
tively in the definitions (27) and (31), and these:definitions still work. In such a
manner one obtains not one, but infinitely many linear analytical geometries, one
for every F. Since the algebras of V and Vp are identical (as far as continuity is
not concerned), these analytic geometries are very similar among themselves.

Not so obvious is the fact that one can also substitute C(F') and V¢ (r) for R and
V respectively in the definitions (27) and (31) without turning them meaningless.
We shall proceed now to the effective execution of such an exchange.

Instead of (27) and (31) let us consider the sets

4

(34) Ac(ry = {(a, b) e VEry : a#o0, ab=0}
and )
(35) ‘ Mery = {(c, @) € Ver) x C(F): c# o}
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respectively and let by definition .

(36) | (a1, by) ~ (a2, ba)
and
) (37) ' (Cl, 01) o~ (02, Otz)

for any (av, b,) € Ac(r), (cv, ay) € gy (v.= 1, 2) iff there exists A € C(F)
with (24) and ' " ' :

(38) ‘ a; = Aaz, b= _/\-52, ' : 2

o (39) - Cc1 = )\Cz, oy 21-0'2

respectively, A denoting the conjugate element of ). It is easily seen that (36) and
(37) are equivalence relations in (34) and (35) respectively. -

Let us now apply the model-axiomatizing scheme to the sets (34) and (35), in
other words with A = Ac(r) and A = Il¢(F) respectively, denoting B with Lc(r)
in the first case and with Pg(p) in the second. Using the &-version of Ax 2§ —
Ax 5 S i.e. Ax 2* — Ax 5*, we obtain the following two systems of conditions:
Ax 2 L. (a, b) € Ac(r) implies: there exists | € Lg(r) with (a, b)&l.

Ax 3 L. (ay, b)&l, (v =1, 2), (a1, b1) ~ (a2, by) imply {; = .
‘Ax4L.l€ LC( r) implies: there exists (a, b) € A¢(r) with (a, b)&l.

Ax 5 L. (ay, b,)&! (v =1, 2) imply (ay, bi) ~ (a2, b2)

and ¢ ' | ,

Ax 2 P. (¢, a) € lg(r) implies: there exists p € Pe(p) with (¢, a)é&p.

Ax 3 P. (¢, a)&p, (v =1, 2), (€1, a1) ~ (¢c2, a2) imply p1 = pa.

Ax 4 P. p € Pg(r) implies: there exists (¢, a) € li¢g(r) with (¢, a)&p.

Ax 5 P. (¢, a)&p (v =1, 2) imply (c1, a1) ~ (€2, o).

- Then the elements of L¢(r) and Pc(ry are c¢alled C(F)-lines and C(F)-planes
respectively, and the mathematical theory, based on Ax 2 L — Ax 5 L and Ax 2
P — Ax 5 P, as well on the specific properties of the equivalence relations (36)
and (37) in the sets (34) and (35) respectively, is called the C(F)-linear analytic
geometry and is denoted by G¢(r). The development of G¢(r) consists in revealing
those properties of the elements of the sets (34) and (35), which are invariant with
respect to the equivalence relations (36) and (37) respectively. The basic definitions
and propositions of G¢(r) are exposed pedantlcally in the article [61}, so that we
shall not dwell here on any technicalities in this connectxon Two remarks are,
.however, expedient. :

First, we shall concent to take the “real” F-case for immersed in the ‘com-
plex” C(F )-case in the same way, as the real numbers are considered as dispersed
among the complex ones, i.e. R C C. In other words, we shall agree to perceive
F as a subfield of C(F'), i.e. F C C(F), and similarly to graps Vr as a standard
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vector subspace of Vo(r), i.e. VP C Vgo(r). In other words, we shall think that Vp
is obtainable from V¢ (r) by putting @ = a for any a € C(F) in the corresponding
axioms of Vg(r) (in Ax 8 C(F) in the first place). We shall not discuss the logical
side of such an agreement, emphasizing here on the technical advantages: impor-
tant in the moment for us is the fact that such a convention is very suitable and
economizing. It saves us, for instance, the necessity to define explicitly the F-linear
analytic geometry Gp, i.e. by means of Ax 2L — Ax 5L and Ax2P — Ax 5
‘P with F and V instead of C(F) and V(r) respectively. We shall accept that
Gr C Ge(r), if the notation has any sense.

The second remark concerns the relations between Gp and Gery- Strange
though it may seem, these geometries are rather ‘similar, though naturally not
identical. There are differences on principle, it is true. In any case, there do
not exist isotropic lines and planes in GC( F)» and this question deserves a closer
discussion.

The point is that G¢(r), or rather G, is not the single complex analytic geo-
metry up to now proposed. Another version may be found, for instance, in the text-
book [62] of B. Petkanchin. It is erected by means of the following constructions.
Let Pc be the Cartesian cube C? of the field C of the complex numbers, supplied
with the four operations (12) — (15) for any A € C and for any (z1, z2,. z3),
(y1, Y2, y3) € C3. It is proved that they satisfy Ax 1 F — Ax 10 F, Ax 13 F —
Ax 15 F and Pr 1 F — Pr 4 F (with C and Pc instead of F and V, respectlvely)
while the statements of Ax 11 F and Ax 12 F (again with C and”P¢ instead of F
and VFr respectively) are, in the general case, violated. Then a complex analytic
geometry in the “space” Pc may be constructed that has nothing to do with G¢:
the existence of isotropic lines and planes is the main if exotic characteristic features
of this geometry, and the roots of this phenomenon penetrate the ruins of the said
violated axioms.

(Let us note,- parenthetically, that these inferences have far -reaching sequels
in differential geometry. The same complex analytic geometry in Pc is used by the
author of [62] in his text-book [63] on differential geometry. In the foreword of [63]
one reads:

“IlouyTH BCHMYKM B'BIPOCHU Ca paarneﬂduu B KOMNIJEKCHOTO Ipo-
ctpancTBo. OBGMKHOBEHO TPETMpPaHETO Ha BLIIPOCUTE € €AHAKBO B PEaJHOTO
M B KOMIJAEKCHOTO MPOCTPAHCTBO, Thil KATO U3XOJHUTE TIOJOXKEHUA Ca €NHU U
chi. Pasiuums ce ABABAT MOHAKOLA CaMO B JA0OKa3BaHETO HAa TE3M M3XOIHU
nonoxkenua. Ho uMma u reomeTpuunn o6eKTH, BH3MOKHM C 2 M O B KOMILIEK-
CHOTO IPOCTPAHCTBO, KAKBUTO Ca HAIIpUMED M30TPONHUTE KpUBH: Teopuara
Ha Te3M KPUBH € M3J0KeHA TYK C I'bJHOTA, KAKBATO PAIKO Ce Cpellla B KHUCH
ot nonoben poxa...”

In the introduction of the book one reads:

“B UANTOTO CENBAILO M3JIOMKEHHe Iie pasriexiaMe 0GMKHOBEHO reoMeT-
PUYUHKM GUrypU, Pas3NOJIOKEHM B KO M N A € KC HO T 0 TpuuaMepHo Eb-
KIUIOBO NMPOCTPAHCTBO E., Taka ue me UMaMe paboTa ¢ KOMILJIEKCHM TOYKH,
NpaBy, PaBHUHHU, BEKTOPM, KoOpAuWHaTHM cucTeMu ¥ np. CaMo mpuU HAKOM
BBIIPOCH llle ce OrpaHMuYaBaMe, KOeTo Illle CIIOMEHaBaMe U3PU4YHO, Ha (QuUrypu
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B peasHOTO TpunaMepHo EBkimunoso npocrpaHcTBo E,, KoeTo e yacT
ot E.; ToraBa Ille MMaMe Nped BUL CAMO PeajHu TOUKH, TPAaBM, PABHHHMU, Bek-
 TOpM, KOOpPAMHATHA CHUCTEMM M T.H. ¥ Ille Ka3Bame, ye paborum “B E,” unm
“p peaynusa cayuair”. Ob6auye oT MeTOAWYHHM CHLOOpaKeHMA MHOrO BBIPOCH
oTHauajo we 6baaT Tperupanu B E, u cien ToBa pasrnemna,nnﬂ’ra e 6'baaT
06006maBaln U pa3mIMpABaHA 3a E..”

As these texts imply, the mathematical phllosophy of [63] is the followmg one.
By definition E, = R®; points and vectors are defined as elements of E,.. The
analytic and diﬁ'erential geometries in F, .are well-known long ago. Now all the
paraphernalia of these geometries are formally transplanted in E¢c, provided by
definition E. = C3, supplied with the operations (12) — (15) (i.e., as a matter of
fact, E. of [63] is what above has been denoted by P¢: we have good grounds to
avoid the notation E.). All these manipulations are entlrely dlfferent from those
by means of which G¢ is constructed. '

If now G, rather than the analytic geometry from [62], is put in the ground-
work of a complex differential geometry I'c, the latter will be entirely different from
the hybrid proposed in [63].)

_ A most interesting problem now arises. As it is well-known, along with the

arithmetical model of V, realized by the aid of the operations (12) — (15) in R3,
there exists a geometrical model too, realized by synthetic-geometrical means. To
" be more specific, let P be the set of all Euclidean points (i.e. points of the synthetic
Euclidean geométry) and let a relation ~ be introduced in the Cartesian square
P2 of P, defined in the followmg manner: if (A,, B ) € P? (v = 1, 2), then by
definition <

(40) (A1, B1)~ (A2, By),

iff the following conditions are satisfied:

1. Ay = By, Ay = By, or Ay # By, Ay # Bs and the line A131 is parallel to
the line Ay B,.

2. If Ay # By, A2 # B, then the segments A1B1, A2B> have the same
directions.

3. If Ay # By, A2 # B>, then the segments A By, A2B> have the same lengths.

It is obvious that (40) is an equivalence relation in P?. Now any equivalence
class in P2, generated by (40), is by definition a real standard vector.

In order that this denomination gets justified, definitions of operations addition
of vectors, multiplication of real numbers with vectors, scalar and vector multipli-
cations of vectors are given, and it is proved that these operations satisfy Ax 1 F
— Ax 15 F (with R and V instead of F and VF respectively). Quod erat agendum.

For the sake of brevity, let G = Gr and let E denote the synthetic Euclidean
geometry constructed axiomatically by the aid of the system of axioms Sy proposed
to this end by Hilbert in his famous work [16]. The following bilateral mathematical
process may now be realized. o

On the one hand, one can-model E in G. In other words, one can select
appropriate entities in G, call them “points”, “lines”, “planes”, etc., and prove
that the axioms of Sy are satisfied under these definitions.
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On the other hand. one can model G in E. Since G is constructed by means:
of real standard vectors, the meaning of this statement is that one can model them
in E, as indicated above.

And that is all. In such a manner it is proved that there is no essential difference -
between E and G. All the difference consists in technicalitites, if one may say so.

So much about G. What about G¢?

The trouble is that, as far as our knowledge goes, we do not yet dispose of
such a geometry — let us, hypothetically, call it E¢. — that the relations between
E and G described above could be imitated with F¢ and G¢ instead.

In other words, the geometers have not yet invented such a (hypothetical again)
complex synthetic (Hermitean rather than Euclidean) geometry that should have
G ¢ for its analytical equivalent.

Putting it another way, no complex variant of Hilbert’s Amwmensystem Su
is -u.p to now proposed — such at that, that the corresponding complex synthetic
geometry E¢ could model G¢ and, inversely, could be modelled by Gc¢.

The solution of this Problemata novumn, ad cuius solutionem geomelrict invi-
tantur (as Johann Bernoulli announced his problem in Acta eruditorum: determine
that smooth curve in a vertical plane, connecting two points A and B in it, along
which a heavy mass-point must move in order to arrive at B, starting from A, for
the shortest time) may be facilitated in virtue of the following observation.

First, the analytic version G¢ of E¢ exists. Otherwise, ‘E¢ is, In a sense,
familiar. The task consists, then, in discovering such complex analogues of the
axioms of Sy . which could |mplv C:C synthetically. :

Second. taking into consideration the mathematical structures of G and G¢,
one could select those axioms of Sy that will remain authoritative for F¢ too. As
it is well-known, Hilbert divided the axiomns-of the Euclidean geometry into five
groups:

“Die Axiomgruppe I: Aziome der Verknipfung.

Die Axiomgruppe 11: Aziome der Anordnung.

Die Axiomgruppe I1I: Aziome der Kongruenz.

Die Axiomgruppe IV: Azom der Parallelen.

Die Axiomgruppe V: Ariome der Stetigkeit” [16, S. V. our italics].

. Now everybody who is familiar with Hilbert’s geometrical axiomatics [16] and

with the analytic geometries in complex standard vector spaces [61] will ascertain
that all Hilbert’s axioms listed above must remain true for E¢, with the only
exception of die Ariomgruppe I1.

Indeed, substituting in (i the field € of the complex numbers for the field R
of the Teal numbers in order to obtain G, one dispenses with Anordnung since
C, in contrast to R, is deprived of such an attribute. The situation here is very
similar with that of complex analysis in comj.arison with the real one: the true in.

the real analysis theorem, according to which if Iim z, = lhm y, = exists and
n—>0u n—"m
fz, <2 <yn(n=1,2,...) then lim z, alsoexists and is equal to {, becomes
ﬂ—'OO .

not onlyfuntrue but even meaningless in the complex case, since the inequalities
T, < Zn < yn are now devoid of sense.
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Let us also note that, as regards the Aziome der Stetigkeil, they remain true
for G¢, but must be reformulated or reéjected at all, if one desires to construct
axiomatically G¢(ry with an arbitrary F rather than Gc.

All these problems belong to the future. As already mentioned, the solution
of the formulated above Problemata novum, ad cuius solutionem Geomelrici invi-
tantur is still in-cunabula. The complex analogue £y of Sy once settled, G¢ will
propose a second, geometrical this time, model of Vi (and possibly of Ve (r)), along
with the arithmetical one, proposed by C? together with the opelatlons (12), (13)
and (20), (21) in it.

That much about the interplay of analytlcal mechamcs and geometry. In
which manner the real and complex analytic geometries may be used 1n analytical
mechanics in order to supply it with motions, rigid bodies, and forces — all this
will be manifested. later. Before we undertake the next step, let us make a brief
summing-up.

. Starting from the algebraic notions of ordered fields, in general and of the
fields of the real and complex numbers, in particular, we defined axiomatically Vg
and Ve(r), in general, and V and V¢, in particular. Then we proceeded to analytic
geometries G¢ and Gy in Vp and Vip, respectlvely What now lies ahead is a
good algebraic theory of arrows.

Sliding vectors (vecteurs glissants, gleilende Vektoren, CKOABIAULUE BEXTNOPDL)
are no vectors at all, as it will be seen immediately below. Their genesis is a purely
physical one. They have been destined to describe mathematically forces acting on
mass-points and rigid bodies, and it is worth notmg that they did their duty with
merit deserving the highest praise.

Very much nonsense has been written in the philosophical, physical, and even
mathematical literature in connection with the “meaning”, “nature”, or “essence”
of forces: stupidity is unforbiddable. As a matter of fact, a mathematician is inter-
ested not in “what a mathematical object is?” (this question is void of sense), but in
“how to describe it mathematically?”. Making a long story short, let us pronounce
the final verdict: in analytical mechanics forces are described mathematically by
arrows. Now what does an “arrow” mean?

‘We must begin from afar. ,

Let us first see, in a book chosen at random, how are. shdmg vectors tradition-
ally introduced in the mathematical literature: ,

“laamm MoaToMy cliedylolliee ofpeaeleHue: ’

Bexmopom nasmeagemcs seaununa, mpaxmepusywu;aﬂcx nOMUMO u:wepﬁ-
0UE20 €€ 8 OppedesennblT eduuuuar MEPHL YUCAA, €Ue COOUM HANPABAECHUEM 8
npocmpancmee . .. ' . '

‘ OTMeTMM, UTO pa3liMyaloT BEKTOPHl TPeX pPoloB: C B 0 6 o 4 H H e,
nepeaBukHble [slidingvectors) m ompeneneHHBIe BEKTODP B
BBeneHHble HAMM BEKTOPbl OTHOCATCHA K THUIY CBOOOJHBIX, TAK KaK TOYKY MX
NPHJIOKEHNA MOXKHO BRIOMPATDH 10 NPOU3BOJY. Y NMepeaBMKHBEIX BEKTOPOB TOY-
KY NPHJIOKEHUA BEKTOPA MOXHO MepeMelaTh NPOU3BOJIbHO. BAOAb CAMOTO BEK-~

“TOpa, Tak UYTO NOCJelHbId MOKeT JexaTb Ha Ja0boil yacTu onpeneseHHOM
npamoii. IIpumepom nepeaswxHOro BekTOpa ABAAETCA CMJa, NPUJIOXKEHHaA
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‘; ‘K TBEPAOMY TeJly, TaK KaK 3a TOUKY NMPUJIOMKEHUA CHUJILI MOXKHO B3ATH A10bylo
_ OUKY Ha JMHMM AeMcTBusa cunbl. HakoHel, y onpelesieHHbBIX BEKTOPOB TOY-
K& MPHJIOKEHUA BEKTOPa JNOJKHA OmTh 3aduKkcupoBaHa. Tak, HampuMep, NpH
PACCMOTPEHMH IBWKEHMA KUIKOCTH 3a TOUKY MPHIIOKEHHA CHILI, AeiicTBylO-
melt Ha Kakylo-nmbo YacTHIY KUAKOCTH, NPUHMMAETCA HEKOTOPAA TOUKA Ca-
MO YacTHLRLL. '

MN3yueHue nepeaBWKHLIX M ONpefelleHHBIX BEKTOPOB CBOIUTCA K U3yude-
HM10 CBOGOAHEIX BeKTopoa, noyeMy JOCTATOUYHO OCPAHUUMTLCA PACCMOTPEHHU-
€M TOJIbKO MOCJeaHbIX.”

This citation is taken from the ninth edition [64, ctp. 6 - T] of a treatise
espec:lally dedicated to vector calculus and it inevitably reminds the estimation

_“so muB jeder Vernunftige erkennen, daB damit soviel als nichts gesagt ist” of v.
Mises. The book [64] makes no unhappy exception. The same fate haunts the
sliding vectors in the hands of almost any author of «a book on vector calculus
or theoretical mechanics.- The situation reminds the legend of the destroying of
the Alexandrian Library. Someone of the priesthood allegedly has said: “If these
books are in concordance with the Alcoran (or the Bible,. no matter), then they
are redundant; if they contradict it, then they are harmful.” ‘In the same way,
definitions of the kind quoted above are needless if the reader alreaﬂ§ knows what
does a sliding vector mean; if he does not, then they are wholly futile.

Turning back to the already cited text-book [55] let us note, as a kind of self-
criticism, that at the time when it was written, neither its author, nor the elder
of the authors of this article, knew how the sliding vectors must be defined most
properly. Because of that reason the exposition of the theory of sliding vectors in
[565], as well as in the second ‘edition [65] of the book, seems today unsatisfactory.
In both edition about 50 pages are assigned to sliding vectors. The main reason for
such a prodigality is rooted i the fact that the ekposmon is, In essence, synthetxc-'
geometrical. :

Let us discuss this prob]em in some details.

The intuitive idea, incarnated in the original notion of a sliding vectors, consists
in the simultaneous perception of two different mathematical objects, genetically
united in an indivisible whole. These objects are a line [ and a vector s, lying
on [ or at. least parellel to it.” Conceptually, this idea is connected with the image
of a force acting on a rigid body. The line [ interprets mathematically the line
of action or the directriz of the force, and the vector s its magnitude. In older
treatises on mechanics this mental picture is materialized in a pleasant if naive way
by illustrations: 1 is portrayed in the form of a stretched string, while s in pictured
~"as a man’s hand pulling the string.

- Many years ago an attempt (none too feiwltous) was made to formalize math-
ematically these intuitive ideas. In the article [66] a sliding vector is defined, in
plain words, as an ordered pair (s, {) of a vector 8 and a line { parallel-to s; this
definition works, but works rather arduously.

It turns out, however, that this definition may be reformulated in a most
profitable way. Let us write down an equation of the line I: since it is parellel to
8, there certainly exists a vector m, so that one of the equations of { (there are
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4

infinitely many, as we know) reads: |

(41) | ' rxs=m.
At t.hat; obviously

(42) : s#o0, sm=0.

This settled let us regard the ordered pair (s, m) with (42) instead of ti
ordered pair (s, ). Both pairs are equivalent in the following sense: if (s, m)
given, then ! is given too through its equation (41), hence (s, !) is known; inversel
if (s, 1) is givedt, then m is given through (41), hence (s, m) is known.

These observations lead to the following alternative definition of a sliding ve
tor: so is called any ordered pair <

(43) T §= (s, m),

of real standard vectors 8, m, satisfying (42) For the same reason for which t}
number zero is mtroduced this deﬁmtlon is supplemented with that of the ze:
sliding vector

(44) &= (o, o)
while (43) with (42) are called non-zero sliding vectors.  °

A developed algebraic theory of sliding vectors based on the definitions (4
and (43) with (42) is proposed in the article [67). ;

Before proceeding further, let us underline an important act of the author -
(551 :

As it is completely clear from the definitions (43) and (44), a sliding vecto
zero or nom-zero, i1s no vector at all: it is a pair of vectors. That is why tl
term “sliding vector” is extremely inadequate, being psychologically misleading -
a crymg ine\(pedlence Obviously, a new term must be invented. After some di
cussions, the author of [55] decided to substitute the term arrow far the tradition
sltiding vector, and nowadays, through the text-book [55], it enjoys popularity,
this country at least.

(Forces being interpreted by means of arrows, do not believe an author of
book on theoretical mechamcs who state$ that “forces.are vectors”: he is misleadir
you.)

The definitions (44) and (43) with. (42) are, however, by no means necessari
connected with the real standard vector space V. Obviously, the idea to substitu
Vr and even Vg(r) for V in these definitions is quite natural and rather temptin
In result one ontains not a single, but infinitely many algebraic theories of arrov
— one for any F both in V& and Veer)- -1t is natural to call the arrows of tl
first kind real, and those of the second kind complezr ones. We shall sketch no
the general contours of such a theory, working, for the sake of generality, in tl
complex case of VC‘(F), the real one being obtainable automatlca]ly by virtue of t
agreement to accept the inclusion Vp C Vg (ry.
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Let by definition
(45) | Accry =A{(s, nz)EVC':’(F)‘ s#o sm:OVB: = o}.

The elements of Ac(py are called C(F)-arrows (or simply arrows, for the sake of
brevity). If

(46) (8, 'm) € AC(F),

then s and m are called the basis and the moment of 5 respectively, provided (43).
The definitions (34) and (45) imply the inclusion

(47) Ac(p) C AC(F)- -
el

If

(48) | FE€ Aciry;

or

then §is called a non-zero arrow. The arrow o defined by (44) is called the zero-

arrow. - .
If (48), then there exists exactly one'l € L¢e(py with 5&l. The line [ is called
the directriz of § and is denoted by dir §. In such a manner, if (48), then

49) - s& dirs .
If

(50) - - ) r € Very,

(51) x : s € Acry,

and (43), then the vector defined by
(52) - mom,§=m +sx7

is called the r-moment of §, and » is called the pole of mom, §. ObV1ous]y, (51)
and (43) imply .

(53) x ‘ m = mom,3.
Besides
(54)‘_ : ‘ mom, 0 =5

for any pole r.
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If (50) and
(55) le Leimy,

(56) , (a, b) & 1,

then'r is called incident with 1 iff (22). In such a case it is written

(57) ‘ - pZi

In case (57) in violated, » is called no;z-incident with I. In such A case it is written
rZ1.
. Let

(58) . ‘ pE VC(F}!

(59) . 5Zdir 5

Then (51),7(41-3), (58), (59), and the definition of the relation (57) imply
(60) | . - PXs=m. |
Now (50), (60), and (52) imply

(61) 7 (P-r)x8=px8+8xr=m+38 X7 =mom,5.

Most of the text-books on theoretical mechanics define mom,§ by the expression

in the left-hand side of (61). The definition (52), however, is preferable, since it

possesses the most important for a mathematical definition characteris{,ic of econo-

my. - ' ' ‘
-If (51), (43),

62) roeVer =19,
then (52) implies | |
(63) - K mom,, § ~ inom;.gé'z 8 x (r; —r3).

The relation (63) is called the connection between the moments of an arrow with
respect to the poles (62). It implies’

(64) - 8 -mom, §= s -mom,,5.

The relation (64) is, however, trivial, since both its sides are a priori zeroes: (52)
._and (42) imply - . : 2 . .

65) & KR F= D
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for any pole (50). The relation’
(66) (ry — r2) -mom,, 5= (r; — r2) - mom,,§

implied by (63) is, however, non-trivial, except when r; = r,,
The sum of the arrows '

(67) - & € Acwry ) (v=1, 2),
defined by : '

(68) . - 51+ ". = (81 + 82, my +ma)

provided

(69) 5, = (8,, m,) B - (r=1, 2),

does not necessarily exist: the right-hand side of (68) belongs to A¢(p) if, and only

if,

(70) . 81 +s1=0, m+mi=o

or

. si+ 8 #0, (81 +82)(mq+ma)=0.
The arrow

(72) ; ," -5 = (—s, —m)

provided (51), (43) is called the opposite of 5. On the other hand, (67), (69)~, and
(45) imply _ \ | | . .

(73) . spm, =0 . =1, 2)
Now (73) imply that (711) are equivalent to
(74) = ) 81+ 8 #0, 8ymas+ samy; = 0.

In'such a manner. the sum (68) of the arrows (69) exists if, and only if, 52 = —.§'1 or
(74) holds good. Hence, the set (45) of all €'(F)-arrows is a system with partially
defined addition. ‘
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Let us pass over to systems of arrows. By this term in analytical mechanics
finite sets

- (75) | s={@ln
of arrows
(76) S-.UGAC(F). . : TR P, n)

are understood. Let

(77) | , Sp = (34, .m,,) | (v=1,. , n).

Then the sums

. ' n n
(78) _ T Z ... o an,,
v=1 ‘ v=] ‘
are called the basis and the moment of s respectively.

- If (50), then the vector defined by

(79) _ S moimn, § =M+ 8XT7

1s called the moment of the system of arrows s with respect to r, and r is called
the pole of mom, s. The analogy between the definitions (52) and (79) is obvious.
Evidently, ' '

(80) 7 = moni, §,

similar to (53). The relations (78), (79), and (52) imply

n n ’
(81) ’ moni,. § = E m, + E S, Xr
A . r=1 r=1 .
& n n - -
= E (my, 48, xT) = E mom,.§,. ) S
T w=1 v=1 . ' :

' If (75) — (78), (62), then (79) implies

(82) ' ©mom,, § —Mom;, s = 8§ X (r) — 71)

similar to (63). The relation (82) is called the connection between the moments of
“a system of arrows with respect to the poles (62). It implies

83 &-nom,., § = & - mom,., s
1 r3

i
—

94



and

~

(84) ; (1 —=72)-mom,, s =(r; —7r2) -mom,, s

similar to {(64) and {66) respectively. Confrary to (64), however the relatlon (83)
is by no means trivial, since. in general,

(85) - s -mom, s # 0.

Since

(86) , S MOIN, § = 8N :

for any pole = by virtue of (79), the quantity

’

(87) - | I =g

is called the first scalar invariant of s. If

(88) | . azm

then the quantity

(89) . Hai

S$-

is called the second scalar invariant of s .

The analogue for.systems of arrows ol thé notion directriz of an arrow is the
so-called azis of the systemn in question. As well as the notion directrix becomes
meaningless in the case of the zero-arrow, the axis of a system of arrows does not
exist save in the case (8%).

‘Let (88) hold and ket 'the h)ilo“m;.; pmhl( m be put: determine all poles (5{))
for which

(90) - ' 8 X MO s = 0.

A\

The condition (90) is a vector-algebraic equation with respect to r. In view of (79),
it i1s equaivalent to

(91). - ('m_.'-i; SXrix =0,

1e. to
(92) . ' _.’(rxs)_x.s_:-m,x.s.



The equation (92), together with (88), implies-tha.t, there exists o € C(F ) with

(93) - rxs=as+ M

A scalar multiplication of (93) with s implies
(94) | . as’=0
and’(94), (88) imply

(95) ' a=0.
Now (93), (95) imply
8 X (m x 8)

(96) | TXS8=

a2
Now, by virtue of (88),
8 x (m x 8) :
(s, —-(—,,——) € Ac(r)-

8-

(97)
Hence there exists exactly one | € L¢(f) with

(98) | (3.- :"L('";ﬁ_)) &l

82

It is called the azis of s and is denoted by ax s. In such a manner,

—
P

99y _ (3_. f—f——(lnx—s))&ax 5.

82 -

In such a way, the geometrical place of all points » € Vi(r), for which (90)
holds provided (88), is the line ax s, defined by (99). |

If (51), (43), (88) hold and-
(100) s =15k

- 1e. the system s consists of the single non-zero arrow §, then the relation (99)

changes into
~(101) . (s, m) & ax{5}.
Since by definition

(102) . (s, m) & dirs,
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it is immediately seen that the notion azis of a system of arrows indeed is a gene-
ralisation of the notion directriz of a single arrow, provided (88) in both cases.
It is proved that if (50), (58),

(103) rZaxs, plaxs,
then ‘

_ R 9 e
(104) . (mom, 5)* < (momgzs ).

In such a manner, the moments of a system-of arrows have minimal modules with
respect to the poles incident with its axis (if it exists, and if modules exist in Vo(r)).
A most important characteristic of a system of arrows s is its rank, denoted

by rank . It is defined in the following manner.
If G C Ve(r) and a mapping

(105) S F: G— Vo
is defined, then it is called a vector field over G.

A system s of arrows being given, the mapping
(106) ‘ b Ve — Veum
defined by

(107) : J(r) o mom,. s | ,  Ire Ver))

is called the moment field of s: (107) and (79) imply

(108) : | | ' pr)=m+sxr (re VC(F))

provided (75) — (78):
The mazimal number of lmearl\r mdependent elements of the moment field of
a system s of arrows. i.e. of the set : '

(109) - #lem), ., 3
representing the image of V(g through p, is called the rank of s. According to

this deﬁnmon rank s is one of the numbers 0, 1, 2 and 3, any four elements of

Veors hemb linearly dependent :
A system s of arrows being given, the direct determination of rank s, i.e. by

an ummediate d])pllcallOll of the above definition, is an unpfeasmg task. Indeed to
prove that rank s = 3 means to. find such poles

(110) o o, € Veipy | (v=1,2, 3),
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that mom,., s (v=1, 2, 3) are linea,i'ly_independeni‘.t i.e.
(111) " mom,, § X mom,, § - MOM,, § #0.
Simil_aﬂy, té pr;'.n;e that rank $ = 2 means, to demonstrate that (110) imply
(112). | mom,, § X mom,, § - m‘om_,.a_s_ =0,

and, second, to find such poles (62), that mom,, s (v =1, 2) are linearly indepen-
dent ie.

(113)  mom,, s X mom,, § # o.
Further, to prove that rank s = 1 means, first, to demonstrate that (62) imply

(114) | mom,, § X mom,, s = 0

and, second, to find such a pole (50) that
(115) - ~_ mom,s #o.

/

At last, to prove that rank s = 0 means to demonstrate
(116) = ° | niom, s = o B (r € Veiry)-

~ All this is, as already said, an unwellcome procedure.. Fortunately, it becomes
unnecessary in view of the following statement, usually called the rank-theorem for
systems of arrows:
The conditions (75) — (78) nnply

.

0 [ =0, m =0,
, 1 - i 8 =0, m # o,
(117) rank s = { o iff ¢
: = 2 s # 0, sm =0,
| 3 | sm #0
respectively.

Two diferent proofs of the rank-theorem may be found in the article [68].
~ It"is obvious that the application of the rank-theorem reduces the determi-
nation of rank stoa Schablon: a system of arrows s being defined by (75) —

(77), one has to. form s and m according to (78) and to see, which of the mutua.lly
exclusive cases in the right-hand side of (117) is at hand.
. Let us note, by the way, that the definition (79) implies: mom, s is invariant

with respect to the pole r iff 8 = o.
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The rank of a system of arrows plays an important role in the theory of such
systeins. For the time being we shall pause upon one only of its applications.

A key role in the theory of arrows and in its applications to statics and dy-
namics of mass-points and especially of rigid bodles plays the notion of equwalent
syslems of arrows.

While the basis s and the moment m of a smgle arrow wholly determine it,
the same is not true as regards systems of arrows. In other words, there exist two
at least (infinitely many, as a matter of fact.) diferent systems of arrows with the
same basis and the same moment. Yet, we shall use the notation s (8, m) in order

to mark that the system s has the basis s and the maoment m: all the same, s and
m are certain characteristics of s, as for instance the rank-theorem displays.

Two systems of arrows sy(8,, m,) (v =1, 2) are called equivalent iff

(118) | L 8, =8, my=ms.
In such a ¢ase, it is written

(1-19) ) ) : - 8§~ 82,

— —

%

It is trivially seen that (119) is an equivalence relation in the set Sc(py of all
systems of C(F')-arrows. Any equivalence class in Sc(r) generated by it is called a
C(F)-action or simply an action.

The time-honoured experience of mechanicians, both experimental and theo-
retical, displays that the mechanical behaviour, statical as well as dynamical, of
mass-points and rigid bodies is predestmated by the actions of forces, rather than
by the special systems of forces determining these actions, inasmuch as forces are
represented mathematically by arrows. In other words, if a mass-point or a rigid
body is in equilibrium or in a motion under the action of a given system of arrows
81(81, my), and if the system s ,(q . ) is substituted for s1, then the mass-point

or the rigid body in question w ill remain in equilibrium or w:ll accomplish the same
motion as before if, and only if, s; and s, are equivalent, i.e: iff (119) or, just the

same, (118) holds. R

As the case stands, it is easy to explain why dzd mechanicians, especially at
the early age of mechanics, when the analytical methods were not yet developed,
and the mechanicians were compelled to work synthetically, strive to substitute a
system of forces 51. acting on a mass-point or on a rigid body, with another one s,,

-

equivalent to s |n|t “simpler” than 51, especially in cases, when s, was a “compli-

cated” ofre, Tn & spite of the fact that the characteristics “simple” and “complicated”
are not unambiguous ones, it is intuitively clear what is meant by them: for in-
stance. consisting of a smaller number of elements. This. process has been called
the reducation of the system of forces in questnon and it has been accomplished by
the succesive application of a’certain amount of synthetic-geometrical operations
called elementar-statical operations. ‘They are four in number:

*
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1. If a given system of forces s contains two forces §) and § which possess a
sum §; + §o, then substitute §; + 3> in s for 57 and §5.

2. f §€ s and §;, §y are such arrows that §; +52 = §, then substltut,e §; and

0

52 1n s for s.
3. If 5 € s, then eluninate it from s .
4. Add 6 to s.

It should be noted that the elementar-statical operations, accomplished on a
system of arrows s, do not alter the basis and the moment of s, so that, no matter

How many elementar-statical operations are petformed on s, the result is always a
system of arrows equivalent to s.

In order to realize the importance that formerly was attached to the process of
reducation of systems of forces, let us note that 30 clear pages are set aside in the
text-book [55] for various particularities'connected with equivalence and reduction
of systems of arrows. .

In the course of tlme the mechanicians arrived at four “simplest” or - elementar
kinds of systems of arrows, to one of which any system of arrows can be reduced by
means of elementar-statical operations. These four types of systems are as follows

1. The zero-system o= {d}, consisting of the zero-arrow & only.

2. A dipol 5 conSIStmg of two non-zero arrows §, (u =1, 2) with 8; 48, = o,

i +m- = o, -

3. The mono—system p = {8}, consisting of a smgle NoN-zero arrow 3.
. 4. A bi-system £, consisting of two non-zero arrows §, (¥ = 1, 2) with non-
parallel non-intersecting directrices.

The following remarks are not useless. '

First, while the elementar systems o and K (cases 1 and 3 respectlvely) are

rwhol]y determined, the elementar systems 6 and 8 (cases 2 and 4 respectlvely)

—

are not. The meaning of this statement. is that there exist two at least (infinitely
many, as a matter of fact) different dipols 61 and &> with 61 ~ &5, as well as two

— —

at least (also infinitely many, in point of fact) dlfferent bi- system 61 and ;32 with

,61 ~ ﬁn ThlS is the meaning of the use of the definite atricle “the” in the cases 1

1
and 3, and of the indefinite article “a” in cases 2 and 4.

Saeond, i &, = (5, m,) (v =1, 2), then by definition dir §, (v = 1, 2) are
intersectinlg if, and only if, s

(1200 s xs:#0,  sma+symy #0.

The rank-theorem proposes a criterion for a natural classification in the set
Sc(r) of all systems of C(F)-arrows, possessing a completely determined mechan-
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ical significance. It is based on the following reduction-lemma:

]

» [ 8=o0, _ni:o,
J , " 8=o0, m#o
121 ,m)~<{ iff ’ ’
(121) s(s, m) <£ i bde =l

Now the rank-theorem and the reduction-lemme, imply the so-called reductzon-
theoremi:

If s € Sc(p), then:

—

iff rank s = {

W N = O

l@i® lo>nlo

\ \

The rank-theorem plays an important role in kinematics of rigid bodies, more
exactly in the so-called statical-kinematical analogy, but this is a problem we shall
discuss in due time. :

This is almost all one must know about arrows at all costs. The theory of
arTows is a vast one, but all that remains are, from a mechanlcal point of view at
least, particularities. '

Up to now all considerations have been of a purely algebraic nature. The
following step toward the axiomatic consolidation of the logical foundations of an-
alytical mechanics consists in development of theories of motions and rigid bodies.
Now, on the very threshold of these theones one is faced with the necessity of vector
analysis.

Those are topics tha.t will be discussed in the continuation of this paper. For
the time being we shall append the last pieces of information from vector algebra.,
that will be necessary in the following exposition. They concern mainly the so-
called vectors of Gibbs. :

Let He(py be an Hermitean space over C(F), i.e. a set, in which three opera-
tions (16) — (18) are defined, satisfying the conditions A\ 1 C(F) — Ax 12 C(F)
(w1th H instead of V) -and let

(123) : - a,,.e Hery ' (r=1,..., n),
(124) . Glay)y- #0
provided by deﬁnition' ‘
o aj a,a,
(125) Glog 00s = cemisaisnusmssnas
a,a; a’
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Then the vectors deﬁned by

a) Gn N
a?. a,ay
(126) a;‘ = -(:-1)—”::— @16y ... GnGu_1 B=1,...,
G(av)p=
: G18,+1 GnGyu+1
aia, .a,z,

are called Gibbs’ vectors or reciprocal vectors of the vectors (123).

n)

(As it is well-known, the condition (124) is necessary and sufficient for the
linear independence of the vectors (123); for n linearly independent elements of

Her) it is said that they constitute a reper.)

The following propositions describe the basic properties of reciprocal vectors

Pr 8 C(F). (123), (124) imply

102

' 1 (p=v) ~ .

(1.27) ‘ a,';lau = {0' (i v - (u, v=1,..., n).

Pr 9 C(F). (123), (124) imply

.y Y (w=v) | |

(128) ‘ | i) = {0 £ ) ! (u, v=1,..., n).

Pr 10 C(F). (123), (124) imply
(129) | | G(a; 1) ;e 0.
~ Pr 11 C(F). (123), (124) imply
(130) . Gla,)Po,Glaz )., = 1.

Pr 12 C(F). (123), (124) imply |
(131) | (@Y '=a, w=1,..., n).

Pr 13 C(F). (123), (124) imply | 7-
132) a'=a, " (w=1,...,n)
i | |

s |1 (p=v) |

(133) S aua, = {0 o #'u) (p,. v=1,..., n).



Let H(a,)"_, denote the linear span of (123) provided (124), i.e. the set

(134) H(av)n=i — {zn:avau Day € C(F) (V = ki , n)} .

v=1
Then: o
Pr 14 C(F). (123), (124),
(135) | , TE€H(a),;
implf \
g = . _ \
(136 . = zn:(rajl)a,,. :
- - w=l

Pr 15 C(F). (123), (124), (135) imply

n

(137) ' i Z(ra,,)a;‘l.
’ v=1l
Pr 16 C(F). (123), (124), |
(138) Y aue O, | (w=1,..., n)

imply: there exist exactly one (135) with

(139) _ Fay =0 ' fr = Lias 5 B);
namely
(140) r= Za,a[l.

: : v=1

Pr 17 C(F). (123), (124) imply: there exists exactly one (135) with
(141) ra, =0 e (v=1,..., n),

namely

(142) » o r=o.
Pr 18 C(F). If

(143) | - a, € Ve - (=12, 3)
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(144)

then

(145)

provided
(146)

Pr 19 C(F). If (50),
(147)
(148) |

(149)

then
(150)

(151)

(152)
imply (142).

alxag-ag#O

a; Xas-as

. Gy4+1 X Qy42

v

Ay4+3 = Ay

a, € »VC(E)
bu c VC(F)

rXay= by

’ a”by + aubp = 0
Pr 20 C(F). (50), (147),

\

-

a; x ax # o, '

rXAGy=0"

Pr 21 C(F). (143), (144),

(153)

(154)

b, € Ve(r)

ab, +a,b, =0

imply: there exists exactly one (50) with

(155)

namely

(156)
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rxa,=>b,

B -

3
_Za;l % b,
v=1l

- (i/: 1; 2 3)
(i =1, 2-).':

| (V =] 2),
w=1,2

(v=1, 2)

(p; v= 1,.2).1:

(v=112)

(‘V = 1'1 2’ 3))

(g, v=1,2,3)

fip=1, 3 3),



Pr 22 C(F). (147), 148) (150), (151) imply: there exists etact.ly one (50)
with (149), namely (156) provided

(157) asz = a; X as,

158) b; = (b1 ‘a9 X al)afl + (bg sy X al)a,;l.
( = ,

The mechnical praxis necessitates the solving of four only systems of algebraic
vector equations in the main. Three of them are the systems (139), (149), and
(155), considered in Pr 16 C(F), Pr 22 C(F), and Pr 21 C(F) respectively. The,
fourth is discussed in the following proposition.

Pr 23 C(F). a € C(F); a, b, c € Vo(ry, a # 0, ab =0 imply

1. If ac # 0, then there exists exactly one (50) with

(159) r x a =b,

(160) i ‘ re = a,

namely

(161) ' r_aa-i—cxb"
= - .

2. If ac = 0, aa + ¢ x b = o, then any solution (50) of (159) is a solution of

(160) too. but the inverse is not true.
3. Ifac =0, aa+ ¢ x b # o, then there exists no (50) with (159), (160)

(To-be continued.)
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HEXOJIOHOMHMU 3AIAYY OT TbPKAJAHE HA
TBBPIO TAJIO BbPXY IIOBBLPXHUHA

COHA NEHEBA

Cons lenesa. HEXOJIOHOMHU SAHA‘II/I oT T'bPRAJTHHE HA TBbHP-
0 TAJO BbPXY NOBBPXHUHA

B paBoTe 3aTpOHYTH HEKOTOPHE ACNEKTH KIACCHYECKOHM HEroJIOHOMHOM 3ajauM o
KavueHUM 6e3 CKOJbKEHHA TAXKEJOro mapa No NOBEPXHOCTH.

Sonia Deneva. ON NONHOLONOMIC PROBLEMS FOR THE MOTION OF °
RIGID BODY ON A ROUGH SURFACE

- In the papér some nonholonimic problems for the motion of a heayvy ball rolling on
absolutely rough surface are considered.

*

B HacTosmaTa paboTa ca 3acerHaTv HAKOM acClEKTH Ha KJIacU4ecKaTa 3a-
Aaya 3a ThPKAJAHEe Ha TEXKKO K160 BbpXY rpanasa nosbpxuuna. C moMomra
Ha YpaBHEHUATA Ha AmneJs ca M3BeleHM oOIATEe ypaBHEHWA Ha ABWKEHHE M ca
pasryielaHy HAKOM YaCTHU pellleHMs Ha' Te3W ypaBHEHHA NMpM ThpKaiaHe Ge3s
XJ'b3raHe Ha K'bj160 BbpXy KOHKPETHM NMOB'bPXHUHM — PaBHHUIIA U POTALMOHEH
enuncoua. Pasrienanu ca ABa OCHOBHM Cayuas — TbpKajsHe 6e3 Xab3raHe
Ha HEXOMOIeHHO M XoMoreHHo Kbiabo. M3uckBaHeTo kba60TO 2 He HallycKa
NOBbPXHHMHATA € eKBMBAJEHTHO C HaJIMYMETO Ha eJIHa KpaiiHa Bpb3Ka Mexny
napaMeTpUTe Ha ABWKEHMETO, a YCJIOBUETO 33 T'bpKaJifHe 6e3 XJ'b3raHe BOIH
IO ABE 3aBUCHMOCTH MexIy 060611eHNTEe CKOPOCTH.
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3afauata.3a ThPKajAHe. Ha TEXKKO TBBHPAO TANO BbPXY HENMOIBUKHA XO-
PHU30OHTAJIHA PAaBHMHA € pelleHa CaMo B CHEJHUTE TPU ciydas : ABMKEIIOTO Ce
TANO € OrPAHMYEHO OT UMJIMHADHAYHA NOBbDXHUHA (3ajava, pasriexiaHa OT
JI. Oiinep) nau uma ¢popMa Ha Kbi60O MAM TMCK (TOYHM pelleHHA B MOCIEn-
HUTe ABa ciayyas ca aajgeHu oT B. TomcbH 3a cayyas Ha XOMOTeHHO THIO).
Pewennero Ha 3aJa4aTa 3a T'bpKajlfdHe Ha HEXOMOIeHHO Kbj60O € HaMepeHo
MpH ClleJHUTE OrPAaHWYEHUA | UeHTbPBT Ha TexkecTTa G Ha KbaGoTO chbBHalda
C reoOMeTPUYHMA MY LIEHT'bP U LIeHTPAJHUAT MHepUuel enuncoua uMa Gopmara
Ha cdepous (3anaua, pasraexnana ot JI.K.Bob6uines u H.E./Kykoscku [1, 2]).
Mo-06wuaT tayyail, KOraTo HEHTHPBT HAa MaCUTe He CBBMAJA C TEOMETPHY-
HUA LUEHTbP HAa KbAGOTO M ABA OT IJIaBHUTE MHEPYHUM MOMEHTH Ca DaBHH, €
uiciensad or C.A.Yanaurun [3]. 3a TpuoceH LeHTpanieH UHEPYEH eJINIICO-
M/ pelleHUA ca HaMepeHU B HAKou dyacTHU ciaydaum ot II.B.Boponeu [4] npu
M3BECTHU MpEANoJioKEHUA 3a pa3NojioKeHMeTO HAa MacaTa, JIMIICAa Ha Terjo
M OFpaHMUYEHMH OTHOCHO HAUYaJIHUTE YCJIOBUA Ha aABwkenuero. Ilpe3 1958 r.
E.N.Xapnamosa (5] pasraexna 3a/lavyaTa 3a TbpKajAHe Ha Kbj6o Mo Haklo-
HEeHA paBHMHA MPW HAKOU OrpaHUUeHMsA, HAJIOKEHU HA HAYAJHUTE YCJIIOBMA Ha
3ajayaTa, ¥ MpU YCAOBMe, Ye KbIOOTO NMpHUTeKaBa TPUOCEH UHEPYEH eJIMICOo-
M, 3a UeHTbpa Ha MacuTe, CLBMNAJAN] C FeOMeTPUYHUA MY UenThp. [Ipu Te3n
OrpaHMYeHUsA aBTOpPKaTa NpUBEeXIa YPaBHEHMATA Ha [ABWKEHHE Ha Kba60TO
K'bM ypaBHeRMA, no Gopma chBnanaim c usciaeapauute ot C.A . Yanaurua B
3ajJayvaTa 3a T'LDKaJsAHe Ha HEXOMOreHHO KbA6o no xopu3oHTajHa paBHUHA,
3a KOATO croMeHaXMe-Ma-rope [3).

B npeanaranarta patoTa 3a rnoay4yaBaHe Ha AMdepeHIMATHUTE Y PaBHEHUA
Ha JBUKEHMETO ca W3NMOA3BANM ypaBHeHuATa Ha Anen. EnHo oT npemmcTBaTa
Ha Ta3n (opMa ypaBHelus lla IBWKeHUe 33 HeXOJOHOMHM CHCTEMM B CpaBHe-
HUMe ¢ MHOFOTO JIPYTH Npe/UIATAHA € CaeqHoTo : JIoKa3alo €, ye eHepruaTa Ha
yCKopenueTo S HaNbLJIHO XapaKTepU3Upa AMHAMMKATA Ha HEXOJIOHOMHUTE CUC-
TeMMU B CMUCBJI, Ye UMaliky u3pa3a caMo Ha PYHKUMATA S U Hepa3nonaraiku
¢ APYr¥ CBelelns 3a cHCTeMaTa (He3HaelKM HUILO 3a BPLIKUTE, HAJTOMKEHM
Ha CUCTeMaTa). MOKeM Aa ChCTaBMM ypaBHenuaTa na apwxenve. [lo Takbs
HaUMH 33 HEXOJOHOMHM CUMCTEeMM (QyHKUMATA Ha YCKOPEHWETO Mrpae TakaBa
POJIA, KAKBATO M KMHeTHuHaTa emeprusa T 3a xononwomuu cucremu. OTTYK
clensa, Jye 11o3HaBaHeTo camMo Ha ¢yHKUMATA 1 e Bce ollle HEJOCTATHYHO 33
M3yyaBaHe [0BelleHUeTO Ha AajleHa HeXojoHoMmua cucrtema. C Apyrum AyMmm,
AKO 3HAaeM CaMo M3pa3a 3a KMHeTMUHATa €Heprus, To 3a AMHaAMMKaTa Ha He-
XONOHOMHATA CMCTEMa Ollle HUIIO- HE MOKEM Ja KakeM. 3a J0Ka3aTelCTBO
Ha ToBa TB'bplcHUe-e AOCTATbYHO AA Ce HAMEePAT ABE, Pa3jMYHUA AMHAMMUYHHU
CMCTEMH, U3pasuTe 3a T Ha KOWTO ca e/HAKBM, a PyHKuMMTe S ca pa3IUdHM,
TakbB puMep e naten oT Ane [6]. ABTOp'hT pa3rnexnaa JABe, CHCTEMH, II'bPp-
BaTa OT KOMTO NpeACTaBAABA JUCK C palUyC @ M UHepUYHU MOMeHTH A, A u
C', koiiTo ce THLpKaA No rpallaBa XopusonTajHa pasnuna. BTopara cucrema
€ POTAIMOHHO TAJIO C PAadMYC @ M C TAKOBa pa3npeaesieHde Ha MacCUTe, ye
A1 = 4, € = md®. TMocneanoTo ce ABUAKM Npyu CAeIHUTE orpaHUyeHUn :
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.

a) HEHT'bP'BT Ha TAJOTO C€ XJI'b3ra M0 BEPTUKAJIHA OKP'BKHOET ¢ yPABHEHHE
= 24 02 2 '
n=0, §+n=a’.

6) caMoTo TAJO ce XJI'b3ra Mo XOPU30HTAJHA paBHMHA Ge3 TpueHe, IpU Ko-
€TO KOOPIAMHATATA Ha LIEHTBhpa Ha Macute € ( = asinf.

AKO MacCHTE€ Ha ABETE TeJla Ce NPUEMAT 3a €IVMHUIMU, Ccliel HeCJIO}KHPI Iipe-
CMATaHNA 33. EHepI‘HHTa Ha ycxope}mei‘o Ha n'bpBaTa CHUCTEMaA ce nonyana

5 = §I(A +a%)p’® + A¢2 (@ + a)i’] + (Agetghd — Cr)(pd — ap) + .- ,

OJOKATO 3a BTOP&T& HM&MG
2= 5l(A4+ a®)p? + Ag® + Ci?) + (Aqgetgd — Cr)(pg — p) + . .,

dynkimAra Ha Jlarpank o6auve u 3a /BeTe CUCTEMHU € €HA U CbIIA !

1 - .- fos - . :
Li=Ly= 5[1‘1(1!72 + ¢%) + C#%) + (Agetgh — Cr){pg — gp) + -

Y

I. YPABHEHUE HA IBUKEHHWUE HA HEXOMOI'EHHO KR'BJIBO,
KOETO CE T'bPKAJIAI BE3 XJI'b3T'AHE 1O HEHOIIBI/I}RHA
PABHHUHA

IlosnioKeHneTo Ha KbABOTO ONMpeAesAMe CIPAMO ABE KOODANHATHU CUCTe-
MM — MHeplMajlHaTa KOOpAMHaTHa cucrema Oryz, umaTo oc Oz € HaCOYeHa
BEPTUKAJIHO HArope, U HEM3MEHHO CB’bpP3aHaTa C TAJOTO KOOPAMHATHA CUCTe-
ma C€n(, obpasysana-oT nesTbpa C Ha KbAG0TO ¥ MITABHUTE My MHEDUYHHM OCH.
3a mapaMeTpM Ha ABWKEHWETO M3bupaMe KOOpAMHATHTE TG, Y HA HEHTHPa
Ha MaCUTe U OiljIepOBUTE BLJIHU @, ¥, § HA Heno ABMKHMA Tpuedbp CEn( cnpamo
Ozyz. Pammyca na xbaGoto o3HavaBaMe ¢ b, a ¢ H — nonupHaTa ToYKa Ha
kbib0oTO ¢ XOpu3oHTaaHaTa paBHMHA. [lle m3Benem Haii-Hanpex ypaBHEHMS-
Ta Ha ABIKEHHE TIPU NpeAlosioxkKenne, 4ye MagoBUAT ueHTbp C Ha KbiaboTo
CBHBHAJA C T€OMETPUYHUA MY UeHTHD G.

Ot ycnoBueTo 3a ThpKajisHe Ge3 XAb3raHe ClelBa

(1) : - VHZV(I:f!-u_JXpH:ﬁ,

K'bETO W € MOMEHTAJIHATA bIJioBa CKOPOCT Ha KbiaboTo, a pg = CH. Ot (1),
MPOEeKTUPAHKMA BBPXY HEMOOBWAKHUTE OCH, MOJIydaBaMe

(2) 2c — bwy = 0;
yC‘ +wa =
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zc = 0.
II'bpeuTe nNBE paBeHCTBA OTPa3ABAT HEXOJOHOMHMTE Bpb3ku. Tperoro cq'!
cBexna no z¢ = const, z¢c = b. 7

Ilopanu HexoJIOHOMHHTE BPB3KA caMo TpH OT oBobueHuTe Koop,nuﬂa{'rn\;
onpeneAINM MOJIOKEHHETO Ha KBbA6GOTO, ca He3aBUCHMMHM. 3a TakuBa u3bupa-
Me oitneposute brau ¢, ¢ u f. Ille usBenem ypaBHEeHMATa Ha ABMXKEHUE c
NOMOLITa Ha yPABHEHMATA Ha Amnes BBB BUAA

'é

A

as” ' f

86 =Qa (U=l+1,...,m), - ]

g = i

KBAETO 1,42, ... ,dm €3 0BoOLIEHNTE KOOPAUHATH, | — BpoAaTt Ha Hexonouom{

HUTE Bpb3KM, S — eHepruara Ha yckopenuero (I =2, m = 5),

S* = S(q11‘-' y @m, q.l-f-lv'“ :q‘ﬂh (.if-l-l)"' 1‘}.!!1)'

re

EnepruaTa Ha yCKOpeHMeTO Ha TB'LPAO TAJNO MTPU MPOMU3BONHO ABWKEHHe CNpA-
MO IJIaBHM MHEPYHHU OCH ce 3ajaBa.C ¢opMynaTa. :

3 | S=%3w2-+ —(Ap® + B§® +Cr)

+(C = B)pgr + (A = C)ipr + (B — Ayivg +"...,
KBIETO C P, ¢, CA 03HAYEHH NPOEKUUNUTE HA W BBPXY Cén¢ :

(4) i — vaiilﬂsin¢+écwp,

g=1sinfcosp—fsinyp,
7= 1tcosb+ .
[TpoekunuTe Ha w m,pw Ozxyz 3aBUCAT OT oﬁneponwxe bLJIM 110 cnem{nﬂ Ha-
YHH : ’ * X

(3) : wy = @sinfdsiny + fcos 1,
wy = —psinf cosy + Osin e, 2
w; = th 4+ ¢ cosb.
ila mpecsernes eHepruATa Ha yCKOPEHMETO Ha KbJIGOTO :

q ]
muw; 1 WP
2(.; = Tz"('-l’b +ie+3).  (ze=2zg, Yo = ya)-

T (2)m (5) HaMupanMe
ic = b(~¢sinf cos § + fsin ),
Yo = —b(¢ sinfsin ¢ +0 cos ),
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#¢ = b(—@sin 0 cos ¥ — @l cosfsin ¢
+@i sin O sin ¥ + 0 sin ¢ + 64 cos ),
fic = —b(¢sin fsin ¢ + $f cos O sin ¥
+gbt/-)sin05in¢ + 5cos¢ - él,l;sianl).

[loBamraiiku B KBaJpaT Zc M §c, 3alla3BaMe caMO WIEHOBETEe, ChAbPKAIM P
n 0. Cnen m3BecTHU NpecMATAHUA MOJIydYaBaMe

OTKBIUETO

L+ 2 = b(psin 0)2 + 62
+2sin 8(pph cos § — G0 + Bp)),
b%[0 + ($sinf)? + 2sin (B¢l cos§

— 04 + Bp9)].

1.
M =

Ot (4) Hamupame

(6)

p = sinfsin g + 18 cos fsin
+1j)¢ sin 8 cos p + 8 cos (,o‘-— égbsiﬁep,
g = ¥ sinf cos ¢ + 98 cos 8 cos p
—qbg'psinﬁs'm P 6 sin Y — éc,'o cos @,
7 =1 cosh — hfsinf + ©.

Y paBHEHUATa Ha AmeJ Ile UMAT BUIA

(7)

35 |
¥ = [AP+ (C - B)‘I"]—'J + [Bq A ~ C)P"‘]—J

s B ..’.',:-
+[Cr +( A)pq](,M 0,

s
3sa

HBi+ (A= C)prlgh + 05+ -'A)pdgi =i

aS
80

+[Bq + (A C')pr]a + [C'1 + (B - A)pq]—n = 0.

mb2(8+<p1/)sm9)+[Ap+ C - B)‘I"]a‘9

— = mb*sinf(psinp + o6 cos 0 —91,0) +[4p + (C - B)qug—(‘?5 .
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Ot (6) u (7) nonyuaBaMe cleAHUTE YpPaBHEHNUA Ha ABWKEHUE Ha HEXOMOI'€HHO
Kba60 BbPXY HENOABUKHA XOPU3OHTAJHA DABHUHA :

[Ap + (C — B)gr]sinfsin + [Bg + (A = C)pr] sinf cos ¢

+Cr + (B — A)pg]cosf =0,
(8) | - mb*sin B(Bsin b + p0cosf — ) + Cr + (B — A)pg =0,

mb*(8 + ¢ysin ) + [Ap+ (C — B)gr]cos ¢
—~[Bq +:(A — C)pr]sing = 0.

lile ce cnpeat Ha HAKOM YACTHM pellleHUA Ha cucTemaTa (8).
Monaranic @ = 0. Torapa ypaBnenuara (8) no6uBaT Buaa

Cr+ (B - A)pg=0,

[4p+(C — B)yr]cos ¢ = [B4 + (A — C)pr]sing. - e

OT dopmynure 3a p, q, r U TEXUUTe NMPOU3IBOAHU cied 3aMecTBaHe ¢ § = 0
nojy4yaBame ' -
p=¢=0,

r=v+y,
Ci=0—r=y+p=ry,  Y+p=rel+so.
i . B
3a TpaeKTopUATa Ha AonMpHaTa TodKa OT (2) B To3u caydaid nojiyyaBame

I = Lo, ¥ = Yo, z=b;

Cdeparta e ¢ToU HA €JIHO MACTO M 1€ Ce BLPTU OKOJIO BEPTUKaJHA 0C, MU~
HABAULA 1Ipe s ENTLPA U, ¢ HOCTOANNA BIJIOBA CKOPOCT W ¢ rofteMuna |w| = ro.
20 Herva v = vy n g o= 0. Torana umame p = 0, ¢ = ps 0. Tlpu Te3n
veaopui (N) ce epegda o ypasinenuero m(b? + A)0 = 0 uan. 0 = 0yt + 6.
Aa onpeseans TpackTopusita na JlondplaTa TOUKA

r = by sin vy, = bfysin Yol + g,

y. = —i;O,, COS L. ' — —h(j(, cos ¥ol + yo,

OTK'BACTO, M3KIOYBAKKK Hapaserkpa [ noayvasame y = (zg — z)etgo + yo.
Mpu HATPABCHATE HPeIOIOKCHAS CTUraMe 10 U3BoJa, Ye KbaboTo ce Abu-
AU C HOCTOANHA bIJIOBA CKOPOCT W = 0o cos Vi + 00 sin o] M UEHTBPLT MYy Ce
ABAAK IIPABOIIMHERRO U paBHOMCPHO ¢be cKopocT |v] = bly.

3. Hewa 0= 0. Torasa ypasienusTta la ABUAKEHUETO UIC UMAT BUAA

AP+ (C = B)yr]sing + [Bg + (A =C)pr] cos w}sinly

+{CF+ (B = A)pg]cosly = 0,



(9) mb?sin® 8o + C7+ (B — A)pg = 0,

mb? sin oy + [Ap + (C — B)gr]cos ¢
—[Bg¢+ (A — C)pr]sing = 0.

3aMeCTBallK¥M p, ¢, T C TEXHUTE DABHH, MoJIy4YaBaMe ypaBHEHUATA

d - ; ;
EZ[Apsin fo sin ¢ + Bgsin 0 cos p + Cr cosbp] = 0,

d : . ,
Et-[mbz sin 8pp + Cr] + (B — A)sin® 812 sin pcosp = 0,

d U : ) - .
E[Apcosgo — Bgsing] = y[cos bg(Apsin ¢ + Bg cc‘)sxp) —sin6p(Cr + mbng)_]:

Heka ome % = t¢p. Toraa p = ¢ = 0, r = = $p, P = cpot+qpo 3a
TPAEKTOPHUATA Ha AONMUPHATA TOUKA nonyaname

< —bcpg sin By cos Yot + zo,

y = —bgosinbpsin ot + Yo.

B cayuas 0 = by, ¥ = 1y JONMPHATA TOYKA OTHOBO OMMCBA NMpPaBa u Kba60TO
ce T'hpKalld ¢ ‘bIJIoBa CKOpOCT |w| = o,

@ = g sin fg sin Poi — g sin by cos Yo + o cos Gyk.
4. Tlonarame @ = 8, ¢ = @o. B ypaBrenusara (9) 3amecTBaMe @ = @y :
[A(sin o sin 6o)* + B(sin 8o cos po)® + C cos® o] = Ci,
C cos 6015 — ubz(A — B)sin? g sin g cos <p.0, o
(A'.:- B) sin ¢ cos @ sin 001,-[’, = |,b2 sin @ cos o(Asin® gy + B (:os2 wo — C).

OT nbpBOTO ypaBHEHHe MojyyaBaMe ¢ = const = 1,b0 OquunHo 1,() 0. 3a na
¢ M3N'bJAHEHO TOBa YCJIOBME, Koedmumeﬂ'rwre fnpen 1) BB BTOPOTO U TPETOTO
ypaBHeHue TpabBa Aa ca paBHM Ha HyJila. ToBa € M3IM'LJHEHO Ha,npmv:ep B

cnyua,ﬂgoo-—OuB C. ,
W raka, B cayvan 6 = g, p = 0n A = B C xbaboro we ce BBPTH

OKOJI0O BEPTHKaJHA OC C 'bIJIOBa CKOPOCT W = Yok :
5. Heka A = B — ciayuaii Ha IMHAMMYHA CUMETPUA’ OTHOCHO ocTa C¢.
Ypamlenmﬂra Ha ABWXXeHUe mvla'r BUIA

[Ap+ (C — A)gr]sinfsin g + [Ag + (A — C)pr] smﬁcosrp
+Crcosf =0, _
mb? sin B[ sin 0 + phcos b — 4] + Cr = 0,
mb?[0 + oY sin 0] + [Ap + (C — A)gr]cosp
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—[Aé + (A - C)pr]sinp =0.

Heka 8 = 6y, Torasa
-2 d o d 4 .
Asin Goa—tw + Ccosﬂoa-t—(qbcosﬁg +¢)=0

mb? sin® 6, ago + cos “&E("b cos Qo +¢)=0

[(mb® + C)gsinfo + (C — A)sin b cos oty = 0.
O'r"rpe'm'ro ypaBHEHUE IToJlyyaBaMe

mb: +C .
(A—C)cosb "

‘&:‘0, lj)——-

Heka ¥ # 0 (nbpBHAT cnyqaﬁ e TpUBMalieH). YMHOXKaBaMe BTOPOTO ypaBHe-
HUe C cosfp u ro usBaxkmame oT m:paoro

d : _
A ¢- mb?® cos()oz-t- =0 - ~

A¢ — mb® cosbpp = Cy
iU
s 9_ B mb? cos by .
| , A A
3a na c’hIeCTBYBa pellleHMe Ha CUCTEMaTa, MHTEer palMoHHaTa KoHcTaHTa ()
TpAbBa Na € paBHA HA HYJa M [a CHIIECTBYBa 3aBMCUMOCTTA

mb*> +C _ mb? cosby
(A=C)cosfy A
T'bffl,l‘:‘aTO | cosbp| < 1, unanie |
A(iﬁbg +C) r 3
Ao ARG

mb24 + AC <mb*A — mb>C,
A < —mb® < 0 — nporuBopeune
A<C, mbA + AC < mb:C — mb? A,

mb2C

U Taka. npU HanpaBeHUTe npexanojoxenma A = B, 8 = 6y € (0, -;E) u (10)

HaMHpazMe, e briaAnuTe n y L€ Ceé UBMEHAT 110 JINHEeEeH 3aKOH .

L= L':‘of+t.l’o. ¢ = ot + o.



Or

t = bwy = —bypgsinby cos(t/:vot + o),
§ = bwy = —bgosin by sin(vot + Po),
. by sin 6
z = —ksin(¢ot+vo), k= m;m =
: (1]

y = kcos(yot + 1/)0)_,

3a TPREKTOPMATA Ha JOMMPHATA TOUYKa MOJy4yaBaMe OKpbkHOCT z2 + y? = k? .

6. Heka A = B = C — kJacuUeCKUa ciay4ail Ha ThpkaiaHe Ge3 xjab3raHe
HA XOMOTEHHA chepa BbPXY HENOABUKHE PaBHUHA. Y paBHeHMATa Ha ABIKe-
HUETO Ca

(1) ¥ + pcosf.— phsinf =0,

mb? sin 6(p sin 0 + ¢ cos 0 — ¢)) + A(t cos8 + ¢ — Yfsinf) =
| ~ (mb® + A)(B + Pgsinf) = 0.
Ot (11) nonyyasame |

wgz = const, ~ w, = const, w, = const,

OTK'BAETO Ce€ BWKIA, Ue BEKTOPBHT W € NOCTOAHEH.

Y paBHEHMA Ha OBUKCHME HA nexomorenno K200, KOraTO MACOBMAT
nenrsp G He cBpBHAnA ¢ reoMerpuyunMA My neATsp C.

B To3u cayuaii na BbBeneM MoABWKHA KOoOpIuHaTHa cucTteMa GEN( ¢ Ha-
4alo B MacOBHMA LEHTHP. la osnauiM ¢ §o, 7o, (o KOOPAMHATHUTE Ha reomer-!
PUUHMA LEHTbP Ha KbJAGOTO CIPAMO OCHTE Ha GﬁqC OueBnano Eg, no M (o ca
KOHCTAHTH. Bemopm

G(j = Eozo + T]oﬁo +_C;0—C_0.

onpezaens nmojoykenuero Ha C cnpaMo riaaBHuTe uHepunu ocu G€, Gn u G(.
3a zna u3BeleM ypaBHEHUATA Ha JBWKeHUe, PUJIaraMe ypaBHEHUATA Ha Anen

B KBa3WKOOpAHUHATH
D aS
s = Q i T~ 1, 2, 3,
- Bji; i

K'BJIeTO KBa3UKOOPAMHATUTE 3a pasriexJaHaTa CMCTEMa Ce ONpelesAaT OT pa-
BEHCTBATA fi; = P, fia = ¢, ft3 = r. W Tyk 32 06obuieHuTe cuIM oayyaBaMme
Qu, = Qu, = Qu, = 0. EHeprusara Ha yCKOpPeHMETO 3a TO3M CAyuYaii e

1 G o T
N imwg,- + 5(‘41)2 + B¢* + Ci?)
+pgr(C — B)+ grp(A=C)+#pg(B- A) + ...,
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KbAETO KaKTO M IT0-PAaHO C MHOIOTOYME Ca O3HAaUYeHM BeJIMYMHUTE, He
KalWM p, ¢ U r. Y CIOBHETO 3a ThpKajAHe 6e3 xy'b3raHe Ha JONMpPHATA
MpUJIOXKEHO 3a MacoBUA ueHTbp (G, AaBa

vg+wx GH =0,

OTKBAETO CJiegBa

(12) " wg=wxGH+wxGH
Nopauraitku (12) B kBaapaT, NoaydaBaMe

(13) -~ uwi=4YGH) (wGH) + ww)—-(GH)

~2w.GH)(w.GH) + ...

Ot ypaBuenuaTta na Aneis B kpasukoopaumsaTy M (13) Hamupame

(14) Ap— (B = C)qr + mp(GH)? = m(w.GHYGH)e

e p-—-—(CrH) — m(w - GH)(G'.H)E = mg(noass — Coal:i:'),'

Bi— (C = Nyrp+ mi(GI)? = m(w. GH)(GH),

+%l‘th(6f{) — m{w G[[)((;]—])n — mg(COUBI - £oaas),

Ci— (A= B)pg + mir(GH)* - m(w.GH)(GH )¢

m.

I o
+= (;t (GHY? = miw.GHNGCH): = my(€oass ~ notiz),

(TH = E0€” +non” + Go¢® — bk,

OTK'BACTO 3a BeauuunuTe B (14) nonyuyapame

~

._ (GH)P = + Eﬁ_{_, i + (5 — 2b8oasi — 2bmoazs — 2bCoass,
d o ! : :
T((:H) = —-'benr_r.;” — 2bngags — 26Cpass;
(G e = Cog = mor — b(asy — qagy — ragz),
(GH)y = Eor = (:HIP — b(ags + ray; — paa),
() = nop — &oq — blasz — pags — qaz),
w GH = p(&o = basy) + 4(no f' bazs) + #(Co — 0(133‘). ’
il = p(& — I’”.";l ) + a0 — bagz) 4+ r(Co — bazs).
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I/IHTGI‘])&JI'])T Ha €HEPrrufATa B TO3MU C.qua,ﬁ e ¥Ma BUIda

; ‘ ; ' 53]
Ap® + B¢ + Cr¥ + mw?GH? - m(w.GH)? = h — 2mgzg, .

«bIETO 7
zg = b —Epasy — noasz — (pass.

iI. YPABHEHUSA HA IBUAREHUETO HA HEXOMOI'EHHO K'bJIBO
OPY TbPKAJAHE BE3 XJI'b3TAHE BbPXY NIPOU3BOJHA -
ABCOJIKOTHO I'PATTABA NOB'bPXHUHA, KOATO CE BLPTH
PABHOMEPHO OKOJIO BEPTUKAJIHA OC

S

Ille npeanosiaramMe, Ye NOB'LPXHAHATA, B'bPXY KOATO. Ce T'bPKAJIA KbI60TO,
ce BbPTH PABHOMEPHO OKOJIO BEPTMKAJHATA OC HA HEIOABMKHA MHEPLMAIHA
AACHa KoopauHaTHa cucTema Oryz. IlBwkewoTo ce K160 B obmua cayyvai
¢ HEXOMOTEHHO, HO Ul€ U3UCKBaMe FeOMETPUYHMAT My [EHTHP Aa C'hbBIAAa C
MACOBUSA, B KOWTO OTHOBO HEMOMBYIKHO C TANOTQ € (UKCMpPAHA OPTOrOHAJHA
kOOPAMHATHA cucTeMa GEN¢ OT TIaBHATE MHEPYHM OocH 3a KbaGoTo. Ilpearno-
jarame, e Kbja60TO ce NBWKMA M TYK IO MHepUMA MO AeiicTBUe Ha TErjioTo
CH. :

[Ile u3anon3pame cleaHUTE O3HAUEHUA :
R = OH — panuyc-BeKTOp Ha [ONMPHATAa TOUKA Ha KbABGOTO C MOB'LPXHUHATA,
n® “— eaMHMYEH BbHIIEH HOPMaJEH BEKTOP KbM NOBBPXHMHATA B JONMMDHATA
touka H, @ = Qk (Q = const) — wriaosa CKOPOCT H& NOBbLPXHUHATA.
' Ila u3BeneM ypaBHEHUATA Ha  ABIUKEHME ¢ MOMOITa Ha yPpaBHEHMATA Ha
Arien B KBa3MKOOpAMHATH. :

Ot dopmynara 3a pasnpenesieHue Ha CKOPOCTHTE B TBBPAO TAMAO OTHOBO

nojiydyaBame ¢

vg =vgt+wx GH, GH:--bno, .
OTK'bAETO ' '
" ve'= vy + b(w x n%),
Vi — CKOpOCT Ha ANONMHAPHATA TOYKA Ha KbJABOTO C MOBBLpXHMHAaTa. AKO CUM-

TaMe ToUKaTa H INpUHaJexXallla Ha IMoBbpPXHHHaTa, TO
vg = Q2 x R,
\
[opas KoeTo

(15) ~ ve = blw x n%) + Q x R

Ca ypaBHEHMATA Ha HeXOJOHOMHUTE BP'b3KU.
3a KBa3sMKOOPIAWHATU M TYK Lile u36epeM KOMIOHEHTHTE Ha 'bIJI0BaTa CKO-
POCT Ha KbABOTO BLPXY MOABMIKHNATE OCH :

= p, pa =g, fis. = F.

121



3a onpenensHeTo Ha 06o6UIEHNTE CHIM L€ U3NoN3yBaMe OPMYIIUTE 3

N 3
Q,ﬂl = ZFVGV“, = i: 11 21 31
: iy -

Kbaeto F, ca akTuBHUTE CUIU. _
Cxopoc'rwre Ha TOUYKWUTE OT CUCTEMaTa UM KBa3NCKOPOCTUTE ca CB'bp3al
CbC 3aBUCHUMOCTTA ' -

3 | :
vy =) auifi+b, - (v=1,...,N),
i=1 :

kbaeTo N o3HauaBa 6GposA Ha TOUKUTE Ha CUCTEMATA.
Ot dopaynara 3a pasnpeneneHde HR CKOPOCTATE HAa TOUYKWUTE B TBBPJ
TANO MOJyuaBamMe v, = Vg + w X Py, OTK'bIETO

(iﬁ) aiyzb(wxn°)+QxR+uxp;,,
WK B NpOeKUMM pfbpx:\' HEMoABMKHUTE OCH
&, = blang — i) + 4Gy — ri + 12 x B,
e = blrag — png) + r€, — pC, .+ [ x R,

G o= b(pn, — qne) + ]31),,- —¢€, + [ x R}

KBIETO Mg, Ny. N Ca MPOEKUANUTe HA eAWHUYHWA BbLHUIEH HOPMAJIEH BERTe
n® Bupxy noasmkumre ocn GENC, &, . ¢ v &, N, (, — CHOTBETHO Mpoe
IMHUTE Ha PaiUVC-BERTOPA HA NPOM3BOJIIA TOUKA OT KbaGOTO M HA CKOPOCT!
CMPAMO CBHUIMTE OCH. ' ' : '

Ot (16) caeapa

éu = Oﬂl + (b”;; 4= Cu)["} e (b”f,' : T’uj)ﬂi} g [Q x R]fa
me = —(bng + ¢ ) + Ofeo + —(bng + &, ) fis + [ x Ry,

‘;u = (bn,, + )i — (5"5 t= fu)l.i‘.é + Ojpig + [Q X R](,
TQx R=(Qx Rje6” + [Q x Rlyn® +[Q % R](°.

' 3 '
Uy = Z“w’l”i + b" (V == l"' o ’N)’.'
=1

KbeTO: | 5
(l-‘.) hul = -_(b”(,' +Cu)”_0'_+'(bnr) +?)u)€'n~ ‘
a2 = (bng +6,)¢° — (bng + ¢, )E°,
aa = ~—(bn, + 1 )50 + (bng + f,,)nn.



Otuwnraiiku (17) u dakra, ye G € MacoB LEHTBP Ha KbAGOTO, & €JHUHCT-
HaTa aKTMBHa CHJIa € TerjoTo, MoJiyyaBaMe CJIeAHHTE CTOMHOCTH 3a 0606-

ge

jgeHUTE CHIIH

( 18) Qu = mgb(n( azz — nnﬂaa);
Qu, = mgb(ngazs ~ n¢as;),
Qu, = mgb(nyas — neasz).

3a ONpelielifiHe Ha ejePrusaTa Ha yCKopeHueTo S, .

1 B e . . ; .
G = §mwé + E(Apg-}- B¢* +Cr*)+(C — B)pgr + (A—C)grp+ (B — A)ipg + . ..

jie IPECMETHEM YCKOPEHHETO Ha MAaCOBUA LEHTBP:
_dn 0y B e .0 :
wg = E[b(“’x" Y+ (xR =bwxn"+wxn)+2x R,

w2 = b2(w x n%)% + 26%(w x n®)(w x 2°) + 26(Q x R)(@ x n°) + ...,

K'bI€TO C MHOIOTOUYME Ca 03HAYEHM YJICHOBEeTEe, HEChbA'bPXKalluu w Hel'_ta, umame
npeACTaBAHETO '

R = Re€® + Ryn® + Rec®.
Torasa
00 = (ing + gng — r19)E° + (itg + g — prcIn® + (Aig + pny — qne)(°,
 R=(R¢+ Ry~ rRy)E" + (Ry + rRe = pRON® + (Re + Ry — qR ).

Cnen npepaboTpane Ha M3pa3a 3a w2 :
(& % n%? = [n° x (& x n%)w = (&) = (@.n°)2,
(@ x n%).(w x n%)] = (R.n%).(&) — (R.n)(Rw),

w? = b*o% — (0.n°%)?] = 2b%(w.n®)(w.n°)

+2B[(R°)(Qw) — (Qn°)(R)] + -

oT ypahHeHnHTa Ha Anen B KB&3HKOO}),ZIHH&TH noany4vyapaMe clieIHUTe YpaBHe-
HUA Ha ABUKEHHNETO . .

(19) - Ap — (B = C)gr + mb*p — mb*ng(w.n°) + mbQ¢(R.n°)
—mb?(w.n®)(ng + qn¢ — rny) — mb(Q.n")(Re + qR; — rRy)
= mgb(n¢as; — ngas3),
‘Bj—(C—A)yrp+mb*j— ivlbgn,,(ci).alo-) - men(R.no)
—mb*(w.n)(ny, + rng — png) — mb(Q.n°)(R, + rRe — pR¢)
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. a BBbHIUHUAT eAMHUYEH HOPMAJIeH BEKTOD B Ta3M TOYKA MMa MpeACTABAHETO

(21) : n® = a; cosa sin 3i + a; sin asin 3] + ¢, cos Bk,
- K'bAETO
: 2 . 1 -
(22) iy = r(a.“’coszﬁ-é-czmn?ﬁ)_'-’,
; 9 . =l y
Py = a(azcos“’[}+c"smgﬂ) 7, . . , 4

.3a mapameTpu Ha jABuACHUCTO Ule u3bepem raycosuTe briu a, 8 U oilieponud

= mgb(n¢ass — n¢asy),
Cr—(A- B)pq + mbgi' ~ mb’n (w.n®) + mbﬂq(R-ﬂ-O)
—mb?(w.n®)(n; + pny, — gng) — mb(Q.n°) (R + pR, — qRe)
= mgb(npas — neasz), |

kbaeto ¢ Q¢, Q,, Q; cMe 03HAUYMIM NPOEKLMUTE Ha BLI0BATA CKOPOCT §) BbP
Xy HOABUKHUTE OCH. :

Kba ypasHenwita (19) npubasame ypaBHEHMATA HA HEXOJIOHOMHUTE BP b3
k1 (15), ¢ koeTo nosnyyaBame net o6UKHOBEHM nudepéHLMATHN yPaBHEHUA 34
onpenessaHe Ha nerTe 06o0buUleHM KOODAMHATH ZG, YG, go, 6, ¥ BB GYHKIM
Ha BpeMeTo.

I1I. THPKAJISHE HA HEXOMOTEHHO K'bJIBO BbPXY :
ABCOJIIOTHO I'PAITAB PABHOMEPHO B'bLPTSIII CE !
POTAUUOHEH EJUIICOU A

~ 3a na nonyunm aupepeHunaniuTe ypaBHeHNs, OlIMCBAalIM IBUKEHUETO H
HEeXOMOreHHO KbJbo B"bpxy POTALMOHEH eUNCOU, AOCTATBYHO € Ia 3aMECTH
pekTopute R u n® ¢ Texuute cToliHOCTM 3a KOHKpeTHaTa MOBbDXHMHa. Hekd
O: e 0C Ha poTaumsa Ha eauncoula. [lponssosnna TouYKa OT MOBbPXHUHATA M!
MMa CclleJHUsi paauyC-BEKTOD :@ . : p

(20) R = acosasin i + asinasin 3j + ccos Gk,

a = const, ¢ = const, i3> e >0 a € [0, 2x), B €0, =],

] !
Te bram ¢, 0, v, uamensum ce s rpandumnte 0 S <27, 0S¥ <27, 0L 6 S
M3non3yBalku M3BecTHUTE C'bOTHOLICHWUA MEXAY IUPEKTOPHUTE KOCUHYCH, oni
pedenAlM Noa0keHAeTo Ha eanmuaute Bektopu £2,0°, ¢ cnpamo i, j, kv npo-

= i
EKLUMNTE HA BIAoBATA CKOPOCT BLPXY 1I0/BMHAHUTE OCH, lie NoayuuM ot (15)

M (19) cuctesta o6ukHOBORY UMb epeHlMaIiKU Y paBleHusi OTHOCHO 0606ueHn:

Te KOOPJUNATU. MITCIPUPANeTO HA KOATO B oblUIMA cayyait e MHOro 'I‘py,IIHO.
ETo 3amo e ce orpanduns ¢ pasriexaalieTo Ha YacTHUAA clydaid, B KOTO H1e-
- XOMOUeHNoTo KLA60 NpUTeARaBa AMHAMMYHA OC Ha CUMETPUA U JIONUPHATA MY
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TOYKa OMNUCBa “B'bHIIEH” UM “BbTpelleH NMapajel’ BbPXY €JUINCONAa, U3IIO0JI-
3yBaiiku MeToaa, pa3sut B [7]. Ille ka3Bame, ue AoNMpHaTa TOUKa Ha KbA60TO
¢ eJMIICOMAA ONMWCBA C’bOTBETHO “B'bHIIEH WM “BbTpeilleH Mapajien’, ako e
M3I'JIHEHO YCIOBHMETO '

(23) . 8 = By = const
A ChbOTBETHO HEPaBeHCTBOTO

(24) | GHn®<0 wnmm  GH.n®>0.

Ila pa3riename MooTAENHO ABATa CHyYasd.
Heka nonupnaTa Touka onucBa “BbHIIEH Mapajiel BbPXY eJIUNICOMIA.
Torasa ‘

(25) GH = —bn° 7} GH.n® < 0.

B npoeKuuM Ha HENOABWKHMTE OCH HEXOJOHOMHMTe BPpb3kM (15) umar Buza

[l

(26) - zg = b(wycy cos By — w.a; sinasin Bo) — Qasin asin fFy,
| ¢ = b(w;a;cosasinfy — wyey cosfy) — Qacos asin fy,
’ ¢ = b(wgya;sinasinfy - wyaj cos asin fy),

kbaeTo £ = [Q| ¥ wy, wy U w, onpenesname ot (5H).
Ot rg=R+btn° v B MPOEKUNH Ha HEMOABMKHUTE OCH:

(27) A r¢ = (a+bay)cosasinfy,
oy = (a + bay)sinasin fy,
6 = (c+bey)cos fo,

OTKDBAETO MoJiyyaBaMe

(28) _ .'LG = —a(a+ ba;)sinasin fy,
ye = «afa+ bay)cosasinfy,
z¢ = 0.

OTH('QS), (27) m (28) cneapa ypaBHEHHETO
a;é sin 3y Asin(a — ) + aypsin fo sin f cos(a — ¥) = 0,

KOE€TO ¥Ma YaCTHO pelleHUE

(29) : ¢ = 6y = const, a=v%+ %
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Y paBHeHuaTa (26) c oTunTane Ha (27), (28) u (29) BoAAT M0 3aBMCHUMOCTTA
KbAETO : _
A= — (a1 cos g sin Bg + ¢ sin 8 cos fy), .

asin By
KaTo cMe M3Kmouuym cayuaute fo =0 u fp = 7.
Ionyckanero (23) no3songBa HAMUPAHETO HAa MPBB MHTETpall 3a CHUCTe-
Mata (19), xoiiTo B To3M ciyuvail uMa BuAa :

(31) . Apas; + Bgass + Crass + a?b%a®sin® §y = ¢y,
KbAETO
(32) . "~ az; = sin gosinﬂ,: :
| azgz = cos¢psind, T
azs = cos#, ’

M p, q, r Hamupame ot (4).

3amecTBaiiku aszy, asz, assz ot (32) m p, ¢, r or (4) B (31) ¥ oTunTaliku
(29) m (30), kaTo monmycHeM olue, Ye KbAGOTO UMa AMHAMUYHA OC HA CUMETDPHA
octa O(, T.e. € U3N'BJIHEHO paBeHCTBOTO A = B, cTMraMe Ao 3aKJIIOUEHHETO,
ye ; ' :

(33) - ‘ @ = o = const.

[onyyenuTe n3pa3u 3a 06061IeHUTEe KOODAMHATH € He06X0IUMO Na yIAOB-
nerBopaBat ypaBHeHuaTa (19). ITocseaHOTO OT TAX Ce M3MBIAHABA TBXKAEC-
TBEHO 33 HAMEPEHOTO pellleHHe, a BCAKO €AHO OT I'bPBUTE QBe Ce CBEXKIa 10
KBaJPaTHO ypaBHeHUe OTHOCHO Po -

(34) LA +Qu+ W =0,
K'bIEeTO | ,
(35) ' L‘ = A\ (C - A)'s-in fg cos by + AP,

Q = Q[2A(C = A)sin by cos g + mbAci(a + bal) sin f cos B + @],
W= [(C — A)sinfg cos By g mbey(a + baq) sin B¢ cos ﬂg] |
+mgbal sin g,
®= Csin b, 7+ mb? sin 8 + mb*Aeyay sin f cos fBo
+mb2a; sin By(c; cos Bo cos by - ap sin -@g sin fp). )

%

-
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Heobxoaumo u mocrTaTbuHo yciosue (34) ma MMa peayHO pelleHHE e
(36) Q—4LW 20,
Koeli'o nopamy (35) me uma BuZa

. Q2[mbio;(a + bay)sinfocos fo— B? = (dmgbas sin fo)L.

CaenosaTesHo, akO FOPHOTO HEPAaBEHCTBO € M3M'bJHEeHo, cucTemara (15), (19)
JOTYyCKa CIEeJHOTO YACTHO pelleHue :

=" 1b+'g—, B = fo = const,

Sboi + o,
(Ao + Q)t + %o,
= 0y = const,

(37)

> e 6 R
I

KBAETO g M g Ca HAUaJHM YCJOBMA, a Py Ce onpeneida no ¢opmyJiaTa

le‘l JBVXKEHME HA KbJADO0TO O BBbHINIHATA CTE€HA Ha eJIMIICOUAa HOpMaAaJIHa~-
Ta peaKllMd B JOMHUPHATa TOYKA Iie C'’bBIaJa C IIOCOKATA Ha B’bHILIHATA H-opma..na
B Ta3W TOYKa, KOETO O03HadaBa, 4ye Kb160TO OKa3Ba HATHCK BBbPXY NOBBPXHH-
HaTa. 3a Ja HaMeéprM HOpMaliHaTa pEakKUvA, i€ IpUJIoKHM TeopeMaTa 33
" UBMEHEHHETO Ha KOJIMUECTBOTO Ha ,an-Kemie, KOATO B HAINA cnyqaﬁ HMa BU-
g

(38) g

(39) : mil-av—tﬁ = —mgk + N,

KbaeTo ¢ N cMe 03HAUMIM peaKUMATa Ha Bp'b3KaTa.B JonupHaTa Touka. lle
HU3UCKBaMe '

(40) - Na’>o0

YMHOokaBaiiku ckanapHo asete cTpany Ha (39) ¢ n® u oTumraiiku (40), cTu-
raMe 40 HEPABEHCTBOTO ‘
vg.n® < mge, cos 3,

koero mopaau (23) ce ceexaa no

(a1) @< "19""5‘3}’-2 ,
~ay(a+ba;y)sin® fy

OTKbAeTo caeasa, ue 0 < fp < %."OT (41) u (30) monyuaBame
(Ago + Q)2 < T,
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KbIAEeTO CMe 03HaAUUIN

r'>0.

_ [ c19 cos fo )
ay(ba; + a)sin® By

OTTyK chieBaT HepaBeHCTBATA
AT 3-8} & Xepg ¢ T =

UIin

- ' el+Q . el - Q
42 : - < @o < 5

(42) ;) ©o 3
KaTo mpeanoaarame, ye A # 0,

T 1 A >0,

i . I Xx<g, ‘
Ot (42) cnemsa, ye neue eaus oT KopeHnte Ha (34) e Heobxoaumo Aa npu-
HaJJleKM Ha UHTepBaja . i ‘ ' -

el+Q eI'-Q
: AT A '

HeoOX0AMMO U A0CTATHYHO yCﬂOBME 3a KO€TO € M3IT'bJHEHUETO Ha CJICAHHTE

CUCTeMW HepaBeHCTBaA !
: X

(43) | Q% —4LW > 0,
L8 s eC+ QN .
LP(— X )+Q(* 3 )+W
2
L [L (EF—Q) +Q‘(€F‘"Q) +w] <0,
} A
(44) ,Qz_—fil,W>0,
L[L( er+9) QK‘EI‘-&Q)_’_LV](O'-
:F - 0\* -0 :
L[L( - ) +Q( A.)+W]>0,

>

2R B%1
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nam ycnosueto (36) 3aemno ¢

: 2
(45) L L(—i—;——-sz) +Q(—§F—;--2)+W >0,
2 : ‘
eF+0Q  -Q

. TR R YT |

M taka, moka3zaxme, 4e AOCTATBHYHO YCJIOBHME HEXOMOTEHHO KbJI60, MpHU-’
TEXABAIO AMHAMMYHA OC Ha CMMETPHMA, Na Ce ThPKajlA BHpXy abcomoTHO
rpanas paBHOMEPHO B’prHIII ce pOTauMOHeH e/UNCOMI TaKa, Ye NOTMPHATA
MYy TOYKa Ja OMMCBa “B'bHINEH MapaJiel’ 3a ejuncounia, e obobueHnMTe Koop-
AMHATH Aa YIOOBJAETBOPABAT ChoTHoIueHuATa (37) u (38) mpu cnbmonabane
Ha cUCTeMUTe HepaBeHcTBa (43) niau (44), nnm (36) Hapen c (45).

Bunaru mMokeM fa IpeirnojlaraMe, de

A#0, L#0, mbici(a+bay)sinfocosfo— ¢ =csinfp #0

nopaau csoboaaTa, KOATO MMaMe TIpu u3bopa Ha broiaa .
Ot dopmynarta 3a A ciensa, 4de

A=0e tgho = -i—tgﬁo, 6o # g

Torasa me umame L = 0, a ycaobuero (#1) ce cBexna mo Q% < T'? .

[Ile ce cnpeM HaKpaTKO U Ha CJIy4yas Ha T'hPKaJifiHe Ha HEXOMOI'€HHO K'b160
Mo BbTPeNHaTa CTeHa Ha abCcoaloTHO rpa,naB p&BHOMepHO BBPTALL C€ poTa-
IIMOHEH eUINCONL.

B 1031 cayvait e U3aN'bIHEHO HEPABEHCTBOTO

(46) o GH.n®> 0 : o
Hapena Cc HﬁOGXO,ﬂHMOTO ycjoBHe
: .2
(47) b< —.
- ’ , a-
ypaBHeHHﬂTa, Ha HEXO0JIOHOMHMUWTE Bp'bé’aKH HUMAT CJIEIHOTO Bei{TOpHO 3anvcBaHe:
(48) . vg = —b(w x %) +Q x R,

KOeTOo BOJM /10 MPOMAHA B'bB BUAA Ha ypaBHeHuATa (19), kouro B T03M cayuait
ca:

(49) Ap — (B — C)gr + mb*p — mb?ng(w.n%) — mbQ(R.n°)

~
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—mb?(w.n®)(n¢ + gn¢ — rng) + mb(Q.n")(Re + ¢R; — rRy)
= mgb(assn, — azang),
B - (C — A)rp + mb%§ — mb?n, (w.n%) — mbQ, (R.n°)
—mb?(w.n0) (i + rng — png) + mb(Q.n0)(Ry + rRe — pR;)
' » ‘= mgb(aazin; — aazng), ‘
Cr —(A — B)pg + mb*r — .m.b"’n((cb.no)'— mbQ (R.n°)
—mb*(w.n®)(n; + pny, — qne) + mb(QL.n)(R; + pR, — ¢Re)
= mgb(aaong —azing).

Ilo onpenenenve, ako ca HallUle YCIOBUATA (76) (46) u (47), we Ka3-
BaMe, 4ye OollMpHaTa TO‘-lKa. Ha KbJiiboTo C eJIMIconaa ornmcBa B'bT]:}em_CH na-
panen” BBpXy Hero. C pa3chKIeHWs, AHAJOTMUHM HA T€3M OT NMpEAMUIHMA
caydaif, cTUramMe o CJIEJHOTO YACTHO pelieHne Ha ypaBHeHMﬂTa (48) u (49)
npu yciaoeuara (23), (46), (47) u orpanuyenuero A = B :

T _
(50) o a=yY+ 3 = By = const,
@ = @ot + o, @ = pp = const,

¥ = (Ao + Q) + o,
f = By = const,

KBAETO ¢o YU ¢ Ca HAUAJIHUTE YCJIOBHA, A] = —A, a Yo Ce onpeneia of KBal-
PaTHOTO ypaBHeEHHe . _

: Ligg+ Qi¢o+ Wy =0,
KbAETO .- a :
' Ly = A} (C — A)sinfycosby + A @y,

Q1 = Q[204(C — A)sinf cos by — 11bAycy(a — bay) sin fo cos By + By,
i, = Q?[(C — A)sin fp cos Oy — mbey(a — bay) sin By cos Bo]
r'—-rrigbal sin Bp,
= C'sinfg + mb” sin by + nib2A1c1a1 sin By cos By
+mb2(11 sin ﬂo(ﬁ cos g cos Fy — a; sin fy sinby),

KaTo Mpeanosarase, ye Qi —4L,W, 20. = :
W3uckBaneTq Kba60TO Aa OKa3Ba HAaTMCK B'bp‘[y BbTPElIHATa CTEHA Ha
eJIMNcouaa. Korato ca usnbiHenu (23) u (47), ce naBa ¢ HePaBEHCTBOTO

(51) iy . O "
: ay(a — bay)sin® 3 | =

KaTO CMe M3KIIUMIN cayuaute o =0 u Fy = 7.
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- Mopaau ycaosuero (51) e ynobuo na usbepem fp crobpasno (45). Torapa
A1 =0 u (50) npuema Buaa :

(52) a=¢+§, =gy ev=fittwe P=Fidy, B=f,

KATO g Ce Ompelesa Mo GpopMynaTa (3Ha.MeHaTe.nﬂ CUMTaMe Pa3NMUEH OT Hy-
na) ; ’ g

(53) ‘
mgba, sin By — Q2[(C — A) sin 8y cos 6 — mbe;(a — bay) sin S, cos Fo)
Q[C sin 8y + mb? sin fy + mb2a, sin Bo(c1 cos Bp cos By — a; sin fp sin Bo)]

g0 =
a HepaBeHCTBOTO (51) ce cBexna no

Qé gey cos By

4 :
(5 ) 4 al(a + bal)sin2 Bo

Ipu Gy € [2 ) FOPHOTO HEPaBEHCTBO Ce YyJOBJEeTBOpPABa aBTOMAaTHU4HO, a

3a ﬁo € ( —2-) — IIpH AOCTATHYHO Ir'oJiAMa 110 abCconIOTHA CTOﬁHOCT ‘bLJIIOBA

ckopocT §2.

W Taka, 3a xa MOXe Ja Ce OCBUIECTBM T'bpKaJAHE 6e3 Xb3rase Ha He-
XOMOT€HHO K'bJI60, IPUTEXABAIIO AMHAMUYHA OC HAa CHUMETpUA, BBLPXY paBHO-
MEPHO BbPTAIL C€ POTALMOHEH EJIMICOMI TaKa, ue AONMPHATA MM TOUYKa Ja
onmMcBa “BbTpeElleH Mapajell’ BBLPXY €IHNCOMAA, € NOCTATBLUYHO obobuieHu-
Te KOODAMHATH Aa yIOBJEeTBOPABAT cbhoTHoweHuata (52) u (53), a vraosara
CKOPOCT Ha' eJIMNCOMAA [a yIOBJIETBODPABA HEPABEHCTBOTO (54).

IV. IBUKEHUE HA XOMOT'EHHO K'bJIBO BbPXY BbLPTHAIIA
CE PABHUHA
‘Heka paBumnata Ozy ce BBPTM C NOCTOSHHA BLJIOBA CKOPOCT £ OKOJO

octa Oz, a KbabGoTO € XOMorenHo. Ila HaMepUM ypaBHEHMATA HA ABIDKEHHUE,
Y cioBHETO 32 T'bpKaliAHe 0e3 XA'b3raHe lle UMa BUIA -

(55) '.-\' : J:G—bwy+QyG=0,
o Y6 + bwy + Qzg = 0.
Or ] 1
" S= zm(afé +y%)+ §A(1}?_h42+r.2)
u

Zg = bwy — QQzg — bws),

Yo = ~bw; + Q(bwy — Qyc)
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3a eHeprusATa Ha ycKopeHueTo S moJjydaBaMme

1 - . . 9 i .
S = §m{b2(w,2, + wy) + 260w (Qye — bwy)

. i . : ;
~uy(Qag - bwg)]} + 5 AWZ + 0] +47),

OTKBAETO YpaBHEeHUATa Ha AneJn e MMaT BUIA

-(?E =0, QS'_ =‘0, Q—E =0, wmm Aw,=0,
oy 0y A .
(56) {(mb* + A)(wrsiny — wy cos ¥) + mbQsin Y(Qye — bwy)

+ cos P(Qzg — bw;)]} sind = 0, _
{(mb* + A)(w; cos ¥ + wy sin ¥) + mbQcos Y(Qye — bwy).
— sin Y(Qzg — bw)]} = 0. |

Heka # # 0. Cnen usBecTHu npeobpasyBanus ot (H6) ie moayuuMm ypas-
HEHMATA ' ' :

(57) (mb? + A)o, + mbQ(Qye — bwy) =0,
= ' (mb? + Aoy — mbQ(Qzg — bw;) = 0,

' Wy = O
Ot (55) u (57) namupame

(mb* + Ayw, — mbQzg = 4,
(mb? + Ayw, — mbQyg = Cs,

-

. , , mbS2
kbaeto ('} n Ca ca uHTerpanmoHiy koucrtantu. Osnavapame ¢ m/ = ———.
: . mb* + A
Torasa : .
7
wy —m'zg = C, wy — m'ye = C5,
KBHIOETO

' Cy ! Cs

Cl=—F/—7  Ch=——.
P mb? + A 2T bt 4+ A
3amecTBaMe B (55) M mosyyaBame cleHUTe yPABHEHNA 3a onpelelliHe HA TG
M yG .

~ (58) | ig — (= mb)yg = Clb,
: iG — (@ — mb)Zg = —C’b,

f
Ic+ (Q - mb)2IG =3,
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g + (Q — mb)?ye = Cy.

Ot (58) ce Bikaa, Uue BBPXY T'palaBa BbPTALLA C€ PABHUHA TEXKKO K'bi160
OIMCBa B obIMA cayydaii eluIica, napaMeTpUTe Ha KOATO 3aBUCAT OT Havdai-
HUTE YCJIOBUA. (

B no-o6uua cayuaii, korato {2 e 3ananeHa q)yHKumx Ha Bpeme'ro OT KJlac
C!, a Ha KbAGOTO AefiCTBYBAT BBHHIIHM CHJIIM, UMAIIN pesynranta F(F;, Fy, F,)
npe3 LeHTbpa Ha KbaGoTo U asouuna M(M,, My: M,), ot (55) Hamupame

e = bwy — UYQzxe — wa) = an,

Ve = —bwg + Q(bwy — Qus) + Q.’BG

Cne,n HECJIOKHHU NIpEeCMATAHNA YPaBHEHUATA HAa ABHXXECHHE B TO3M cnyqaﬁ I1o-
JydyaBaM€ BbB BHJa '

e AL - o M,

miG + 53 (¥6 + Qe + Qo) = Fo + 55,

M,

A
myG+bz(yg—QxG—Q:c(;)—F +T

mw, = M,.

3amauaTa 3a ABWKEHME Ha TEXKO XOMOTEHHO KbJji6o, ThpKajamo ce Ge3
XJI'b3raHe BbPXY I'pallaBa XOPU3OHTaJHA MIM HaKJOHEeHa paBHUHA, B'bPTANIA
ce C MOCTOSAHHA 'bIJIOBA CKOPOCT, 3a MbPBU LT € uacienpaHa or Wltner u
JI. A. Tapc [11]. TIpe3 1983 r. H. A. ®ydaes, a manko no-kbcuo M. A. Ab-
delkager [13] pasriexnaT chuaTa 3anaua, OTYATANKMA U CUJIMTE HA TPUEHE NIPU
ThPKaJisiHE U BUCKO3UTETA Ha CpeJaTa, IPU KOeTo Cé YyCTAHOBsBa, Ye CUJIMUTE
Ha BA3KO TPUEHE JOBEXIAT KbJAGOTO IO CHCTOAHME HA IOKOH, a CHIPOTUBH-
TeJIHUTE CUAM NMpU ThPKAJAHe — J0 ABWKEHHe 110 pa3BMBalla ce clupaa.
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PASSIVE MOTIONS OF VECTORS AND REPERS

RUMEN SIMEONOV

Pymen Cumeonos . IACCUBHBIE IBUKEHUA BEKTOPOB U PEIIEPOB

BBoanTca nonaTHe 0 NacCUBHOM ABUMKEHHWU BEKTOPOB M penepos. Jlaerca sapua-
UMOHHAA XapPAaKTePH3aLMA BTOrO MOHATUA. Y Ka3aHhl IPHJIOKEHUS K MU depeHunansnoi
reOMeTPUM KPMBBIX, a TaKXKe K aHaJHTH4YECKOH Mexauuke. B uacTHocTH, Ha 2TOM Wy-
TH eCTeCTBEHHBIM oOpa3oM BeiBeseR uuTerpaa C. KoBaneBckoil o ABMmeHUN TBEpPAOro
TeJa OKOJIO HEMOABMAKHOM TOMKH.

1
.

Rumen Simeonov. PASSIVE MOTIONS OF VECTORS AND REPERS

The notioft passive motion of vectors and repers is defined.

A variational characterization is given. Some applications to differential geometry of
curves and to analytical mechanics are made: In particular, using this technique the S.
Kowalewski integral concerning motions of a rigid body with a fixed point is derived in a
natural way. : '

§1. DEFINITIONS AND BASIC PROPERTIES

Let V denote a threedimentional Euclidean vector space over IR and (a, b) =
a - b be the scalar product of elements " a, b € V. Further by & we’ll denote
a nonempty connected subset of R, C™(4; V) will denote the family of all m
times (m 2> 0) continuously differentiable vector-functions a : A — V. We put
lo| = a-a, 8 =SHV) ={a €& ¥V1la] = 1} and O (% S')={a € C™(A:; V)
la(t)] = 1, Vt € A}. ' '
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Definition 1. Letc € C™(A; §'),m 2 1and a € C™(A; V), a(t) L c(t)
(i. e. a(t) -c(t) = 0), Vt € A. We'll say “a(t) passively follows c(¢) for t € A” iff

‘(1) J a(t) = A(t)e(t), Vte A, where)\-A——;R

Here and farther on ()* = d/dt. Since we suppose a(t) - c(t) =0, it is obv1ous

"that (1) es equivalent to the folloumg

(2) a(t) = —(alt) -é(1))e(t), VL€ A.

Definition 1 is a mathematical formalization of our intuitive idea a vector
a(t), a(t)-e(t ) = J “to do no rotation around ¢ (t) when t € A”. This is so because
(1) exactly means that a(t) has no component in the plane perpendicular to ¢(t).

Proposition 1.Letm2>1, ¢ce C™(A; S!). Then

a) Given any t; € A and ag €'V, ag L ¢(tp), there exists unique a € C’“(A V)
such that a(t) passively follows ¢(t) for ¢t € A and a(ty) = ag.

“b)Ifa, be C™(A; V), A, p € R, »(t) = Aa(t)+pb(t), t € A, where a(t), b(t)
passively follow c(t) for t € A then »(t) passively follows ¢(¢) for t € A.

c) Ifa, b€ C™(A; V), a(t), b(t) passively follow ¢(t) for t € A then a(t)
b(1) = const for t € A. Under the same assumptions it follows |a(t)| = const,
|b(t | = const, L(a(t), b(t)) = const, t € A. .

Proof. a) The equation (2) about a = a(t) is equivalent to a linear system
of three scalar diferential equations solved with respect to the derivatives. Ac-
cording to the differential equations theory, the equation (2) has unique solution
a € C™(A; V), with a(tg) = ag. It remains to be noted that (2) implies

(d/dt)(a(t): e(t)) = a(t) - c(t) + a(t) - &(t) = —(a(t) - é(t))e(d)? + a(t) - é(t) = 0,

a(t)-c(t) = a(ty) - clty) = ao-¢c(tg) =0, VteA.

b) This assertion automatically follows fromi the linearity of the equation (2),
because a(f) L (1). b(t) L (1) implies r(t) L e(t), Vt € A.
¢) It 1s sufficient to prove a(t) - b(t) = Jonst, { € A, We calculate

(d/dt)(a(t) - b(1)) = alt) - b(t) + a(l) - b{t) =

—(a(t) - é())(e(t) - b(t)) — (b(t) - é())(a(t)- c(t)) =
—(a(t) - é(t)) -0 = (b{t) - &(1))-0=0, VteA.

The proof of proposition 1 is completed.

Any ordered triple R =(a,' b, ¢), such that {a, b, c} is an ortonormed base
in V" will-be called strongly oriented 3-reper in V. The family of all such R will be
denoted by V3. If a, b, c € C™(A; V) and R(t) (a(t), b(2), (1)) € V5, VL€ A
we will write R € C"(A; V3).
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Definition2. fm21, Re C™(A; V3), R(t) = (a(t) b(t), c(t)), a(t), b(t)
passively follow e(t) fort € ¥ then well say “R is a passive C™-motion of a reper
in Vs forte A”. ,

Proposition2 Letm2 1,‘c€C’"‘(A 8Y), o € A, Ry =
(ao, bo, c(to)) € Va. Then there ex1sts an unique passive C™-motionR(t) € V3, t €
A such that R(to) =

Proof. Leta, b€ C"‘(A V) a(t), b(t) passively follow ¢(t) for t € A, a(ty) =
ao, (to) = bg. According to proposition la) such a and b exist and are unique. We
put R(t) = (a(t), b(t) ¢(t)), t € A and we note that according to proposition 1c)
it follows a(t) - b(¢) = aq - bo = {J Ia(t)l = lag| = 1, |b(¥)] = |bo| = 1, ¥Vt € A. So
proposition 2 is proved.

Proposition3. Letm 2 1, cEC’"‘(A 5, Ri(t) = (ai(t), bi (%), ci(t)),
te A, i=1, 2be passive C'm-motlons of repers Ry, Rs € V3, c1(t) = c2(t) = (1),
te . Then there exists an angle 4. = const, t € A (which is uniquely determined
up to an addent 2ix, [ € Z) such that

3) ! © aa(t) = cos yay (t) + sin b (1),
ba(t) = — sin yay (t) + cos yby (1)

vt € A. Conversely, if Ri(t) = (a1(t), bi(t), ¢1(t)), t € A is a passive C™-motion
of areper Ry € Va3, m 2 1, 4 = const, ca(t) = c1(t) = c(t), Vit € A and az(t), ba(t)
are defined by (3) then the reper Ru(t) = (a2(t), b2(t), ¢2(t)) will be a passive
C™-motion of a reper in V3 for t € A. :

Proof. Obviously a continuous function ¥(t), t € A satisfying (3) exxsts and
is uniquely determined up to an addent 2ix, | € Z. According to proposition 1c)
we have cos y(t) = aa(t).- a;(t) = const, sin -y(t) = ao(t) - by(t) = const, t € Al This
proves that y(t) =const, { € A The converse assertion follows 1mmed1ately from
proposmon 1b). ‘

§2. A VARIATIONAL CHARACTERIZATION OF THE PASSIVE MOTIONS

We denote B = {(A, g, v) € R® : A2+ p? + v? < 1} and consider B as a
homogeneous rigid body with density 1. Let R(t) = (£(t), n@®), C()), t € A,
be an arbitrary C™-motion of a reper R € V3, m 2 1. With each such a reper
'R(t), t € A, we associate a motion of the rigid body B using the following formula

_ r(t; A, g, v) = A +pn(t) +4(1), teA.
The kinetic energy of this motion of B is détermined by the formula
Tr(t) = ff/ (1/2)7‘ 2(t A, 1, V)d/\dpdl/, te A,
A24p3 40251 '

Theoreiml. Letm 2 1, ¢ € C™(A:; si), Rolt) = (alt), b(t), C(1)), t € A,
be a passive C™-motion of a reper Ro € V3. Let R(t) = (§(t), n(t), {(t)), t € &, be
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_an arbitrary C'-motion of a reper R € V3 having the same t.hu'd vector ((t), t € Ai
Then for the corresponding kinetic energies the following inequality

(4 Tro(t) S Tr(t), WteA,

holds. In (4) equality holds for each ¢ € A if and only if R(t), te A isa passwl
motion of a reper in V3 too.

Proof. Since Ro and R have one and the same third vector we can ﬁnd 4
contmuously differentiable, function 7(t), te A, for which

(5)- £} = ooa a4 dn i),
n(t) = —siny(t)a(t) + cos 7(t)b(t)

holds Vt € A. Now we calculate

Ta®) = [ [ [ /2080 +wit) +60) drduds ;

T AT 40281

= (1/2)A(5"-’(t)+1‘;"-’(t) +¢3(t), Ve,

AR

where .

.4:/]/,\2&(1”4»0, A = const, teA.‘
Using (5) we find

CED = 00+ cosa (D) + sina (D)

7(t) = ——7‘(06(1)—si‘m(t)'(t)+cesy(t)b(t) 1€ 2,

Since a(t) and b(t) passively follow ((t) we nave a(t) L £(t), a(t) L n(t), b(t) .ﬁ
f(t) bt) L n(t) and consequently |

-

E) = () + (cos()aft) +sinv()b(1))*, |

PO = 33+ (- siny(2)at) + cos ¥(1)b(1)?,
E(+ik) = 257(0) +a*(0) + B2,
Tr(t) = A7) +Tr,(t), WtEA! | R

- This equality proves (4) and it is clear that we have equality in (4) if and only i
$(t) =0, VI € A, 1. e. iff 4(t) =const, t € A. According to proposition 3, the lasf
means that R(f). t € A, is a passive motion of a reper in Vj. Thus Theorem 1 if
proved. ’ ‘
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§3. CURVATURE, TORSION AND PASSIVE VECTORS

Suppose in V is introduced an orientation (one of two possible) and let x
denote the corresponding vector product operation. Let r € C3(A; V) be regular,
i e. r(t) x 7(t) # 0, Vt € A. As it is common in differential geometry of curves
weput 7, v, B € CH(A; V), r(t) =r-(8)/|F(@®)], B(t) = (#(t) x #(2))/|r(t) x #(2)|,
p(t) = B(t) x T(t), Vt € A. In such a case r is called regular curve in V; 7, v, B,
are called tangent, main normal, binormal unit vectors of r. The plane containing
the end of the vector r(¢) and collinear to the vectors 7(t), v(t) is called tangent

lane; the plane containing the end of the vector r(t) and collinear to the vectors
v(t), B(t) is called normal plane. ' _

Let to € A and R.(t) = (a(t), b(t), 7(t)) € Va, t E A, be a passive motion
of a reper in V3, determined by R,(to) = (v(to), B(to), 7(to)). According to
proposition 3 such a reper exists and is unique. By virtue of Theorem 1 this reper
has the property to rotate itself about 7(¢), ¢ € A, with a minimal kinetic energy.
We involve the angle v(t), t € A, v € C°(A; R) determined by () = 0and

(6) v(t) = cosy(t)a(t) + sinv(2)b(2),
“ﬁ(t) = =—siny(t)a(t) + cos¥(t)b(t), Vi€ A.

Since r € C? it is easy to see that ¥ € C'(A; R). In an analogical way we introduce
s pasive reper Bp() = (0. o) B0) € 8 Rpla) = (1. v{to), B
and the correspondmg angle 8 € C'(A; R), 8(to) = E

i} - T(t) = cosﬂ(t)p(t)+sm B(t)q(t) '
v(t) = —sinf(t)p(t) + cosb(t)q(t), Vte A.

Now it is natural to give the following. |
Definition 3. The angle v(t), t € A, is called turning angle (reading
from the moment ¢ = tq ) of the normal plane. The angle 0(1), t € A, is called
turning angle (reading from the moment t = ty) of the tangent plane.
Theorem 2. For each regular curve r € C3(A; V) the curvature k(t) and
the torsion o(t) can be expressed in the following way

® . k() = 00O o) = 1@ Ve A.
The following (Frenet’s) formulas |

9) i He) = b (p),

.. . v(t) = =0(t)7(t) + 1(1)A(2),

(11) B = ),

hold V¢ € A |
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~ Proof. First we'll prow"e (9), (10), (11). From (7) and (6) it follows
#(t) = 6(t)v(t) + cos O(2)p(t) + sin B(2)§(1),
B(t) = =5 (t)w(t) — siny(t)a(t) + cosy(t)i)(i). -
Since 7(t) = A(t)#(t), A(t) = [F()71, B(t) = pu()(#(2) x #(t)), u(t) = |#(t) x ()|~
T(t)-8(t) = (AME)r()+A(0)7F(1))-u(t)(7(t)xF(1)) = 0, VL € A, and p(t), ¢(t) passivel
follow 3(t) fort € A it is eviflent that . :
cos (t)p(t) + sin (1)q(t) = h(t)3(t) = (7(2) - B())B(L) = 0.

Thus (9) is proved. By the same manner we have

—siny(t)a(t) + cosy(t)b(t) = g(t)r(¢) = cr(i))r(t) = (=B@) - *(1))r(t) =
and (11) 1s proved. Since v = 3 x 7 we obtain ‘ _
p(t) = Bt) x (1) + Blt) x 7(1) = —V(t)( B(t)) +0()(~7(1))
which proves (10). |
It is known from differential geometry [1, p. 44] that 7(t) - v() = ]r(t)]k(t
and 3(1) - v(t) = ——cr(i |#(t)], ¥t € A. This, (9) and (11) prove (8). Theorem 2 i
proved.

We would like to, mention that if = s is natural parameter, i. e. if |#{¢)| = 1
Vt € A then (8) has the very simple form

(&) k(s)=0'(s), a(s) = +'(s), VYs€ A
§4. PASSIVE VECTORS AND THE S. KOWALEWSKI INTEGRAL

Let us cons:dor the classical problem concerned the motion of a rigid bod\
having a fixed point O. Let R(t) = (&(t), n(t), (1)), t € A, be a reper,immobill:
attached to the body and such that O, Oy, OC¢ are main inertial axes for the pom
O. Let A, B, (' be the corresponding inertial moments, and let,

P = —Mylaz|(0)§(1) + az: (On(t) + ass()C(L)) = —Mgk,

k —051(1’ JE(t) + asa()y(t) + ass(t)C(1), ‘
kty=0, ten, =1 E

be the weight-force. The force P is applied at the mass center G of lhe l)ody bein
in consideration. Let us suppose that OG = E¢E(L) +nan(l) +(cC{t), ng = (¢ = q
§c = const, VI € A. As it is wellknown [2, p. 513], the Euler equation for thi
problem has the form :

(12) - o Awg = (B Ol . |
| By = (O Alspwe+ Mot " 5
Cw; = (A= Blwgw, — Mgécas, 4
a3y = wgdzs — wyass, é

azy = Wgaszs — wcaaj,

i asz = uénasl—we“fﬂ-_
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Let us remember also the following identities

(13) Et) = w(tn(t) = wy(t)C(2),
t) = —we(t)E(t) +we(t)(2),
() = w,,(t)f(t)—wg(t)a)(t),

true for t € A.

According to Proposition 1c) for any vector b(t) = by (£)&(t) + bo(t)n(t), by, bs
— scalars, which is in the plane O¢n and passively follows the vector {(t) we have
|b(t)| = const, t € A, 1. e. bi(t) + b3(t) = const, t € A. It becomes clear that if b,
and b7 are polynomials of the unknown we, wy, ..., @31, a3a, ... then I = b% +b§
will be a first integral of system (12). Following the S. Kowalewski idea let us
involve the isomorphism () : C' — O¢&n, (A + pi) = A + pn. In'the plane O&n we
have the vectors wen = wel+wpn and ¢ = az1€+aszzn. It is clear that a suitable way
to find a vector b with coefficients b,; b2 being polynomials of we, wy, as;, aszz is to
put b = (b1 + bat), by +b2i = f(2, m), 2 = we +wyi, m = az1 + aza?, where f(z, m)
is a polynomial of the complex variables z, m. We could begin with f =m, f =z,
and'so on. Very soon we come to the possibility f(z, m) = z2 —m.

Theorem 3. The vector b = (z* —m), where z = Wwg +wpt, M = az) + asat,
passively follows { when t € A, for we(to), w,,(zo),' we(to), aas(lp) — arbitrary
initial values, if and only if A = B = 2C and Mgég = C

Proof. We have z* — m = w? — w} — az1 + (2wewy — aza)i, b= b€ + ban,

(14) b; = w? == wf‘; = asi, bg = 2w5w,, — asn.

In accordance with Definition 1, b will follow passively if and only if l}(t) -E(t) = 1)
and b(t) - n(t) = 0, Vt € A. Using (13) we obtain

- b(t) = by(1)E(2) + Ba()n(2) + bu(t)E(1) + ba(1)(2),
b(2) - (1) = ba(t) — ba(t)wc(t),
b(t) - (L) = ba(t) + by (t)we(t)
for each t € A. According to (14) we have
'1.11 . bg(.d( = 2“’5";)5 —-— qublun — d31 - (ngw_,, — 0‘.33)(.0(,
| ’ i)g + blw( = 2@5(.0,, + 2_wa:J,, — 3o + (w?+ wf'; —ual)wc.
Now from (1‘2) follows

bl—bgwg—2(B—AC——l——C;A

62 + ble = (2——;——61 — 1) W wC + (QQB_A + 1) wfw,,

)“’6‘-"0“’( + ( 2M.‘1€g o+ 1) wpass,
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+ (QMQ% - 1) Wega3aa.

Consequently by — bawe = 0 and by + bjw¢ =.0, V¥t € A and for arbitrary wg, wy,
w¢, ass if and only if 2M g€ = B and
B-C C-4A B-C C-A
— B L QT 1=0, 2—§—+1 0.

Solvmg the last system we find the unlque pOSSlblllty A=B=2C = 2Mgéc.
With this Theorem 3 is proved.

If we change the time t by 7 = At, where A = (My&a/C)”zthen in (12) on the
place of Mg€s will appear C. In such a way we see that the condition Mgég =
is not essential.

Corollary Ifnpg=¢(c=0 and the change 7 = At A (Mgég/C) 2 is
already made then

— (w? —-_w:‘; - 631)2 + (2wew, — 033)2

will be a first integral of the system (12) if and only if A = B = 2C.

After all above we have seen how the S. Kowalewski integral could be derived
constructing an appropriate passive vector. Something more — the conditions
A = B = 2C appear as some necessary conditions for realizing such a construction.
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OB OBPATHO# 3AOAYE KBAHTOBOW TEOPUHU
PACCEAHUA NJIA PAIUAJILHOI'O YPABHEHUA
[IIPEAVWHTEPA II. HEIIEJILIE OPBUTAJILHEIE

MOMEHTBI

fiOPIIAH MUILEB

Hopdan Muwes. OB OBPATHOW 3AIAYE KBAHTOBOI TEOPUH PAC-
CEAHUA IJI PAIMAJIBHOTO YPABHEHUSA HIPEIMHTEPA II. HEUE-
JILIE OPBUTAJIbHBIE MOMEHTHI :

Hoaydensr q:opMynu PAa3JI0/KEHHA N0 NPON3BEACHNAM pelleHuik IBYX pPaAuabHEIX
ypaBHenui lllpemunrepa ¢ Heueanm MomeHTOM | 2 —1/2. PaccmoTpen cayuail, xoraa
z = 0 — rpaHuyHas To4yka ¥ rPAHHYHAA OKPYKHOCTh. Pe3yapTaTh ABIAIOTCA 0606-
IleHueM paHeé mouydennnx npu l=0unpul=1, 2, 3,...

Jordan Mishev. ON INVERSE PROBLEM IN QUANTUM SCATTERING THE--
ORY FOR RADIAL SCERODINGER EQUATION I1. NONINTEGRAL ORBITAL MO-
MENTUM :

Some expansions over products of solutions of two radial Schrodinger equations with
nonintegral momentum I 2 —1/2 are obtained. The limit point and limit circle cases for
z = 0 are considered. The results are generalisation of prev:ously obtained for the cases .
l=0andl=1, 2, 3, etc. -

143



1. BBEAEHUE

B nacrosaumeii paboTe paccaorpensl GOpMYJIbl pa3JloMKeHUs 10 IpoM3BeIe-
HuaMm pemennit (PPI1) aByx cunryaspusix ypaBheuuit [lItypma — Jinysuann

d* 5 (l+1
(1) Zl—.l,‘_?y"-’-{k.'— ['(_"'—I:T-)"}"vn('r)}} yn:O, 0<.’E<OO, TI.=1, 2

[IpeanonaraesM. 4yto norenunan v,(x) — BewecTBeHHaA GyHKUUA, YIAOBIETBO-
pAiolias YCAOBUIO -

oo 3
lenllx, = f(l 4 z)]va(z)|dz < oo,
‘ o 4

.
a flapameTp | —- BelllecTBeHHas KoucTaHTta, | € —3 oo)

Kak npuiosenne noaydennolx ®PII goka3aHbl TeopeMbl €AMHCTBEHHOCTH
Mapuenrko b (uorm'rcrm IOUMX 06paTHBIX 3aJauyaX pacCesHu.

umi=0 1, 2. ypaBuenue (1) Ha3plBaeTCA paaualbHLIM yPpaBHEHUEM
HIpeaunrepa. (P}’III) ¥ 110JydaeTcs, Korla MoTeHInas B3auMoAeCTBUA CTa-
nMonapen u chepudeckn cummerpuden (1, ¢. 23], Hassanue PY Il coxpanum
st (1) m opu nenennix [ ' .

Y papuenue (1) MoAHO TONKOBATH KaK CHUHTYJIAPHYIO 3ajJavy Ha cobcr-
BEHLIX 3HAYCHUAX CO CHCKTPAJIbHLIM NapaMeTpom A = k?. Okxa3niBaeTrcsa, 4YTo
o Tepsutiodorun Beitas {2, c. 240] z = o¢ pceraa rpanuyHas Touka, a & =0

ABAACTCH TPAaHUYMHOR OKpYA&HOCTBIO NpU [ € [—5’ ;2—) ¥ rpaHUYHON TOYKOIA

npu | —l \)
) € X ).
I 2 b

B . 2 nsydenu nekortopsie pewtenivs (1) ¥ rpanuunoe yciaosue B 2 = (.
OCHOBHLIM MOMEHTOM SBJIACTCA ONpeaelicHie GyHAAMEHTAILHOR CUCTEMBI pe-
meuuis g, (2. k). h,(r. k). cocraBneunoit u3 1eabix, YyeTHsIX QyHKUMA nepe-
MEHHOW k. anajiory penrenuaMm npu v, (z) =0

: 1 =k 1
(2) golo. k) = aEsy ; (+3 Uhl) I_G_ [*E, 00),

q o
- Al STy (ko) 165(;%1%)
(';) hn(J'. A') = LS ; i FA |
\/ U(‘J)+[‘“hlA]1, ]() LJ) I_. 2
i (h“(g k). 'In(-l k) =1 7] = fJ f q).

'I‘py;mm Th COCTOMT B TOM. UTo ¢, (2, k) MOMKIIO HAWTH 0AHO3HAYHO, HO
hy(r. k) ve oupeaensercs oanosdadio wis yenosua W(ih,, ¢,) = 1 v nyxuo

141



1 1
)
HYIO TPYZAHOCTHL co3xaeT GakT, uTo B obueM caydae k = 0 ecTb TOUKA BETBJIe-
gUA ANA pewlenua ypasHennit (1). ManocTpupyeM curyaumio npu v,(z) = 0
. PaccmoTpum penrenue ' '

- i PR
ho(x, k):'tkI TH11+§(IC£)

Brimonueno ycaosue Wiho, go) = 1, HO M3 npeacTaBiieHun

130aBATbCA OT nNpUMeceit QyHKuMU g, . [Ipul € ), [ # 0 aononuuTeNL-

I i(—_l)’km'”

“coslm

),‘1#.0

w|-—a
02| =

(4)  ho(z, k) = iz B4 [ ]90(1‘: k), le (1

., B )
ho(z, k) + [z —.;lllk] gofz, k), i = ~5

ACHO, YTO k=0 — Touka BeTBJIeHHH U BTO CBA3aHO C MHOXKUTeJIEM k‘?’H-l

npu
1 1 1
16(2 2) 1#01&111]»]‘1[)14[1-—2

Pesynprarsl n. 2.saBasoTcs o6obuieHueM npu vafz) # 0 atix us [12, c.

1 ;
94] OTHOCHUTEJILHO TpaHuvHOro yciosua B z = O npu l € [2 2). ‘Tak, 'npu

vn(2) = 0 mociie 3aMeHBEI KOHCTAHT MOXKHO MONYYNTh (bOpMyJII:I 4114 n4.11.6
us [12].

B n.3 nonyuenm asa Buna ®PII coorBeTcTBEHHO NpU BPOHCKUAHCKUX H
NP HYJEBHIX rpaHUuHLIX ycioBuax B & = 0. O6o3nauuM T GopMysIBl COOT-

: " (I’PH(I, V1, 00, V9, 00),

sercTBenHo OPII(l, vy, a1, v, a2), | € —%, 5

1 1 :
l e [—5, oo). OrMeTuM, uto nipu ! € [5, oo) HyJIeBOE€ TpaHUYHOE yCJIOBHE

BblAeNAeT pelleHus ypaBHenue (1), KOTOpble KBAAPATUUHO MHTErPUPYEMBI B
okpecTHOCTH & = 0. , ‘ .

[Mpu ! =0 ®PII(0, v, oo, va, 00) no.ny'qubIB [9], a ®PII(0, v1, a1, v2, r2)
nonyyensl B [13]. Ipu ueawx I =1, 2,. @PH(I v1, 00, Uz, OO) MOJIyYEHB
B [11]. Hacroamasn paboTa OTIMYAETCA OT LMTUPYEMBIX TeM, YTO 37€Ch pa-
6oraeM B monnoi obuinoctu Oitneposoit I' dpynkumit u BeceneBrix ¢ynkumit
Henonayuenoro nopaaka. IIpu menwvix [ paboThl co cnenuMaIbHBIMKA GYHKIMAMMU
MOMHO U36eKaTh, KaK 3To rnokasaHo B [9], ucnoab3ys npeobpasopanue Kpam-
ma — Kpeiina. ' -

Bn 4 pa,ccmorpeHo O0HO npnnomeune noayueHHslx. B n. 3 ®PII. Io-
Ka3aHbl TeOpeMbl eauHcTBeHHoCcTM Mapuenko B o6paTHoit 3anave paccesaHus
ansg PYHI c neuenbiM MomenToMm. bonee ocoGblit MOMEHT B 2Toit pabore —
HeoBX0AMMOCTb B PACIIMPEHUM TIPOCTPAHCTB, C KOTOPLIMU paboraem B ciyyae
BPOHCKMAHCKUAX TPAHAYHBIX YCJIOBUiA. DTO cBA3aHO ¢ GaKTOM, YTO rpaHUYHAA
3ajlaya B cjyyae onpeleisfercsa noTeHunayoMm vy(z) B PYII u xoHcTanTO#M
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an € R! B rpannunom ycaosuu. ITono6Haa npoueaypa B KpalHeM WHTepBae
nposeaena B [10].

2. TPAHUYHOE YCJIOBUE B HYJIE

2.1. Buavane u3ayuuM HekoTophule peuienna ypasHenus (1). Ipu v,(z) =
0, xpome $yHkunt go u ho 3 (2) u (3), paccMoTpuM ellle peleHue

fo(z, k)= i'“‘/ EEHI 1 (kz), le —l,oo) )
2 (e 2
2

Pymaopm go, ho ¥ fo XapaKTepHH aCUMITOTUYECKUM IOBEAECHHEM

(5) go(z, k) = aiz*'[1+0(=")], z—0, re [_ :

N
8
N

2°2
1

avzinz[l+0(z?), z—0, [= —3

(7) Jo(z, k) = eu:[l+0(3—1)]' z—oo, Imk g 0, le l_%' oo)!

biz='[1 4+ O(z?)], z—0, Ie€ (_l l)
(6) ho(z, k) =

rae KOHCTAHThI

\ 1
!
a /5 , 2r‘(1+§) -
1= ) 1=, 1=
BT v v

3aBUCAT TOJAbKO OT I.

1
®yHkuum go ¥ hg — uennie, yetHole ¢yukuuu ot k. Ipn l € (—5, 00

dyuruma fo(z, k) asamutuuna npu Imk > 0, a npoussenenue k' fy nenpepu
Ho nmpu Imk 2 0 . Ilpu I = 0 Touku k = 0 He ABAAeTcA ocobolt ana fo; np

' 1 1
l=1,2,3,... k=0nomocnopaaxal; npul € (—5, 5) , 1 #£0, k=0 apane
cA Touxoit BeTBaenua ana fo . [lpul = —é bynxumsa k' fo uMeer ocobennoc

Buaa Ink, npu k =0 u £ = 0 ABnAeTcA TouKoi BeTBJEHMA.
Mpu k| — 0o, Im k 2 0 cnpaBeanusu acumntoTHky (7, c. 785

1 . ! Imkz 1
(8) go(z, k) = gy sin (kr—?ﬂ)+0([fk—|,¢5), le [—5.00),
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—_ k' Ir -1 _Imk= 1 1

(10) ho(z, k) = k=% [cos (L-z + %) + (%ln k) cos (kz - %)]
+ O (lk=3 in[kle™™*=) + O (k|- ¥elmt=) | 1= -%,
(11) fo(z, k) = €40 (e—-ll—:r—:) , le [—-;—, oo) .

IIpu v,(z) # 0 onpenenum pewseHua g,, h, u F, Tak, 4yTobhl OHU HMesH
acumnToTUvYeckoe noseaenme (5), (6) u (7). Ilepunupyem kak o6GHIYHO pe-
wenue Hocra f, [3, p. 14; 1, c. 35] u pewenue g, [3, p. 21; 1, c. 34).
Crnpape/IUBEl CleAYIOLIKE:

Jemma 2.1. dyuxkununa f, aHanutuuna npu Imk > 0 n HenpepriBHa nipH
Imk 2 0, 3a MCKMIoYeHneM Toukn k = 0, re HempepuiBHO npousbeaenme k'f,

k' f. umeeT ocobennocts Buaa Ink B k£ = 0.

npu l € (—5, oo) . Mpul= -%,

CnpaBenyuBL! OLIEHKa
. l
|k|z ) ~Imk
z, k)| £ const | ———— e~ mEE
nte, DI const (Il
¥ aCHMIITOTHKH

falz, k) = e*¥[1 4+ 0(1)), z — 00

~Imkz

— pikz ¢
folz, k)= €% 40 (_Ikl

(12)
), k| — 00, Imk20.

JTemma 2.2. dynkuma g, uenad, yerHaa ¢yHKUMA oT k . Cnﬁaaennuau
OLIEHKa

T +1
lgn(z, k)| < const (m> plmks

M aCHMMNTOTHUKH

gn(z, k) = a1z'*![1+ O(z)), z—0
(13) sin (L:: l;) (ks
y,,(:r:, k) = k"“ + 0 (lk—llﬁ) ' Ikl — 00, Im & g 0.

Ananoruyno cayyawo ! = 0 [8, c. 16] onpeseanmm h, ana nocrarouHo
Manmx z : 0 < z £ € Kak pelleHUe UHTEr PAJILHOIO Y PaBHEHUA

(14) ho(z, k) = ho(z,' k) — ho(z, k)fgo(t, k)ua(t)ha(t, k)dt
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—go(z, k)jho(l, kYvn () ha(t, k)dt.

IMocne sToro nonepuuupyem h, npu £ S z < 00 ¢ NoMolubIo 3HaueHnu h, (e, J
nhi(e, k) . Onalm k 2 0 nmeem

-1
. I
I3 < C - Imkz
|ho(r, L)| = L1 (l |k|:c) € ,

z . Imk
M < C, mkz
9oz, &) < C: (—1 . |k|1‘) ke

Mycte |k| £ N . Buibupaenm € > 0 Tak, urobml
(15) gn = C;C-'gexp(2N€)N'lflv,',(:t:)ldr < 1.
0

DTo BO3MOXKHO, NoToMy uTo v, € X; . Cnpasennuna cienylouman
JTemma23. Mpn 0< z < ¢ ypabuenne (14) nmeer pewenne hy(z, £
KoTopoe uesaf, YeTHaa GpyHkumAa oT & . CnpaBeanubsl oueHKa

-
z
) < const [ —b— Imk=
(16) |hn(z, k)| S const (l + lkll‘) e

M aCHMMNTOTHUkKM npu  — 0

0D

ho(z, k) = biz~'[1 + O(z)), l€ (—%. ) ,
() ]
ho(z, k) = a1/zInz[l1 4+ O(2)], I = -3
H npu |k| — oo, ]m‘}c 20

x|
: cos(k.r+%)+O(|k|"‘e"“"’). IG(—— =

ho(z, k) = k=3 [cos(k.r + %) + (% Ink)cos(kz — %)]

3 3
+0 (|k|—§ In |k|e'"‘"’) + 0 (|k|-§el"‘"’) , 1= —%.

ho(z, k) =

coslinm

(18)

LJoxesameascmeo. Ilpwn €, onpenenentom B (15), pewaem (14) meronmo

nocnenoBaTeabHbIX Npubamxenunit. [loaoxum

.

hLO)('tr k)= ho("‘, k),
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™z, k) = —hy(z, k)jgg(t, E)v, ()R V(2 k)dt

-go(z, k)/"o(t. Eoa RO, B)dt,  m=1,2,...

Toraa npu 0 < z £ € uMeeM

(0), z Bt Imkr
K, B £ G ehmt,

z \7 Imk
Rz, k) C,(l ) e 1 qpn.

Ilo MHAYKUMM Nerko noAyuuThb

-l .
W™z, )| S [c. (=) '"’“] @ m=2,3,...

o0 .

U, cnenosarensno, pad hn(z, k) = Y h(m)(:c k) cxoAMTCA paBHOMEpHO IO
m=0

|k] £ N, z € (0, s] TaK KakK MaXOPUPYETCA PALAOM

-1
Imkzr m
> o () - ]"“'

m=0

lhn(z, k)] € C( z )_melmk? !
S MRV TE T-gr

T.e. nokasaHo (16). Ot ypapnenua (14) u ouenku (16), ananoruuso [1, c.
35), nonyuyaem acumnrotukm (17) u (18) . O Toro, uro dyHkumm go(z, k) n
ho(z, k) — uensle, yetnsle ot k, cnenyer, uro Takaa ha(z, k) ana z € (0, ¢
“, B YacTHOCTH, h,(€, k) m h, (e, k). Cnenoarennho, nponomuenue hy(z, k)
B uHTepbane [, 00) ToXe UesnaA, yeTHaA GYHKUMA oT k. JleMma AoKa3aHa.

3ameuanue 2.1. Ot (12), (13) u (18) BraHO, YTO ACUMNOTOTHUKM
byHKUMA gn, hn u f, npu k| —, Imk 2 0 coBnanaloT ¢ acumnroTukamm (8) —
(11) dyukuwit go, ho n fo - '

2.2. UsBectito [4), uto npu Imk > 0 UMeeTCA TONLKO OMHO, C TOYHOCTBIO
IO MHOXKHMTeJA, peluenne ypaBHeHua (1), kpaapaTuuHo UHTerpupyemoe B Gec-
KOHEUHOCTH, U OHO y6riBaeT kak e'*% npu z — 0o . Io Tepmunonoruu Beitna,
T = 00 ABNAETCA FPaHUYHON Toukoit U ycnobue

(19) Jim {e7*ya(z, k)} <00, Imk20

Kpome Toro,
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€

—go(z, #) / ho(t, K)on(t)hn(t, K)dt.

)

IMocne aToro noaepunupyem h, npu € £ ¢ < 0o ¢ nomouusio 3Hauewnu h,(e, k

mhj(e, k). Onalm k 2 0 umeem

=il
. I
N < O Imkz
lho(z, k)| S C, (1+|k|x) e .

z t Imk
N < mkz
|90(1'| L)|=Cz (l+|k|r) e )

Mycte (k| £ N . Buibupaem ¢ > 0 Tak, uyTobml

£

(15) 4n = C1Caexp(2Ne)N~" / |va(2)]dz < 1.
0

DTo BO3IMOXKHO, MoToMy uTo v, € X . Cnpapeanusa cinenylolan

Jlemma 23 Tlpu 0 < r £ ¢ ypasHenue (14) umeer pewenue h,(z,

KOTOpO€ ueJiafg, YeTHasn (I)yHI'([lHﬂ or k . Cnpa.ae,tmuubl OLCHKa

U
F
W< s Imkz
(16) [hn(z, k)| S const (1 n |k|:r:) e

U AaCUMNTOTHUKHU NP T — 0

e, b=tz 4 0] te (-3 1),

ha(z, k) =c1/zlnz{l + O(z)], 1= —%

- (17)

unpu |[k| — oo, Imk 20

{

ha(z, k) =

cosim

ho(z, k) = k-1 [cos(k.r + ;) + (?,; Ink)cos(kz — %)]

3 3 _
+0 (|k|_§ In |k|e'"““’) +0 (Ikl_ge"“‘“’) , U= —%_

(18)

cos(kz + %r—) + O(|k|"-te™ =), (€ (—- -

k

lloxazameascmso. Ilpu €, onpenenennom B (15), pewaem (14) Me'ro.noq

nocJjenopaTtenbHuIx npubamwkenuit. Monoxum

hO(z, k) = ho(z, k),
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h™(z, k) = =ho(x, k)[go(t. kYo (A= (¢, k)dt
0

£
—go(z, k)/ho(t, E)oa(A=1(L, k)dt, m=1, 2,...

Torna npun 0 < z £ € uMmeem

(0)¢ < z -h Imkz
lhn"(z, k)| £ ) e™,

SN L
1 N < od Imkz| m
|h'n .(1.', L)I = [Cl (1 lLI-"-) € ] In -

ITo MHAYKUMK JIErKO NOJMYYUTh

U] -
m z T m v
|kS™) (=2, k)| S [Cl (m) e!m* ] In m=23,...

o0
U, cienopaTeabHo, pal hn(z, k) = > h&,m)(:c, k) cX0AUWTCA paBHOMEpPHO M0
: m=0
k]| £ N, z € (0, €], Tak kak MaXOpUpyeTCA PAAOM

= z - Imkz ™m
> |o () o

m=0
-1
z 1
C et —
l(1+Ik|x) ]l—qn"‘

T.e. Aoka3ano (16). Ot ypapuenus (14) u ouenku (16), aHanoruuno [1, c.
35], nonyuaem acumntoTukun (17) u (18) . OT Toro, uto dpynkumu go(z, k) u
ho(z, k) — uennie, yeTHble oT k, cneayer, uto Takaa h,(z, k) ana z € (0, €]
M, B HacTHOCTH, h,(e, k) 1 h;(e, k). CnenosarenbHo, npoaokenune h,(z, k)
B uHTepBale [e, 00) Toxe uenasn, yueTHan pyHkKuuAa ot k. Jlemma noka3zaHa.

3ameuvanne 21 Ot (12), (13) u (18) BuaHO, UTO ACHMNTOTUKH
dyukunit go, hn u fu npu |k| —,Imk 2 0 coBnasaloT ¢ acumnroTkamm (8) —
(11) pyuxumit go, ho u fo . _'

2.2. Uasectho [4], uto npu Imk > 0 uMeeTcA TONBKO OAHO, C TOYHOCTHIO
10 MHOXKHTENA, pelieHne ypaBHeHuA (1), kBaapaTUUHO UHTerpupyemoe B bec-
KOHEYHOCTHM, W OHO y6riBaeT kak €** npu z — oo . Ilo Tepmunonoruu Beitna,
T = 00 ABJIAETCA FpaHUYHON TOUKOH M ycloBHEe

Kpome Toro,

lha(z, k)| g

(19) lim {e"**ya(z, k)} <00, ImE20
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pugenser otTu pewenna. U3 (12) smano, yTo pewenue Hocra f, yaosnerso-
paet (19).

U3 (13) " (17) Buano, uro npu !l € [-;-, oo): gn € L2(0,.), h, ¢ L2(0,.),

T.e. £ =0 — rpaHMuHaAa ToyKa U rpaHudHoe ycJjiopue B z =0

(20) lit {z=+Dy,(z, &)} < oo.

Ipu l € [-%, %): gn € La(0,.) n h, € L2(0,.), T.. £ =0 aBpaAeTca rpaHuyHOMN

OKpyXHocTbIo. [ paHuuHoe ycioBue MoxkHo [2, c. 264] 3anucath B BUAe
(21) Jl:l_l:% W(Eﬂ(x)n yn(z- k)) = 0,
rae £n(z) — PukcuposanHoe pewenne (1) npu k=0 . Iycts

fn(x) = Tn [Cosﬁngn(:ﬂa 0) + sin ﬁnhn(z: 0)]:

Yn(z. k) = An(k)gu(z, k) + Ba(k)hn(z, k).

HUcnonb3ya ouesunnoe W(z~', ') =21+1, W(yzInz, /) = —1, nonyuaem
npuz—0

W(€n, yn) ~ const [A, sin B, — B, cos f8,], const #0.
CneaosatenbHo, ycyioBue (21) aKBuBaNeHTHO
yn(x, k) = pu(k)cos Buga(z, k) +sinfabn(z, £)], pn #0,
r.¢. (21) Buinenaer pewenun (1), nponopuMoHanbHLIE peLIEHHIO

y!(lpn)(""' k) = Cos f’jﬂ,qll('ro k) +Sin ﬂ"h"(.‘t, k),

[Ipw sin 3,, # 0 o6o3launs yf,‘j")(.r. k) B BUIDE

enlan: &, k) = ha(z, k) + anga(z, k),
roe a, = cotgld,. a npu sin g, = 0 o6o3naunm ys,‘a")(z, k) B Buae
wn(oo: z, k) = ga(z, k).

Pewenue 2,(a,: x. k). a, € R', a, = 00 Ha3ulBaeM perynApHLIM pellie-
nuest. flcHo. uto @, (a,: 1. k) ynosnersopaer (21). 3anumem (21) B Bune

(22) lim 1V (2 (@n; 2, 0), 4n(z, §)) =0.

Tak Kak pp(x: & k) ~az!t', 2 =0, Tompu l € [%, co) (20) npuHMMaer
BU.I

(23) }iﬂ})”'(p,,(oo; z, 0), yn(z, k)) =0,
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M BTO YCNIOBHe BhlgesseT pettienus (1), nponopunoHanbHule gn(2, k)._ Mo aua-

Jsoruu npu ! € [ ; %) MOXMO BLLACIUTE (23) »3 ocTanbHEIX ycnosuit M Haa-
BaTh KakuM-To o6pasom. Tax b [5) npu ! = 0 ycnosme (23), T.e. yo(0, k) =
Ha3blBaeTCA HyJieBbIM, a (22) — BpOHCKMAaHCKMM M 3ajaue npunucunaerca
napameTp | = —1. Mu npugepkuBaeMca 2Toit TEpPMUHOJIOTHH.

2.3. B 3akmiouenuu n. 2 nepMHUpyeM HEKOTOPhle PYHKUMHU U KOHCTAHTHI,
CBA3aHHbIE C FpaHuuHKMK 3agauamu (1), (22) n (1), (23). ITycTs

UnGni 2, 8) = Tomgha(e, B)+ 15 o7on(a, B
Yn(oo; z, k)) = —hn(z, k).

(24)

Ot Toro, uro W(h,, gn) = 1, cnienyer W(pn, ¥n) =1, an € R!, an = oo.
U3 nemmut 2.2 u 2.3 nonyuaeM, YTo @nlan; z, k) u ¥u(an; z, k), a, € RY,
ap = 0O LeJble, YeTHhle pyHKummn.oT k. Jdedurnpyem

eﬂ(aﬂ; k) = (—ik)'w(‘loﬂ(aﬂ; z, k),'fn(t, k)), an € Rl
en(00; k) = (—ik)!W(fa(z, k), @aloo; z, k)).

Buauxo, uto
en(an; k‘)=en(0; k)_anen(m; k)l
. _ en(00; k) en(0; k)
(25) fn(il:, L) = Whn(t, k ( k)‘ n(I, k)

U3 nemmu 2.1, 2.2 u 2.3 cneayer, uto e (an; k), a, € R, a, = oo aHa-
nutnuna npu Im & > 0 u wenpepbibHa npu Im k 2 0. Bcerna moxuo HaitTy
Takoe a, = aj, 4To ex(aj; 0) = 0. Ilpnm en(oo 0) = 0: a, = oo, a npu
en(00; 0) # 0: a} = en(0; 0)[en(oo; 0)]~'. Ina npocToTH M3NOWeHHA, Aasee
6yaem npeanonaratb, 4To ep(oo; 0) # 0, eq(aq; 0) #0.

" Ot Toro, 4T0 @u(an; z, k) yernasa dynxuma ot k, ananoruuso [1, c. 25]
noAyvaeM A BelleCTBEHHBIX &k # 0

2:L(L)'[e"(a"' —k)fu(z, k) = (=1)es(an: k) falz, ~k)),

enlan; z, k)

2_‘11.:(—"%)7[3,1(00 k) fu(z, k) — (- 1)’e,,(oo k) fa(z, —k)].

¢n(00; z, k)
Orclona cneayer, uto ana k € R, k # 0 en(an, k) #£0, ay, € Ri, a, = o0.
N3 acumnroTmk (13), (18) naxonmm npu |k - o0, Im k20

I=

sin(kx — -2—) elmks 1
(26) Pn(ml z, k) = _kH,_l_ + o (IkIH_z) ’ le ["5: m) '
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3 N

|

coslm )
,‘»‘,,(0,.: I, A-) = ¢ k'i’ [coq (L,r+z)+a,, sin (L:H-Z) ( Ink) (k.":— —)]

| +0 (k173 Inklei™=) + 0 (Jk|=3eimbe) I=—§.

Otcioaa ana e,(an: k). a, € R', a, = o0 usmeem npu |k| = 00, Im k20

)
i(—1 )lk.'.'l'+l

cosTn L+ ORI, le (_% %)
[i— (a,. + %lnk)] 1+ O(kI™Y), = _%.

B3asmecyanwne 22 Wi (27), (28), (25) u (4) puano, 4To acumn-
TOTUKU GYHKIMK e,(X: k), ep(an; k) npu |k| — oc. Im k& 2 0 coBnanaloT co
sHadennaMy >tux Gy nurumi upm v,(a2) = 0.

U3 acumnrorux (27), (28) suano, uto yucno nynei oynkumit en(an; k),
a, € R'. a, = x B obnactu Im &k 2 0 xoneunoe. Crannaprho [1, c. 42]
nojayvyvacrcna, 4To 2TH HYJA YUCTO MHHAMDIC. HOKEJ'KCM. 4YTO OHHM NpPOCTLIC.

[Iyctb en(an: k1) =0, 0, € R'; eu(n0; ko) =0, k, = ikp, &, > 0. Toraa’
Sule. ky) = Dy, ag)galay: ro k). OGosnaunm

cos(kz + l_rr) + O ([k|'-1elmkz) | 1 e (—%.

l\.al'—'

(27) ﬁn((x: k)=1+0(lk|_l). IE [

(-)8) ‘n(“n: k) =

M . o) = [ 2. ke, M (on, ) = [ fi(z, ko)dz,
0 0
. o0

('l'l(v,,. an) = f silog: v, k). (-'._','I(v,., x:) = f @2 (00; z, ky)dz.
0 0

Cnpapeiiinsa cileiyiotan
destara 2400 Usicior Mecto upecerasicins

’n(x; "‘l) ‘(?,,(U; I"'.')

20 . - —_— <l U )= —_—
(_,) l)l('n- fay) = (_’-‘_l)[ . I)-(l"‘ (x) (_'A.,_,)l '

N

en( 2 ky)en (o, ky)
2(—1)!(ky)=r+!

-”|—|("u- n,) =

30
(:30) ”_!(, <) = _r-,,((]: ky)en(oo;, k)
Ay TR = 2(_|)l(‘.3)'ﬂ+l !
o .u(“u: Al)
( ] l("n- ”N) = . ‘_ - o '
(JI' ZL](),()*" ‘l) '

-’.u(x'; k'.')
2"3(,,{_(); ‘_n)
'

(.._'(r,.. xX)=-



Jloka3aTenbcTBO Noayuaetcs anajoruudo (1, ¢. 44), [9], ncnonnaya dynkusmio
én(an; z, k) 3 (24) u Toxaectro

d

ZWUn(z, £), fulz, b)) = —2kf3(z, k).

Cnenctreue 21. yukuun ep(as; k), a, € R! u eq(00; k) nmelor
[pOCThie HYHN. |
Cneays [9], [13], MoxxHO monyuuTs Mpu z — 00

_ (-t .
enlan; T, k1) = —————én(an; k1)e"1[1 + o(1)]
(2?‘51)(1‘31)'
(32)

M . A — (—1), > [ A k3T
‘pn(w1 x’ "‘2) - (Qikz)(lkﬁ)l eﬂ (ool L'.!)e [l + O(l)]
3. @OPMY LI PA3JIOKEHHUSA IO IPOU3BEAEHUAM

3.1. CHayvana noayumnnm ®PII (I, vy, 00, va, 00) npul € [—-21—, oo). Pac-
cmotpum ase PY 1

o & ., [l+1)
(33) Iﬁyn+{k—[ . +vn(x)]}yn=0, 0<z<oo, n=1, 2,
c Hyheabmu FPaHHUYHBIMK YCJOBUAMM

(34) lim W(pa(00: 2, 0), a(z, ) =0.

1
[Ipeanonaraem, uro v, € Xy nl€ [—5, oo). O603HauuM npon3peReHUA

d(o0; z, k) = p1{00; z, k)pa(o0; z, k),
F(.‘L‘, k) = f[(.l“., k)fg(-‘l?, k),
E(o00; k) = ej(00; k)ea(oo; k)
M MHOXXECTBa COBCTBEHHBIX 3HaUeHNi
ou(00) = {ky, ren(o0; ky,)=0, j=1,..., Nu},
o(00) = a1(0) U aa(o0), o'(00) = a1(00) Nay(oo), ¢"(00) = o(oo0)\o'(00).
Beenem cucremy ¢ynkumit {F‘(oo)}

(35)  F(oo: z, k) =-—%(-l)'k2'“lm (——;fo '“2)), k€ (0, o0),

153



ﬁn,j(m; 1.') = dg, j(w)F(to kn,j)p k"..i € O'H(CO)

(36) 4("1),(kn,j)2,+l
#n.i(00) = E(c0; kn,;j)

[ Fju(00; ) = bj(00)[F(z, k;) + d;(c0)F(z, k;)],
Fja(o0: 1) = bj(o0)F(z, k;), k; € ’(00)

(37)
| ()= B(Etik JL),;H dj(00) = 211:.1 - 3?(2 kl:,-))'
Ina npoussonbHoii (|Jj'|lh'uuu u(z) € L(0, co) o6o3naumm uHTErpankl
(P(o0: k). u) = /d>(oo; &, ku(z)dz, k€ (0, o0)Uo(oo)
(38) 0 |

(®(o0: ki), u) = /di'(oo: .r.", kjlu(z)dz, . k;-€ o (00).
0

Kax B [9]. [13]. ucnoasaysa (32), nokasnipaen

JJemnma 3.1 Ilna kaxkaohh u € L(0, oco) uHTerpann (38) cxoant
abconloTHO. '

®PII{I, v|. o, 2. X0) YCTAHABAUBAETCA B cleaylollei

Teopensa 3.1 Haa vaxaoh dyuxkuuu u € L(0, oo) nmpu » >
COPABENNUBO PA3NIOXkEHUE )

R R
(39) —]u(f)dl = R]En /F‘(-x*: I, k)(®(oo; k), u)dk
r ) 0
+ Y Fujloos x) (00 ka ), u)
e’ ()
+ Z {Fj_](-x': L) (P(oc; &j), u)+f'j.-_.'(oo; z)(‘b(oo; k;), u) .

T N)

Toxasamcascmao. Ouo npooautca no cxeme [9], [13): Ctpoum dynkus

(-10)
[ F(x. k)®(oco! t, k) npu 0<t<z
, 4(=1) k2! filz, k)pa(oo; z, k)p1(00; t, k)fa(t, k)
Gx:r. . kM) ——m—— =
E(x: k) +ei(00r z, k) fa(z, k)fi(t, k)pa(oo; t, k)
[ —®(o0r =, k)F(L, k) npu z < t <00,



U(oo; z, k) =/G(oo; z, t, Ku(t)dt, Igr(oo; z)= %fU(oo, z, k)dk,
0 ' TR

i€ KOHTYP

yr={-RES k< R} JTr, Tr={k=Re’, 056 <7}, R>max|knjl

06XOLMTCA B NONOKUTENLHOM HANPABIEHUH. KonTypHulit uHTErpan noacunr-
pWBaeTCA OBYMA cnocobamu, cnmepsa Mo TeopeMe O BhIYeTax, & MOTOM, McC-
nonb3ys acumnrotuku (12), (26) u (27) npu |k| — oo, Imk 2 0 naxoantcsa
acumntoTuka Ig(oo; z) npu R — oo. '

3.2. #iuac ocranosuMmca Ha PPII(l, vy, a1, va, az) npu l € [—%. %)

PacemoTpuM (33) ¢ PPOHCKHAHCKUMM I'PAHUYHLIMM YCJIOBMAMU
(41) lim W(pa(an: z, 0), yn(z, k)) =0.

O603HaunM nNpou3BeneHnA

D(a; z. k) = gi(ar; z, k)pa(az; z, k),
= 1 &Y
¢(an z, k) - @(0, T, A') - EMv

E(a; k) = ei(ay; k)ea(az; k)
M MHOXeCTBa COBCTBEHHBIX 3HAYeHuH
On(an) = {knj: en(an; kaj)=0, j=1,..., Nu}, n=1, 2,
o(a) = a1(ar) Uoa(as), o'(a) = oi(@)) Noz(a2), o"(e) = a(a)\o'(a),

Beezem cuctemy dynrumnit {F(a)}, avanoruuno (35), (36), (37). IHasa
npousBonbHoit u(zr) € L(0, oo) 0603HauMM MHTErpanbl

(®(a; k), u) = /E)(a; z, kyu(z)dz, k€ (0, oo)Uc(a)
(42) "0
(®(o; ki), u) :/&3(0-; x, kj)u(z)dz, k; €0 (a).
0

CnpaBeanusa cneaymoulan
+Jl emsma 3.2, ina xaxnod u € L(0, oo) unterpanu (42) cxoaarcsa
abcomoTHoO. '
®PII({, v;, a;, v2, a2) YycTaHABAMBAETCA B
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Teopewma 32 Iliaa kaxkaoit pyukumu u € L(0, oo) npu z > q
CNPAaBeaJIMBO pa3JioKelune :

2 R
(43) —/-u(l)d! = nlim_/ﬁ‘(a; z. k){(B(a; k), u)dk
r 0

+ Z: ﬁ,,,j(a; .v.:)(&’(a; knj), u)
")
+ Z [Fj,l(a: r)(;ﬁ(a; kj). u)+ﬁj,g(a; J:)(&)(a; k), u)]
7'(a)

Hovasam: wwemao.  Crponst ¢pyuxkumio Gla;, z, t, k) ananoruuno (40)
[Tyvers

:
' . . _ . . 2(_1)lk2f+l k?f ]
Gia: r. 1. k) = Gla; o, t, k)= Elar 1) cos:'l?rF(I' k), *
(o r k) = /(,'(a: £ L, Kul(t)dt,
l
fr(ar: ) = — (a; o, k)dk,
2

n

L KOUTN P % g TOT Ae kak o reopese 3.1, llokazaTenucTno npoBoauTca ali
01 U4lio,

Kak vactuni cayuait npu v, (r) = 0 u3 (41) v (43) Moxio nosyuu
GopMYALL pashoaelun 1o kKnajtpatas gynkimii Becean. B aTom cayuace

dule. k)= gole. k). h(r k) = hy(z, k), folz, k) = fo(z, k),

'l.(\: l, = l.
TERE RS
A (1
enlng: &) = cosix lZ 2
i—(ﬂ,.+g|nk). J:—ﬁ'

4. TEOPEMA EJAWNCTBEHITOCTHA

Nakh caciaeroume s teopest 3.1 1 3.2 1erko noaydae
Ao s a L Hvers ann rpannannix saaaa (33). (31) v (33), (41
mateear Pla, 0) 2 00 F(x B) #0 Toran us yeaonnid

(P k)ow)y =0 ke (0, x)Ua(x),

(b~ k) w)y= 0. k€ a'(x).
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WU U3 ycaoBun

@) (B(a; k), w)y =0, ke(0, o0)Uo(a)
(B(a; k), u) =0, k€ o'(a)

caeayet, uto U(z) =0 8 L(0, 00).
B nanuHeliieM HaM Hy»kHO pacwmpeHue npoctpadctsa L(0, oo) [10].
O6o3naunum npoctpancteo Wi = L(0, oc) ® R' u Gununeiinyio popmy

(Fr, fahr = ] f1(2) fal2)dz + oy pia,
0

fo=Ufalz), pu) €W, n=1, 2

O603HauyuM aneMenT! npocTpancToa W :
d(k) = (®(a; 2, k), 1), ke (0. oc)Ua(a),

é(k,—): (&(a; 2, k), 0),  kj € '(a).

Cnpaseanusa cieaylollan
Jlemma 4.2. Myctb 4 = (u(z), i) € W,. Ecau pbinonHeno

(®(k), u), =0, ke (0, oo)Udc(a),
(45)

(‘i’(kj)- u) =0, k; €d'(a),

10 4=0, Te. u(z) =0, u=0. )
Hoxazameascmeo. Paccymwaenunn ananoruuns [10]. To, uto (®(k), 4), =

=0, k € (0, o0) soeaet k [ P(a; z, ku(z)dr+u =0, k€ (0, o), Te.
0

oQ

s° 1 2
(46) /[ff%ih(a; r, k)] u(x)de + [ﬂ] p=0, ke(0, o)
k® k3
0
iTpn k& — o nmeem
- cos® In _ 1 1 .
(47) —kT-tb(_a. r,ok)~ 3 + 3 cos(2kz + Im).

a) llyctu { =0. Toraa ua (47) n nemmb Pumana -— JleGera nonyuaem
Wi |
(18) §/tt(f)dt+,u=0.
0
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U3 (48) u (49) cneayer (44) u w3 nemmul 4.1 nonyuaem u(z) = 0. Toraa
u3s (48) umeem pu = 0.

6) llyctu | € (-_%, 0). U3 (47), (48) u nemmul Pumana — Jlebera umeem

o
1 , cos? in .
0 .
] cos?in 1 '
Ho lim | ——| =00, a = f u(z)dz < co. Cn~noBaTenbHO, €CAN CNpaBenin-
k—o00 k?l 2 0

(=)
Bo (49), To Heobxomumo u = 0. Toraa 3 J u(z)dz = 0 u cHopa U3 nemmu 4.1
0

nonyuaem u(r) = 0.

2
B) Mlycts 1 € (0, 1 . Tec na lim __cosq ™| = 0. Cnenosatenbno, AnA
2 k—oo k2
0
nob6oro y € R' us (49) caeayer 2 f u(z)dz =0, T.e. ana moboro u cnpapea-
0 :

t=t}
nvweo [ ®(a; z, k)u(x)dr + p =0 B wactHocTH, npu i = 0 nMeeM
0

(s8]
/(P(u; z, ku(r)dr =0, ke€(0, oo).
0

AHANOTUUHO oNIyvaeM

/@(a; r, kyjlu(z)dr =0, ky,; € o(a),
0

oo
/d’(a: . kj)u(x)de =0, kj € ¢'(a).
y _
Toraa u3 nemmul 4.1 cneayet u(z) = 0. Cnenoparensto u = 0.

PaccamoTpum kpaesyio 3aaauy (33), (34). ConocraBum 3aaaum ¢pa3m pac-
CeAHUnn
N, X: k) = arge,(00: k), 0<k<oo(n—0, k— 00),

HOPMMPODOUHLIE KOHCTANTHI ( CAL. (30) )

en(0; kn j)én(00; kn ;)
2(— 1 )’(kn,j )2“1

x .
-1 —_ 2
.‘IJ (l',,. X)z '/f“(-l.. k,;_j)d.‘l‘.‘: -
0
M danuble pacCcealun
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Sc(vn, 00) = {S(va, 00; k), =00 < k < +00; Anj = (knj)% Mj(vn, o0)},
rae GyHKUMA pacCefHUA
S(vp, oo; k) = exp(—2in(v,, o0; k)), 0<k <oo,

‘S(vn, 00; —k) = S(va, 00; k).

AHanoruuHo conoctaBum KpaeBo# 3amaum (33), (41) ee naHHule pacces-
nua. O6Go3Hauyum |

Av = (Av(z), Aa), Av(z) = v)(z) — va(x), Aa=a) — a3

Jlemma 4.3. Cnpasennusbi paBeHCcTBa

(50) (P(o0; k), Av) = w%%lk;)lsiu[q(vl, 00; k) — n(va, oc; k)],
(®(oc; k), Av) = —M[S(vl, oo; k) — S(va, 0o; k)], &€ (0, 00),

2ik2+1
(51) (®(oc: kuj), Av) = (=1)"2an (o))" 'M;(vn, ), knj € a"ioo),
(52) ' (®(o0; k;), Av) =0,
(B(o0; k;), Av) = 2(bj(00)) ™ [M;(vy, o0) — M;(va, )], k; € 6'(c0),
[ ]

_{E(a; k)]

(53) (‘D(L), dv)l = W-sin[u(vl. ay; k) = n(va, aai k),
- . Ela; k), . .
(q’(k). A‘U)l = —E%[b(vl. ay. L) - b(l’g, Qn; k)], I\ € (0, OIO),

(54)  (D(knj) Av) = (=1)"2(an () ' Mj(tn, an), k. € a"(o0),

(55) (®(k;). Av) =0,

(<i>(kj), Av)) = Q(bj.(.ﬂ'))—wl\'lj(l’], a1) — Mj(va, aa)], k; € o'(a).

llokasarenbcTso, Kak uapecTno (9], nosiyyaeTcn npu nomMolM TOXKAECTBA
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(.

Wigalas x k) gi(or: 2 k) = [0a(2) - va(2))¥(as 2, &)

d ..

'J;” (pa(x: o k). (o &, k) = [v1(2) — va2(2)]P(00: z, k).
Uurterpupys o r ot 0 ito x ann k € (0, o0) Ua(oc) ¥ cooTneTCcTBEHHO,
k€ (0. x)Ual{a) nonyuaenm (50). (51) n (53), (54). Nudbdepenumpya (56) no
knpu k, € a’(x). k; € a'(a) v unrerpupyn no x ot 0 Ao oo, nonyyaem (52) u
(55). Naparkiepuoe otanume npu (53), (54) u (55), uro

(50)

Iinll\ll'(;n_.(r_.-_,: z. k), gilay: z, k) = Aa, k€ (0, x)ue(a).

10T Gakl HPpUBOAUT K HCOBXOAUMOCTU pacumpennn npoctpanctoa L(0, oo)
do Wy Kak ywke orsierman B n. 1, rakoe pacumpenue e€cTecTBeHHO, MOTO--
MY uTo falada (33)a (41) onpeaennercs notennmanonm v,(2) U KOHCTaHTOMR
ay € 188 1 BparBoN YCAOBMHY.

Rak cacactpue gemm 410 4.2 v 4.3 nonyvaesm

T eopesa 4 yers ann kpacuux sagav (33), (34) uanectio, uto
Se(ry. X)) = Se(va. x). Toraa gy(a) = cofx). ‘

T eopesa 4.2 Hyers ann spacobix saiad (33), (41) ninectho, 4To
Se(vy. ay) = Se(va, aq). Toraa vy(r) = valr) m oy = . ‘

Anrop supagkaeTt rayGokyio Gnarojapnocts npod. a-p [, Xpuctony 3a
BIMMAIAC K 2T0H pabole. '

AUTEPANTYPA

P aaaw, KOOI Cabaan e ()ﬁp;rr'um- SJIAYK B KDAHTOROU TCOPUU PACCERTINUA,
Mo Mug 1950 '

L Roaanur ron AL A ST enwucon Teopun obuiknonennix adupepen-
numaib X vpasuenwid. Moo UJL 195K,

3N wton R OThe complex g-plane, WAL Benjamin, N.Y.. Amsterdam, 1964,

LCox i AL OGpainas sivtata paccesitni Juht ¥ panieids ¢ ocobennocThio. =
Tpyaa PTHIT AR MCCP, Nar Qput v ivukie. anaauns, nun. 1, Xapukon,
1971.

o R o p o B OGpanian v tua paceenniyl G Y pamicnnn ¢ ocobennocThio.
CnG o s avpaace 110 1961 N50672 693, .

bl ewwran b Ofparmae scaan HHivpyaa Jluvesuaas, M., llayka, 1981,

TRhRaopuw LT Ko pn Copanowine no staresacrune. Mo Hayka, 1984,

N Arpanonnu ) M apuen s o0 O0Gparie saJava TeopMr paccennmns.
Napbuhon, 1960,

N pucron EOcnen i pasnindy cooiic 1R onepaiopon, CIsrsaniidx © pisiaoscnn-
HMM (0 POl U e HANN PelternE IV patimastbiidx ypasnenuia 1 peanrepa
obopaivang pacoacinn. 11 Cucenrpaannan reapus. Fon. Cog. vuun.,
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0. Kupuen K..E.NXNpucrTton O pauviorenniux CHAZANNLX C NPOKIBCACH I
UMM PeNICHUE ABYX pervinipn:ix 3anas oy paa -Jluveraian., — Cub. Mmar.
ARy puaa. 21, 19%0, 98- 109.

1o Noowen AL EXN pPurucTob OO0 ciopa- oal sitane kit e sl G N pac
COMNL W PAMAABIDTO ¥YP shen:: e e pa |Gy s 1€

GPe L OB Ag“ U .'\!-;,). 7 VAR U AT PIVU) LY S EY al o 0N
e Llexaunka. ’

20T o u v a poarg DY Pazaoake ua e o e i e AT I I
i, '

13. X pucaonb, 2O pazaokenunx o nponane uatans pemennii inyx saiau Ulvyp-
sMa-—Jluypuanan ua nmoavocu. — Audu. ypamn., 16, 1950, 2023 2029,

HHocmynuaa na 14. 1V, 1959 2.
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FOOUIIHUK HA CO®UHNCKUA YHUBEPCUTET “CB. KIMMEHT OXPUICKHN”

CPAKYJNTET NO MATEMATHEKA 1 UHOOPMATHUKA
Kunra 2 — Mexanunka
Tom 82, 1988

ANNUAIRE DE L'UNIVERSITE DE SOFIA “ST. KLIMENT OHRIDSKI"

FACULTE DE MATHEMATIQUES ET INFORMATIQUE
Livre 2 — Mécanique
Tome 82, 1988

CPYIIIOBBIE CBOMCTBA OOHOTO KJIACCA
INPPEPEHIINMAJBLHBIX YPABHEHUN B YACTHLIX
[IPOU3BOIHBLIN UETBEPTOI'Q MIOPAOKA

BACUA BACUINEB

'

Bacua Bacuacs. TPYIITNIOBBLIE CBOMCTBA OHHOT'O KJACCA U bPOE-
PEHUUAJDLHBLIN ¥PABHENINWU B YACTHBIX TTPOU3BOANbLIN YETBEP-
TOT'O NOPSAKA

B paGote uccacayerca HIBaPHANTHOCTL OMOTO KAACCA AMNEANHIX Audipepenuu-
aJdbHBIX YPaBHEUHH N0 OTHOWENMIO K o/MoNap veTpudecknm rpynnam Jlu. Jaunwié
KAACC VpasneHuid nuGpail B KadecTe PeAMCTAa UCCACAOBANMA B CBA3M C TeM, YTO K
3TOMY KJACCY OTHOCHTCH PAL VPABHCHWUH MCXAIMKKA njacTUl M obonaouvek. Ilokasa-
HO. YTO €CJAH YPaBUCHHe AANHOTO BUAA JONYCKACT CPYNNY, TO Cy/KCHUEC DTOK rpynnu
HA NPOCTPANCTDE UE3ABMCUMMBYX HICPCMEININX ADAACTCA e 6Gonee ucM wecTUNapaMeT-
PHUYECKOR NOAPVINOHA CPYNNL KOUGOPMEBIX NPeobpa3oBaliMil eBRAKAOBOK NAOCKOCTH.
lloanocTrio onpeacacnit rpynnonsie ¢ROKCTBA YPabIieNuii JAHIOTO Kaacca Mo OTHOowe-
HHIO K Tpyune roOMOTETHH.

Vassil Vassilee. GROUP PROPERTIES OF A CLASS OF FOURTH-ORDER PAR-
TIAL DIFFERENTIAL EQUATIONS . *

The invariance under Lie groups of transformations of a class of linear p. d. eqns
is investigated. The choice of this class of p. d. egns is grounded on its applicability
to different mechanical problems. A set of determining equations is obtained for the
generators of admissible symmetry groups. A group - classification theorem is proved.
Il p. d. eqn of the considred class admits a group, then the restriction of this group on
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the space of independent variables i~ not broader then a six - paramdcio: s shprevyp o
conforma! transfcrmations group of the: plane The group picpertic - of the vy o7

y d ecrs with respect to the homothet s mic-ins group of il olz . e U

I OTUCAHAYE RIAACCA YPAW

ST CTPANCTNE He3Z ACHUMbLIX F o S
THERNERIE ST LR X CTTHOPCIRBIX L Appe]elnnas e
(1) BESTEA A ol JRMIRIPLLL S A
JUNE e MO Py RIK @ 13 2 Toil 3ameeu IpuHATO, - ap s pleTho B2 o1-

;oupe. g obos-
UAYCH MCTPUYCCKUA Tensop npoctpaterpa 17, ¥ — onepato) KoBapHIHTHOTO
anddepeiunponanun; ¢’ = ¢’ b® u ¢ cooTReTCTBENIIO TCH3IOPHOE, BEKTOP-
Hoe u ckaanphoe nodsin na R knacca C®; rpeueckne KHCKCH IPUIAMAIOT
snavctuun 1, 20 10 HOBTOPAIONU MY CA KOBAPUAHTHOMY W KOIFTPABA PHAHTHOMY
IPEUYCCKOMY MIJICKCY 1ol 3BO M TCA CYMMUPOBAHML-.

B paGoTe vy aaioron rpyinonsle cBoicTBa ypavncinii mta (1) p emuicie
MHBAPUAITHOCTH OTHOCHTCHIBHO JOKAJILHLIX Py Jdu Toucunbix nepeobpaso-
pannuuii npocrpancroa R, r% w) He3aBUCHUMBIX M 3aBUCHMON NTepeMelHbIX
M HPOBOAMTICH CPYNNOBAN KAACCUOUKALMA MO OTHOILEHNIO K MPOUABOILHOMY
SINCMENTY nadopy {a®?.6%, ¢} koadduumenton ypavnemnn (cm. {1. §6]).

Jlannnit knac anddepennmanbHuiX y paBHENMA BLIGDAll B KaUuccTBe npea-
METa MCCHCI0NIIME B CBAAM ¢ TEM, YTO K 3TOMY KJACCY OTHOCHUTCAH PSLL Y pan-
Heuni Mexa MKl NJacTUH ¥ 060J10UeK, a TAKKe MU HCKOTOPLIC Y paniichud M-
poynpyroct U Maramroynpyroctu (cm. [2 -6)).

Heceno K oGl cuetese Kpuiosiefinnix koopanmna e o« it

2. ONPEILENAAIOUWNUE YPABHEHWSI

[TocTpoeHMe CHUCTEMDI ONPEACAMIOWMY Y PaBHeHni /A KACATCIBIOTO 110MA
¢ = (&, €%, ) rpynmu G(E). Aonyckaesoi ypasHeuuem suia (1), ocywecTsan-
eTCA B COOTBCTCTBMM ¢ anroputyom Jlu — Qsesmimkosna [1, ¢.69]. Peurenne
3TOM 3a1auM He BLI3bIBaeT [1PUHIIMNKANBHBIX 3aTPY AHCHUHA, 0JIHAKO OHO CBs3a-
HO C AOBXJILHO (GONLUIKMA 06'HCMOM aHANMUTUUCCKUX BHIKAAAOK. [loaTomy HuxKe
NPUBOAATCA TOJNLKO OKOIYATENbLHbIE PDe3ybTaThl.

Teopena 1. a) ['pynna, aonyckaemas ypasuesuenm knacca (1), co-
AEPKUT CTAHAAPTHYIO- (CBAIAHHYIO C ANUNCKHOCTLIO M OAHOPOAIOCTLIO AAHbIX
ypaBpHeHHit) UIIBAPUANTIIYIO NOArPYNNY, NOPOKACHHYIO OIICPATOPAMYU

Xo = wd/dw, Xu = ud/0w,

rae u -— pelielue ypaBHelium.
6) Beps dakToprpynny no atoit uupapuantuoil noarpynne, Kaxasid no-
lyckaemMblii ollcpaTop MoAHO NPEACTABUTL D BUAC

(2) X = £49/0x" + (1/2)(wV £#)9/ 0w,
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CIWCEACT OReYITop intda (2) Torsa u TONbKO
CHAMCCCA Petekitt o BCTON L NV DABKEHMIA

"T;_'\-—n = .r'jv

- N, =2 NV,
‘ -“_l.’f- B :,.\\—.‘b“ = "((’/Q)V’IVIIE”

T+ €T = 0,

24V, + 'V g =0

DN a = g a",
[ Ne =, a — (1fa)b, b,

o g =8e — a,at — AV 00, p

Haotn 68 rpynna upeoGpasonannnii npoctpancrna RY (2!, 12, w) ¢ one-
R PR AR S co evaanne ta npoctpancrae R¥(xY, 22), onpeaescmom”

S O YT AN SR | ER PH N WY TN
N, = £‘f(.|-)('l/('l.t"'.

oot psatn OF gonyeracren ypasiiennesm (1), 1o s cuay teopeatnl | KacaTten,-
e Dogle O ppvinng G, vionaetuopet ypanieudasm (3). D1y ypanuenun,
Bk Behee < TH e il DO3E a1 S LeSHNOIANA Y DABRCHAINA CPY L KOO PMIIBIX
tpee oS i sobnattinid e pane tsa R Hosony cupaneugmna caeiyioman teo-
Jre M _ .
e s v 2 COvaenne G pying (0, JIONYCKACAMOW ypaBieim-
oAb gt s e oD ren et pYUHOEA T PN TN RottopAtHLIX HpeoDpicioaliivuig
n|----'r|-'~!|‘ o R .

Chrpe e omemie Npasiennn (30 sanmeannnde s npaMoyrodsHoild ekl pro-
R Nl BT T comaiUtalon ¢ Y pastennnsin Koy Pamana

PR ‘el )2
o NN .)\ ,)\
. ", . _—= = ().
oy - i dr!
M ERRE BNt Lk TRk Dd R AR BTG I Con THReTCTRNVIONIMY TeEH SOPHLEX

P Bteeter DM BEEe DRHee BNV TRk TR A e lol] C e 1EMLE ROODJARIGT 8 IPOCT pailetie
i .



[Toaromy Karkitoamy pentennio £ cuctenbl onpencysiionmx ypasiennii (3) —
(7) cooTneTeTnyeT ronoxopdHan KOMIICKCHAN (Y HKIIMA

o1 22
(1) S=& +i
KOMILTCKCHOM nepemennoid = = &' + i3?. 3anucuinan popmanuuo ypasHenna
(3} — (7) B cncteme Koopjmiat (-._) onpencineMoil CooTHOWCHUANU
(_ o1, =2 = 1 _ =2
=04 arT T=1 —1ir,

HPUXOAUM K FIKBUBAJCIHTHOK cucTeMe ypapucnwid ansa ¢gyuskumnu (11). Ona.coc-
TOUT M3 YypaBHeHUA

(12) g =0,
=
) h-

(13) 42+ S ‘;_’ =0,
(11) "(f +f)+ f+—f_0

- 1l b
(15) af' +b(2f +f)+—f+d_f 0
v ypanHeHun

9

(16) | () + T+ f+”’ =0,
ecnn a £ 0. uan ypanienun

- dq d
(17) 200/ + TV + 32/ + 521 =0,
ceqv a = 0. B ypanuenuax (12) - (17) npunatsl obo3navennsn
- (IR) h = (dy, — aza — 2ia;2)/8.
(19) b= by — iba,

adooV i, a 1/ 0 0

2() — == -i—=]). —= =t i— ] .
(20) =2 (n..‘-' 'eu-'-') oz = 2 (az-l +'a;:2)
B sanmceu ypannenmwia (13) - (17) yunTviBaeTca, 4To AeiicTBMe omepaTopa

/A2 counaaact ¢ andpepernmmponativem no nepeMennoii : (ono igech 0603-
HAMACTCI WITPUXOM) TONLKO Ha MUoXKecTBe ronomopduLIX QyHkumid, koTopoe,
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KaK M3BEeCTHO, COBMajaeT ¢ AApoM omnepaTtopa 0/87. Kak o6nlumo, ecau v
HEKOTOPaA KOMIJNEKCHaA QYHKUNUA, To uype3 T o603HaueHa ee KOMIJIEKCHO COil-
pAXKeHHaA. . : .

3anaya rpynnopoit knaccudpukaumu auddeperHuranuHbix ypanucunii (1)
CBOOWUTCA K 3aflaue KjiaccUPMKallM¥ MPOCTPAHCTBA CoJoMOpOHBIX pelieHni
cucTemul ypabHeHuii (13) — (17) no oTHOWEHMIO K IPOU3BONLHOMY BNEMEHTY
— Habopy ¢yuxunit {h,a.b.p}, ecau a # 0 uau {h,b,q}, ecam a=0.

3.IPEABAPUTEJILHBIA AHAJIN3

IMycrs f(2) — ronomopduan GpyHKuMA, a ¢(z) - BeutecTBEHNAA yHKUMA,
oTAUYHAA oT HYAA. PaccmopTua cnenyouee ypabienve ana pynxumu f(z):

. , =t Jdlng 3|11¢__
(1) I +T + =+ —FT =0

Ana xkoa(pdUUMEHTOB TOr0 ypPaBHEHUA CYILYeCTBYIOT CAeAylolle anbTeplia-
TUBHBIE BO3MOXHOCTU: (A) dYyHKIMA ¢ yaoBaeTBopaeT ypasucHuio Jluypunnna

Flny
a:a=

rae C' HeKoTopag BelluecTBeHHAA noctoannan; (B) ana nioboki newectnennoii
noctoAnoi C BuIMOANAETCA

= Cy,

P g

0:07

Cayuait (A). 3aeck cywectnyoT ane-no3moxunoctu: (Ay) C =0 u {Aq)
C #0.

(A1) Ecan € = 0. 1o ln,> 6yner rapyonnucckoit dpynkumeit. [losTomy

GVHRLUMIO  MOKNO NPeIACTABUTL B BUe '

# Cyp.

L]
—
LA T

(23) v=1"A

rae \ ¥ A -~ rofaoMopdhble GyUKUMK, OTANUHLIE OT nocToAnnoi. C MmoMoWbIO
noactaHoBku (23) ypabueuue (21) cBoanTCA K clieaylolieny Y pPaBHENKIO

S+ =C+iC,

.rae Cy v Ca -~ apousponbusle penlecTrennuie nocroannsie. OTcloaa caeayer,
YTO B AaHHOMN CAyuae Kamloe peulenine ypanielun (21) uateeT pua

.\ 1\ 1 1
f=( 1-—’+C2—,+C-‘3"7+C47‘
\ \ \ \
rae (3 n (4 — npouaBoiNLIC BeLWECTBEHIIbIE NOCToANHBIE. DTo 0311ayaeT, UTO
B PacCcMATPUBAEMOM CAVUAC NIPOCTPAHCTRO pealtietnit ypapilenua (21) apns-

€TCA YCThIPEXMEPILIN BEKTOPHBIN NMPOCTPAHCTBOM 11a] MOJIeM BellleCTBeHHBIX
ynucena .
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(A2) Ecoire C #£ 0

T SCN0LLYy A obuge npad i GBAEHU: pelielini Y paBHe-
Hua JluyBun_.a il ¢ .32

2l w0 T pynRme« 0 MO0 HO JAMACATE B BUAE

. d
' A

2
(24) P = C (— ;F
rae »x U A -— roaoMop(iible {YHKIMHA, ¢ Cauil .« 00 nmocroaidoid. Ecim k
ypasuehuit (21) npumenurts onepatop 8/dz, nci-v pasjienurs Ha Cyp U K
NONYYCHHOMY pe3yAbTaTy CHOBA TMPUMEHUTb ol 1op d/0z, To nonydaer-
CA YpaBHeHMe, KOTOPOC € NOMOUILIO MOACTAlIOBEK » /4) MOMHO NPEACTABMTL B
BUIE : .
" f 4 f=0.

rne

' 2
xn l ,'/.”
“TA\F) T2\
[Ipamoll noacTaHOBKOK MOMMNO NIPOBCPUThL, YTO obllee pelleHUe 3TOro ypaB-
HeHUA JacTcA GopMy o |

2
A

(25) f_L1—+Ln—+L3 :

rne ky, ko u k3 — KoMmnnekcHble nocTosHNbie. B nannoM cnyyvae Kaxkuoe petie
HMe UcxonHoro ypasHenus (21) 6yaet pynkumeit puaa (25), o He Bce pynxum
YKa3aHHOr'O BUAa ABJAIOTCA PEUICHUANMW 3TOr0 YpaBHeHUA. JlelicTBATENLHO
nycTb fo HeTpUBManbHOE peweHrue ypabstenua (21). donycTum, uro if, Tox
yAOBJETBOPAET 3TOMY ypannenuio. Tencpnh, ecau NoucTaBuTh 3T PYHKUH
B ypaBHeHMe (21) U k cyynie 110J1Y YElHDIX BLIpAXKEHUIA NIPUMEHUTDL ONepaTop
0/0Z, To OKa3LIBAETCA. UTO

|
d{)~ nc,afo 1

Ho » zaHHOM cayuae

o DY)
FE

, 3HauuT, fp = 0. [Monyuaercn nporunopeune. WMz atoro.cnenyer BuiBoa, Ut
He cylecTRyeT pemienus fo (kpose fo = 0), ANA KOTOPOro (GpyHKuMA ify Gbin
6bl ToXe pewenyven aToro ypaniucuua. ITo aToit npuunne, ecam (f), 7 = 1,2,
— 6a3uc B npocTpancTee Gpynkuui suaa (25), takoil, uro kakaana ni GyHKuUM
f; ynoBnerpopser ypapnenmnio (21), To peLIeHMAMMU 3TOro ypaPHEHUS MOrY
OLITL TOJIBKO JMHelHbIe koMBunauun dynkumii f; ¢ BellecTBCHHBIMU KO3 ddu:
udentaMu. [loaToMy B AalNHOM clyyae NPOCTPAHCTBO PCLUICHMUN ypaBHEHH
(21) Byner He Gonee uen TpexmMepHoe BEKTOPHOe POCTpancTBo Hal R.
Cayuau (B). Breiaeym B paccmoTpenue ¢gpyHKIMIO

9 (18 Ing ‘
2 '_‘. | — — —— ) ]
(26) Y= (p 8:8':')
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13 cuny apemonokennn (22) sta Gpyukumn xopouwo onpeaenena u oTaMuNa or
nyasn. Ecan k yvpasnenunio (21) npumenurs onepatop 0°/9:9%, noroMm pasae-
antu ua Fn 2 /d:397 mon3 nocaecers puipamenua ovldecTh ypaphenue (21),
FO HOANYACTCH Y pallle-HUe. KOTopoe, 1ocile HEKOTOPLIX 3J1eMelTapHbIX npeob-
pROHAINE. MoAlio 30IMCATL. ¢ NoMolo HojicTallobku (26), b puae

+ J lll(..'.'/?) _

3 0.

oh ‘
1 27) J
Mpapuenne (27) nmyeer HeTpUBUAJILHOC pellelne TOALKO TOrJla, Kol Aa

O In(e:/v) —0
gz T
B aTon Ay viae UMeeT Mecto peiacTasaenye

(v/¥) = ok,

rae o um A Fosgonopdusie PynEnmn. otanuinie ot iyan. [losrtomy obulee
pettende ypantienusn (27) uaieer sni )

(2%) = k(1))

[N L & FOXMILTCRECHOH IHOCTOHTTHEGUL (/'.'lffjlfllNl'I'(‘JII:II(). 1 JlaHiioN ('Jl“;"lill:‘ KilJ1oc
peaiene nexotoro ypaotenun (21) Gyacr Gynwkumein suna (28). Mycers fo
HeTpABAaaLIoe peltenne ypannenua (21). Toraa ¢pynukuun fy n i fu Moxno
BOPTL B EaueeTe Haauea npocrTpancrsa Gynsini puia (28). 'llo, yunrnibas,
wio vk tf ne msmeren pemenes ypasiennn (21) (eM. As), npuxoanm
kO BLIBOLY . MTO Hpocd padeiso petlednid ypasiteidn (21) B paceMmatpunacMoM
cAvYdae HVACT e Hodlee dest ojoMeplioe pekropiioe npoctpancetyo nan R

1 AHANNS YPABHENWEA (14). (16) U (17)°

RaA. toe s 211X NPAaBncinid YI0BCTBOPRETCH TOAGICCTRCNIO, CCIHW COOT-
e e nyioman GYHRIMH @, p Aan g pabiia ny i, eay 9mr ynkimm oriandnol
L HYIDE 1O OUeBIAIIO, RaAA0e U VR STIBEX Y PABICHTARA M0ANTO HPCACTABATY
BB (2]). CCGTU HOAGAWTL CovTBeTCBeRLO
1 .

F =, S =P

5 OANNITUS MPABNENHWS (15)

Hyerw o = 00h =0 Towan ypaunenue (15) yAOBICTHOPACTCR TOKACCT-
TRINIE )
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IMycte v = 0,6 £ 0. Toraa, ccam ypannenue (15) paznenuts na b n
llpHGilBMTb K NMOJAYUCHHOMY VPaBlHCHHUIO CI'O KOMIIJICKCIIO ('Oll])fl)ﬂ(‘lllloe, TO C
NOMOUILIO 110ACTAHOBKU

(29) \ p = (bb)'°

NpUXOJAMM K ypaBhuenuio (21).
~OTMeTHM, UTO €CHU BOCHONL3OBATHLCA cooTHollenueM (19), to ¢pynkimio
(29) MoxkKI0 BLIPA3ZUTL B KoBapyMauTON (opate

P = (b"b)'72.

[lycts ¢ # 0,6 = 0. Toraa obuee peienve ypapienusn (15) aaerea dop-
MY JIOW

f:klz'l'k?'

rae ky v ka - - KOMMOJCKCHBI® 1TOCTOHHILIC,
[Iycrh a # 0,0 # 0. Torna ypasitenne (15) MOXHO 3aMeHUTH CACNYIOHIUM
IKBUBAJCHTULIM ¥ PABICHUEA g

od od

(30) d2f +F )+ = +=T =0,
rne
(31) d=2b—20a/0:.

IleticTorrensiio, ccam x ypaotcuuio (14) npunscints oneparop 3/d= n puivecTt
nonyuveHnoe puipazkenue us ypasienun (15), To nocne noacranonku (31) npu-
xouan K ypasnenuio (30). Ecau d £ 0, 10 ono cposmTca K ypanuenuio (21),
CCHY HONOKUTD

(32) 2 = (dd)'73.

Ecnym d =0, to ypabnenme (30) ynosnetsopaeTcst ToxaecTeenno. Mcnonbays
puipaxenus (19) u (20) n BekTop

d* = 26" - V%,
npejactanum pynkimo (31) v nuae
d=d" - id.

N3 sroro caciyer. uto noipakeitme (32) MoXHO 3anucaTh B KOBAPUAHTHOM
dopme '

-2 = (dd,)13.



6. AHAJIU3 YPABHEHMUS (13)

IIna xoadpduumenTos ypasHeuua (13) cyulecTBYIOT ABE BO3MOXHOCTM:
(1°) Oh/0Z = 0; (2°) Oh/OT £ 0.

Cayyan (1°). [Iycts 9h/9T = 0. Torna pyuxkuma h 6yaet ronomopdHoii,
a ypaBHenue (13) npuneT pua- i

(33) UL + b f = 0.

[MpocTpancTBo pellennii 3Toro ypanienna ABAAETCH TPEXMEPHBIM BEKTOPHBIM
NPOCTPAHCTBOM HAA Noaen koammuekcHuix uncen C. Ero Moxto opeulectsutn
o6bIutbIM ciocobon {cam. uanpuniep [T]) m paccmaTpupart, Aasblie Kak wec-
TUMEPHOE BEKTOPIioe npocTpancTdo Haia R '

Cayuait (2°). Ilycts dh/IT # 0. Toraa ecim k ypasiteyuio (13) npume-
HUTL onepaTop d/A:, noTonm pasjiesuTs na dh/IT u npUBaBUTh K NOJYyUYEHHONY
YPABHEHUEY €0 KOMILICKHO COMPIRSIIOE, TO, NOJAran

oy = M3
(34) 5= ((lh ()h)

npuxoanm Kk ypanuenuio (21).
OTMETUM, UTO ¢ NOMOIILIO BeKTODA

(35) a* =2V ™" = V%

dyukimio dh/IT voxkio pbipazdTL cAeayloums obpaiom
. : y— <] - -7

(36) Aoz = a — i,

a ¢pynrumio (31) Moo 2anncaTh B KopapdanTHol dopme @ = (a“a,,)”"’., ETo
MOARHO NOKA3aTh. McXoan u3 puipakennii (R), (18) u (20). '

. KIACCUDPUKAITUONHBIE PE3Y/IBTATHI
’
3accs popayanpylorea naubosiec cylecTsenlble pe3ybTaThl IPYNNoBoi
KAaccudpuranmu ypasueunii nuia (1), koTopsie ycTaHaBJAUBAIOTCA Ha OCHOBa-
MK alaaisa onpeacamounx ypasienuii (13) — (17), nposeaennoro b m.n. 3
— 0. ' '

Teopenxa 3. Ecau ypasnenue kitacca (1) aonyckaer rpynny G, To

31a rpynna He Godlee deal lWecTUNapaMeTpuuccKa. .
_ Joxasameascmeo. Lcan ypasnenue puaa (1) aonyckaer rpynny GG, To,
B CUAY Teopexbl 1. Kacateannoe none €% ee cyxiaeuna Gp yaopaersopsaer
cucTese onpeleasiomux ypasienuit (3) — (7). Ho, kak Guino 1okasaio n
1.2, 2T0 BLINOAHACTCA TOrAA M TOMbKO Toria, Korida f = €' + i€° apuserca
roaoMophuoid GpVHKUMeH. nNpUllaaderxauled NpocTpalicTBY PelleliMil CUCTEeMDI
vpasuewsid (12) = (17). M. B YaCTIIOCTH. POCTPANCTDY pelllecHuii y paBiienun
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(13). Tak kak mpocTpaHCTPo peuleHuit ypaBHeHuA (13) ABnAeTcA He Gosee
YeM LIEeCTUMEPHBIM REKTOPHBIM mpocTpaHcTsoM Haa R (cM. 0.6 u n.3), To
rpynna G 6yaer He Boaec yem wecTunapamerpudeckoit. Toraa, yuuThBas,
uyTo, cornacHo obuleMy Buay Aonyckaemoro omepartopa (2), yucno napamer-
pon rpynnsl ¢ copnaiaeT ¢ YMChoM NapaMeTpoB rpynnel G, NpUXoauM K
BLIBOAY, uTO rpynna (G He GoJice yem HiecTUNapaMeTpUYecKan.

Tcopema 4. Ecnu rpynna G aonyckaerca ypaBHenueMm kiacca (1),
iUIA KOToporo XoTf Obl oMt U3 BEKTOPOB a®, b uAM CKaNApPOB a,q OTINYEH
OT HYAR, TO 3Ta rpynna ic Gonee yem YeThlpexnapameTpUyecKan.

Hoxazameascemao. Ecam xoTs 6Ll 0aMH M3 BeKTOpoB 4, b MM CKanApoB
a,q OTAMYEl OT HYJst, TO TOLAa CUCTeMa OnpeldeffloWMX ypapHenuid (12) —
(17) comep>uUT XoTA Obl O/HO ypaBHEHME, KOTOPOE MOXHO CBECTH K YpaB-
Henmio BMAa (21), npuyeM cooTBeTCTBYIOWAA QYHKUMA @ GyneT OTAMUHAZ OT
wyasa. B cayuae a # 0 210 ypanHenue (14) (cM. n.4); B cnyyae a =0,¢ # 0
— ypaBHeuse (17) (cyM. n.4); B cayuae a =0, #0 — ypanuenue (15) (cMm.
n.5), IpUUEM 34€Cb HAJI0 YUUThIBATh, ITO, COrNAacHO Brlpaxkenuio (19), b* #£0
ToI'Zla U TOALKO Toraa, Korja & # 0; b cayuae a = 0,a® # 0 aTo ypaBHeHHe
(13) (cm. n.6), mpuueM 3xech HAAO YUMTBLIBATH, YTO, COTMNACHO BHIPAXKEHUIO
(36), a® # 0 Torma u Toabko Torga, koraa Oh/07 # 0 u Toraa mMmeer MecTo
cnyualt 2°, n.6. kak 6b1s10 noka3aKo B .3, NPOCTPaHCTRO PelleHult ypaBHeHUA
(21) npn ¢ # 0 AaBaneTca e Bonec YeM yeTbIpeXMEPHLIM BEKTOPHLIM MPOCT-
padcTBoM nHan R. Orcroaa. ananorununo Tomy, Kak aT1o 610 caenaHoO npwu
AOKa3aTeNbCTBE TEOPeMbl 3, MOXKHO 3aKJIOUYUTL, UTO AOMYCKaeMaA Fpynna He
Gonee ueM yeThIpexnapaseTpUUCCKa.

Chnenyowan Teopera Aact Heobxoaunmnle U AOCTRTOUYHblE YCAOBUA ANA
Toro, 4Tobnl ypaBHcHMe Kaacca (1) aonyckano rpynny MakCMMaJibHOro Mo-
pAAKa. | )

Teopema 5. Ypasueuue puaa (1) monyckaer wectunapamerpuydec-
Kyl rpynny G Toria M TOJLKO TOr/a, Korda Bce BekTopbul a®,b® u ckanapw
a,q TOXKAECTBEHHO PaBHbl HYJIIO.

Loxazameascmeo. Ecnn pce nepeuncrieriibie BEKTOPbI U CKalfApbl TeXKaec-
TBEGHHO PaBHB! HYJIO, TO TOrAa, Y4uTLBaa cooTHowenun (19) u (36), npuxo-
AWM K BBIBOJLY, YMTO BCE OlNpeaesIAINING ypaBHenuA, KpoMe ypabHenua (13),
YAOBJNETBOPAIOTCA TOMASCTBCHHO, 2 OHO CBOAUTCA K ypaBHeHuo (33) (cm. 1°,
n.6). M3 artoro caesyer, 4TO MpocTpancTBO peuleHWt CUCTEMBI onpenenmo—i
UMX YPaBleHWM, B AaHHOM cAayyae, 6YLET 1IECTUMEPHBIM BEKTOPHBLIM NPOC-
TpaHcTBOM Hal R. Kak yxe obcyxaanoch Mpu OOKa3aTeALCTBE TeopeMbl 3,
Pa3MEPHOCTh 3TOrO MPOCTPAHCTHA COBNAJaeT ¢ YUCJIOM NapaMeTPOB AONYyCKa-
eMO TpynMel, U, CNeJoBaTeNbHO, 3TA FPYNNa 6yJIeT WECTUNAPAMET PUYECKOA.,

HaobGopoTt, ecan xoTA Gbl 0AMH U3 f1€PEUUCIIEHHBIX BCKTOPOB M cuanﬂpoal
OTJIMYEH OT HYJA, TO. COIACHO Teopeme 4, AOMYCKaeMaA rpynna ue 6oaee
yeM yeTblpexmnapaMeTpHUUCCKail. .

CneacTsnaea Ypavienue suaa (1) aonyckacT mectunapaMeTpuuec
Kyio rpymny (G, koTopan, B CHJIY TeopeMmbl 3, ABAACTCA FPYNMoi MaKCUManb
HOCO HOPAAKA IUIA Yy PaBHEeNM NanHoro Kjacca Torja M TOJILKO Toraa, KOFJIJ
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AN ¢TOo H()HI|)(|)H11MC‘IITOI] UMCKT MCCTO COOTHOLUICHHAA
(37) a'? =TV, =0, = (1/8(V*VY®)V,V, D),

e P HPOU3BOALHAA TAPMONKUCCKa (Y HKUMS. _

Jloxasamersemao. Coornomennn (37) 3RBUBANCHTHLI YCJIOBUAM TEOPEMbI
5. Zleiactuureanno. cneptisas pavenctsa (37); ¢ METPUUECKUM TEH30POM
"7 noavyaest. wro a = 0. 1ak Kak ¢yukims ¢ rapsmouuueckan. flo roit xe
HPHUMIG paBia V10 W dBeprenma-Tensopa a®?. Torna n3 gopmyannr (33)
caeavet, yto a” = 0. Fean noacranutn gpopatyant (37) B seiparkenue (10), o
noayuperes. yro ¢ = 0. HaoBopor. ecan a = 0 u ¢® = 0; To u3 popmynur (35)
CHAN T, WTO TABCDE CHIMSE CUMMETPUUCCKOTo TeH3opa a®? papna nymo. Ho
210, Rtk WIBCCTHO, HIACTCN HeoBXOANUMBIN U I0CTATOYIIBIM YCJIOBUEM CYLUeC-
THoBaH Gynvitn . Takoid, uTo
(3% at? =Vvvld — gy 'y‘"’V,,V,,(b.

J

Cueptupan one vacrn papencrsa (38) ¢ aeTpudeckunm rensopod ¢%f u yun-
TR, 9T a = (). [oayvdes

(39) gV Vb =0,

r.e.® Gyact tapaonnaeckoii gynknmeit. M puipaxennii (38) v (39) caeayer
coornonienie (37). W nakonew, eccam g = 0, To u3 supaxenuid (10) n (37); 2
HoayUaerey coornomenne (37);. :

Pesynupramn, noaydeminie uo1.1.3 6, Nal0T BO3MOXKIOCTL OCYICCT-
BATL Godlee JeTaaniy1o Upyiiony1o KJaccupukaimio ypannenmii kaacca (1),
10 410CH MBE OF PRlIMYUICL W TOACTHeM. TONILKO Hauboiee obimmx rpymionnix
CHORCTR Y pantiennid Jlanitol b nuAaa.

X IPYIITOBLIE CBORCTBA ¥PABHENMHA KAACCA (1) IO
OTHOMWENAIO K TPMILTTHE FOMOTETUR NPOCTPAHCTBA R?

OUpeACAHIONMC Y Pasineivn Fpyingg roMoternid npoctpadetna R?, kak
HARCCTHOL, ANCIOT BU,L

5T AE g LE = 200

¢ ol petennes

= (-|_,~_i - (.'_gj"" + (',

10) .
( :(.!J.]+(IJ.-+(..1.

N, I'n,

rae () = 'y & peuwec tpeunnte noctonibie. Q6w pua oneparopa aTo#
FPNIIL e 1es opay o

(1) N=S0x,.

-l
1=
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ruc

Xy = 319708 + £29/04°, X3 = 3/9+,

X2 = #0905 - $*9/05', X4 =8/0F*.

['pynoa roMoTeTHIt ABJIACTCA NOArPYNHON TPpYNNBI KOHPOPMHBLIX Npeob-
paszopaumii. onpeaencioid ycaosuenm V8% = 2. llosToMmy ee KacaTesbHoe
nose £* yaopncrpopaer onpeseyamoninnt ypasneimam (3). Octanwiible onpe-
AenAloniue ypaslienus, ¢ yveroMm suipazkenuid (40), nocie nekoropbix ajneMen-
TapublXx npeobpasopaluii MOXKHO 3anUCaTh B BUAE

afﬂ agn - 3&aﬁ
vmad _ cap S 0 ~pd [ =
(42) 4Ca a e CRT +¢& FRT 0,
. . a‘fu - (')Ea
pa g 1] =
(43) 101 =B 46 o = 0,
e
(14) AC1E+ €5 o =0
dru

4

Toraa, cornacuo teopenme 1. ypanucume (1) monyckaer oneparop (41) Tor-
Aa U TOJNLKO TOorna, Korjaa ero Koa((vimeHTLI yUOBAETBOPAIOT YpPaBHEHU-
aMm (42) — (44) ann coortsetcrsyoltero HaGopa BeUlCCTBCHHLIX NOCTOAHHBIX
Cy,Ca,C3,Cy. ,
_ Crneaywuag Teopema naet 3¢pPeKTHUBNLIA KpUTEpH, XapaKTepUsnpylo-
wmi ypaniteunn kiacca (1), aonyckalomue onepatopsl nvuaa (41).

Teopesa (. Ypasuenne knacca (1) nonyckaer onepartop suaa (41)
TOl'Jla U TOJILKO TOrJa, Korja g npocTpaHcTDe R’ CyLleCcTByeT CUCTEeMa KOOp-
aviat (t' %), oTIOCUTENBI KOTOPOMH AULA KOMMOHCHT METPUYECKOTO Tel30pa
U KO3 PUIIMeHTOB Y paBHelnd UMCIOT MCOCTO COOTHOUIEHUA

(45) g ) = g P () exp{=2C1'Y,
(46) a®? (' ?) = @™ P (1) exp{—4Cyt'},
(47) ot 1%) = (1) exp{—4Cut!},
(48) e(t' %) = ¢ () exp{—4C1t?},

JloKa3aTeNLCTBO BTOR TCOPCeMBI CYIECTBEHNO OIIMPACTCA Ha ClleAYlolMe ABe
ACMMDI, JIOKA3ATCALCTHO KOTOPLIX HE [peACTABAAeT GoabIuod TPYAHOCTU H
HOBTOMY HE NPUBOJUTCA.
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JlemMma 1. KoMnoHenTe MeTpuyeckoro Terzopa ¢*? npoctpancrea R?
B cucTeme KoopauHaT (t!,12) umelor puaa (45) Torma ¥ TonbKO TOraa, Koraa
npeo6pa3zosanua cuctemul KoopauHat (t!,¢2) s npamonuueitioi nexapronoit
CUCTEME KOODIOMHAT YIAOBJETBOPAIOT COOTHOIIEHUAM

aze -
(49) Zr =8
rae GyHkumn £° uMeloT BUA (40).

Jl e M a 2. KomnonenTh! Tensopa a®?, pexropa b u ckausap C B cucte-
me xoopaunat (2!, %) umeroT pua cootnercrrento (46) — (48) Toraa u Tonbko
Toraa, Koraa npeobpazosanua cuctemsl koopannat (!, t?) p npaMonumeitnoit
AeKapToBO# CUCTeMe KOOpAMIAT YAOBNETROPHIOT COOTHOWEHMAM (49), a Kom-
TIOHEHTbI @®% b u ¢ ynosnetsopmior ypanuennanm (42) — (44), rae ¢ynkumn
£° umelot Bua (40).

Y cTanoBJIeHHBle I'DYyHIIOBbIE CBOUCTBA ypaBuenvi knacca (1) no oTHoue-
VIO K Fpylne roaoTetuii npoctpanctna R? MoryT 6biTh 3¢ eKTUBIO MCNobL-
30BaHbl AAA AHAAM3A M peuleHua 3TuX ypabBHenui. Hanpumep, ecnau ypabn-
HEHUE AAHHOI'0 Kjaacca AoliyckaeT onepatop Buaa (41), To ¢ nomownio npe-
0o6pa3opaHus cUCTeMbl KOOPAMHAT, oflpedenncMoro Ul suipaxenvit (49), ero
MOXHO NPUBECTU K PKBUBAJICHTHOMY Y paBlienmio ¢ koapouumeHTamu Buaa (45)
— (48). B aton cayuae exp{—4C 1!} spanercsn o6umMM MHOXKHMTENEM, KOTOPHIN
MOYKHO COKPAaTHTb, U TAKUM cNocoboM MoAyUUTb YpabDHEHWE, 3KBMBaJICHTHOE
NEepBoHavaNbHOMY, HO ¢ KoadhuuMenTaMu, 11e 3aBUCAMMUA OT oAHoM M3 He-
3ABUCUMBIX FlePeMEHILIX. DTO MO3BONAET CTPOUTL YacTHRIE PelueHU JaHHOro
¥ PABHEHUA, UCIIOJIL3Y A METOA PA3Ac/CcHUA NepeMeHHBIX U APYrue U3BecTHbIE
AHANUTUYECKME METOLI.

9. IPUMEP

PaccMOTPHM TOHKYI0 YUPYIYIO NPAMOYTOJIBHYIO MJIACTHHKY HAa YNPYrom
OCHOBAHUM N0 1eHCTBUEN CAUMAIOIUKY - -- DAOJb OCH ¥ M PACTATUBRIOIINX ~—
BAONL OCH ', VCUAUE ¢ MITCHCHBHOCTLIO ¢ = const > 0; 3aech npuuATLl 0603-
navenua r = rloy = #?. dopyw notepu yctoitunsocTy mannoit nnactuiikyu ( B
pamkax runotes Kuprxodgda) onuchiBaloTca ypapienuen

o dPw o w k

(50) AN - —- + — + —=w=0.

» . D ().l.‘? D 3y2 D
3aect, D — umamisiputeckan wectkocTh anactunku (D > 0); w(z,y) — dyn-
Kusn nporuda: N — onceparop Jlannaca; & — BMHKJIEPOBCKast KOHCTaHTa yII-

PyYTOTO OCHOBAMMIL.
Ypasticnue (30) npunalicanT K ypasiieHuasm knacca (1), npuuem anecs

(H1) al' = =(a/D). @'* =0. a® =a/D, b* =0, é=k/D.
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Orcrona, ¢ nomowbio popmyn (35), (8) n (10), nonyuaem, UTO ANA AAHHOTL
' k (72 . .

ypabuenna a® =0,6*=0,a=0, ¢ = D~ 107 3Aechb CYWeCTBYIOT ABE BO3-
MOXHOCTH: Mbo k # 0?/4D, T.e. ¢ # 0; nubo k # 02/4D,, 1.e.q = 0. B nepsom
caydae, cornacio Teopame 4, ypasuenuve (50) nonyckaer He Gonee ueMm uer-
bipexnapamMeTpUUeCcKylo CDYnny, a Bo BTAQPOM Cayuae, COrJJacHO Teopeme 9,
OHO AONYCKaeT IHeCTHUNAaPAMETPUUECKYIO 'PYNINY, T.€. FPYNNY MaKCUMAJILHOTO

nopsiaka.

Cuctema onpeaensiomux ypasuenui (12) — (17), ¢ yyeTpM coOoTHOLUue-
Huid (51), (18) 1 (19), CROAMTCA K CAeAYIOIWUM ABYM YPaHHEHUAM:
(52) " ~(e/2D)f' =0,
(53) W' +7)=0.
Ecnu ¢ = 0, 10 obinee pewenne.ypanuenus (52) naerca popmynoit
(54) C FElit b4l
rae Il,lg.ia — KOMINEKCHDBIE TIOCTOMMHbIE. Ipynna, onpenenneman ¢pynkuneit

(54), cornacho dopmynam (11) v (2), copnanaer ¢ rpynnoii, aonyckaemoi
Burapmonmueckum ypastenues (cM. [9]). ¥ pavuenne (50) connasnaer ¢ aTuM
ypaBReguem npu 0 = 0 u k = 0. Ecome =0, Ho k # 0, To ¢ # 0, n Tor-
Aa u3 ypanHeHua (53) u dopmynwbl (54) cneayer, corsacio popmynam (11) u
(2), yTo B maHHOM cnyuyae ypaBiuenue (50) monyckaeT TpexnapaMeTpPHUUECKYIO
rpynny aeuxeHuit B npocTpancTBe R2,

Ecnu ¢ # 0, To obiuee pemenne ypapuenun (52) urieer sua

f=k + k'_)e'\: + L‘3€-A:,

rae ki, ko m k3 — womnnekchble nocronunble U ¢ = /o /2D > 0. Orcrona,
ucrnonb3aya Gopmyast (11) 1 (2), HaX0AUM, UTO B 3TOM CllyHae KaKIblit -A40-
nycKaeMblii onepaTop MMecT BUA

5

(55) N = Zc;.\j,
s

rne CJ‘ - Demec-méunble ITIOCTOAHHLIE KU

X, =0/0r, Xa2 = 8/0y,

Xas = e cos(Ay)d/0x + > sin(Ay)d/ By + Ae* cos(Ay) wd/dw,
Xa = —e*sin(Ay)d/0z + ™ cos(Ay)d/dy — Ae™* sin(Ay)wd/dw,
Xs = € Mcos(Ay)d/dr — e~ sin(Ay)d/dy — e~ cos(Ay)wd/dw,

Xes = e Msin(Ay)0/dx + e cos(Ay)d/dy — Ae™ ™ sin(Ay)wd/Ow.



Ecin ¢ # 0. To u3 ypasuenua (53) caejiveT, YTo B 2TOM cJiyyae ypaBHeline
(50) aonyckaeT TOoALKO ABYXNapaMeTPUUECKYIO FPYNNY CABUIOB B MPOCTpPAaH-
ctoe R*. Ecau q = 0. To ypasuenne (53) yaopneTBopAeTca TOXKAECTBEHHO
M. CAedOBATENLHO, B 3TOM cayuae ypasuenue (50) momyckaeT Bce omepaTopsl
puaa (93).

Paccsmotpuym anrebpy Jiu Lg u coornetcTRyowylo rpynny Jiu Gg, Koto-
paAa aonyckaetca ypasiteuuamu (50) B cnyvae ¢ = 0,6 # 0. Tak kak 3necs
YUCNO HE3IABUCUMDBIX NCPEMeEHHBIX N = 2, a YUCIO0 MCKOMBIX (yHruki m = 1,
TO NPEACTABAAIOT MHTepPeC uupapuaHTHble f{-pewienua paura p = 1, KoTop-
ple 10JYyYaloTC Aia oanonapaseTpudeckux noarpynn H C Gs. MeToaom
nepebopa (cnm. [1]) cTpouren ontuManbliaa cucTeMa ©) oAHOMEPHLIX Nogal-
re6p anrebpul Ls. OkasbipaeTca. 4To olla COMEePXUT clleaylouime 0QUHHAAUATh
KAACCOB HanodoGusIX noaaire6p:

Ci Xy +CsXa, X3, X5,

Nazx N5, NaxXNg, ANaxXs, Agx AN,

HEPBOMY U3 KOTOPLIX COOTBETCTBY T HeckoHeuloe MIOKECTBO BCeX 0aHOoMNapa-
METPUYECKMX DOArPY I FPYIILL CABMroB B npocTpancTee R2,

3 kauccTpe (pUMepa paccAOTPUM MIIBAPUAHTILIE pellielHMA ypaBHenun
(50) ¢ Koappunmcntazv ¢ = 0 u o # 0, cooTBeTéTBYIOIIIME onepaTopaM X3 U
Ny + .\

N HMBePCANLILIA MNBAPUAILT TPYIHILL ¢ onlepaTopoM X3 ecTh J = (Az —In
vsin Ay |/ sin Ay, epesicinnie passenmoTena v obmunit pui MubapualTHoro'
HEN3)-proienns rakon:

(506) w = u(l)sinAy, (=Ar—In|sindy].

Hositeranonka » y pasinenune (50) npusoimr K oGLiknobennoMy iMdpepenumant-
HOMY ¥ PaBUHCeInIo

w! () + 260 = W) = 22 (1) = 0
¢ ur)llllrl.\l Pl HEeN
ullt)y = 4y + .'l'_gf' + L'|;|!_‘ + .‘1.1('.‘-:'!‘

(I TR IS PPN PO Y I I sengecTensne noctonmnie. Qreloan, uenonnsyn op-
MYaR (A0). neavaaes wee msapuatrmnge Ny )-pemienvn s nnos vuae

= Ay Ay + A M e T M sin Ay + Age T M sin Ay

MUHBepCLILULIE uaBapualT pyiai © onepatopom Xz + X5 ecth J =
= (s Ag/ehdr wfehAr). epesenne pasaeamoren, v oGuwmid nua niunapu-
anrnoroe (N + X5)-pemenin rakon:

(H7) w = n(l)ehdr t = simAyfehdr.
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[loacranoska (57) B ypabuenure (50) npupoauT k ob6bikHobDeHHOMY anddepen-

LIM2JIbHOMY YpPaBHEHHIO .

(58) (t% = D2V (t) + 82(22 — 1)u""(t) + 4(3¢% - )u"(t) = 0.

Y paBHenune (58) MOXKHO JIerko MPOMHTErpUPOBaTh, Tak KaK OHO @KBUBaJEHTHO
ypasuennio [(t2 — 1)%u”(t)])” = 0. Obuiee peluenne naeTca Gopmyaoil
14+t 14+t

B,
T T T

u= Bt + B3t + By,

rae B,, B;, B3 1 By — BewccTBennple nocroannuie. Otclona, ucnonb3ya ¢op-
myabl (57), nonyyaem Bce nnsapuanthble H(X3 + Xs)-pewennn B ABHOM BUAe

chAz + sin Ay
chAzxr — sin Ay

chAz 4+ sin Ay
chAz —sin Ay

w= B;sinAyln + BachAz In + Biasin Ay + BychAz.

JUTEPATYPA

1. OBcanunkos, JI. B. (pynnoso#t ananus auddepenunansuux ypasuenuit. M.,
Hayka, 1978.

2. Boawsmup, A. C. Ycroliuusocts nepopmupeymuix cuctem. M., Hayka, 1967.

3. Banacos B.3,H H. leon s e Banku, naura u o60g04KkH Ha ynpyrom
ocxosanun. M., 1960.

4. 1 o ue n JI.LT. Baaku, nanactuun u obonouxn. M. Hayka, 1982.
5. Kerr, A.D. Elastic and Viscoelastic Foundation Models. — Trans. of ASME. Ser.

E, 31, 1964, No 3.

6. AM6apuyman, CCA, I"E. Barnacapan M. B Beay6exan.
Marnntoynpyrocts Tonknx obonouek u naactun. M., Hayka, 1977.
.dy6posun,B.A,C.Nl.Hoeukos A.T.Pome n ko Coppemennas

reomerpun. M., Hayka, 1979.

-3

8. & ywmwuuy, B.U. O cuMeTepun u 9acTHBIX pelleHNAX HEKOTOPHIX MHOTOMEPHHX ypaB-
Henuit MaTeMaTHyeckolt dpusurn. — B: TeopeTuro-anrebpanyeckne MeToan B
3agavax MmaTeMaTHucckod ¢puanku. Kues, U-t matematnkn AH YCCP, 1983.

9. OBcannuxos, J. B. Ppynnosue csofictba ypapuenuit Mmexanukn. — B:
Mexauuka cnnomHtoli cpean ¥ poactnennsie npobiemu anaansa. M., Hayxka,
1972.

flocrmynuaa na 14.04.1989 2.

178



FOAWMWHUK HA COPUNCKNUA YHUBEPCUTET “CB. KIMUMEHT OXPUACKH”

. ®ARYJNTET MO MATEMATHUKA U UHGOPMATHKA
Kaura 2 — Méxanuxa )
Tom 82, 1983

ANNUAIRE DE L'UNIVERSITE DE SOFIA “ST. KLIMENT OHRIDSKI”

FACULTE DE MATHEMATIQUES ET INFORMATIQUE
Livre 2 — Mécanique
Tome 82, 1988

ON THE EFFECTIVE BEHAVIOUR OF A NONLINEAR
DISPERSION OF SPHERES

KONSTANTIN NMARKOV, KRASSIMIR ZVYATROV

LY

Koncmanmun Mapros, Kpacumup Hesmuoe. OB 9¢PEKTUBHOM INIOBEIE-
HUU HENUHERHON CYCNEH3UN CHEP

PaccmaTpusaerca adperTuniioe nonegeine neavneiinolf cycnenauu cep na npn-
Mepe pacmpocTpallers TenJaa; IleAnielHoCTL NONMMAeTCA B TOM CMbICJE, YTO Koa2d-
$HUMEHT NPOBOIMMOCTH, pasnuil anA MAaTPHUB M AAA chep, 3aBUCUT Takike H OT rpa-
AKEeNTa TeMmepaTypPh B Kaxaol touke. Ucnoabayercn Bapuauuonnan npoueaypa Aag
ouelku apPeRTUBILIX CROACTL cycnen3duii: B cavyae Masoit KouuenTpauun chep nony-
YeNbl AHAJIMTHYECKHE PE3YALTATHI. '

Konstantin Markov, Krassimir Zeyathkov. ON THE EFFECTIVE BEHAVIOUR OF
A NONLINEAR DISPERSION OF SPHERES

The effective behaviour of a nonlinear random dispersion of spheres is considered in
the context of hicat propagation: noulinearity is understood in the sense that the coefficient
of thermal conductivity. being different for the matrix and for the spheres, depends on the
temperature gradient at each point. A variational technique is proposed which allows to
estimate the eflective properties of the dispersion. In the case of a dilute dispersion the
estimates are explicitly evaluated.
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1. INTRODUCTION

Consider a two-phase random medium which is statistically homogeneous and
isotropic. For the sake of definiteness only, we shall call one of the constituents
matrix and the other filler, though our considerations will for the moment hold
for an arbitrary two-phase medium. All quantities connected with the matrix will
be supplied with the subscript “m”, and those connected with the filler — with
“f*. To describe the random constitution of the medium we introduce the random
field I;(x) which equals 1 if x lies in the filler and vanishes otherwise. The set of
all multipoint moments (or correlation functions) for I,(x) defines adequately the
random medium [1, 2].

Consider the stationary heat propagation in the medium which we suppose to
be governed by the nonlinear version of the Fourier law:

V.q(x) = 0, q(x) = K(x; T(x))V8(x),

(1.1a) . .
K(;T) = KulT)+ [K(T) = Km(T))I(x),

T = T(x) = |V6(x)|?, where q(x) is the opposite heat flux vector, 6(x) is the tem/
perature field; this means that each of the constituents has a coefficient of thermal
conductivity that depends on the magnitude of the local temperature gradient. W
suppose that ’

(1.2) 0< bk < K(x;T) < ka < 00, Vx, VT.

Let the medium be subject to constant macroscopic temperature gradient, i. e

(1.1b) (Vé(x)) = G,

where {:) denotes ansemble averaging. The condition (1.1b) plays the role of

- boundary one for the nonlinear random equation (1.1a). Under certain assum

tions about the functions K,,(T") and /i'f(T), see §2, the problem (1.1) possesses

solution #(x) which is unique. By means of the latter we can evaluate the averag
heat flux, Q, in the medium )

(1.3) Q = (a(x)) = (K(x; T(x))V(x)) = K*(¢)G;

here ¢ = G- G and K" is the effective thermal conductivity of the medium whic
similarly to that of the constituents, represents a certain nonlinear function of th
average temperature gradient acting on the medium, K* = K*(g).

Thus the given random geometry of the medium under study defines a nonli
ear operator K that transforms the functions K,,(7) and K(7) into the functio
K" (g) which describes the effective behaviour of the medium;

(1.4) K*(-) = K[Km(), K;())-

The well-known homogenization problem consists in evaluation of the operato
K. Note that the problem of estimating the operator K for given statistics of th
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medium is considered by J. Willis [3] maKing use of a variational principle of the
type of the llashin-Shtrikman’s. see also [4]. '
Certain remarks concerning the operator K are now warranted.
First. in the case of linear behaviour of the constituents we have K, (T) = Kk,
KNy(TYy=xy. KN*(g) = K". where &7 is the effective conductivity of the medium, so
that the operator K reduces to a scalar function of two scalar arguments

(1.5) K= K(H,",H!).

Even o this simplest case there is no general algorithmm how to calculate x* for
an arbitrary random geometry: the difficulty of such a calculation is well acknow-
ledged in the literature, see. e. g.. [2, 5], and it stems from the fact the basic
random problem 11.1) is statisticallly noulinear even when the behaviour of the
cor.~tituent$ is lincar. i. e.. when they obey the classical Fourier law. In the case
under constderation. the problem (1.1) 1s both statistically and physically nonlinear.
The latter makes the analysis of nonlinear random media much more complicated.
The interest in such media liowever, has increased in the recent years. One of the
hasic reasons 15 that the nonlinear eflects become important in certain polarizable
materials when the electrie ficld (the exact counterpart of |[V0(x)| here) is large,
e. g.. when a laser beam is directed into the material, ¢f. [6, 7] for details and
references.
Second. the operator K is homogeneous i the sense that

(1.6). KARNL (). AR, () = AK[R W (). Ky ()],

for any A €R. In the linear case this yields that &° depends on the ratio 8y /K,
but in the noulinear case the latter statement cannot be generalized, i. e., K*(-)
does not depend on the ratio KNy(-)/ KN, (<) only, except when K,,(-) = const.

Our aitn here is to get certain results for the eflective behaviour of the noulinecar
composite. 1. e. for the function K7 (g). In the particular case of a randoin dispersion
of spheres. making use of the variational procedure mtroduced and briefly discussed
in (8]

2. THE VARIATIONAL PRINCIPLE

We replace the sandom problem (1. 1) by the variational principle which states
that the true temperature field i the wedmm minnimzes the functional

WAl0C)) = ((x:[SO(x)]*)) — min,

P(x:7)

-
%/I\'(x:r)dr: T =T(x) = |VO(x)-.

over the class of random fields #{x) which satisly (1.1b). Morcover,

*

(2.2) min I 4[0()) = ;‘l):l\"(y)y, 9=G G.
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This is a straightforward generalization of the classical variational principle in
the linear case [1]. )

It is noteworthy that the variational principle (2.1) allows to sketch a simple
proof of an existence and uniqueness theorem for the basic random problem (1.1).
~ Indeed, let us consider the class of random fields #(x) whose gradients are sta-
tistically homogeneous. On using a statement of ergodic type, we replace ensemble

averages by spatial ones
() = % / -da.‘!:,
v

where V is a certain macro-region. We next introduce the standard Hilbert space
H,(V) and consider the set G C H (V) of functions that satisfy the boundary

condition
H(X) |av =G-x.

This is obviously a convex closed subset in H,(V). Moreover, the Gauss theorem
easily yields that the functions § € G comply with the condition (1.1b). The func-
tional W4 in (2.1) is strictly convex on H;(V) if the function & is such with respect
to T. The latter holds in turn if the function K'(x; ) is strictly monotonically in-
creasing with respect to 7. Due to (1.1a), this will be true if both functions Ky(7)
and Km(7) have the same monotonicity property:

d . d

(2.3) 3'1—-[\](1') > 0. ?"';I\'n(r) > 0
— something which will be assumed hereafter. The conditions (2.3) also yield that,
the functional W4 is coercitive, 1. e.,
(2.4) Wal0(-)] — oo if ||8)] — co. 1
According to a classical result of the convex analysis, see, e. g., [9, Ch. II, prop;
1.2], the property (2.4) suffices to claim that the functional Wy, strictly convex
“under the assumptions (2.3), possesses a unique minimizing element #°(x) over theJ
convex set G; this element is just the true temperature field in the medium, i. e.}
the solution of the basic problem (1.1). .

In what follows a special attention will be paid to the particular case of non{
linear constitutive relation [7] for which

(2.5) Ki(r)= x? + x} , Rn(r) = &% + &b 1.

The functional (2. 1) in this case becomes

(26) WAl = S(LEITO0O) + 2(x (<) VOGO,
where
(2.7) L K(x) = &, + (6] (x),
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(6] = &) — &}y 8 = 0, 1. The condition of strict convexity for the functional (2.6)
reads

(2.8) Ky, K >0, i=0,1,
\
cf. (2.3), which will be assumed hereafter in order to ensure the existence and

uniqueness for the solution of the random problem (1.1) in the particular case of
constitutive relations (2.5).

The variational principle, dual to (2.1), can be easily denved if we reformulate
the random problem (1.1) with respect to the heat flux q(x). From (1.1) and (2.5)
we get

(2.9) Vo(x) = L(x: q(x))a(x),
where L denotes the compliance field
L(x;q(x)) = 1/K(x:T(x))
(2.10) / = L%x) - LY(x)a(x)|* + L*(x)lq(x)|* -
L°(x) = 1/&%x),
LY(x) = LOR'(x)/(r%(x))3,  etc.

Obviously the compliance field does not have the form (2.5) of the conductivity
field. This form holds only if the nondinfensional temperature gradient gn,, defined
in (4.5) below, is small, g, < 1. In the latter case, within the accuracy o(gm), the
series (2.10) can be truncated after the second term and we thus will obtain the
counterpart of (2.5), namely,

(2.11) Vo(x) = {L%(x) — L' (x)|a(x)*}q(x).

To the same order of accuracy we can reformulate the random problem (1. 1)
as follows

(2.12a) q(x) = V¥ x ¥(x),
(2.12b) To(x) = {L%(x) — L* (x)|q(x)|* }a(x)
(2.12¢) (V x ¥(x)) =Q,

where Q is the prescribed macroscopic heat flux. The problem (2.12) is equivalent
to the variational principle

(2.13)  Wp[¥()) = £°(x)|v x ¥(x)|°) - 4(L"(x)|v x ¥(x)[*) — min,
' s
where the functional 11 is considered over the class of vector potential fields ¥(x)

that sali'sf_\' (2.12¢). Moreover.
(2.14) mnilp = %L'(q)q, q=Q -IQ,
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where Lv(q) is the effective compliance of the composite defined as follows

(2.15) G =L*(9)Q,

the counterpart of (1.3). The relation between K*(g) and L*(q) is a consequence
of the identities

(2.16) ¢=K"(9)9. g9=1L"(g)q,

cf. (1.3) and (2.15).

Finally, let us recall once more that all relations (2.11) to (2.16) are correct only
to the order O(gm), 1. e. for small values of the temperature gradient impressed
on the medium. _

As is well known, the variational principles allow to obtain estimates on the
effective properties of random media (10, 11]. Here we shall use the principles (2.1)
and (2.13) in order to derive such estimates on the function K*(-) that defines the
effective behaviour of a nonlinear dilute dispersion of spheres whose constituents

obey (2.5).

3. THE VARIATIONAL PROCEDURE FOR A DISPERSION OF SPHERES

Let the medium be a random dispersion of equisized and nonoverlapping
spheres of radius a and let x be the set of random points that serve as centers
of spheres. After [12] we introduce the field

(3.1) v(x) = Y 8(x —x;),
J

called the random density field for the dispersion. Obviously, (¥(x)) = n, where n
is the number density of the spheres, n = ¢/V, and c is the volume fraction of the
spheres. The field ¥(x) provides an exhaustive description of the random set x;
and thus of the dispersion as well. Its application is very convenient here because
the random fields in (2.7) have simple integral representations by means of ¥(x),
namely,

(3.2) H(x) = K+ [] f h(x - y)ely)dy,  i=0,1,

where h(x) is the indicator function for a single sphere of radius a located at the
origin. (Hereafter if the integration domain is not explicitly indicated, the integrals
are taken over the whole R3.)

Consider after [11] the class of trial ficlds

(3.3) 8(x) =G -x +/P(x - y)u’*’(y)dsy.
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where v'(y) = v(y) — n is the fluctuating part of ¢(y) and P(x) is a nonrandom
kernel. The fields (3.3) are obviously admissible since they satis{y (1.1b). On intro-
ducing (3.2) and (3.3) into the functional (2.6) we make the latter an usual func-
tional of the kernel P(x) whose minimization yields the respective Euler-Lagrange
equation for the minimizing P(x). If this cquation could be solved we would be
able to obtain an upper bound of the function K"(¢). Making use of the argu-
ments of [11. p. 1]. it can be shown that this estimate would be the best possible
which employs the statistical information given by the I-point correlation functions
for the dispersion up to ! = 5. The said Enler-Lagrange equation is however very
complicated: even in the dilute case. ¢ € I, when its form is much simpler:

(K")AP(x) + ¥ - {[x]h(x)[G + V P(x)]

(3.1 ’
- +[{(x") + [x"]h(x)]IG + VP(x)|*(G + VP(x))} = 0,
it seems very diffficult to he handled analytically. That is why we shall employ a
certain variational procedure of Ritz type. similar to that proposed by Beran [13]
and diseussed Ly the authors in [14] in the linear case.

Consider 1he perturbation solution of the problem (1. l) in the case of weakly
mhomogencons medinm governed by the constitutive relations (2.5):

(3.5) D(x)=G-x+0""x)+00D(x) + ...,

where 07 9(x) are centered, (079 (%)) = 0, and have the order of magnitude
I(\h"-J’.('A".;J.I' ’,_ f’ - “ ]. e e

K" (x)

| i=20,1;

Or' = lax
Fa

wie suppose that hoth #x' < 1, but 659 and éx! could be small of different order
ol magnitudes (The prime denotes the fluctuating part of the respective random
variable)) |

Stnple arguments show that the functions 00" (x) and 0‘" (x) comply with
tHhie cquations

(Ba) [(87) + g(8")]A0" (x) + 2(x")GG : TV 4+ V- (kY (x)G} = 0,

oh) (") + _r,(,.-')]Ao'" Dix) + 2(x")GG TV (x) + V- (&' (x)G) = 0;

the colon means contraction with r-~|u et to two pairs of indexes.

We next mtroduee the new vanable 2 instead of x as follows: z = x + [IGG
x.with the sealar g to be specilied below, Olbwiously, ¥V, = (I 4+ pGG) - V,,which
allows, after simple mampulations, to reduce equs (3.6) to the Poisson equations

A+ T, (s ()G =0,

(37) ,
iz + ©, - {8 (x)G) = 0.



provided g is chosen as one of the roots, i) or pus, of the square equation
A+2Bu+Cp®=0;, A=2('),

3.8 :
(38) B=3g(x) + (%),  C=3¢2x)) +g(x%),

whose discriminant
A = [3g(x") + (x)][g{x") + (%)

is obviously positive so that both roots p) and g, are real. In (3.7), A; =V, -V,
is the Laplace operator with respect to z.

In virtue of (3.7), the bounded everywhere solutions of eqns (3.6) have the
form

1 :
N —cg.l 1 w0 3
1 %z) = G /‘hlz_ylvyn (y)d’y,

(3.9) | ) , \
80.0(z) = G ./mvym (¥)dy.
where z = x + uGG - x with p being one of the said roots, u; or u». Note that
it does not matter which one of the roots, y; or ps, will be chosen becouse the
expressions, say, for 8(1:%(x) thus obtained will both satisfy the nonhomogeneous
linear equation (3.6a); their difference will then solve the homogeneous equation
(3.6a) and since we deal with bounded everywhere solutions this difference will
vanish. ,

Following the general idea of Beran [13], we introduce, instead of (3.3), the
class of trial fields

(3.10) B(x) = G - x + ,8"0(x) + 226V (x),

where A;, Ay are two adjustable scalar parameters. For two-phase media we, how-

ever, have .

N'J(x) = [Ni]I;(X)' i = Ov lv .
see (2.7), where I} {x) is the fluctuating part of the indicator function Iy(x) for

the filler phase. That is why the two functions #¢!:9)(x) and 8(®1)(x) in (3.9) are
proportional, so that (3.10) can be replaced by the class

(3.11) 8(x) = G - x+ M 10(x),

with a single adjustable parameter A € R. On introducing (3.11) into the function
(2.6) we make the latter a scalar function of A whose minimization brings-forth
certain upper Ritz’ type bound on the effective function A'“(-) defined in (1.3). Thi
bound takes into account statistical information given by the I-point correlatio
functions for the medium up to ! = 5. Unlike the bound which could be obtaine
through the solution of the equation of the type (3.4), i. e., when considerin
the class (3.3) of trial functions, the said Ritz’ type bound will not be optimal i
general. -
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4. THE LOWER AN.[.) UPPER BOUNDS FOR DILUTE DISPERSIONS

To illustrate the performance of the above considered scheme and to get certain
tangible results at the same time, we shall deal hereafter with the case of a dilute
dispersion for which ¢ < 1. The needed moments of the random density field ¥(x)
in this case are very simple, namely,

(4.1) (V1) - ¥(¥o)) = né(y, = ¥1) .- -8(yo = ¥p-1) + 0(n), .

p=1,2, ..., where n, let us recall, is the number density of the spheres, n = ¢/V;.
Another simplification to be adopted consists in replacing the field 8(!:9)(x) from
(2.9) by the respective field from the linear case

0l — . 1 .0’ 3
(4.2a) f(x) =G /_4w|x— ylvyu (y)dy.
Making use of (3.2), it is easily seen that
(4.2b) 0(x) = f Tix - y)'(y)d%.

where 'f‘(x) = G - V¢(x), with ¢(x) denoting the harmonic (Newtonian) potential
of a single sphere located at the origin. As is well-known the kernel T'(x) is propor-

tional to the disturbances to the temperature field in a linear unbounded matrix,
introduced by a single spherical inhomogencities, when the temperature gradient

at infinity equals G.
We thus restrict the functional (2.6) over the class of trial fields

(4.3) f(x) = G - x + A(x), A € R,

instead of the class (3.11), under the assumption (4.1).

Note that the choise of ﬁ(x) is reasonable because in what follows we shall be
able 1o calculate explicitly the needed bounds only for small, in a certain sense to
be explained below. magnitudes of the macrogradient G for which the difference
between 8!1-9(x) and 0(x) is negligible.

The functional 114 from (2.6), when restricted over the class (4.3), becomes a
polynomial of fourth degree of A

(4.1a) WWal0()] = wa(A) = .iﬁf:,y{:l + BA+ CA + DA? 4 EXY),

and simple algebra gives the following expressions for the coefficients of this poly-
nomial:

. 1
A=14%=Dc+ §[l + (a! = 1)c)gm,
B =20a% = e+ 2(a’ = L)egm,

1.b
(1.1b) C=(a®+2)c+ (30! +3.6)cgm,

D= 2(a' = 0.1)cym. E’= %(arl + 1.6)cgm-
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. Here o' = n}/nfn, i=0,1, and

(4.5) Im = ghp /Ko, 0y = 9K} /K

are nondimensional temperature gradients with respect to the matrix and filler
constituent respectively, ¢ = G - G. The minimization of the function wA(A),
defined in (4.4a), with respect to A leads to the cubic equation

(4.6) B+2C)+3D) +4EX = 0.
This equation, under the assumption (2.8), has a unique real root
(47) A0 = ’\U(aon allgﬂlv C)'

On inserting (4.7) into (4.4) and making use of the variational principle (2.1)
and (2.2), we get an upper bound on the effective function A=(:) for the dilute
dispersion:

K*(g) < K,

4.8
B8 w2 k(a0 0l gm) = A0 {4+ BAo + CAZ + DX + EAY).
Obviously, only numerical results for the bound K* can be obtained in general.‘:
It is important to note, however, that K*, unlike the form (2.5), will not be already
a quadratic function of G which indicates that in the constitutive law (1.3) for th4
dispersion all degrees of g will be present. The quadratic form (2.5) will hold for
the dispersion only for small values of the gradient g,,, i.e., within the accuracy‘
o(gm)- |

- To get a lower bound for the effective function K*(-), we shall employ th<1
variational principle (2.13), dual to (2.1), and the class of trial fields 1

1

(4.9a) ¥(x) = 5Q xx + nf‘i(x -yl (y)d., neR, :
1

where the kernel \'Iv!(x) is chosen, similarly to the kernel 'f(x) in (4.2b), as the vecto

potential of the heat flux disturbance, introdused in an unbounded linear matrix

by a single spherical inhomogeneity, when the heat flux at infinity is kept constant
Q. ie.,

. 1

Q x x, if x| S a :

4.9b ¥(x) = |
( ) (x) —a3Q x V—l- if |x| > a. :

x|’ 5

The functional Wg, defined in (2.13), when restricted over the class (4.9), becomes
a polynomial of fourth degree of 3

(4.10) Wa[®(-)) = wa(n).
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whose- minimization leads 1o a cubic equation. similar to (4.6). The real root of
this equation.

(1.11) o = 1)0(0".ul,q,c),

1s unique under the assumption (2.8). On introducing (4.11) into (4.10) we get
an upper bound on the effective compliance L°(¢) and thus, according to (2.16),2
lower bound on A*(g) which corresponds to the upper bound of Ritz’ type (4.8).

The evaluation of the above introduced bounds can be perfotmed analytically
1o the order ¢y, at g,, € 1: it shows that the upper and lower bounds coincide
within this order of accuracy. In this way we find the following exact result for the
eflective conductivity function A'°(-} for the dilute dispersion of spheres:

(1.124) N(g) =Ry + Kigm+ ...,
(1.120) o= R0 (1+338%). 3= [K°)/ (&G + 280,),
(1.12¢) K] = kg (14 3B;c),

By = %[f.'(l — N+ 163"+ 1.63% + 7289 + 44° - 1).

As at should have been expected, (1.12h) comncides with the well-known
Maxwell formula for the cffective conductivity of a dilute dispersion of spheres,
el 5] whiel is exaet in the ease of a linear behaviour of the constituents.

Constder the other hnnting ease when ¢, — X when we may neglect the
first terms O the 1o b sides of (2.5) and think that both spheres and matrix obey
the hinear Fourier aw with conductivities wypg and &, ¢ respectively: the variance
ol g beeomes neghigible i this case. Making use of the above mentioned Maxwell
formmula for the dilute dispersion, see ((1.120). we get the following asymptotics for
the funetion KN°(-):

I\". ('I) . - "'-._”lll .

w

ko=, 0+ 880e) 9= [6))/(28) 4 K),).

L12]

(1.13%)

The relations (112) and (V13) can be combined within a certain Padé approxi-
mation of the tvpe (2710 ef 0 [16]. for the eflective Tunetion KN (<) which may be
crnploved for all values of g0 nainely:
. ".' + (‘.. + k.,"ll + A-. q‘-,
(LT Keggp= et TSl T2 e
7

e formmula (111 s the central result of the papers it provides correct. pre-
Jdicnions for the funetion K70 ) i both cases of siadl macrogradients, ¢, € 1, 1o
the order ol g, ). and g, —= . so that it conld be expected 1o yield a réasonahle
approxunaton for the aatermediate values of g, .0 < g, <~ s well,
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5. CONCLUDING REMARKS

To conclude the paper we shall show how the results of §4, valid for the par-
ticular case (2.5) of linear functions Ny and A,,, could be employed in order to
give a certain approximation of Padé’s type for the homogenization operator K,
defined in (1.4), in gencral case of arbitrary analytical functions A,(-) and Ky, (-)
which comply with the monotonicity condition (2.3).  °

Let us expand the functions Ay and K, analytical on [0, oc] by assumption,
as the Taylor series

(51) A’m(g) = ";?n + Krlny + ..., l\j(([) - ":? + h:lllly +....
where .
Koo = Kin(0), &S = Ky(0),
(5.2) ;

kl, = K4(0)," kb = K(0)

are known constants. For small values of the nondimensional gradient g,, =
grn /K0, gm K 1, we can replace the functions Ky(g) and N, (g) by their ling
ear approximations (5.1): such a replacement yields result also valid Lo the sam*
order o(gm). That is why the formulas (4.12) are valid to the same order o(gm ),

(5.3) Koy =ko+kigm+....
where the coefﬁc-iel')ts ky and k] are given in-(4.1‘2h, c), provided
a® = K;(0)/ K,, (0}, al = K}(0)/K,,(0),

cf. (5.2).

The limiting case ¢, — oc¢ is considered similarly to §4, though there are tw
possibilities herc which should be dealt with separately, namely, (1) The functio
Ny (+) is bounded on {0, x) and (ii). This function is unbounded on [0, o), so th
K (20) = 00. -

In the first case (1), when Ny, (oc) < oc, we can think both constituents line
al g — o0, 50 that the Maxwell formula (4.12b) yields

Ke(x) = K, (o)l + 33%¢).
g~ = (a™ = 1)/(a™ +2). a® = Kp,(o0)/ K y(00).

(H.1)

We can combine the formulas (5.3) and (5.4) in the following [1/1] Padé a
proximation:

ko[ (2¢) = k3] + K (20)k} gm

(H.5) h(g) = N*(o0) = kg + kTgm

[ the case (i) we suppose for definiteness that Kpi(g) has the asymptotics

(H.6) No(g) ~ K500, at g — 00,7 z l.
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(The case 0 < ¥ < 1 should be treated in a different manner.) Then the arguments,
given in the end of §4, are applicable so that we may employ again the Maxwell
formula (4.12b) which, together with (5.6), yields

K*(g) ~ k3. g7, at gm — 00, k5, = k(1 4+ 38%¢€),
(31} ' - Ks(g)

g2 = (0% = 1/(a™ +2), = gILoo Km(g9)

We then combine (5.3) and (5.7) into the Padé approximation, similar to (4.14):

kg + (k5 + k1)gm + k97 “

(5.8) E*{g) = B

The proposed formulas (4.14), (5.5) and (5.8), exact for both limiting cases
of small and big magnitudes of the macrogradient G can be expected to predict
reasonably enough the behaviour of the effective function I\ {g) in the whole region
[0, 00) for a dilute dispersion of spheres. . j
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HNPUNEHEHUWE MOAEJIW HEBA3KOTI'O OTPBIBA OJIST
I/ICC.TIELIOB AHUS OGTEKAHUSA KPLIJIBEBBLIX
‘ HPO(I)I/IIIEI/I '

MUXAWI TOLOPOB, XPHUCTO M. XPHCTOB

Muraua Todopos, Xpucio H. Xpucmoe . ﬂPMMEHEHME MOIEJHW HEBSA3-
ROTO OTPLIBA L MCCHETOBATWS OBTEKATTUSA KPBIJIBEBLIX ITPO-
PUIER . ‘ -

Uneenno peiena sajada oTpLBHOIO 0OTCRANMH KPLUILCBLIX NPoQgMiieit B HeBA3-
ROU AMAROCTH (sazava Peanyiroanini). B mmpokos jmanasoune yraos araku onpeede-
it opaa SACTORNON TonkL PaccumTannbe 3HAUCHUS TAPOARIAMAYCCKUX cni (106o-
BOE CONPOTHURBICHUAC WU HOiHLENMP A (HJl}l) CpasHeHbl ¢ U3BCCTHLIMU BKCHCPUMEHTANBHBI-
MU PESVALTATANMK LI th X HPOHUICH U 1 9ToM OCHOBANUMU OUCHCHA NPUMCHUMOCTL
JIAHHOM MOJICJIN, g .

Michad Todorov, Christo [0 Christor. AN APPLICATION OF INVISCID SEPARA-
TION MODEL FOR INVESTIGATION-OF FLOWS AROUND AIRFOILS

The inviseid separated flow around three airfoils is investigated nnmerically (Helmholtz
problem). The shape of stagnation zone for a wide range of angles of attack is computed.
The caleulated values of hydrodynamical forces (resistance and lift) are compared with
experimental datacavailable and thus the validity of model is assessed.
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BBEJEHHWE

Uccnenopanme cpoiicTB TeueHMit BOKPYr Hecyiumx npoduieit (Kpblabes
MoJa yriioM aTaKMh), KpOMe TeopeTUYeCKoro, uMeeT GoJiblloe MpaKTUUYecKoe
3HauyeHne, 0ocobeHHO B CaMOJIETOCTPOEHHMU U cyAocTpoeHun. Kak xopoio u3-
BECTHO, OTPbIB U pPa3BUTHE 3aCTONHOM 30HBLI M KaBUTAUMKU 33 TAKUMHU TelaMH
OKa3bIBAET CYIIEeCTBEHHOE BIMAHNE HAa UX FMAPOAMHAMUYECKNE XapaKTepUCTH-
KM ¥, B YaCTHOCTH, COMPOBOX/IAETCA 3HAUMTELHLIM HAPACTAHUEM COTIPOTHUE-
nenusA. DTo obycnaBiMBaeT HEOGXOAMMOCTL CO3AAHUA NOAXOAAUMX Moaeei,
aJIEKBaATHO YUWUThLIBAIOLIMX OCHOBHbIE CBOMCTBA 3THUX TeueHMid, a Takke adpdek-
THMBHEIX AJICOPUTMOB LA pelleHMA BO3HMKAIOMMX Ha OCHOBE aTUX MoJelel
3azau. ’ .

U3 auTepaTyphl u3BecTHO, uto nocryaar Kyra — iKykosckoro naer
pelenT, Mo3BOJAIIIMA M3 GECKOHEYHOro UKcJla UMPKYJIALUMOHHBIX MOTEeHHH-
aJIbHBIX Te€YEHU BEIOpaTh T0, KOTOpoe 06TeKaeT 6€30TPLIBHO 32 IHIOI0 KPOMKY.
IloabeMHan cuia onpenesaeTca U3 TeopeMnl sRykorckoro, a conpoTusienune
pPaBHO HYJIO B COOTBETCTBMM C NapaaokcoM lanambepa (cm. Hanpumep [1] u
[2]). Paspaborannas B [3], [4] u [5] uuciaeHHan MeTOAMKA HaXOXKIEHUA HEBA3-
KO0 OTPBIBHOI'O TeUYeHUA BOKDYI 3aTyMJeHHBLIX Teji, OCHOBaHHAaA Ha Npeano-
JIOXKEHNN, YTO 06JACTh TEUEHUA COCTABJEHA M3 MOTEHUMAILHOM M 3aCTORHOM
30H, pa3fiefleHHbIX Heu3BeCcTHOM rpanuieit (3anava Tenbmronbua) [6], B HacTo-
Auleit paboTre npuMeHeHa JANA BbIMMCIEHUA TAKUX TeUYE€HUid BOKPYT KPblAbEBbIX
npopuneit. Tak Kak GyseM UCKaTb OTpBIBHbIE TE€UEHWSA, TO B 3ajHell KPOMKe
ROMOJIHUTEJILHbIE YCJIOBMS 0 XapaKTepe TeueHMA He GyaeM CTaBUTb, a TMAPO-
AMHAMUWUecKre CUibl BylieM onpeaenfaTh, UHTETPUPYA MOBEPXHOCTHOE AaBle-
HMe MpH HAJIUYMY OTPLIBA. |

. TOCTAHOBKA 3AIIAYU

PaccMoTpum miiockoe cTaumoHapHoe NOTEHUUAJIbHOE TeueHme BOKpyT Gec-
KOHEYHO JUIMHHONO KPLINA MOJ YLJOM ATakd, 4TO MO3BOJAET OrPaHUUMTLCA
PaccCMOTpeHHEM TE€YeHHUA BOKPYT MPOM3BOJILHOIO €ro MoNepevyHOro CevyeHMd.
[Tpeanonoxkenue o 6e3BMXPEHHOCTH M03BONAET BBECTH GYHKUMIO TOKA 1, ABNA-
ollyloca peienneM ypapHenus Jlannaca Ay = 0. 3anauy peutaeMm B ABYX KO-
OpAMHATHLIX cucteMaX. uaunapnueckue KoOpAMHATHI MCTIOJIb3YIOTCA TOMb-
KO Ha ?Tane HauyaJbHOCO Pa3BUTUA 3aCTOWHOM 30.Hbl, a KOHEYHBI! pe3y/bTaT
nojydaerca B napabonnueckMXx KoopauMHATaX, KOTOPble OKa3biBAIOTCA OUEHb
ynobiubiMu A7 GecKoHewHo AJIAHHBIX 3aCTOMHBIX 30H. .

B 2TUX KoOpAMHATHBIX cHcTeMax ypaBHenue Jlamnaca uMeer BAA

: 1 |
(1El.) Yer + ;d’r -+ ;5"!’80 =0 (16) 02 q(¢0’0 + ¢rr) =0
C TPAHMYHLIMU YCHOBUAMM HA BECKOHEUHOCTH |
(2a) Y~ Ugprsind; (26) Vv ~  Ugor
ra =00
T—400
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M C YCNOBMAMM HenpoTekaHUA Ha rpanuue (TBepnolt u cBoGonaHoli) (puc. 1)

My

s

Puc.1

(3a) ¥ =0 nmna r= R(9); (36) v=0 ana o=85(r), re€r.

Ha u3BecTHO# cBoGoaHOM IpaHMIle BEINOAHAETCH UHTerpat Bephynau:

| ) b |
(42) §[¢3+r—2wa]+% = Um+”7, r=R(6), €Ty

l 2 2 c oo
(46) ,)[¢;+¢;]+% =_Uoo+p—p-, o=5(r), T€Tl,,

2(c? + 2
*

rie peo ¥ Usy — nHaBlieHMe M CKOPOCTb Ha BECKOHEYHOCTH, a p. — AaBJeHHe

B 3acTOlHoi 30He. 3Hech a U b COOTBETCTBYIOT HMAMHAPHUYECKOH U mapabo-

AUYECKON KOOPJAMHATHOM CHUCTEMaM. e

II. SBAMEHA KOOPIMUHAT

Kpaesas 3anaua (1)-(4) KoppekTHa, HO ee pellleHMe CBA3AHO C MPEOJO-
nenveM 6ONBIIMX TPYAHOCTEH, TaK KaK FPaHuLbl 06JacTH KPHUBOJMHEHHEI, a
cBo60IHAA IPAHMILIA OTIpeJIeIAETCA HeABHLIM 06pa3oM NyTeM yAOBIETBOPEHUA
ycnosus (4). Ilocne BBeaeHMA MoAXOAANMX KOODAMHATHEIX TPaHChoOpMaumid
o6nacTh TeueHus nmpeobpasyerca B 06AacTh ¢ GUKCMPOBAHHBIMU T'PaHMIIAMMU
(o meranax cm. [4] u [5]), KoTOpEIe yiKe ABIAIOTCA KOOPANHATHEIMU JUHAAMY,
a ycnoBue (4) CBOOUTCH K ClleAyIOLIEMY ABHOMY YPaBHEHMIO IUIA ONpeNesIeHns .
cB06OJHOM! rpaHMIbI:

1 oy |
5a — [1+(R'/R)*| | — = 143 0€T,,
(5a) | R-[ ( ”j_an - | 2
’ 1 3 - -all’ T B '
(56) m‘[l'}‘b ] 55’7:6 = 1+x,‘reI‘2,,

rle » — UYUCJO KaBUTaluMH. Tak Kak paccMaTpPUBAEM TeUeHUsA C 3aCTONHBIMU
30HaAMM, NMOJOXKUM > = (). :
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[II. BLIYUCJIEHUE T'MIPOIUHAMUYECKUX CUN

[locne pa3no)keHud raaBHOTO BeKTopa fAaBijieHua R = — fpnds, 10 OCAM
. R
JleKapTOBOM KOODAMHATHOM CHUCTeMBI, A1A Ge3pa3MepHBIX K02 QULIMEHTOB Jio-
60BOro CONMpPOTUBIIEHUA UM MOAbEMHOM CUJbLI B mMapabosiMuyecKux KoopaMHaTax
MOJIyvaeM CJeAYIOUIME BhIpaXKEHUA: :

T1

6) B = /ﬂﬂﬂ+§ﬁm&,

(7) B = - / ol — §'(r)S(r))dr,

-7 =

' riac p — AdaBJI€EHHE Ha 3aMKHYTOM KOHTYD€ F, a Il — BHelIHAA HOpPMaJb K HeMy,
= P~ Pe : . iz
q = 1 — 6e3pa3MepHoe AaBJE€HHUE, P, — [ABJIEHHUE B 3acToOMHOMI 30HE, &
9 5
-pU,
2 o e]

S(r),—m <7< A, — QYHKUMA, ONACHLIBAIONUIAA FPAHMLBI KOHTYpa I

»

1V. TEOMETPUYECKOE OIIMCAHUE KPbIJBEBLIX NIPOSUJEN |

O6bekToM MCClieA0BaHUA ABAAIOTCA TPU KPbLIbeBbIX Npoduisa. Ilepsuiit
u3 HuXx (Tpexmapamerpuueckuit Tvna PAN) 3ajaem aHaIUTUYECKH B BULE
(puc. 2): j '

,‘)’

T = COs7y _ o ' i
: - 0<y<m,
y=2fsinyxY(y), |

‘(8)

rae

sin2y o« B :
1 ‘——§<Bo+7)(l—cos7),

B = . :
Y(ir = (Bo o —é-l-) ¥+ Bosiny — By

2f — xpuBu3aHa, 2By — Toaummua B Touke ¢ = 0, a B; onpenenseT noaoxeHme
MakcuMaJbHOH TomuuHel. Co cBoeil cTopoHsl, By u By aBasoTcA GyHKUMAMU

.
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HEe3aBMCUMBIX MapaMeTpoB -— MAKCUMAalbHOW TomMHBl npodunsa dy u yriaa
~0. KOTOPbIA 3axaer noaoxenune do (cMm. {7], [8])

2By(1 4 cosyg — gsin “0) _

Bl(AIO-BC)):* ™.

l — cos2y — -2-s1117
J _
Bo(do.70) = ?‘.(%O—}

C(v0) = {70 +sinyy — g + dfracw?2 005 70)

[1 + cosyg — gsin'yg]

|70 sin2y w
) 4

| — = = Z(1 —cos*m)]' [

1 — cos2yg — g—sin 70]

[lepexoa k meaapHeIM KoopaAXHaTaM 3akaeTcA GopMyJlaMu:

(10) R(D) = V22 + y2, Gza.rctg%
B aaunon cayuae nogaraesm f =0, dy = 0.25 u 99 = 7/2 ¥ noaydyaeM cUMMeT-
pUYecEMA IpodUab.

is'mprn‘a npoduis — 310 NACA 6632018, JIuckpeTUsanmsa B HANPpaBieHNN
f-koopanHaTLL ocHoBana Ha TabiaudHOM 3ajanuu reoMeTpum niposduan (rabi.
1)[9]. Bausnme sajmneit kponku yuteno gobapienvem 10 Z0NoAnnTeNbHBIX .y 3-

Tabnuuna 1

xr - y T y
0 . 0 0.4 0.08918 -
0. 005 - , 0. 01323 . 0.45 0.08998
0. 0075 0. 01571 0.5 0.08942
0. 0125 . 0. 01952 0.55 0.08733
0. 025 0. 02646 0.6 0.08323
. 05 _ 0. 0369 0.G5 . 0,0758
0. 075 0. 04513 0.7 0.06597
0.1 0: 0521 : 0.75 0.05451
0. 15 0. 0633 0.8 0.04206
0. 2 0. 07188 0.85 0.02934
0. 25 _ . 07TR48 | 0.9 _ 0.01714
0.3 | 0. 0R34G : 0.95 0.00646
0. 35 0. 08701 1 0

JIOB B COOTBCTCTHUM C JIMHCAHBIM 3aKOHOM

| : 0.00646
ot e Y= 00
(go H 8 nvpxu«@u}i U HvARlel nosopute npoguasa). AnajorMuHbiM obpa3oM npu
noMolu apaboJauuyeckoil MHTePHoAAIMA

_J-)

(12) r = ay® + by,
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rine p
0.0075 x 0.01323 — 0.01571 x 0.005
0.01571 x 0.01323 x (0.01571 — 0.01323)’

0.0015712 x 0.005 — 0.013232 x 0.0075
0.01571 x 0.1323 x (0.01571 — 0.01323)"

B OKPECTHOCTH NepeHel KpoMky npoduiia ao6asieno 6 y3aos (o 3 B BepxHeii
M HWKHeH monoBuHe). PyHKUMA rpaHMibl 3axaeTca o popmynam (10).
TpeTuit KpbiibeBoii IpodWIIL, AA KOTOPOro pelleHa 3ajlauya O HEBA3KOM
oTphIBHOM obTekanumyu mon yriaom araku, — NACA 2418. Ero reomerpus
3a/JaeTcA CAeyIoluM obpasom: ‘

zy=z—ysinB, z=z-ysinf,
(13) ’
Yu =Ye+ycosfB, yr=y.—yrcosf,

rae r — abcuMcchl TOUYEK XOpAsl, Y. U tgf — OpAMHATH M HaKJIOH TOUEK CKe-

JNIeTHOM JIMHUHU, Ty, Yy -—— JAEKAPTOBHIE KOOPAWHATHI TOUYEK BepXHell UM HWKHel
NOBEPXHOCTH Npoduis, y; — pacnpeneienne Tomuuus (puc. 3) [9]. Co cpoeii
y }
% l : (xusyu) . L -
¥ LPUxYe) cHe: ~
X
0 : Xpga'
/) / B
(x.) '
Puc. 3

CTOPOHBI,

Yo = 6%(0.269\/_ — 0.1262 — 0.35162% + 0.2843z> — 0.10152*),
rae t — MakcHMMaJibHafd TOJIIWHA,

m
—2(2p1:-—3':2), 0<z<pmc<l,
Ye = ¥ m - ‘

(1-p%)

rae m — OpIMHATa TOYKMA CKEJIETHOW JIMHMM C MAaKCUMaJIbHOW KPUBU3HOM, a p
— abcumcca TOYKM MaKCUMaJIbHOW KpHUBU3HEL. B KoHKpeTHOM cay4yae t = (.18,
m = 0.02, p = 0.4. [lepexoxn oT AeKapTOBBIX K LMINHAPUYECKUM KOODAMHATAM
npousBoautca no dopmynam (10).

[(1-2p)+2pr—2?], p<z<l,
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V. PASBHOCTHAS CXEMA 1JIs1 YPABHEHMSA JIAIIJIACA

B TepMuHax HOBLIX KoopAMHaT ypaBHeHme Jlanmnaca pemaerca addex-
THUBHO MO MeToay cTabuauaupyomei nonpasku (aetanu cm. B [4]). 3mecn
cleAyeT OTMETUTb, YTO B JIMHeHHOM clydae »Ta cxema abCoJIIOTHO yCTOHUM-
Ba [10], Ho B manHOM ciydae HenMHeMHEIH XapaKTep 3aaauM, HAJIU4YMe KOCOMH
NPOM3BOAHOM, CNOXKHAA FeOMeTpUA Kphblia M HaJuuue GoNbIUMX I'PaaMeHTOB
CKOPOCTH B OKPECTHOCTH 3aJIHE¥ KPOMKH ABJIAIOTCA paKTOpaMU, KOTOpbIE MO-
ryT NPUBECTH K UYMCJIEHHOM HeyCTONUMBOCTHM B XoXe BuluMcHeHHMit. Takum
o6pa3oM, ABIAeTCA UeNecO06pa3HbLIM aBTOMATHYECKOE YMEHbIIEHHe lIara Io
¢UKTMBHOMY BpeMeHu At B cxeMe c’ra6m_m3upyloméﬁ MONpPaBKM KaXKAbifi pas,
KOTa BO3HMKAaeT HEMOHOTOHHOCTL B CXOJAMMOCTH UTEPALMOHHOrO LMKJIA QYH-
KupM Toka tp. TouHee — ecim Ha n-oif UTepauMM BhIMOJMHeHO € > ¢~ !, rae
& n -1 — orHoCMTenbHBIE OMGKHM, GylaeM monarate At =: %E

VI. PABHOCTHAS CXEMA ISl YPABHEHUSA CBOBOIHOM
' CPAHUIIBI

-

BakHo OTMETMTB, YTO BO3MOXHO MOJYUWTH ABA PAa3HBIX pPeElIEHUs ypasB-
HeHmA (5), koTopele A yaobcrsa HazoBeM I u II 1 KoTOpLIe MHTEpTIpETHPYEM
KaK KaBUTALMOHHEIE CXEMBI COOTBETCTBEHHO Tua Yanawruna — Koaburepa
n Kupxropa (o meranax cm. [4] u [5]). W3-3a nenumeiinocTn ypasHenus
(5) pewalouiee 3HaUYEHUE IIA HAXOMIEHHUA YCTOMUMBOro pelieHus Ana Gopmsl
cBOOOXHON rpaHMLLI MMeeT NOAXOAAMI BeIbOp mapamMerpa peslaKcalliu Ts.
Pe3ynbTaThl MHOTOUHCJIEHHBIX 3KCIIEPUMEHTOB MOKa3aJid, YTO UCHOJb30BaHUE
foabmmx 7o ~ 0.1 = 0.5 MoxeT npuBecTH K “BHIXOAY” pemerrm Il Ha Gonee
BbICOKYlO mapabony, yeM UCKOMaA, a 3TO HEMMHYEMO CBA3aHO C HapPYyHIEHUEM
KPaeBOro ycjoBuA (IaBiieHue Ha cBoboamoii rpanuile pasHo Hymo ¢ = 0). C
APYTO#t CTOPOHBI, UCMOJB30BaHUE MAJBIX T2 ~ 0.001; NIPUBOANT K YBEINUEHUIO
uKMCila UTePaLMit ¥ Mocle AYIOMM 3aTPaTar MAIIMHHBLIX pecypcoB. [loaTomy B
HACTOAIIMX pacyeTaX MCHONb30BaHbl MapareTphbl peaakcaumu 1o ~ 0.01,0.005.
Pe3ynbTaThl NpoBeAeHHBIX YMCIEHHBIX 3KCII€PUMEHTOB MOKa3bIBAIOT, YTO MpU
STUX IBYX 3HAUEHUAX MAPAMETPa PeIaKCalUM Pa3HULA MEXLY PACYATAHHBIMM
PellleHMAMN He TPEBOCXOAUT OLIMBKM aNnpOKCHMALMKM Pa3HOCTHOM CXeMBI.

VII. OBIIAA NIOCJHTEAOBATEJIBHOCTD AJI'OPUTMA

IlnA HeCUMMETDUUYECKUX Tel (MIM; YTO TO Xe caMoe, ANA CUMMeTpUUec-
KMX TOJ Yr7IoM aTaku) pelleHue KpaeBoil 3amaum (1)-—(4) cBs3zaHo ¢ ABymMsa
BOMpPOCAMU MPUHUMIMANBHOrO XapakTepa. IlepBblii U3 HUX. OTHOCHUTCAH K OI-
pelle/IeHNIO HYJIEBOM JIMHUM ToKa Ha BeckoneunocTu, T. e. juHuu § = 0, 7, Ha
KOTOpO# 3acToMHAA 30Ha 3aMbIKA€TCA B MOJAPHEIX KOODAMHATaX. DTa JIMHUA ,
MoXeT GLITh onpelieNleHa TOYKOU nepeceyeHnsa cBob6oHBIX TPAHMIL 32 TEJIOM U
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HaIlpaBJ/leHMeM HeBO3MYIIeHHOro TeueHuAa. Jlnsa oo ueam oce Oz, coBnanalo-
Y10 C XOPAOU KPLIJILEBOTO NPOdUIA, OPUEHTUPYEM B HallpaBJI€HUM OCHOBHOI'O
TeUyeHHUA cleayiomum obpasoM: :

(14) 0; =0, —«a, Pz boe.s o ¥, .

rae f-cerka 3ajaHa NpeABapUTeENbHO Mo dopmyJie:

(G- 1)? (1 G-y
(15) 0; :47rT, 6”[%]“ = 4x 5= "wT )
. N : .
3necs j =1, ..., [?] <+ 1, N — yucno f-auumit, a « — yros ataku,o0bpa-

30BaHHbIA NepeceyeHreM XOoPpasl NPoYHUIA U HalpaBJeHUA OCHOBHOI'Q Te€YeHUA
(puc. 4). PaspaboraHa npouleaypa rnepexona oT.0AHOW MOJIAPHONA KOODIMU-

Puc. 4

HAaTHOWM CUCTeMBbl K Apyroii, BKioyalolwada TPaHCAAUMIO NOJAPHOro LUEHTpa Ig
XOpJ€e KPBlAbeBOro Npoduia U onpepejieHue HOBoM f-ceTKH: !

R sinf; —asina ‘

: ’ , 81=0, Oy =06,
, R; cosf; + acosa - S
(16) X Rl — V_Rjnejn—l + R'n-—lgjn ,, RN = R],
' 6.7 _Bjn—l =

R] s \/k;.’l —+a3+2ale COS(Bja +Q) 3a.j= 2, ,A]V— 1,

§; = arctg

rAe ji = jn+J—2, j» — y3ea, B koTopom noaapusii yroa 0; (cm. (14)) men
eT CBOM 3HaK (CTaHOBHi‘CH HOJIO'H{HTBJ'IbeIM), a @ — mapameTp TPaHJALMM.
pacuerax Mcnoas3oBayiock a = +0.1. UTtak, pemaerca coorseTcTBy1omuii pa
HOCTHEIA aHaJor KpaeBoi 3anaun (1)-(4) (cM. [4]) B moAApPHLIX KOOpAMHATAN
Ha xasxnmoit obuieif uTepaummn ¢ nopAIKOBBIM HOMEPOM & [IeJlaeM CJiely oLy
TIPOBEPKHU: ;
4} 143

“Ecom RY > R n ENT;E

‘N

> 0.1, To a = 0.1 u coBepllaeM TPaHCJIALM
o dopmynam (16).

Eciu Rf < Ry n

-

R¢ . ‘R& :
i L1>0.1,10 a = —0.1 u copepaeM TpaHCAALM !

o
‘N

no gpopmynam (16).
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RY — RY
RS,
HuA Toka. OaHako MOMCK HYJIeBO#l JIMHUM TOKa 110 2TOM mMpoueaype He BCeraa
Bo3MorkeH. M3-3a HenuHeltHOCTHM paccMaTpUBaeMoif 3aJauu M CIOXKHOM reo-
METPHM TOCJIe M3BECTHOrO YMC/IA UTEPAlMii BEIMUCIEHHDIA LEHTP TPAaHCAUPYe-
MOW KOODAMHATHOMN CUCTEMBI MOKeT 0Ka3aThbCA BHE KOHTypa Kpblaa. Bort moue-
My fepexoi K napaboluyecKun KoopAMHATAM CIeAyeT OCYLIeCTBIATh Npexkae
yeM 3aCTOWHAA 30HA Pa3BUIACh AOCTATOYHO B MOJADHBIX KOOpAMHATAX, OM-
HOBPEMEHHO JONOJIHAA ee [0 “akTyalbHoi’ t-6eckoHeuHocTH, nojaraa S = 0.
Bonpoc o HaXOXIeHUM HYJIeBOil THHAM TOKA He OKa3bIBaeT BJAMAHMA Ha Aallb-
HelluMit Xo pacueToB BCJeACTBHE OTKPBITOrO XapaKTepa 3acTONHOM 30HbI. B
cayyae npodunsa PAN koopamHaTHOe HAYaJ0 PacHoioKeHO Ha XopAe B TOUKe
r = 0.21. Onpe..enennaa Takum obpasom aununa 8 = 0, 7 okasbiBaeTca camoit
noaxoaauleit. B asyx apyrux caydaax (NACA 663-18 u NACA 2418) koop-
AMHATHOE HAYalo PacrojloKeHo Ha XOpJe COOTBETCTBeHHO B Touke z'= (0.45.

BTopoii Bonpoc npuHUMNIMANILHOrO XapakTepa OTHOCUTCA K aJleKBATHOMY
3a1aHMIO 3adHei KpoMkn. [lpoBeieHHbIe pacyeThl ACHO M HeABYCMbICIIEHHO TIO-
Ka3ajM, YTO MUCNobL3oBaTh (-CeTKy, He YYATBIBAIOULYIO HAJMUUA KPUTHUYECKOM
TOYKM, HeABb3fl, TaK Kak camo no cebe 370 BeieT K HeCKOHEUHbIM T'paiUeHTaM
AABJIEHUSA B €€ OKPeCTHOCTH, K BBIPOAKIEHUIO HOJISI CKOPOCTU BOKPYT Mpodus
¥, B KOHEYHOM CUeTe, K BOBHUKHOBEHUIO HEYCTORUMBOCTH UTEPAIMOHHOTO IPO-
necca. [fostomy npuxoautca cUibHO CryliaTh §-ceTKy B OKPECTHOCTU KPUTH-
YeCcKoM TOYKM M 3alaBaTh 0AHOCTOPOHHMUE MPOMU3BOIILIE (YHKUMA TPAHUILI B
5TOH TOYKe: ‘ ‘

Ecau Beinoaxeno < 0.1, To cuMmTaeM,uyTo HailleHa HyJleBaA Ju-

Rljmje = R —diti ¥ 0iv2 o Giv1 G542
rE Taini(gia +girn) 7T gin1gie
Ji+1
e ! + O(g5499542),
gi+2(g541 + gj42) T
; : 9; gji—1+ 9
Rilizjt = I, -n SV W ke
¢ (gj-1+4j) 95 -1Yj
g, + 2951
+R; + O(gi-19;),
- Il gg) T i)
7 1 1
Bllizie = 2(l-f - Rjp ———
= Thinilgia + gie2) T g
I :
+1t) 40 . ) + O(9;+19j+2)
i (gi e+ gj42) o
: = @ ' 1
HY lisge = Q(R- -Ri_—
S Toilgi-1495) 7T gi-1g;
1 ‘
+R;-2 )+0(9‘-19‘)
" gi-1(g5-1+9j) e
rae Rjl|;¢, RLlj+ v R}'|;e, RY|;e, — meppas nesas u npapas ¥ BTOpad Jepas

W NnpaBas Npou3BoAHble B 3anHeil KpoMKe. DTo JejiaeM TOJLKO Ha NepBoi
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UTEepallMu B MOJAPHBIX KOODAVMHATAX, TaK KaK Ha CJAEAYIOWMX HIarax oCovas
TOYKa OCTaeTcs B 3acTolHou 3one (puc. 5). DBousee Toro, najbHeiiuiee pe-

Puc. 5

4
, . % . 2
IIeHre Pa3HOCTHOM 3aayM C BBEAEHHOM) TakuM 06pa3oM f-ceTKoit HEBO3MOMK4
'HO. YHC/IeHHbIM 9KCIEPMMEHTOM YCTaHOBJIEHO, YTO KpaeBoe ycjioBHe Ha Tend
(3), coorBeTCcTBYOMEE pa3HOCTHOM NuHMK §;; (rae HaxoanTcA ocobas Touka)]
“npoekTHpyeTcA’ Ha OECKOHEYHOCTH, T. €. KpacBHle yenoBus paccMaTpus
BaeMo# pa3HOCTHON 3aJauyM HApyWalOTCA. DTOT HEAOCTATOK YCIEIIHO npeo;
NOJIeBaeTCA yBeAWUYeHUeM IIara CeTKM B OKPECTHOCTHU 0coboit TOUukM eime AC
BTOpO# ob6meit utepaumn. I[loxo6ublif uncaeHHbIN 30 (eKT KPacHOPEUYUBO I'OBO
PMT B N0Jib3y BEIOOpa CUJIBHO CTYIIEHHOM CEeTKHU TOJIbKO B OKPECTHOCTH ocoﬁol‘j

TOYKN (KPOMKH).

Ilns Tpex paccMaTpUBaeMbIX KPblIbeBBIX Mpoduieil nocne nepBoit 06mea
WTepallMy B MOJAPHBIX KoopauHaTaX “yaanaiorca’ 10 y3moB B OKpecTHOCT
3aHeil KDOMKM M NMOTOM, TOCJe Mepexoaa K MapaboJuuyecKMM KOODAMHATAM;
nobapisorca 10 y3moB 10 7. OAHOBpEMEHHO C STMM T-CeTKa CHOBA Hymeé

pyeTcs.

“VIIL. PESYHBTA.TbI U INCRYCCUs

Uucnennsie pacdersl B caydae npoduna PAN nposenensl Ha HepaBHO!
MepHol ceTke 61 x 45 (o meduHMIMM ceTkM cM. Bhile, a Tawke [4]), a_ucd

NoNb30BaHHbIM mar no GpukTUBHOMY Bpemenn At = —. [lonyueHsl pe3y.nb'rafnj

o popme pemwenua 11, koraa yroa ataku o € [0°,14°] u mo a = 20° B cayuae
pewtenus [. B untepBane o € [O° 10°] cxema cra6nnu3upy}omeu MoNnpaBKU oc-
TaeTCA YCTOWUMBOM NpH 3aJaHHOM 3HAYEeHUU NapaMeTpa At Ipu a = 12° on

ycToiuMBa B cayuae peuienus I, ecam At = u B cayuae, pemenus 11

'3_2':
1 1
ecau At = g, a [Ipn « = 14° oHa yCTOﬁ‘-IMBa, €CJI COOTBETCTBCHHO At = '1"'2—8%

u At = —. Ilpu yraax araku a > 16° sHeoGxomumelii mar no q)HKTuBHOM :

16

BpeMeHM B ciydae pelleHudA | cTaHOBUTCA OUeHb MabiM — Hpu yl‘};

1
4028
Jax aTaku « > 14° peurenue Il HeB03MOXKHO MOJYYHUTEH M3-3a BO3HUKHOBE
HEeyCTOMYMBOCTH (BO3MO>KHBIE NPUUMHBI OBIAM PACCMOTPEHH BHIILE). O'mo—
cheanmM HOpMaM q)yﬂmmn TOKa, cBo6oano# rpaHuusl ¥ obmei n’repaumq

3aJaHbl 3HadYeHna 10~ 2 ,1073 1 10~3 cooTBeTCTBeHHO. Uncno o6mmx n'repa,unm

|4
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ApH PUKCUPOBAHHOM yrie aTaku BapbHUpyeT B MHTepBaJie 27-39 B caydae pe-
penus I u 150-245 B cayuae pemenus II. Heo6xoammoe Bpema nporpaMMHoii
peannsauny Ha 9BM EC 1061 ne npeBocxoauT 2 ¥ 9 MUHYT COOTBETCTBEHHO.

B cayuae npoduna NACA 663-018, BcreacrBue nobaBiieHUMA AOMOJIHU-
7eJIbHOTO YHCJIa Y3JI0B B OKPECTHOCTAX 3a/lHEd YrjioBOil TOYKM M mMepenHei
KPOMKH, 3ajlaya pelleHa Ha pa3HocTHO#i ceTke 61 x 65. PesyabTaTnl umc-
JIeHHHIX ®KCIEPUMEHTOB TIOKa3hIBaloT, YTO B TOM cClydae lIeMa CTabWIM3u-
pylolle#i mONpaBKM ycToH4MBa, eciM MAru Mo GUKTUBHOMY BpeMeHM MeHbille
mara, cooTBeTcTBylomero npopumo PAN (tabn. 2). UYucno obmmx- urepa-

Ta6bnanunua 2

B Yron aTaku o Ular ‘no.qmm*uauouy Bpemenu At
(» rpaaycax) pemenue [ ~ 'pewenwme II
B 1 1
0 128 b2
2 St .
128 128
4 1 .
128 512
6 1 2
256 512
8 sk I,
: 512 512
1
10 512 512
12 1 =t
3313 1024
14 i 1024
1
16 i 1024
. 8 / -1
1 ' 2048

-

uMii B pa3JIMYHEIX BapuaHTaX BapbUpyeT B uHTepBaJie 34—42 nnsa penlenusa | n
58-221 mnsa pewenns II. CooTBeTcTBEHHO HEOOXO0MMMOE MAIIMHHOE BpeMSA AJiA
pacyeTra maHHoro BapuaHTa Ha 9BM EC 1061 cocraBaser 2—-3 MUHYTHI ¥ 3-
10 munyT. Paccuurana dopma coboaHol rpannusl B amanasoHe a € [0°,18°]
ana pewenuns I u o € [0°,12°] ana pemenus 11, vo npu a > 10° nocnenuee te-
pAET YCTOMYMBOCTL M NPUXOIAWTCHA CHUIBHO YMEHBbIATh 3HAYEHHE MapaMerpa
penakcammu (12 < 0.001).

UucnaeHHble pacuyeThl A Mpoduiaa NACA 2418 (anasoru4Ho mpoduio
PAN) BumonHeHbl Ha pa3HoCTHOU cetke 61 x 45. Pewmenne I monyueno mpm
yraax araku a € [0°,16°], a pewenue II — npu «a € [0°,14°]. HauyanbHoe 3Ha-

YeHHe IMara 1o QUKTUBHOMY Bpemenu At = X B 3aBUCHMOCTH OT yriia aTakKu

1 1

16 512
(:ra.ﬁ.n 3). B cayuae pemenns [ Heo6X0AMMOe MAIIMHHOE BpeMs ocTaeTcA B

uHTepBaje 2—4 MuHYTHl, a AnaA pewenns I — 7-9 munyt. CooTBercTBy1OULIEE
yncao obumx urepaumii 31-50 nna pemenusn I u 144-207 — ana pemenus I1.

Bo Bcex Tpex cayyasax, Korja yribl aTaKd BEJHMKH, OTDLIB IPOUCXOIAUT
coGcTBeHHO Ha 3anHeh kpomke. Torga, yrobbl He HONMYCTUTH BO3HUKHOBEHWA
GoAbIINX FPaJUEHTOB NaBJeHUA, IPUXOJUTCA NMPOU3BOIAUTH AOMOIHUTEILHOE

meMa CTabWUAM3MpYIOLIEeH MONMpaBKM ycToilunBa B MHTIEepBaje Af ~
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Tabnuna |

Yron aTtaku o Ilar no ¢uxkTHUBHOMY Bpemennu At

(8 rpanycax) pewenne [ pemenne II

1 1

0 33 6

2 1 1

32 ig

4 ’ - 1

312 1;6

g 7Y (1Y

8 L 1

128 .1}

10 1 1

14 ? 32

Cr'yHleHHEe p&BHOCTHOﬁ CE€TKH B OKPECTHOCTHU TOYKH o"rpuaa, HOSTOMy UCIOJL

30BaHa pa3HocTHaAa ceTka 61 x 90.
HezaBucumo oT Toro, 4ro pelleHue, COOTBETCTBYIOIIee npO(bumo PAN
UMeeT XapaKTep TecTa, MoJlyYeHHBle Pe3yJNbTaThl HAXONATCA B XOpolileM Ka

,

PAN 1

Us
Puc® ’ , i
YeCTBEHHOM COTJIACHMM C M3BECTHBIMM SKCIIEPMMEHTAJbHBIMM NaHHBIMH O T€
YeHUAX BOKDPYT Kpblla ¢ obpa3oBaHueM 3acToiiHbix 30oH. Ha puc. 6, 7, 1
. IIPEACTABJIEHbI [PAHULbI 3aCTOMHBIX 30H, COOTBETCTBYIOLIMX YrjaM aTakd « 3
0°,6°,14°. OObeit 3aKOHOMEPHOCTBIO ABJAETCA TO, UTO pewienne | 3aMBIKa)
ercA B GeckoHeuHoW Touke, a pemienve Il pacumpserca napabonUuecKH Hj
OeckoHeuHocTH.. B cayyaax o = 6°,14° xopouio BuaHO, uTo BHIGOD nonxonff
IIEro MapaMeTpa peJlaKCAllMM BJMAET CYIleCTBeHHEIM o6pa3oM Ha noaenel«m@
pemenua II. OueBnano, uto npu o = 6° 3HaUeHHe MapaMeTpa T'_) = 10"l n
ABJIAETCA NOCTATOUHO MAJLIM, B TO BpeMs KaK NpU T = § X 1072 u mp = 107, .I
pasHMIla MeXIy pacCuMTaHHBIMU pellennamu Il cocTaBiser yxke Bcero 2-3%
DTO JaeT HAM OCHOBAHUA YTBEPXKAATh, YTO YMEHbIIEHWE MapaMeTpa pesiaKca
umy 1o T = 5 x 10~ 2 BroJIHe AOCTATOUHO AAA HAXOMACHWA UCKOMOTO peHeHu!
¢ AOCTATOYHOM TouHOCTbIO. VI3 puc. 8 ACHO BUAHO, YTO C yBeIUUEHUEM yrng
aTaky clleflyeT HaJllexaluM o6pa3oM yMeHbHIaTh T2, T. €. YCHJIMTb OCpPaHK
uuBapllee Aeiicteue penakcaumu. Ha puc. 9, 10, 11 maHE noBepXHOCTHBI
pacrpezejeHUA AaBJeHUsA NP TeX e yriax aTaki, COOTBETCTBYIOWMX pele
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Puc.8

Huio I, a Ha puc. 12 — pewennio Il npu « = 12°. Ha ¢BobGoanpix rpanumax
3HaYeHHMA AaBJeHUA uMeloT nopsaaok 1073-107%, T. e. B paMkax owMOKH am-
MPOKCMMAUMM CXEMbl JaBjieHMe MOCTOAHHO U paBHo Hymo. Ha pmc. 13, 14
rpaduyecku MpeacTaBlieHbl Pe3ylbTaThl 0 KO3 (pUUMEHTaX CONPOTHUBICHUA U
noabeMHOU cuiie. Kak xopouio BUaHO, B cay4vae peuienus Il noabemHas cuina
¥ CONMPOTHUBJIEHUE AIBJIAIOTCA BEJNYMHAMM OJHOrO MOpALKA, T. €. NOADbEM-
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- Upper surface
=== [ower surface

PAN d=2°
$ 1
0 i
/ x
—-"’/ .
3 T
_1 -
Puc. 9
—— Upper surface -
-=== [ower surface
1 ,Cp- '
PAN o =68°
.
¥ |
0 %
-1
Puc.10
1 16 ’ e Upper surface
N,
‘-.\ : ====< Lower surface
-
~,
-,
3 \\\'. 1
0 e ep——— .
= 5

Puc

Had CHJla, COOTBETCTBYIOIIAaA OTPLIBY y nepenHeif KpoMku, Maja. Haobopor,
B cillyyae peulenus | conpoTuBieHue npubausurensHo B 1,5-2 pasa MeHble,
yeM B cayuae peuteua I, a noasemHaa cuna npumepso B 10 [;as Bouabule,
YyeM Ta, KOTopad COOTBETCTBYET OTPHIBY Yy Nepeiseii KpoMkw -(pewenne II).
HapacTtanue yrana atakn a0 8° COnpoBoXKAa€TCA MOCTENEHHLIM CABUIOM TOUKH
oTpuiBa peutenud | Ha HukHel nosoBuHe oT 85% OTHOCUTENBHO AJIMHBI XOP bl
(upr a = 0°) k 3aaHeit kpomke (1abn.4). Ilpu GoabuUMX 3HAUEHUAX Yria
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e PAN Soluﬁohl
7
. 1 3+ ad
' g & A-C,
L e —Cy
1
O —
x
06 i
Puc 12 : i . .
B4 o * c [deg ]
. . i
.02 SRR
L . 8 12
Puc13
»
PAN - Solution ||
nr
2 — iy
, s v-¢
08 ¥
°
; ®
.06 v
v ¥
04+ ®
‘ ; ¥ , o [deg ]
. .02 t L L
A 8 12 )
Puc. 14

aTaK¥ TeueHue OTphbiBaeTcs Ha caMoit kpomke. Ha Bepxmeit nonosuHe TOUYKa
OTpBIBa COBUraeTCcA B obpaTinom uanpabienuu: oT 85% npu o = 0° no 14%
npu o = 20°. Anajoruuno, Touyku otpeiBa pemenua H capuraiorca ot 15%
OTHOCHTeLHO JKMHLI Xopanl npyu a- = 0° xo 8% B Bepxueit u 50% B HKHER
noJjioBuHe npu o = 14°, ' : ,
Pewenne Il noxoxke Ha saMuHapHbifi OTPLIB MOTpalMYloOro cjiosa y nepes-
Helt kpomkm, Habmoaaenmplit B akcnepumenTe. Pewenue I noxoxe Ha TeuyeHMe,
BO3HMKAIOLIEE B pe3y/bTaTe OTPbiBa MOBTOPHO MPUCOELUHENHOrO HOCTe TaMU-

4
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Tabnwumuma 4

¥ron Touku orpuiBa pewenud I Touku orpuiba pemenusa Il |
aTaku a OTHOCHTEJILHO ; OTHOCHTEILHO
(B rpaaycax) cpeaneit nunuu (8 %) cpeaueit nuuun (B %)
BEpXHAA HVOKHAR BepXHAA © HMMKHASA
NOJIOBUHA . nonoBWHa NONOBUHA NOJIOBUHA
0 85 - 85. 15 15
2 65 818 10 20
4 65 87 i 10 25
6 60 90 10 25
8 52 100 9 45
10 50 100 . T ' 45
12 45 100 8 45
14 40 100 8 ' 50
16 26 . 100
.« 18 22 100
20 14 100 ' )

HapHOTO OTPHIBA MOTPAHMYHOro ciof: [[0BTOpHOE NPHCOeNMHEHME B SKCIIePH-
MeHTe CONPOBGKAAETCA PE3KUM IMOBHIIIEHMEM 3HAUECHUA T10beMHOM CUIIbI, B TO
BpeMA KaK MOJIHEIA OTPLIB OT BepXHeil NMoJOBUHBI MPOPUIA CONPOBOMKAAETCSH
yMeHbUIEHNEM MoabeMHOM cuibl. Cka3aHHOe AaeT OCHOBAHMUE INPERNOOMNKUTD,
YTO NPU MAJBIX YrjiaxX aTakd (M JOKPUTHUUECKMX UMcaX Peiinonbaca) peaiu-
3yerca peluenue l.

Ilpn manbHeimem HapacTaHMM yria aTaku TeueHue nepecTpanBaeTca K
pedtenuio II. Koraa uucno Pelinonbaca cTaHoBUTCA XOCTATOYHO 60JIBIIMM,
TMOrpaHUYHBIA CJI0H Ty pbynusyerca u B pe3yJsibTaTe HaCTYIAeT OTPHIB B6JIH3H
3aHel ToUKM (pemenue 1).. a

O6umit xapakTep pellenua cobmonaerca u aia npoduna NACA 663-
018. Ha puc. 15, 16, 17 npencrtaBiieHbl I'paHMLbl 3aCTOMHBIX 30H, coo*r{
BETCTBYIOLMX yraam ataku o = 2°,4° 10°, a na puc. 18, 19, 20 — coor-
BeTCTBYIOIME TOBEPXHOCTHBIE DACTpeNe/eHNs AaBJeHUA B Clydae peLIeHUs
I. Yro kacaercsa pewenus II, To kauecTBEHHbI XapaKTep KPUBLIX AaBJIEHUA
HMYEM He OTAMYAETCA OT COOTBeTcTByMoIero npodpumo PAN npu o = 12°
PaccunTannble popMb13aCTOMHLIX 30H CPaBHEHbI C BKCIIEPUMEHTAJbHBIMK (o-
torpaduamu [11] naMuHapHOro' OTpLIBA M TYpGyJNEHTHOro OTpPLIBA MOBTODHA
MpPUCOEAMHEHHOTO TIOTPAHMYHOTO cJioA. VI3 ®TOro cpaBHEHMA BU/NO, YTO pe:
uwienve | ¥ sKkcnepUMeHTaNBHO HaﬁhmﬂaeMoe TeuyeHnue Npu uncnax PeitHosbica
Re = 4 x 10*, kxoraa nmorpaHMyYHbIii c10it CTAHOBUTCA TypOyeHTHBIM Y TOYKA
OTpbIBA CABUraeTCcA BOIM3M 3aaHel KPOMKM MpoduiA, HAXOAATCA B XOpoileM
coriacum Mexay coboit. DKcnepuMeHTalbHO CKadoK K OTPHIBY Y HepenHeil
KPOMKM npoucxoaut npu o« = 8°. Ha puc..21 caenaHo emle oaHo cpaBHEHME ¢
BKCIIEPUMEHTANIBHO HabJI0 1aeMbIMI TOUKAMM JJAMMHAPHOTO ¥ TypO6yJIeHTHOrG
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NACA 665~ 018 ' ]|
A =4°

Ueo
T Mg T e e o e e W e e e — i
Puc.15 l
Y
NACA.  66,-018 - ' ]

o = 34
Uso
g __________

Puc.16

NACA 66 - 018
& = 8°

Puc.17

oTphiBa npyu uuciaax PeitHonnaca Re = 8 x 10* u yrae ataku o = 12° [12]. Ono
elle pa3 AeMOHCTPUPYET YAOBJIETBOPHUTENBHOE COrJlacHe MeXy NMOoJOXKeHUA-
MU TOUYEK JIaMMHAPHOIO M TypOyJIEHTHOrO OTPbIBA M TOYEK OTPhLIBA DElIeHUA
II T coorBercTBenno. Ha puc. 22, 23 npuBeneHB! paccuMTaHHbIE 3Haue-
HUA K03()QULMEHTOB COMPOTMBIEHUA M MOABLEMHONW CUIbI, COOTBETETBYIOUME
pemenuio 1. Kak. BuaHo, npu umcinax Peitnonbaca Re = 4 x 10* cornacue ¢
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» NACA 66,- 018
o = 10°

)

Puc18

- Upper surface
—=== Lower surface ]

Tl NACA 6, - 018
&= 5° )
u
\
\
0 f—0 1
L - = —_—
| s S e g X
=4
3
Puc.19
— pper surface
’ —=== Lower surface
14Ce ; "
L NACA 66,-018 o =1
! : .
. \
\ 1
— I _.-ffl.
s i T x

N e

Puc. 20

SKCHEPMMEHTANLHO MOJIyUeHHLIMM 3Hauenuamy B [10] B unteppane a € [0°,
BMOJIHE YOOBAETBOPHUTEILHO. . _

Touku orpbiBa pewieHua | Ha HUKHeR MoMOBHMHE MPOPUIA C POCTOM
na aTaky casuralorca oT 63% oTHocuTesbHO AAMHBI XopAw npu a = (0°
97% npu a = 8° (raba. 5). JanbHeluMit poCT yria aTaku CONpPOBOX/IA
CA OTPBIBOM Ha 3alHell KpoMke npoduns. Hao6opoT, caBUr TOYeK OTpE
Ha BepXHeil mojoBMHe HanpasieH obpaTtHo: oT 63% npu o = 0° mo 50% 1
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Jansen & Mue.rer {1983)

Tur8. separation

cam. separation

-=—= Sepuration of === Spporet o of

Soiution Il : Sevton |

Puc. 2!
i
dy _ _ :
NACA 553_, ™18 Cy NACA 563 018
L . .
x : Re = 4 % 0° . Re = 4 x10°
0000 : : ; c000 . ]
o8k Solutien | y Solution | )
.8 r
B F
A
A [deg] .
2 H a° ol [ degl
L P | 1
L 8 12

Puc. 22 - Puc. 23

*

a = 18°. Touku orphiBa pemenns Il Ha HwkHell monoBune nocturaior 55%
npu a = 12°, a Touka OTpHIBa Ha BepXHell [10JI0BNHE HAXOANTCA OUeHb BJIM3KO
K nepeaHeit kpomke npopuas — 0,6% — 2%.

Ha puc. 24-26 npencrtaBiieHbl paccUMTaHHbIE (OPMBbI 3aCTONHOW 30HBI
(pemenue 1), coorBercTByIomue npodumio NACA 2418 npu yraax aTaku « =
= 2°,6°,10° a na puc. 27-29 — coorBeTC1BYIOIHUE KPUBLIE TOBEPXHOCTHOI'O
naBneHuA. Ha puc. 28 NOMOAHUTENbHO MYHKTUPOM IOKA3aHO SKCIIepUMEH-
TaJIbHO U3MepeHHoe AaBJieHue npu yrie ataku a = 6° u uncne PeitHoabaca
Re = 2.7 x 10° [13]. Ha puc. 30 npuBeneHs! 3HaueHUA NOBEPXHOCTHOTO HaB-
neHuA, cooTBercrByroume pemenuio Il npu a = 6°. Kpome Toro, ﬂpﬂ & = 6°
NpOBeJIEHO MCCJeJOBaHUe HOBeIIéH\MH pewennsa Il kak QyHKuMMM nmapameTpa
pejlakcauuu Ta. XOPOMO BUAHO, 4To NpH 72 = 5 X 1072 u 7 = 1073 ommbka B
pacueTe cB0oGOAHOM IPaHMLBI BaPhUPYET B PAMKaX OUIMOKMA dNNPOKCUMAIMM U,
cleI0BATENILHO, UCII0JIb30BaHMe GOJbUIEro 3HAUEHUA MTapaMeTpa BIOJIHE NpPU-
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NACA 2418
o = 4°

Il

Puc. 24 .

— 1, "
-==-'T5 = 5x1073
—== T, = 10-3

NACA 2618 °
d=6°

Puc 25

NACA 2418
o = 10°

Puc.26



Y
.

~—— Upper surface
=== Lower surface

Co
NACA 2418 ok = 4°
i L;
I’----_-—--_ ————— 1
)
'
!
)
F
- -'
Puc. 27
- Upper surface
—-——— [ower surface
Ce
NACA 2418 ol =6
: g AT R
".-'v""”“w—-uuAuaﬂlo" 7 e .
'._o.o"
Puc. 28
C— Upper surface
——=w== [ Oower surfoce
Cp ‘
NACA 2418 R = 10°
X

w29
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Tabnununa !

- ¥ron Touku oTpuiba pemenus [ Touku oTpwsa pemenua II
aTaku o OTHOCHTENBHO - OTHOCHUTENbHO
(B rpamycax) cpenueii nuuun (B %) : cpenueit aunun (8 %) -
BepXHAA HUKHAA BEpXHAA HUMKHAA
nonosuHa nono?nua noJoOBUHA NoNIOBMHA
14
0 63 ' 63 15 15
2 65 75 .2 20
4 GO0 75 1.5 23
6 60 85 1 30
8 - 60 97 1 45
10 60 100 , 2 55
12 55 100 0.5 : 55
14 I 52 | 100
16 55 100
18. - 50 100

7

eminemo. C Apyroit cTopoHbl, 3HaueHue 7o = 1072 B 2TOM cjyuyae OUEBMIH(

He ABJAETCA AOCTATOYHO MAJIbIM. [IpousBoauT BreyaTieHUe TO, UTO B CPaB

Heunu c npopusneM PAN 3neck Hazno mojib3oBaThea 6oJsiee CHMIbHONM peslakca

1meif, YTo MOXKHO 06'bACHUTL reOMETPUYECKUMHU 0COBEHHOCTAMM AAHHOIO 1IPO

¢una. CpapHeHue 3HauveHul Ko3>HPUIUCHTOR MOABEMHOM CUNBL MU CONPOTUB
NACA 2418 ’ ‘

1,0 % =6 ‘

Puc.30 .

JI€HWsA, COOTBETCTBYIOMMX PELIEHUIO |, ¢ 9KCICPUMCHTAIBHLIMY PE3YIbTaTaMI
[13] (puc. 31, 32) upu uncane Peitnonbaca Re = 2.7 x 10° nokaspiBaer, uri
HACTOALIAA MOJAENb JaeT 3HAUEeHUA [JIA 110’ EMHOM CUJIbI MEHbIUME, YEM IKCIIE
PUMEHTaIbHbIE, HO 3aTO ANMPOKCHMUPYET OYeHb XOPOUIO dKCIEPUMEHTAJbH!
W3MepeHHOe CONpOoTHBJeHWe B muanasoHe a € [0°,10°]. IIpeacranienHbie Hi
puc. 33 3HauYeHMA THAPOAMHAMUUECKUX CUJ- (CONPOTUBJIEHUE M MMOAbEMHA,
cUJla) ACHO YKA3BIBAIOT B MOJIb3Y TOCO, UTO KOLAA OTPHIB MPOMCXOAMT B6 M3
nepenxeii kpomkum (peutenue I1), HaGmonaeTcs peskoe yMeHblIEHNE 110 1'b EMHOI
cuiel. DroT daxt HablOKaeTCA U B aKCIepuMeHTe. B To ke Bpems compo
TUBNIEHME, KaK ¥ CJIeJ0BAJIO 0XMIATH, IPUBIUIUTENLHO B 3 pa3a Gonbile, e
'COMPOTUBIIEHME, COOTBETCTBYIONEE pemeHuio 1.

[Ipu yrae arakn a = 0° ToUuKM OTPHIBA HA HWKHEH T0JIOBUITE PACIIOOMKEHK
cooTBeTcTBEHHO Ha 65% OTHOCMTENLHO JUIMHBLI XOPALI B Ciayvae pemenns I |
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NACA 2418

Cy ®®0 ~ pe-6x 10°
wk o YVYY - Solution |
[ ]
L J
L]
o8
L ]
04t x y Kldeg]
lvyvv vy '
0 1 1 i 1
L 8 12 %
Puc. 31
NACA 2418 * Solution If
| . 07+ o
. 000 — Re = 6;(10S 06F 5 @
02LF o ~ ooo-Solution | o ©
L 05 ~Cx
02 o
o 0 04
016 [ ] &
°o - 03}
012 ' v
; o O ok [ deg] "y v
c 8§ 0o ‘ 02 v
o [degl
008 1 1 1 X v ‘
: 4 8 12 16 . M Y 1 L .
‘ L 8 12 B
Puc.32 '
Puc. 33
' o )
Ha 15% — B cayuae pemenun II (1aba. 6). C HapacTaHMeM yrja o TOYKH

OTpBIBA CABUralOTCA K 3adHell yrioBoil Touke mpopunaa u npu a > 6° peme-
Hue | oTpuiBaeTcA yike oT yriosoii Touku, a pewenue Il nocruraer 42% mnpu
a = 10°. Ha BepxHeii nojloBHHe AMANa30H CABMra TOUEK OTPHIBA, COOTBETCT-
Byowmux pemennam [ u I1, ot 60% u 23% npu o = 0° no 47% npu a = 16° B
cnyyae pewenns | u no 5% npu « = 10° B cayuae pewennsn II.

- Honyuennule pe3ybTaThl NOKa3bIBAIOT, YTO NpM yrjax ataku a = 0° +
6° (a B cayuae NACA 2418 u a0 10°) HacroAman moaenb KOJNMYECTBEHHO
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Tab6bnumua 6

Yron Touxy oTpmba pewenua [ Toukmn oTrpuiBa pewennn 11
aTaku o OTHOCHTENILHO OTHOCHMTENBLHO
(B rpanycax) xopawt (B-%) xopau (B %)
BEPXHAA HUKHAA : BEPXHAA HUYKHASA
nonoBUHA NonoBKMHA NoJIOBUHA noJsiosvHa
! 0 60 65 23 15
2 62 70 20 : 15
4 65 80 20 ‘ 18
6 55 100 10 18
8 55 100 8 30
10. 55 100 5 42
12 55 100
14 47 . 100
16 47 100

L ErOm——

O4YeHb XOpolIo COFJIaCyeTCH C BKCIEPUMEHTOM TIO Kpamﬂeu Mepe C TOYKU 3pe
HUA OLIEHKU J1060BOro conpoTuBieHUA. [10CKONBKY Moesib HEBA3KaA, TO BTO ‘
GakT cam 1o ce6é NPUBOAUT K 3HAUMTENBbHONA 9KOHOMUM MAIIMHHOIO BpeMeHM{
DTO JaeT HaM OCHOBAHME YTBEPAATh, UTO MOAOOGHBIA MOAXOM MOXKHO BdhdeKs
. TUBHBIM 06pa30oM MCIOAbL30BaTh AJA pacyeTa XapaKTEePUCTUK OTpPbLIBHBIX Teqe;
"HUI BOKPYT IIBYMEDHBIX npoduiieil ¢ yrioBoi TOUKoM (KpblibeBble npoqmm:l)r
py 3TOM C NMPUEMJIMMBIMU 3aTpaTaMM MAalIMHHBIX pecypCOB. ]

ABTOpHI BbipamaloT 6naronapHocTs MUHMCTEPCTBY KyJAbTYpPBI, HaYKH A
npocsemleduda bonrapckoit Haponanoit Pecmy6auku 3a NOAAEPIKKY HacTosAllel
paBoThl (lloroaop 1052/1988 r. ).
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FOAWMHHUK HA CO®UNCKUA YHUBEPCUTET “CB. KIMMEHT OXPUIACKH”

PAKVYITET IIO MATEMATHKA H MH®OPMATHUKA
' Kuura 2 — Mexanuka
Tom 82, 1988

ANNUAIRE DE L'UNIVERSITE DE SOFIA “ST. KLIMENT OHRIDSKI”
FACULTE DE MATHEMATIQUES ET INFORMATIQUE

Livre 2 — Mécanique
Tome 82, 1988

OB OOHOM IMPUJOKEHUU ONNEPATOPOB
KPAMMA-KPEAHA K PA3JTOKEHUAM 110
IIPOU3BEIEHUAM PEINEHVNA NIBYX YPABHEHUM
IIPEAVHTIEPA C OIUHAKOBBIMU CIEKTPAMU

ﬁ_opﬂAH MUIUIEB, EBCEHU XPUCTOB

Hopdan Muwes, Eszenu Xpucmoé. OB OIHOM NPHUJIOKEHUHN OINEPATO-
POB KPAMMA-KPEVHA K PA3JIOKEHUAM 1O NTPOU3BENEHMAM PENIE-
HUA IBYX YPABHEHU#M IPEAUHIEPA C ONMHAKOBLIMU CHEKTPA-
MU _ ~ ‘

PaccyoTpenst ¢opMyanl pasioxeHns MO NPOM3BEIEHUsIM pelleHMil ABYX ypaBHe-
nuit Ulpeannrepa na moayocu ¢ HyJeBbIM TDAHWYHBIM PpelIEHMEM, KOr'Ja IMCKDETH-
ble CnekTpsi copnanaloT. [loxasaino, kak ¢ noMoulsio mpobpasosauuii Kpamma-Kpeiina
MOYKIIO IOCTPOUTDH Nono0Nbie HOPMYJILI pa3JIoKeHNUs, KOrJa YACJIO CODCTBENHBIX 3HaYe-
UMt Ha eaMuuiy GoJblie MJIM MEHLIUE. '

Jordan Mishew, Evgeni Khristov, ON AN APPLICATION OF THE OPERATORS
OF CRUMM-KREIN TO THE DECOMPOSITION IN PRODUCTS OF THE SOLU-
TIONS OF TWO EQUATIONS OF SHRODINGER WITH EQUAL SPECTRA

There are considered expansions over products of solutions of two Schodinger equa-
tions on semi-axis with Dirichlet boundary conditions when discrete spectra coincide. We
constructed by the Crumm-Krein transformations the analogous formulae for the expan-
sions when there are one more or less eigenvalues.
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BBEJIEHUE

A. Xopomq M3BeCTHa cilefyloman s ’
Teopema 0.1[1, 2]). IIycTs 3anaH0 ypaBHeHUE

& . ‘
s - =0 <z<
(1) dzzy + (’\ ’U(:B))'y 0’ a=7T= b

u z(z) — pewenue npu A = Ag, 2(2) # 0, a <z < b. Toraa dynxums

W(z(z),y(=, )
(Ao — A)z(z)

YIA0OB/ETBOPAET YPaBHEHUIO

(2) n(z,A) = (W(f.9)=fg'"—F9)

d? |
(3) . preld + (A —n(z))y =0,

a9

-

d

rZie HOBHIH noTeHuMan vi(z) = v(z)— 5 In z(z). OﬁpaTH()e K (‘7) npeoﬁpaal

BaHUe naeTcd GopMyJioi

W1, gute, X))
31(1‘) '

[Ipeo6pasopanusa (2), (4), o6eruno Ha3blBaeMble npobpasopanuamu Kpai
Ma-KpeiiHa, urpaioT BakHYIO poJib MpHU UCCIAENOBAHMM NPAMBIX M 06paTHE
3a/lay CMEKTPaJbHOrO0 aHaju3a MJIA oNepaTopa IJ_ITvpma—JIHyBHnJm (1) (e
HanpuMmep [3, 4, 5]). HuTepec Kk HuM Bo3poc ocobo B mocienHee Bpems
CBA3M C MX MpUJIOXKeHueM K ypaBHenuio Kopresera ne ®pusa (cM. Hanpume
[5]). OcHoBHoii nenbio HacToAle#t paboThl ABAAETCA MOCTPOEHUE ONIEPATOP
npeo6pa3oBaHuA AJA NPoM3BeNeHUt peltennit aByx onepatopos lllpenunre
Ha T0JIyOCU ¢ OJAMHAKOBBLIM AUCKPETHBLIM CIEKTPQM, X Ha 3TOM OCHOBE TOK
3aTh KaK TPaHCPOPMUPYIOTCA NosyueHHble B pabote [6] dopmysbl pasnox
HuA. (OCHOBHBIM pe3yJbTATOM 3/eChb ABJAIOTCA NoKa3aHHble B §3 TeopeM
3.1-3.4, rne noka3aHo KakK UCXO0AA M3 (OPMYJbl Pa3JIOKEHUA, COOTBETCTB,
ouleil N CoSCTBEHHBIM YMCIIaM, MOKHO MPOCTO MOJUUNTH COOBETCTBYIOILY
popmyany ana cnyydaes N + 1 coberpennbix uucen. OTMeTUM, YTO dTH P
3yJIbTaTHl, BMECTe C MOJYUYEHHBIMU B 7], MO3BOJAIOT MOCTPOMTH NMPOCTOH a:
ropudM MocTpoeHUsa GopMy pa3iiodeHUA MO MPOK3BENeHUAM pelleHni aB)
paavaibHbIX ypaBHeHuii lll pearnrepa B ciyyvae BEICIIMX OpOUTAIbHBIX MOME
roB 1 =1,2,3,..., KOTOpbIA Npole usnoxenHoro B [8] mupextHoro o6o061eH]
[6]. Cxonnsle 210it paboTe MOCTPOEHNA NPUMEHATUCH HA KOHEYHOM UHTEPBaI
B [9}. OcHoBHOE oTnMUMe cilyUyas MOJYOCU OT CIIy4aeB KOHEUHOr'o UHTEpPBal
MM BCE 0CH COCTOMT, KAK U3BECTHO [5], B TOM, UTQ 34eCh CileyeT NpUMeHs!
ABaxkApl npeobpasoBanuna kpamma-—KkpeiiHa ana Toro, 4tobbl 406aBUTH WI
YHUUTOXUTb COOCTBEHHOE UMCJO, COXPaHAA oObIUHBIA AJs 3anad paccesH]

(4) Yz, ) =

Zi(2) = zfl(a;).
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KJIaCC CYMMMPYEMBIX BMecTe C MePBbIM MOMEHTOM IOTeHLMAJ 0B, DTO TIpHU-
BOOUTH K HEKOTOPBIM YCJIOMKHEHMAM 10 cpaBHeHMIo ¢ [6,9] mpu mocTpoeHuu
COOTBETCTBYIOIIUX TPAHCHOPMUPYIOMUX GOPMYJ, KOTophle U3jloKeHsl B §§1,
2. B BBeleHuu npuBeneHrl HeoGXoIUMEIE 1A 9TOik paBoThl CBOWCTBA Ole-
paTopoB npeobpa3zoBanua Kpama — Kpeiina Ha moayocu, a TakkKe OCHOBHEIE
GOpMYJIbl pa3sioKeHUA U CBA3AHHBIE C HUMM COOTHOIIEHMA GMOpPTOroHAJILHOC-
TH, ony4veHHsle B [6], B yao6rolt Ans Hammx neneit popme.
W3 Teopemnur 0.1 BhiTekaer
- Teopema 0.2[6]. Paccmorpum aBe ypaBHeHUA

d

-(-i';,_,y(") +(A=v"(z))y" =0, aSz<b, n=1,2
1Q KOTOPBIM MOCTPOEHD] ypaBHeHnﬂ
d* (n) (n) (n) ( ) n d’
(5) g2 T (A -~ (2)y; " = 0 = o™ - 2@3 In z("),

rae pewenus :")(z) ynopnersopaior ycaosuam teopemul 0.1. Toraa cripa-
BeAJIUBbl TOXKAECTBA '

p |
(6) W(Z(z),Y(2,0) = (o —X)=(Z(z)Y1(z,),
. J | ,
(7) W(Z\(z),Yi(z,A) = (')\0-—,\)'15(21(.1:)}’(:0,/\)),
riae 0603HaunIun | | _
V(2. A) =y (@, Ny, 2) | Z(2) = z“)(:c) B(z), .
Vi )= 3@ @) Zie) = 40 @)47@)

Aoxazameascmeo. Mmeem toxpaectso [10]
(%) W (M), Z(e ) = —— [T W™ (1), 2P (=, m).

U3 (2) u (1) cienyet, 4yto

ZMe ) = o= N7 I wE™(@), ¢ =,2),
: n=1,2

@)Y (e A = IIw*“HgJ”@An

=1 2

[loactapisa 3TU papelicTea B npaBylo 4aeTs (8), npu g = Ag noayyaem
uckoMmble dopamyanl (6) u (7). ‘
B. PaccsoTpus kpaesyio 3ajlavy

d*
(9) -

(10) y(0,k) = 0

Sy - @)y =0, 0<z<oo,

- 221



rlie BeilleCTBEHHbIM moTeHuman v(z) yAOBIETBOPAET HEPABEHCTBY

00

lollx, & [+ Dlo(@)ldz < oo.
J |

Heo6xoaumele aia paborsl cBoiicTBa pelnenuit kpaesoit sagaum (9), (10), ko-
TOPBIMM TIOJIb3YeMCA B AalibHeileM Ge3 CChIIOK, MMEIOTCA, HanpuMmep, B [3,
4]. ' ' '

O6o3nauum uepes ¢(z, k) n f(z, k) pemenns ypaBHenusa (9), g KOTOPBIX

(11) ¢(0,k) = 0, ¢'(0,k) =1,

(12) Jim flz, Bexpl—ike) =1, ~ Im k20,
rae m’rp"nxom 0603H§qéem Amb(bepeﬂunpoaaﬁne no z. IlycTs
(13) f(vik) = F(0.k) = W(J(z, k), plz, k)
d)yHKunﬁ Aocra xpaeoit 3amaun (9), (10), a |
o(v) = {k; : f(v;kj);O; kg i s, >0, j=1,...,N}

MHOXXecTBO Hyneil ¢ynxkumm f(v;k) mpu Im k& > 0, xkBaApaTel KOTOpPHIX
A :v(kj)z, Jj=12,... N, onpenensior cobcTBenHEle unucna. Bynem npeano-
AaraTh, 4JA KPATKOCTH M3ioxeHus, uto f(v;0) # 0.

Iycts 79 > max 7; u obo3nauum p(z) = ¢(z, ko), ko = iro. Hanomuum,
yto p(z) #0, 0 < z < 00, M CIpaBeNIMBEI ACUMITOTUKY

1) o) = z(l+o(1), ~ z—0,
p(a) = Ce™*(1+0(1)), 2 — oo,

Aonyckamomue auodepeHIMpoBaHKe IO .
3aeck u Bcioay B naiabHeiimeMm yepes C u C; u T.4. GyaeM 0603HayaTh
pa3JIMUHbIE TIOCTOAHHBIE, He 3aBUCAIMe oT £ U k. '
Caenaem, cnenysa [3], npeobpa3oBanus

(15) yl(wzk)='n(f,£§(_x)k’2y)$(’;)). yz(z,k)zW(hl(zl)&:;(x,k))’_

rae

"(16) Ihl_(x)=!—g—z—-5—.)_, I(a:,”)=1+a0]s02(s)ds, a>0.

Cnpaseanupa clieayoman
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+ Teopewma 0.3 [3]. Oyukuua

(17) _ yg(l', k) = y(z, k) - asO((i)gn:(k‘PZ(;}(’j,(:ik)),

KOTOpaA MoJyd4YaeTCA cymepno3uuMedi npeobpasoBanmit (15), yaosnerBopser
yPaBHEHUIO

2
dxz?
rae MoTeHLM™ T '

. d
va(z) = v(z) — 2

IIpu aToMm q)ynxuuﬂ‘cpn(a:) (:c) ABnAETCA coGCTBeHHon bynrumeit T paHny-

(18)

ya+ (k2 —va(2))ya =0,  0<z< oo,

o -
(a':c) € Xi.

Hoﬁ 3anaum (9), (10) " f gaq(z)d:c = a~!. O6parHoe k mpeobpasopanmo (17)

AaeTcsa cbopmynou

o By — N ap2(2)W (pa(z), ya(z, k))
y(z, k) = ya(z, k) + BCEE T

rae
oo

fg(a;a:) A a/(p(s)ds = I"l(q;x).
o :
Torna y(z,k) ynosnersopser ypashenuio (9) ¢ noteHumanom
: | d‘k | ;
v(z) = va(x) — QF In Isy(a; z)
M UMeeM |
p(x) = pa(2) 15 a2,

Bameuvanue 1. Pemenus p(z, k) u f(z,k) cpasanb ¢ pemeHnAMH
P2z, k) 1 fa(2.k) dopmynasn

e By = e 2@ W (p(2), o(, k)
pala b = @le,f) k2= k)I(c;2)

_ap(@)W(p(=), f(=, k)
e (k3 = ¥9)1(a; 2 J

-
- k+ko

Sl k)

M, CléQoBaTesbHO, GYHKIMA MocTa

falk) = (’;;’;g)'f(k).
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Bameuanue 2 ®yuxkumsa y(z,k) (cMm. (15)) ynopneTrBopsier ypas-
HEHUIO ;
a* 2 . 2
gt n@un =0 w=v-35Ing()

rae npu a > 0
o0

/[vl(a;)— F_Idw+/x|v1(x)|da: <-00.
0 a

B. PaccMoTpuM nBe KpaeBhle 3a1aul BUOA (9)~, (10)

d y(n) + (kQ - v(")(;,;))g(") = 0, 0<2z<o00,

(19) dz?

y(™(0,k) = 0, =12 "
AnA KOTO])bIX AUCKPECTHBIEC CIIEKTPHBI COBIIaJdaloT, T. €. ’ d
v e QN E {vi"fé X a=Ld:
a(v'?) = o(v?)}, g™y = {k;, j= l,?;... N}, n=1,2.
[Tonoxkum : :
B(2, k) = V2, k) e, k), Fla k) = fO2, k) f O, k),

rae ")z, k) u f")(x,k) — pewenua ypaBHeHumii (1‘)) yAOBAETBOPAIOLINX
yCJIOBMHM (11), (12), u IIVCTb

F(k) = fO (k) fP (k)
IpousBeAeHne QYHKUUMN Hocra. Bﬁ‘e,neM, cienyn [6], cucremnl ¢yHKUMiA

(20) {<I)} : (:L k), k€ (0,00)Uo; <I>(.L k) = 8@(.1 L)|,( =k, kj €0,

{F} : F(z,k), ke (0,0)Uo0; F(:L L)

nj 60-1

rie Toukoit oGo3HauaeM Jlu([)q)epeﬂuupor;anne'no k, a o= o) =a(@?®).
Hoctpoum cuctemy dynrkumit {F} caenyiommm o6pasom:

(21) | © F(z, k) : ——;—k -Im{ IE";AI;)} (0 o)

a Kaxkaomy k; € 0 comocTaBuM napy (])ynxum'/'l

(22)  Fja(z) = b(F(a, ki) + d; F(z, k) (J,) = b; F(z, k;),
I“He | 1 (L )

Rk F-1L L Flk

by = 8k; FY(k;), dj = 5 T 5 F |
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OTMeTHM, uTO

F(z,k) = - 3 o™z, k)8 (z, k),

= | 12n12

rie ' : .
0" (w, k) = f™ (2, k) f(=k) + S (2, ~ ) P (k)
Y cllenoBaTeNbLHO . ' ‘

FO.R) =0, Fr(0 k)= —2 S ,
O-8)=0. F10.5) = =24 Fome T iFome S

Cnpaseanusa cileayioman

Teope M'a 0.4 [6]. Hycrtp 3anaubl ABe KpaeBble 3agaun (19), rae
'™ € QN)., n = 1.2, ¥ no HMM [OCTPOEHbl YKa3aHHBIM BhbILE crocobom
cuctembl {P} u {F} Toraa nasa nwoboit abeonoTHo HerlpepblBHOH by HKLIVM
h(z) € X cnpaBeanupul GopMyJIbl pa3ioKeHUs :

(23) hr) = —/F(r:k)(h,@’(k))dk
' 0

-Z{f,1 Y, D' (k) + Fjo )(h(b(k NE
(24) /fb 2. k)(h, F(k))dk

0

(I)(_; A :)+‘b;(;l',kj)(hqﬁjj,l)},

| HM/.

rae Koagphuiutenrl [)a'iJIUH'\'f‘HMH

¥

(h.®'(k)) = /h(.{')d"(.r,l.')d.r, k€ (0,x)Ug,

Il

—
==
.e..

—
el
~
~—
S
1]

h(z)cb'(x,'k,-)dx, ki €0,

(h.f’(k‘)) /h e, &)de, k€ (0,00),
1
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h(x)ﬁj W(z)dz;  j=1,...,N,

=

o

[l
o g

(h,ﬁ‘j;z) = /h :c) 59 % =R 0e s
-0

ABNAIOTCA aBCONOTHO CXOAAMMUCH MHTET PATIAMH.

BakHOe MeCTO B HAIMX MOCTPOEHHAX UrPAET

T-eopema 0.5 ][6]. Cucrema {®} 6uopTOroHaslbHa CHCTEMe {F}
OTHOCHMTEJIbHO KOCOCKAJIAPHOIO NpoM3BeAeHUA

[f,9)=(f.9') = ] f(m)%g(m)d;c;
0

TOYHEe, CMPaBelJIMBLI COOTHOIEHUA
[F(k), (k)] = [F(k), (k) =0, k€ (0,00), k€,
[F(k;), (k)] = [F(k;), ®(k)] =0, k€ (0,00), k;Eo0,
[Fi1, (k)] = =[®(ki), F 1) = =84, j,I=1,...,N |
[Fy 0, 8(ke)] = ~[@(kr), Fyol = ~834, jid=1,..., N,

N

[Fj0, @(k)] = [@(k1), F5] = 0, Hl=1,505,0
 [Fa, @(k)] = [@(k), F0] = 0, Jil =m0 5 Ny

Jlns KpaTKOCTHM U3JIOKEHUA MBI BCIOAY NpeanojaraeM, 4yro ¢pyHkuuu f, |/
M T.4. ABJAIOTCA AOCTATOYHO FAAAKAMM IUIA TOrO, YTOGhl COOTBETCTBYIOIIM
MHTEerpanbl ABIANUCL aBCOMIOTHO CXOAANMMUCH, U Be3fle, L€ HYKHO, MOM
HO MOMEHSATH MOPAAOK UHTECPUPOBAHMUSA, UTO 6y11eM [OApa3yMeBaTk BCIOAY
AajibHeheM. X "

§1. OIEPATOPHI 4, A.

Paccmorpum, napany c (19), kpaeBble 3a1aun

d? . ‘ ' |
(25) — 2u£") B — ug"-’(m))yg"’ =0, 0<z < oo,
- w0, k) =0, n=1,2
KOTOPbIE, KK B T€opeMe 0 3 nonydalorca wa (19) nocne ,u;BoﬁHoro npeoﬁpai
30BaHUA hpama——hpamia v ajA KOTOpr‘(

d?

(26) o vg")(x)- = o"(x) =2 3'5'2'1“ I(;')(an;:r;)_e QN +1),

. x

I an;2) = I+ an/go('")(s)ds,go(“)(x) = o(")(z, ko).
. 0 :
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O1™MeTHM, 4YTO

(o o]

(o) = a(v™) U {ko}; ] (e )de = a7,

0

O6o3HaunmM
(27)  Zi(z) = @ (z, ko), . .
(28) Za(z) = (KPP (@) = 8z, ko)(ID (en; 2)IP(ez; 2)) 7.
CnpaBeaAUBHEI aCUMIITOTHKHU
(29) Zi(®) = 2 (1+0(1), 2 —0; Zi(z) = Cre~2™*(1 + o(1)), 2 — o0,
(30) Za(z) = z2(1+q(1)), z — 0; Za(z) = Cae™2%(1 4 0(1)), = — 00,

KOTOPhI€ JOMYCKaloT AuddepeHUUpPOBaHKE IO L.
Paccmotpum B npoctpancrBax Ly = L1(0,00), Leo = Loo(0, 00) onepaTopsl

Af = f(2)+227Y(2) / Z(s)f(s)ds,
A = 1) +225@) [ 20 s5)ds,

A4S = f@)-2256) [ 26 S(5)ds.
T 0

OueBuaHa creaypuas
JJemma 1.1. Ycaosue

(31) - (F. 2 =8
ABNAETCA HeoOX0AMMBIM U HOCTATOUHBIM AJ1A Tofo, 41068
32) AR = AP 4,
Oﬁoauaqm; yepes |

© o Lye)(Z3) ={f € Li(Leo) : (f,23) =0}

NOATPOCTPAHCTBO dynxumit f € Ly(eo), yAoBAETBOPAIOIWX yciosuio (31), C
nomoubio oueHok (29), (30) ycranasauBaeTca cilenyiomasn
JTemma 1.2. Oneparopsl '

A € E(Ll,Ll),(L(LOO,LOO)),
. Ay € L(L1(Z3), L), (L(Loo(23), Leo))

227,



M, ClleZoBaTeNbHO, ONepaTop
A= A1 4z € L(L1(Z3), L1),(L(Loo Z3), Loo)),

rie, kak o6uiuno, £L(X,Y) — npocTpaHCTBO OrpaHMYEHHLIX ONEPATOPOB, OI
peaejieHHEIX B X co 3HaueHuMsaMHU B Y. Ilanee BBeaeM onepaTophr

oo

H2) =227 @) [ 29 1(5)ds

x

- Ayf

25 = 1) -2 @) [ 226 1(6)ds

ASf

1) +22" @) [ Za()f(5)ds

OrmetnMm, uro ecan f'(z) € L1(Loo), TO

" 3 " ]
(33) DAy f = A\ Df, DAY f = O pe po Zid? |

|

Iins onepatopos Ay, A% u AL cnpasennusa
Jlemma 1.3. Ilycts

#®

Esto(Za) = (£ € Ligesy 2 {F. Z2) = 0}

Toraa ycnosue f € Li(eo)(Z2) ABNAETCA HOEGXOMMMBIM M JOCTATOUHBIM N
TOTO, UYTOOBI : ' ' ;

(34) - AP = Ag“") = Az € L(L1(Zs), L1), (£(Loo(22), Leo)).

IIpu sToM onepatop

fi = 1‘11A~g € ﬁ(Ll(Z:z),Ll), ([’(Loo(Z2)) Loo))s

rae )
Al € E(Iq, Lz), (C(Lm, Loo))-
" 3amMeuaHnue 1. OueBnano,
(35) "AnZe = A 2L =0,

AZy(2) =0, = AZyz)=0,

1.6. Zo(z) m Zi(x) asnsorca yHKUMAMHU U3 Axep onepaTopoB A u A cooTné
ctBeHHO. JlemMma 1.1 nokaseiBaet, 4To TpebGoBaHME OPTOrOHAILHOCTU (YHKIL
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f(z) dyurumei Z;(zr) u3 aapa onepaTopoB A, re. f€ Li(s0)(Z3), oBecneunna-
eT OrpaHUYeHHOCTh onepaTopa A B Lyw)(Z3), a neMma 1.2 mokasbiBaer, 4To
ycnosue f € Ly(o)(Z2) maeT orpaHMUYEHHOCTh OlepaTopa A B Li(0)(Z2).

Bameuanue 2. Obosnaunm yepes P(Z)) onepatop MpPOEKTUPOBAHUA
U3 Ly() B Ll(oo)(Z°)

P(Z3)f =3, f € Li(oo), 9 € Li(e0)(Z2)-

N3 cootHomenusa 6uoproronanbHoct (cM. Teopemy 0.5) cienyer

) = g=)= FY@NA 25, VS € Loy, 9 € Lioo)(Zh),
(36) f(z) = g(= )+‘1> (z, ko)(f, Fl ), Vf € Li(eo), 9 € L1(oo)(Zz)
AHanorano ecam P(Z5) — npoexkTupoBanue B Li(e0)(Z2): .
‘P(Z?.)f =g YF c Latos) 9 € Li(eo)(Z2),

TO UMeeM
flz) = g)+F2)f,Z),  VfELyoo) 9€ Lioo)(Z2),

(37)  f(2) = g(z)— Sz ko)(f,F(Y), . VfE€Lw, g€ L(Z).

3aech dyHKIMM <I>g(z ko), Flf z), Fm(:c) CBA3aHBI C PaHMYHBIMM 3aauaMu
(25) u onpenensAloOTCA KakK B (20), ( (22). Oneparopel P(Z2) n P(Z3) asnsiorca
ONepaTopaMu KOCOOPTOrOHAILHOTO MPOEKTUPOBAHUA U MOTYT BLITH HEOT'pa-
HudeHHbIMU. OTMeTHMM, UTO TaK Kak <I>2(2: ko) € Lo, a (I’-?(l‘ ko) € Loo N Ly,
T0 dopmyna (36) ummer mecto auue AnA f € Lo, a popmyna (37) ocraerca
cnpaBennuBoi u ana f € L. '

OcHoBHEIM pe3yNbTaTOM 3TOr0 Naparpada ABIAETCA CHeAyOIad _

Teopema 1.1. Ilycts dyukumm ®(z, k), &(z,k;), F(z, k) n Fj nu(z)
noctpoenst no ¢opmynam (20), (21) u (22), a dynxkumn Py(z, k), (i)g(l',kj),
Fy(z, k) m ﬁ‘j('?")l(::) no teM xe GopMysaM IaA ypaBHeHnuid (25), rae yg")(x) on-
penensotca u3 (26). Torna :

(38)  ®(z.k) = Aby(z k),  &(z k)= AB(z, k), k€ (0,00)Ue
(39): F(z.k) = AFa(z,k), F'(z,k) = AF}(z,k), k € (0,00) Uo,

l 2
(40) F(z,k) = (ko-— k) AL AL Fy(z, k),

By kY2 5 o
(41) F'(z,k) = (k:’:k) AL A Fi(x, k).
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Ilpu aToM Ana k; € o

EENEPRR LI o SRS

(42) Fia(e) = AF3(),

(13 @) = AFY @), |
(44) Fa@) = AR, :
(45) Flu@) = AFY(z),

(46) b(z, k) = Ada(z,k)), éf(x,kj)zfi&g(z,kj), — ]

rae gpyuxumu Fj1(z), Fjo(2), F(2)(:L) F( ,,}(J,) Harporca popmynamu (22) c00'r-j
BETCTBEHHO [JiA KpaeBbIX 3axa4 (19) n (75)

- Hoxazameavcmeo. B cuiy teopemsbl (.1 o6paTHble npeobpa3oBaHnaM (15)1
ABJIAIOTCA Npeobpa3oBaHUA | ;
W (), 4w, k)

(47) Ve k) = (@) = (#e) ™,

. 3571)(1‘) -
Otciona, B cuny Teopemsl 0.2, nonyyaem ToxAeCTBa
(19)  WEHEBEE) = () 2@ E)
()  W(HE) k) = (-2 (e )
rae (})yHKmm Zl(a,) Zs(z) onpenensiorca popmynamu (27), (28), a i

(2, k) = ‘”(z Bl (z, k),

‘rae go&")(x,lc) — pelueHve ypaBHeHUA (5). I/IHTerpupyﬂ (49) m (50) OT T 10
oo ¢ yyerom acumnroTuk (29}, (30), nonyvaem

B(z,k) = (k3-k)A1®i(2,k), kE(0,00) U0,
Bi(z,k) = (K —k)AS®(z, k), k€ (0,00) U0

ChnenoBatenbHo,

(51) | O(z, k) = A1 AT @5(2,k), k€ (0,00)Uo,

4TO, C yueToM paBeHCTB (Z;, ®2(k)) = 0'u (Z3,®2(k;)) = 0, naer nepsyio U3’
dopmyn B (38). Bropas BhiTeKkaeT oTciola BCaeacTBMM paBeHcTs (33). Pa-
BeHCTBa (44) monyuasorca u3 (51) auddepenumpoBanueM no k, NpUHUMaA BO:

R
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BHMMaHMeE, YTO BTO PABEHCTBO MMeeT MecTo npu Im k < 7o u Kasee, yUNTHIBAA
cootnomenus (22, ®z(k;)) = 0. 3amerum, uro w3 (14) caeayer, 4to aHajOrH

popmya (47), (48) Ana pememm Hocra apnmorca npeobpasopanua

i W (@), £z, k)
W (ko — k)2 (2)

AUCHONCN))
W (ko — k)25 ()

fo)z, k) =

3

£ (2, k)

!

¥, Clle A0BATENHLHO,

W@ FER) = () #GE@FER),

W(Za(0), Fote.b) = (frps) 2o@@Fa(a k)

rae Fi(z, k) = fgl)(.'v, k)fgg)(:c, k). Orciona ¢popmyia (40) BLIBOAMTCA 1O U3JIO-
»EHHOM BBILle CXeMe AoKa3aTesaberBa popmyannl (51). Popmyna (41) caenyer
HerocpeAcTBeHHO U3 paBencTs (33). Ilpeactabnenusa (39) ciaeayior us (40),
(41) B cuay paBeHCTBa

- k—ko\® .
Fa(k) = (sz) F(k)

M cooTHoleHun GuopToronansuoctu ((Z4, Fa(k)) = (Za, Fi(k)) = 0). Papencr-
Ba (45) u (46) nonyualorca mddepenmponanuem no k pasencrsa (40), (41).
M YYMTHIBafA, YTO NpH k; € ¢ CNpaBeAINBLI COOTHOLIEHUS GHOPTOrOHAIBHOCTH
(Z2, Fi(k;) = (Za, Fi(k;)) = 0. U3 (52) cnenyer, uTo

o
e
N

"4

2 _ [ kj+ ko ‘ . 4kg
b _<kj--kn) b, 47 =it o

Orcrona, B cuny

(53) F(z.k;) = (2”’:’) AFs(z, kj),
. s b = j ,

ko +-k;

‘0“ sAFs(, k; )+ AFg(:c,kj),-
ko — k;

nonyyvaem (42)-(45). Teopema nokasaHa..

231



§2 . OIEPATOPH B(®), B(®),

- B oroM naparpade Mul nocTpouM omepaTophl, o6parHnie npeo6pa3oba-
HUAM K3 TeopeMul 1.1. B ocHoBe HammMx nMocTpoeHuit BaXkHYIO pojlb MrpaeT
cieayloman ; .

Nemma 2.1. Dcan dynkuma Z(z) # 0, To obmee pemenne ypaBHeHUA

(55) h(@) - 227(a) [ Z/(h(e)ds = F(z)

JNaeTcA q)qpmynoﬁ

(56) h(z) = CZ(z) + f(z) - 2Z(m)/.(Z‘l(s))'f(s)ds,
| | /

a obulee pellleHUe ypaBHEHUA

r

6 b@)+22/(2) (27 e)h(s)ds = £(a)

a

naetcs Gopmy o
(58) h(z) = C(27}@)) + f(2) + 227 (@)Y / BaYFE)d,
‘ b

rae C, a, b — npousBoJIbHBIE TOCTOAHHLIE. :
Lloxazameascmeo. HanomHuM, uto 1A obulero pelieHuWs ypaBHEHHA

Y+ =),
uMeeM Gopmyny

T

+ (59)  y(z) = exp(~F(2)) n+/g(3)exp(F(8))c.13 ;
§
rae Flz) = frf(s)ds; 1, — TNpOM3BOJIbHbIE NOCTOAHHBIE. HOJ;O}KHM y(z) =
¢ A

fZ’(s)h(s)ds. Y paBuenue (55) npuHMMaeT BUA
60) Y+ (2@ @ =2 @)
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Otcroza, B cuny (59), nonyuaem
We) = C2%() = 2°(2) [(27H6)) F(5)ds,
b

4TO BMecTe ¢ paBeHCTBOM Yy = Z’h naer (56). AnHamormuneiM oGpa3oM ycTa-
HaBnuBaeTcA M opMyna (59). Jlemma nokaszaHa. -
Beenem Tenepn B npocTpaHcTBO Lj() OMEPATOPHI

Bih = h(z)—2Z(z) / (27 (5)) h(s)ds,
5 ,

(61)° ;S 'h(z)—QZg(x)/(Zgl(s))’h(s)ds,

rae

(62)  Za(z) = ®Ba(z, ko),  Zi(z) = ayaa®;(z, ko)1) (2) 157 (=).
| | . o

HaMm noHano6ATCA ellie ONepaTOpPhI

-~

 Bih = h(z)+2Z)(z) ] 27 (s)h(s)ds,
0
(63) Bh = h(@)+224(0) [ 27 (h(s)ds,

'KOTOphIEe CBA3aHLI ¢ By n Bg“.) npu h' € Li(x) paéencmamn
DBih="B,Dh,  DB\h=B"Dh.
Jlemma 2.1\ Ilpu m06om a > 0 onepatopsr

(64) By, By, B, B\ € £(Ly, L), (£(Leo, Loo))

M, ecan obo3HaUuMM

2Z5%(a)Zs(z), 0Sz<a

, Zy0,0)T) = {
. 0, alzr<oo
(65) ' i ‘.
. 22;%a)Z(z), 0Sz<a
Zy 0.0)(%) = '

\

0, a X x £ oo,
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4

0, "’ 0Sz<a

Z'.’,(a,oo)(m) = -9
=275 (a)Z2(z), aSz<oo, -

0, 0Sz<a

(66) i
432,(a,00) —225%(a)Z4(z), aSz < oo,

N

TO 1A Mo60oit h € L) VMeeM
(67) i . (Bga)h, Zf’.’,(ﬂ,a)) — (B:(?d)h’ Zé,(d,m.)) =. 0,
(68) (BR 2 00) = (BEVR, 2 (000) = 0

M, CjieJOBaTEJ/bHO,

(69) : (B, z3) = (Bh, Z5) = 0.

Zoxazameavcmeo. CoorHomenua (64) cneayloT craHZapTHHIM o6pasom
u3 ouenok (29), (30) u pasencts (62). Pasenctna (67) u (68) npoBepalorca,
HeINoCcpeACTBEHHO UCXOAA U3 oflpellejleHUA OIepaTopoB B( ) B(a) IleiicTBH-

TeabHo, o6osnauns C, = 2Z5 *(a), u3 (63) umeem

oo

58 ] h(z)Z5(z)dz + 2C, / z-_.('&c‘)z;(z)( f Z5Y(s)h(s)ds)dz

r r=co

= CaZ2(2) / Z;7Y(s)h(s)ds| =0

a z=a
Jlemma nokasaHa. '
JJemma 2.2. Ilna mobux f € Li(co)s 9 € Li(o) MMeeM

. (Alf)h):(fa él_h)s . (Alfsh):(f:Blh):
a anA (ﬂmepa'rop'os Asmn A, A
(B f) = (hAf), CheLy, f€Li(Z),
(BePhS) = (hidaf),  hELy, f€Li(Z)).

Loxazameascmeo. [IepBoe PaBEHCTBO MOJYYaeTCA HEMOCPEACTBEHHO M3
omnpeieleHus onepafropoa A1, A1, By, By ¢ y4YeTOM UX orpaHuvyeHHocTH. fa-
jlee UMeeM

/ Zh(z ] zf,l(s)h s)ds f(z)dx
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( / / ) (Zz(a:) ( / Zzl(s)h(s)ds) f(:c)dz)
= / We) 25 (3) ( / z;(s)f(s)ds) . 7’1(3)22-1(3’) ( f Z;(s)}(s)ds) e,
0 0 _ a z

4yTO, BMecTe ¢ ycuosueM (f, Z4) = 0, naeT BTOpoe paBeHCTBO. AHAJOCMUYHBIM
o6pa3oM Omoka3nIBaeTCA U TpeThe. JleMMa moka3aHa. .
Cnencrtsue BpeaneMm onepatopnl

(70) B® =pB»B,,  B®=p5"p.
CnpaBeqaKUBhHI pa.BeHCTBa.' | | |

(71) B9,k f) = (hAf), he L, fe€Li(Z),
(72) (BD.hf) = (hAf), heLy, fELl(Zl,)

T.e. Ha MOJIPOCTPAHCTBAX Li(o)(Z2) ¥ Ly(0)(Z3) COﬂpH}KeHbI onepa:ropm
(73) | B =4  B@r- 4

Bameuanue 1. INonoxum B (71) f = Z;. Torma u3 (353 u (69)
noJjiyyaem, Yro : |

(74) (B\Wh,24) = (h,AZ) =0,
-
T.€. HyJIeBoe nonnpocrpancmo onepatopa A, KOTOpOE ONpeleNseTCa aile-
MeHTOM Z} opTOroHajbHO o6iiacTh 3Havenus omepatopa B(%), uro, ¢ yuerom
(73), ABnAeTCA U3BECTHBIM (AKTOM.
. 3ameuanue 2. Ha scem npocrpancree L; onepatop

’ T

‘ , 2(2'2_1(33))'/22(8)f(8)d3 , 0<z <a
B f = f(z) + < 0 _
| 225V (2)Y ] Bl , < <o,

‘M3 (65) u (66) umeem
Bga)‘zé,(o,a)(x) = Béa)*‘zé,(a,oo)(x) =0,

KAaK M I0JKHO ObITHE B cuay (67).
OcHoBHBIM yTBepsIeHHeM B 5ToM naparpade ABisercd
- Teopena 21. Obwee pemienne ypaBHEeHUA

(75) |  Ag=h helyw),
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'B noanpoctpanctBe L1(2)), (Lo (Z5)) maeTca popmynoit

(76) 9(z) = Ca(9)Z2(z) + B®h, |
rmue
(77) Ca(g) = (9, Z;,(O,a)) = (9, Z:'.),(a,oo))v

a oblee pelueHue ypaBHEHUA
Ag=h, h € Li(co)
B MOANPOCTPAHCTBE Ll(Zg)(Loo(Zé)) naerca GopMynoit

© g(z) = Cal9)Z3(z) + Bh,

rae )
Ca(g) - (g) ZL’,(O,a)) == (g: Z?,(a,oo))-
IIpu ‘aTOM
e %
(78) . - AB@Wh=h (AB®h="h ,h € Li(cw). ;
Hoxazamesscmeo. O603HaAUUM e ]
(79) ‘ Azg =4 - o 4

Torna ypaBHéHHe (75) ﬁpmmmaer cIeAyoIMiA BUA:

IMonoxum B (55) a = = 00, Z =2y, h=g1, f=h. Toraa, B cuny onpeneneHny
(60) onepatopa B, nonvqaeM u3 (56), uto 06mee pewlenue ypasHeHnd (79,
HaeTcda (bopmynon

gl(.'B) C1ZI(.’E)+BI

Tak Kak pelleHue g MuleM B NpocTpaHcTBE Ly(0)(Z5), a A € E(Ll(oo)(Zz)
Li(eo)), T0o M3 (79) umeeM g1 € Li(o). Orcrona, yuutsisas, uro Bih € Ll(w
npu h € Li(c), @ Z1 € Li(eo), monyuaem C; = 0, T.e. eIMHCTBEHHOE pemermd
ypasHenus (80), naeTcs qupmnyon ‘

(81) o ! gl(.?:) = bih. : -

IMonoxum Tenepb B (85) e =00, Z2 =725, h =g, f'=¢1. Torza u3 onpe,nene}mi

(61) onepaTopa B( %) nojiyyaem, B cuiy ¢popmydsl (56), uro obumm peme}men
ypasuenua (79), rae g, onpeﬂe.ﬂeHo B (81), aBnaerca dpynxkima ’

i g(z) = CZr_r(:L') + Bl@p, :
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Beipakenus (77) ana € nonydaem ¢ ydeTom (6?) YMHOKUB CKa.J!HpHO obe
CTOPOHBI Ha Z, (©0.0)(8) 25 (4 o)» TAK Kak (Z2,2 ,,(0 a)) = 1, 185.2] 2.(a, Oo)) =
1. AHaJOrMYHBIM ,o6pa3onm peliaeTcA ypaBHeHMe Ag = h B NOANpPOCTPaHCTBE
Li(o)(Z2)- Teopema JOKa3aHa.

IIpuMensan aTy Teopemy K ¢opmMysaM, NoJy4eHHbIM B TeopeMe 1.1, nmony-
yaeMm obpatHele mpeoGpa3oBanusa. TodHee, cipaBenvBa

Teopema 22  Iycte cucrems {®}, {F} u {®:}, {F>} nocrpo—
eHbl, KaK B Teopeme 1.1, no ypaBuHenuam (19) u (25), rAe NOTeHLMALI v., (a:)
onpeaensaoTca paBeHcTBamu (26). Toraa umeem

So(z, k) = B(v‘”fb(;r,k)+Ca(<1>g(k))Z:»(l'), ke (0,00)U0

$o(z,k;) = BOO(x,k;)+ Ca(Pa(k;))Za(2), kj € o,
Fo(z,k) = B@F(2,k)+ Co(Fa(k))Za(2), k € (0, 00),
.F.‘j(.i)l(m) = B(a)ﬁj.mfw) + C, (FJ{i{)Z?(.x).’ ki €0, m=1,2,

Wz, k) = B (k) +Ca(®y(k))Z5(z), k€ (0,00)Us
bo(z, k) = B (z,k;)+ Co(Po(k;))Z5(2), kj € 0,
Fy(z,k) = BOF(z,k)+ Ca(Fi(k))Z4(x), k € (0,00),
Folig] = B(“)F;m(x)+c (F"Zi(z), kj €0, m=1,2.

j.m

' §3. ®OPMYJIbl IPEOBPA3OBAHUSA PA3IOKEHUM (23) 1 (24)

B sToM nmaparpade nokaxem kak, MCXOAA M3 pasnoxenuit (23) n (24)
c v(®) g Q(N), MOXKHO MONYUYWUTL NyYTeM NpPUMEHEHUA onepaTopos A U B(e)
nocTpoenHsix B §§1, 2, popMyasl pasnomenusn ¢ v'™) € Q(N — 1) u naobopor.
PaccMoTpuM ABe KpaeBbie 3aaaun .

& ) e |

—_— k2= v, ()™ =0, 0<z<x

y(0.k) =0, \ @', 2,
riae vfz"} € Q(N). ﬂyCTb"k'f '— HauMmeHbliee cOBCTBEHHOE UUCIO DTUX 3a-
aay M <pg")(:c) = go‘{"(z,k'l) — COOTBeTCTBYWolMe coBCTBeHHbIE (QYHKIMM, a

oo 2 . :
;'11 =f (99(2")(9:)) dz. Paccmorpum, Hapady ¢ 3azavamy (82), kpaeBhle 3a-

aaun
& :
| M 4 (k2 = o™ (2))y™ =0, 0<z< 0
(83) & =Y ( (z))y
y¥™(0,k)=0, - n=1,2,
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rne

(84) v")(z) = o™ (z) mg")( ),
(85) M=) = ¢t ] Zo(s)ds, Za(z) = ®a(z, ky).

T
IfIé teopemnl 0.3 cienyer,uyro
™ e QN =-1), o™= o’(v(")) \ {k1}.
Teopema 3.1. Ilycts AndA KpaeBrIX 3aKa4 (82) cnpaBennusa popmy

pa3noxenns (23), T.e. nna moboii abcoaoTHO HenpepbiBHOM h € L, uMeem

(86) (@)= = [ Fala, k)(h, ®(k))dk

0\8

. |
Z{ Fi(z)(h, ®4(k;)) + F-‘,ﬁ’(z)(h,ég(kj))},

Mycte mo 3azxaan (82) mocTpoenn onepatopsi A u A u no q)opmy.naM (3¢
(39), (42), (44), (46) u3 dyuxuntt Fa(z, k), FO)(z), ®)(z, k), (=, k;) noa
venn: Gpyuxumm F(z, k), ﬁ',-,m(z), ®'(z, k), ®'(z,k; ;). Torma ansa noboi abc
JIOTHO HenpepuiBHOW OyHkumMu f € L) cnpaBeannBa GOpMyJia Pa3iosKeHHA -

(87) - @)= [Fe b k)
.0 .

N ' ’ .
= { B () + Fa@)(f, ¥ (k)
j=2 |

3aMeuaHue KoHCTPYKTMBOCTBH 3TOI TeOpEMbl COCTOMT B TOM, 4
eciu uMeeM paanoxenue (86), To ana kpaeBmX 3ajaa4y (83) cucreMul {‘I>}
{F} MOXHO NOJYYNTb HEMOCPEeACTBEHHO ¢ MoMoibIo TeopeMnl 1.1, MUHY S |
nocTpoenue nocpeacrteom popmya (20), (21), (22).
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Hoxaszameavemeo. Ilycte h € L,. Tonoxnm

(88) h(z) = h(z) + FE)(z)(h, ®)(k1)),
(89_) _ o jlz) = - ] Fy(z, k)(h, ®4(k))dk
0

N
| ‘—-Z{F"‘”(x)(h ®4(k;)) + F, ""(x)(h &k, ))}
j=2

— FO(z)(h, ¥y(ky)).

N3 cooTHomenus 6nop‘roroaanbuoc1‘u (cMm. 'reopemy 0.5) canenyet, uro
h € Li(2Z}). O6o3naunm h=B9f fe L. ®opmyny pasnoxenus (86)

MOXXHO 3allMCaTh B BHUIE

(90) - h(z) = §(z).

HpuMeHﬁM K 060MM yacTam (QO) onepatop A. Cnesa Oy YuM
(91) : Ah=AB®f =, |

a cnpaBa | |

Aj = — / Pz, k)(h, ®)(k))dk

Z{F‘”(h ®4(k;) )+ F () (h, & (k; )

j=2

Ho M3 cooTHOmEHUA GMOPTOI‘OHaJIbHOCTM —nonyqaeM

(b, ®4(k)) = (h— F{(h, ®5(k1)), B5(k))

" (h, ®4(k)) — (F2, @4(k))(h, ®4(k1))
= (B@f,®y(k)) = (f, ABy(k))
= (f,®'(k)) ,ke(O,oo)U{kg,..k.,kN},

H aHAJOI'MYHO

92)  (hO(k)) =0 (h&4(k) = (£ ¥ (k). F=2...,N.
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CrnenoBaTtenbHO,

Aj - F(z, b)(J, @’(k))dk"

I
> I
0\8

L S {Fa@) @ (k) + F (@) & (k)
i=2 : .

u, c yuetom Ah = f(z), ero maer (87). Teopema moka3aHa.

. Heckonbko ciokHee ycTaHaBiauBaeTcA obpaTHOe yTBep)KAEHUE, T.e. |
_cTpoeHHe GOPMYJIEl pa3ioKeHUA LA vgn) € Q(N), ucxona us v(™ € Q(N -
Y TouHMM CHauyasla NOCTAHOBKY 3ajaud. Temeph B KayecTBe UCXOAHEIX W
em ypabuenus (83) co cnexrpom o(v(™)) = {kg,...,kx}. MycTs 7 > max
ki =in m a, >0, n = 1,2 — npou3BoJibHEIE HOJNOKUTENbHBIE MOCTOAHH]
IMocTpouM noTeHuMaNbI

(93)‘ - v(")(:c) = v(M(z) - Q—d—2— In It")(a:)
2 dz? '

- rae

@) = 1+ an [P, 6e) = ¢, k),

' IlnAa KpaeBRIX 3a1a4

d® (n)
. _ n kZ (") (n)
(94) T2 Y2 +( (z))ys | 0 0= z < 00,
| ¥M(0,k)=0, | n=12

3 Teopembl 0.3 MMeeM vgf) € Q(N), me'o(v(")) = a(v™) U {k,}, a dynkr
wé“)(w,kl) = ) (2)(I™N )L, a7! = C] 1 = f(go(n)(:c)z)d:c — cobcTBeH!

GYHKIMA, COOTBETCTBYIOIAA COOCTBEHHOMY qncny k2.

Teopema 3.2 [ycts ana kpaesux 3anau (83) cnpasenmmpa ¢«
Myna pasnoxenua (23), T.e. ana moGoii abcomoTHO HempepuiBHOM f €
¥MeeM pasnoxenue (87). Ilycrs no 3anavam (83) nocrpoens: onepaTops b
1 B yu no popmynam u3 TeopeMHl 2.2 U3 CHCTeMbI QyHKImMiA F(z k), FJ -

h(z, k), ®(z,k;) monyuena cucrema OyHKmMit Fy(z,k), F(2)(r) Ph(z,
®h(z, k; ;). Torma ans mwboit abconoTHo HenpephiBHOM h € L; crnipaesBeay

dpopmyna pasnoxenus (86), cooTBeTCTByIOmMAaA KpaeBHIM 3anauaM (94).
Hoxazameascmeo. Ilycre h € Ly. OGo3Hauum

h(z) = h(z) + F{ () (h, @ s(k1)) he Li(2)
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¥ nooxuMm f = AhelLi. MycTh
’ . oo

o] = — / Pz, k)(f, @' (k))dk

0
N e _
= 2 Fa(@) (£, (k) + By a(2) (£, @' (k).

e .

U3 cooTHomenus 6u0pTor0Ha.ﬂ$HocTM “MeeM

(f®(K) = (4h,®'(k)

= (h, B1®'(k))

(h, @y(k) — Ca(®4(k))Z3)

= (h,®(k)) — Ca(®Y(k))(h, Z3)

i

= (b, (k) + (F{7, @4(k))(h, ®y(k1))

= (h,®%(k)), k€ (0,00) Ua(v'™)).
AHaMOrM4YHBIM 06pa3oM nojiyyaem _
(L) = () =28, N,
Cneo.maa'rénbno, ‘

g(t) = - F’(J;.k)(h,cbf_,(k))dk.

M-

I
[\

{F; 1(2)(h, ®y(k;)) + Fja(z)(h, ®5(k;))}.
J > .

dopmyny ‘pasnoxennn (87) moxno 3anmcate B Buae f(z) = g(z), T.e.
nonyyaem ypaBHenue Ah = g. U3 teopemu 2.1 naa ero peuenus umeem gop-

MyJy . E :
' h(z) = Ca(h)Z2(z) + Bg. -

B cuny Teopemnl 2.2 umeem

B%g = - / Fz(z,k)(h,é’?(k))dk
0
N g * . :
= STUFR2) (B, @5 (k;)) + FR()(h, ¥)(k;)} + CL(R) Za(2),
j=2 '
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rae rnmoCToAHHaA

I

ciwy = [ CulPat)h, (1)t
0

N
+ D _ACUFD )b, ®)(ks) + CalFi3)(h, ok;))).
Tak monyyaem

hz) = - ] Fy(z)(h, @4 (k))dk
0

- Z{F(z)(:c)(h ®4(k;)) + F; 5 (z)(h, B5(k;))}

- Ff?(w)(h &}(k)) + C2(h) Za(2),
rae .
C2(h) = Ca(h) + Ca(h). |
Y MHOXMB CKaJIApHO 06€ YaCTy BTOro paBeHCTBa Ha <I>f_,(k)(1:, ki), monyya
€M, B CMJIy COOTHOIIEHHA GHOPTOrOHajIbHOCTH,

C2(h)Zy(z) = —F{3(z)(h, ®y(k1)),

T.e. pa3noxenue (86). Teopema nokaszana.
' IIna dopMyasl paznoxenua (24) cnpaBeluBhL Nono6HbIE yTBEPKAESHUA:
Teopema 3.3. Ilycrs ans kpaesux 3anad4 (82) cnpaBennuBa $popMya:
pasnoxenua (24), t.e. ana moboit aGcomoTHO HenpepblBHOW h € Ly umeeM

oo

(95) - h(z) = — / i (z, k)(h, Fa(k))dk

0

-Z{@'z(az k) (b F‘”)+<I>'2(a,- k;)(h, F}';))}

-i=l
IlycTe mo 3amauam (82) mocTpoensl onepaTopnl A, Awuno q)opMleaM M3 Teo
pemar 1.1 u3 cucreme dynxumit &y(z, k), ®4(z, k;), Fa(z, k),F m(x) [OJIY YeH:

cuctema dyuxumit ' (z,k), ¥'(z,k;), F(z,k), Fjm(z). Tor‘,na ana moboit ab
COMOTHO HenpephiBHO# f € L) cnpaBeannsa GopMysia pa3nomeHns

[e o}

©6)  f@) = - [¥ak Rk

0

. |
=Y {® (z, k) (f, F] (2)) + ¥'(2, kj)(f, F.0)).
i=2 .

i
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‘@0 p eMa 3.4. Tlycts ana KpaeBhix 3a1au (83) cnpasesmBa Gpopmyna

(24) , 1e. ana mob6ol abcomoTHo nenpepuBHOl f € L, UMeeM
. € (96). Iycrs no 3anauam (83) nocrpoent oneparopst B(®), B(®) y
_;.’opuyna.u U3 TeopeMul 2.2 u3 cuctemn dpyukumit &'(z, k), @'(:cl k;), F(z,k),
, l;.(z) noayueHa cucrema dpynxunit ¥(z, k), ®!(z, k;), Fy(z, k), F;.(,f)‘(z)‘ Tor-
ﬁm moboit abcomotho HenpepuiBHoit f € L1 crnpaBemnusa ¢opmyna pas-
A (95), COOTBETCTBYIOIaA KpaeBhIM 3aadaM (94). '

- Hpu AOKa3aTeJbCTBe TeopeM 3°3 u 3.4 He06XOAMMO MCIIONb30BAThL ONepa~
Toput A, B9 na mecre A, B@ yu gtor ¢axr, yro ecim h € L;, 10
h(z) = h(z) + ®5(z, k1)(h, }',:,1(22)) € L1(Z3) m k h MoxHO NpuMeHNTD omnepaTop A.
'3 aMeuanue Ioxcrabnaa B dopmyne pasnoxenus (23)

oo
h(z) = -f f(s)ds n MHTErpMpyd MO YacTAM B KO3(QHLMEHTAX Pa3iioKeHUA
J : .

gh|‘1"gk:|)). k € (0,00)Uo u (h, &'(k;)), k; € o, nonyyaem popMyTy pasnokeHua
cM. [6]) : - .

| - / f(s)ds = f Fz, k)(f, ®(k))dk

zc

+ Y ABa@80) + Fale)(f, (k).

i=1

§4. INSSEPEHIUAJILHBIE CBOCTBA IPEOBPA3OBAHMSA (84)

B sToMm na,parpacﬁe, npeanonaras, uro v{) = v(?) = v, usyunm Gonee mox-
poGHo cBoiicTsa onepatopos A u B(®), noctpoennnix B §§1,2. He orosapusan
0coGo, 6yaeM mosibL30BATLCA BBeJEHHBIMH y)Ke 0B03HAUEHHAMH, TOAPA3yMe-
Bad BCIOAY B naJibHeilleM, 4To vgn) = v, ugn) =uv, n=12 P aCCMOTpuUM
npeobpasosanue (84) kak onepaTop, onpeneneHusii B mHoxkecTse QN + 1) co
3sHavyeHuamu B Q(N), N 2 0, T.e. umeem onepaTop

d(fz ]“(af.fz(vz;s,"k)ds), al= /le(g;)d,;,l
* 0

(O)  T(v) = va(z) - 2

rae k; = Icl(.vé) t f(va; k1) = 0 m f(vy;2, k1) — coberpennasn pyHKuns Kpaepoit
safaun (9), (10). OcHoBHBEIM pe3yibTaToMm 31€Ch ABAAECTCA
Teopema 4.1. Ilna mo6oit Ppynxumu h € Li(Z3), 1.e.

(98) he{ly : (h,2)=0,  Za(z) = f*(va;2,k1)},

npu pukcupoBanHoM vz € (N + 1) cymectByeT aupdepenuma
i . I |
(99) d—ET(Uz +eh)|e=o = T'(vo)h = Ah, Vh € Li(Z2),
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rae oneparop A=A A, onpenenAerca yKa3daHHMM B §1 oGpa3som.
3 ameyanu e Hanomuum, uro audpdepeHuman cob6cTBeHHOro YMCAa
Al(vz) = k? naerca popmynoh ’ -

(100) ;g)\l(v+sh)|,=o =B kY,  ate j F(vz; 2, ky)dz.
: ' 0

CunenopatensHo, ycinosue (h,Z;) = 0 o3HauaeT, YTO NPOM3BOAHAA OIEPATO-
pa T paccMaTpMUBAETCA Ha MHOXECTBE ¢yHKImiA, He MEHAIOMMX COOGCTBEHHOS
uncio Ai(vz). Ykasaunaa B (97) saBucumocts T 0T a = a(v;) Ha camoM ,ne.ne
NpUBHIHA, TaK KaK

-1

T(02)=v2(x)+2a‘3'; Zs(z) / Zs(s)ds

Ilna noxasaTenncTBa 9TOH TeopeMul HaM NOHaAXOGUTHLCA CleaylOlad

" Jlemma 4.1. Pemenne Hocra f(vz; 2, k) (npn durcupoBaunom k) ss;
jqnerca aupdepenumpyemMoii mo vy pyHxumeil u ee audpdepeHunan uMeeT ciey
Aylomuit BUA: '

3 00 0 .
10y fh=fe) [ 270 | [ za@ne)de | ds, he i
IlokasarenncrBo xopomo u3BecTHo (cM. Hampumep [11]), Ho 3mech HamoMm

HUM ero IJif NOJIHOTH M3joxeHWA. PaccMorpuM, Hapany c ypaBHeHueM (9}
OMNYyCKaA 1A KPATKOCTU MHIEKC 2, nepTypbupoBaHHOE.y paBHEHUE "

—d—z-f(.v +h;z) + (k2 = v(2)) f(v + h;2) = h(2) f(v + h; 2).

Tak kak npu h = 0 BMecTe ¢ f(v;z) BTOPBIM JmneuHo HE3aBUCUMEBIM pé
HIeHVEM ypaBHeHUA (9) sBasieTca tbyHKunﬂ :

o(v; ) = f(a) / f)ds,  W(he) =1,
to f(v + h;z) &noeneTBopﬂeT yp‘a.BHEHH}O
o0 . ;
f(v+hy z) = f(v; ) +"‘/“-K(v; z,s)h(s)f(v + his)ds,
z
rae npy z < s QyHKIMA

K(v;z,5) = f(£)g(s) - 9(2)f(s) = F(z) () ] 77 (s)ds.
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S0+ bi2) = S(2) + £52) [ 105950 + b5 (o) ( / Z"(E)dﬁ) s

uto ¢ TouHocthio a0 O(||h||?) maer

fuh = f(v;‘a:)]Z(s) ( / z-l(e)dg) h(s)ds. *

T

OTciona, MeHAA NMOPALOK MHTErpUPOBaHUA, ¢ y4yeToM oueHkl (30), monyuaem
uckomyio dopmyny (101). Jlemma moka3aHa.

Jloxasamesscmeo meopemn 4.1. . Onyckas uHaexc 2 1.e. Z(z) = Za(z),
v = vz, U YUNTHIBaA onpenenenne (27) ana Z;(z), T.e.

, - oz 2
(102) | Z\(z) = Z7Y(z) (/ Z(s)ds) ,

nojy4yaeM U3 onpelesieHUA onepaTopos A; A(zoo), YTO

(103) = Ah= A A =h(z) - 227 () /,Z(s)h(s)ds

A7 @Y [ 2i@ds + 427 @)Y [ 2@ @Y ( / Z(s)h(e)de) ds

O1MeTnm, uto u3 (102) umeem

. - -2
(104) . ‘zltz)(z-‘(x))'=%(2'2(;))' (j Z<s)ds) .

lla.uee 3 neMMu 4.1 1 dopmynur (100). ‘CHENYET, YTO OIlepaTop T(v) m«ub-
¢epemmpyeu no v U ero mudpdepeHumna I

T'(v)h = h(z) - 4--—— ]f(v s)f,,h(s)ds (] Z(s)ds) J

=1 :
2a dz /f(v s, k1) f(v; .’kl)ds (/ Z(s)ds) (h, Z).
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Orciona, B cuny dopmyant (101) nonyvaem, uto ecim h ynosirersopser yc-
nosuo (98), To

o ' d2
(105) T'(v)h = h(z) ~ 4= 1(z),
rae |

I(x)=(]02(8)d8)'—1]02(3) ]OZ(«S) TZ(n)h(n)dn d¢ | ds.

x s £
HNurerpupys no 4yacraM, UMeeM

L @)= [ 27 ( / Z(s)h(s)de)ds Lo,

3

_ (7z(s)ds) ) ]OZf.l(s) (7%(5)@) (]OZ(.f)h(f)dE) ds

T r s s

Otrcioza, B cuny (102) u (104), caenyer, uro

I'(z) = -—%Z“l(m)]Z(s)h(é)ds+ -;—Zfl(z)/Zl(s)h(s)ds

-2 [ 2@ (o) ( / Z(s)h(f)de) ds.

Honcrasaasa I'(z) B (105) noaydaem, B cuay (103) n nemmer 4.1, popmyny
(99). Teopema noxaszana.
- 3amevuanue. Bnpeanonoxennu, 4ro oneparop T(v) zmcbd)epeﬂuupy—
€M, Pe3yJbTAT TeOpeMHEl 4.1 UHTYUTUBHO ABEH U3 CIEAYIOMMX C0O0ObparkeHumit:
HyCTb ANs onpenenenuocq:n B Teopeme 4.1 N = 0. U3 Teopemni 2.2 umeem

~

(106) F(ogiz,k) = BOF(v;2,k) + Za(z) {'i%ﬂf Z(e)F (i k)ds} |
)+ 2 _
o 0 =

Jlanee u3 reopeMsi 0.3 cenyer, UTo cneKTpaJibHbIE MAOTHOCTH KPaeBhiX 3a4a4
(9), (10) cosnanaloT, T.€. :

' def 2 | k?
oT(02); k) = olvns ) (9(” HE 17 Femn)
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JuddpepenuupyA no vs, ¢ yueToM M3BecTHoM dpopmynsl (¢M. Hanpumep [11])

P(o,z. k
F o)k = —?" h(2)Im {.—;_’E;ﬁ-)} d,
. 0 .

!

1o1yyaeM ] 2
'JEQ(T('UZ + Eh-_);k')ls:O = d_sg(UQ + Eh; k)le:():

(f’(v; k),T'(v;;)h) = (F(va; k), h)(-ur.—- T(t@)).

OTcrona BuiTeKaet, yro ecau (h, Z2) = 0, to, B cuay (106) n (73), umeem
(F(vs L), T'(v2)h) = (B\*) F(v; k), h) = (F(v;k), Ah).

Tenepb aasa Toro, urobbl nonyunTh (99), ocTaercsa 3aMeTUTh, YTO U3 pa3jio-
weuusa (24) ciaeayer noaHora cucteMsbl F(v;x, k) B npocrpancrse Ly, T.e. U3

(f,ﬁ(v; k)) =0, k € (0,00) umeem f(z) = 0.
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TEH30PHAS $OPMA YPABHEHU JIATPAHMKA

HUKOJIMHA BACHIJIEBA, JJIOBOMUWP JIUJTOB

Huxoauna Bacu.neaa, JIooGamup Jusroe. TEH30PHAA @OPMA YPABHEHUH
JATPAHKA

PaccmaTpuBaeTca roloHoMHas MeXaHMYecKad CUCTEMa, IJIA KOTOPOH B KauecTBe
0Bo01IEeHHBIX KOOPAHAT BHIOpaKBl He TOJBKO CKaJfApHBlE, KaK B KJAaCCHUECKOM CJy-
Yae, a TaKKe BEKTOPHBbIE MM TeH30pHBe BeauuuHbl. Ha ocHoBe TenzopHoOro mcumciie-
Husl pa3paBGoTa COOTBETCTBYIOMUI MaTeMaTHUECKHt annapaT. Y paBHeHHS ABMAKEHHS,
BBIBOOATCA M3 BapHalMoHHOro mpuHuuna Kypaena.

 Nikolina Vasileva, Ljubomir Lilov. A TENSORIAL FORM OF LAGRANGE'S
EQUATIONS ;

A holonomic mechamcal S\stem is being cosidered for which as generalized coor-
dindtes not only scalars are choosen. but vectors and tensors, as well. On the base of
the .tensor calculation an adequate mathematical apparatus is worked out. The motion
equations are being derived from the variational principle of virtual power (the Jourdain's
principle). . : o

JlarpamxeBriiA GopManM3M ABASETCA OCHOBHBIN METOHOM BHIBOAA Yy paB-
HeHMil JABUKEHUA FOJIOHOMIION CUCTEMDBI. Y paBHEeHWs Jlarpawuska BTOpOro po-
Jla. 103BOJIAIOT U3BeXKaTh onpeaesieNUA peaklMilt cBA3eil U NpPU MOMOLUIM MH-
HUMaJbHOro ucia napameTpon (ofoGuenubi¥ Koopamnar) 3anucaTth Hanbo-
nee 3KOHOMHBLIM oOpa3oM ypannenus Aswxcnund. MX neaocrarkom aApaiaseT-
CSl MCIOMHL3OBANME B KAUCCTHE 0B00IICHILIX KOOPAMHAT CKAJAPHBLIX BCANUMIL,
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'KOTOpble 06bIYHO MMeIOT (OopMaJibHBI XapaKTep U He OTPa’KaloT HEMOCpPeACT-
‘BEHHO MEXaHUKY MBYYaEeMBIX CUCTeM, 0COGEHO B CyJYaax, KOrja pacCMaTpUBa-
JIOTCA CACTeMbl TBePALIX Ted. A TaKUX CHCTEM eCTEeCTBEHHBbIE NapaMeTphl,
OTIMCHIBAIOIIME MOJOKEHNUA TeJl B MHEPIHAJIbHOM IIPDOCTPAHCTBE, MMEIOT YKe
He CKAaJIAPHLIA, a BEKTODHBIM M TeH30pHHI xapakTep. Hanpumep, ana oxuoro
TBEPJOTO TeJia Haubosee yno6HbIM crtocobom OTpeeJICHNSA ero MOJIOKEeHUA AB-
y JIAeTCA 3aJaHue Paduyc-BeKTOpa HEKOTOPO ero TOUKM M TEeH30pa BpallleHWs,
\; XapaKTepU3YIOUIero yrioBoe NojloyKeHne pUKCUPAHHOTO B Teje _OpTOHOPMMPO-
Baﬂuqro 6a3uca. OTcloaa BbITEKaeT HEOGXOAMMOCTD 3aNMCLIBAHUA yPaBHEHUA
Jlarpamwxa B cay4asax, korja o6o6iieHHbIe KOODAMHATH UMEIOT BEKTODHLIA M
6onee ob6mumit TeH30pHBIA XapakTep. BuiBoa TakMX ypaBHEHMH, KOTOPbIE MOMK-
HO Ha3BaTb T€30PHbLIMM ypaBHeHMAMM Jlarpamika, ABAAETCA OCHOBHOM LeNbIO
aToit paboThl.

. CHauana NpUBeJleM HEKOTODhle CBEJEHMA M3 TEH30PHOrO MCUMUCHEHMA M
oudPepeHImMaIbHOT0 UCUNCTIeHUA QYHKIMA TEH30PHBIX MTePeMeHHBIX.

. 1. IPEJABAPUTEJILHBIE CBEIEHUS:

PaccMoTpuM TpexMepHOe €BKIMIAOBO NMPOCTPAHCTBO £ U TEH30PHI TIPOM3-
BONBHOM BasleHTHocTH Ha £. IlpocTpaHCcTBO TEH30pOB BajleHTHOCTH M Byaem
o6o3HauaTh uepes &,. Ecam e = (e, €1, e3)7 — opToHOpMUpOBaHHLI Ga3uc
npoctpaHcTtBa £ = &), TO M3BECTHO, YTO BGEBO3MOMKHbIE BHEILIHWE MHPOU3BE-
JNEeHUA ®TMX BEKTOPOB BUJA €;, ...¢;, (1 S i £ 3, k = 1,...,m) obpasyoT
6a3uc npocTpaHcTBa &,. Tak Kak Ajf €BKIUAOBBIX NPOCTPAHCTB HET MPHUHIU-
MMaAbHON PA3HMILI MEKAY KOBAPMAHTHBIMUA M KOHTDBAaPMAHTHBIMHU MHIEKCAMM
TeH30pOB, KoopauHaThl TeHsopa T € &, Gynem obGo3HayaTh 4yepe3 7;, ; . B
aTux obo3nauyenusx teusop T umeeT npencraBielune

L =0;..5. € «~-Of

m

(npeanonaraercas cymmupoBaHue ot 1 xo 3 mo Kaxaow nape OAVWHAKOBBIX MH-
NEKCOB). . |

OCHOBHbIMPI TE€H30DHBIMH OIlEPAlMAMH ABJAIOTCA BHelUHee (TeH30pHOe)
npousBenenue AB nByx tenzopos A € &, u B € £,,, cBepTKa MHAEKCOB, NpU
IIOMOILM KOTOPOf .COBEPIIAETCA CyMMHPOBAHME M0 OAHOW WM HECKOJBKUM Ma-
pPaM MHIEKCOB U OMepauusa MepecTaHOBKU MHIEKCOB. IIpH MoMOLIM STHUX OMe-
paumit onpenensercs 0606IIEHHOE TPON3Be AeHrEe AN, ot o) B SBYX
TE€H30pOB A = oy, i €, ...€, €&, nB =0 ;e ...e, €&, Kak CBepThl-
BaHMe 1O MapaM UHIAEKCOB (ip,, iq,), ... , (ip,, iy, ) TEH30PHOI'O npomse.uénym
C = AB = 0,..i, Binyi iiapu®is » - Cipynr TAE kK S min(n, m), p1, ..., px S
m, q1,... ,qx > m. B 3aBucuMocTu 0T BbIGOpa 3TUX Map MOKHO MOJYUWTH
pasauyHble TUMNBI 060611eHHOr0 NMpou3BeneHusa ABYX Ten3zopoB. Jlerko ypu-!
JeTh, OJIHAKO, UTO B CJyyae, KOrAa YMCJIO TIap OJHO M TO >Ke, TO MOCPeACTBOM
NOAXOAALIEN NepecTAHOBKU UHAEKCOB BCErla MOMHO NMepeiT u3 ofHOoro TUnal
obobuieHHoro mpousseeHns K Apyromy. Ioatomy Gyaem noab3oBaThes TOJb-
KO 0606u1eHm.1M NpoU3BeICHUEM, B KOTOPOM (‘OBE‘])II!HG’I‘CH CYMMUpOBaHUE no
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cleAyIOIMM k IMapaM MHAEKCOB: MOCHeAHUA MHAEKC TeH30pa A C MepBHIM MH-
JleKcoM TeH3opa B, mpeamocienuuii MHAEKC TeH3apa A CO BTOPHIM MHIEKCOM
tenzopa B uT. n. Ecau k = 0, To 06061menHoe mpou3Be ieHue TeH30poB A U B
onpeneiseM Kak BHelllHee npou3Benende AB, ecan k = 1 6yneM u3nonbp3oBaTh
obuiuHoe o6o3snauenue A - B, B obuiem ke cayuae 1 < k < min(m,n) 6y-

JieM u3noyb3oBarth o6osHavyenne A A B. Tensop A AB saBnserca siemeHTOM
k
I‘IpOCTpa.HCTBa Evnsin 3k ;

Beenem 0603H&‘IEHH6 A nan TeH30pa, MOJIYYEeHHOTO M3 TeH3opa A Tie-
PECTaHOBKOM MeCT NepBHIX k MHAEKCOB C OCTaJbHEIMH, T e.
Flag, .1, 0 < k< m)

= Qipyy.imiy.ik
?

u Al qng TeH30pa, KOOPAMHATHI KOTOPOTO nonyqamrca eCcJli 3anMcaTh [oc-
nenHve k MHAEKCHI TEH30Pa. A Ha nepshix k MecTax:
[’«'I

‘1 = aim_k+1...imii--.im—k (0_<>k k< m)‘

- ,‘* -a Z
3nech a5, 5, Moy, i« L] i, — KOODIMHATHI TeH30POB A, [FJA u AlF] orHo-
CUTEJILHO OOHOI0 U TOrOo Ke 6asuca. Ecau k = 0 wan k = m, TO Mo onpemaene-
HUIO

. - A = A =l A = Al - A
T

Beenem Takke o6osnauenve AT mia TeH3opa, KOOpPIMHATH A, s o
OIpeneNAlTCA PaBEHCTBOM ' '

KOTOpOLo

O b — il

Ilna BpiGpaHHOro nMpaBuila CYMMHUPOBAHMA B 06001I€HHOM IIpOM3BENECHUH

/\ npu itpousBoabHBIX TeHzopax A € £, B € £, u C € & v uenbix uncaax k u
k |
[, 131 KOTOPBIX UMEKOT CMBIC] HANIMCAaHHbIE HUKE NIPOU3BEAEHUA, CIIPaBEIIUBbI

PaBEHCTBa
AAN[BAcC)=[AAB|AC,
I k P q
AAB|Ac=AA (B A\C],
k l g p

rae p=-min(l,n—k),¢g=k+[~p. Eciul <'n—k, To HIMeeT MecTO accolma-
THUBHBIA 3aKOH

4z, | *A/\ BAC) = A/\B) o, el
g

@) : AABVAC=AA BAC
' k ! . k :



BrinmontHeHO Take M PaBEHCTBO
[m—k] .

(3) AAB|=(HBA A
' k k

Ecau coBepliaerca cyMMUpOBaHuUe 110 BCeM MHIeKcaM TeH3opa B € &, , MoxkHoO

Haxmca:n:
A/\B)/\C::["] A["]/\C' /\B,
n : k k n .

' | ‘ [m—n-k]
(4) (A/\B) AT = (lklc/\lm-"-ﬂA) - A\B.
’ n k k

| n

- Eavenunbil TeHsop npocTpaHcTBa £ 6yneM obo3HauaTh uepes E,. Ecan
e= (81,62,63) — NpPOM3BOJIbHBINA 6a3Mc B npocTpaHcTBe £, TO MaTpHULENR Ko-
opauHaT TeH3opa E, sBaserca eaumnuunas matpuua E = (6;)3 j=1, IPH 3TOM
E; = eje; + eseq + eze3. Tensop Es ocymecTBiseTr ToxIecTBeHHOE Ipeobpa-
30BaHMe B NpocTpaHcTBe £, T. €. IJA KaKAOro BeKTopa X € & BHINOJHEHO
X - E2 =E; -x=x. hpome TOr0 :

E; A=A -E;=A, Eg/\A A/\Ez_spA

Eg/\(XK) = x|, rne A égg.
2

Ty xe camylo poab B npoctpaHcTBe £y BhMoJHAeT TeH3op E4, xoopau-
HaThl 6;jk; KOTOPOro OTHOCMTENBHO NPOM3BOJILHOTC OPTOHOPMMPOBAHHOTO Ga-
31ca e onpeneAeTCA paseHCTBAaMHU & = 0i10;;, U3 KOTOPHIX CleAyeT, YTo

Es=PE, =@ =ET = eiejeje;.

EcimAe€e&HuBely — npOHBBOJIbele TEH30pPBI C KOOPAUHATAMH OTHO-
CUTeNbHO € COOTBETCTBEHHO &;j U fijki, TO UMEIOT MECTO PAaBEHCTBA

l E;,AA=AAE,=A
5 2

,E4/\B:B/\E4;—-‘B,E4/\B=ﬁijji;
: /

Eq /\AAT Zza,,

zlJ;

Cesasp mexay Tensopamu E; u E4 Briparkaerca paBeHcTBOM

o = (BoEp)l] =1 (E,E,).
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Ecnu o6o3Hauum Hepes * NepeCTaHOBKY INEpPBOro U BTOPOro MHIOEKCA Ye-
THIPEXBAJIEHTHOI'0 Te€H30pa, TO AnA Joboro Tenzopa A € £ BHINOJHEHO pa-
BE€HCTBO !

E; AN\A=A \E;=AT.
2 2 - .
DTO paBEHCTBO IOKA3LIBAET, UTO ONepAalMIO NEePECTAHOBKM MHAEKCOB JBYXBa-
JIEHTHOI'O TE€H30pa A MOXXHO NpeACTaBUTEL KaK pe3yiasTaT YBPO YMHOXEHUA Ha
tensop Ej. OrtHocurenbHo opTroHopMmupoBaHHoro 6a3suca e = (e1, eq, e3)T

tenzop Ej BripakaeTca cymmoii /
1

E; = €€, é,-e_,- .

TakuM ke cnoco6oM MOXKHO MCIIONIb30BaTh TeH30p Eqy = €;, ... €, €; .
ei,, YToOnl NpeNCcTaBUTL TOXKIEeCTBEHHOE NNpeobpa3oBaHue NPOCTPAHCTBA &y, A
KaXXIblif TEH30p, MOJYyYalolUACA IePECTAHOBKON MEPBLIX M UHAEKCOB TEH30pa
Eom, ociecTBNAAET HEKOTOPYIO ONEPALMIO nepeccra,noaxn VMHAEKCOB TEH30POB
B TIpocTpaHcTie &, .

Ilnsa npencraBieHHs BEKTOPHOIrO npomneneanﬂ ¥ ApYTHUX onepauuit B
npocrpaHcTBe £ BaXKHYIO POJIb UrpaeT TpexBalleHTHIH Tenzop D), KOTOpLIA
10 OTHOIIEHUIO K MPOU3BOJLHOMY opronopfuupona,ﬂuomy16a,3m:y MMeeT Koop-
OVHATB

(=1)E4*1 rae [i, 4, k] ~— UMCIIO MHBEPCUM
dije= | B NepecTaHoBKe (i, j, k) uncen 1, 2, 3,
. 0 B OCTaJbHBIX CJYYaAX. ‘

Takum obpaszom Tensop D MoXKHO NpeacTaBUThL B BUIE.
D = ejeze3 + eseze; + eze e — ezeze; — ereje3 — eje3zen.

~

HMeloT MecTo GOpMYIBl -
(5) D.D=E;-E,,

(6) DAD = -2E;,, DAD=-
D-E;, = E.-D=D, (D:D)/\D=-2D,

(D-D)1 A D=-D.

IIpu mepecranoBke MOOLIX ABYX MHAEKCOB TeH3opa D mojyuyaem TeH3op
—~D. Takue TeH30pHl HA3BLIBAIOTCA KOCOCUMMETPHYECKUMU. Bcee KococuamnieT-
pUYECKHEe TEeH30phl TpeTheil BaJeHTHOCTM MoJjiyyaloTcA U3 TeHzopa D yaHo-
KEHMEM HA HEKOTOPOE UMCIIO. :

253



LY

JIByXBajleHTHbIE KOCOCHUMMETPHUYECKME TEH30Pbl MMEKIT KOCOCUMMETPH-
YeCKyJo MaTpHUILy KOODAVHAT U Ha3bIBAIOTCA Takke BMBEKTOpaMM.

PAX TeH30pHBIX onepauuii MO’KHO NpeACTABUTEL KaK YMHOXKEeHMe Ha TeH30p
D. PaccMoTpuUM HEKOTOpPLIE MPUMEPHIL. \

Mycte a € £,B € &,C € &3 u a;, Bij M Yijp — UX KOOPAWHATBHI OTHOCH-
TejbHO 6a3muca e. IIpouszpenenusa ~D a € & u —D B € &3 oGo3naunm uyepes
auB. MoskHo 3anucaThb, 4TO :

0 -3 (45)] e
a=-Da = (e, es e3) a3 0 —o es |,
' o 2] 0 es
N - . : 0 . —-b3 b2 { €
B=-D-B=gjee =(e,ez,e3)| bs 0 —by ex |,
—bs " by 0 es

rae b = fi;e;. .

TeH3zop a — KOCOCHMMMET PUUYECKMIA. Haobopor, ecin A € £ — kococum-
MeTPHUYECKHiA, TO CYUIECTBYeT BEKTOp a € £, nia koroporo a = A. Kaxnomy
BEKTOPY X € £ TEH30p a CONOCTABJAET BEKTOP a-X = a X X, a obliee pellenve
ypaBHenus a-X = 0, a # 0 MokHO 3amucaTh B.BUAE

(7) x=a-p,

re p — Npou3BoJbHLIM BekTop. M3nonw3ya pasencrea (5) u (6), noinyqaeM
dopMy bl

: ) )

8 . a=-D/\a.

( ) - .2 A
OTMeTUM ellle paBeHCTBA

—D/\(ab)——axb D/\(abc (axb)-e,

& (D-D)/\(abc): (axb) x ¢,
A

rae a,b,c — Npou3BoJibHbBIE BEKTOPLI.

OcraHoBKMMCA Tenepb Ha ajibTepHaluio unaekcos. Ona omnpepensaeTcs
cneaywommm o6pasoM. PaccMOTpUM BCeBO3MOMHBIE TEH3OPbl, MOJYyUYeHHble U3
AAHHOTO TEH30PA BAJIEHTHOCTH M NePeCTAHOBKOA N BLIOPAHHBIX €M0 MHACKCOB
(n < m). Kaxkablii Takol TeH30p Gepem co 31aKOM NJIOC UM MUHYC B 3aBUCH-
MOCTH OT TOTO, ABJAETCSA JW NepecTaHoBKa YeTHOH UH HeUeTHON U TPOBOUM
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ycpeanenue no BceM n! teHsopam . [lonyuennoe cpennee apudmernueckoe
ABNAETCA KOCOCMMMET PUUECKUM TEH30pPOM Mo BEIGPAHHEIM N MHAEKCAM. DTOT
TEH30p Ha3blBAE€TCA aJbTePHALMEN M3XOAHOrO TEH30pa Mo yKa3aHHBbIM MHIEK-
caM. Ecam coBepmaercs aibTepHallMA Mo BCEM MHIAEKCAM TeH3opa A, TO Mo-
Ny4JeHHBIA TeH3zop obo3nauaerca yepes Alt(A) ([1]).

Herpynno nokasats, uro ecan C € £3 UMeET KOOPAMHATEI ¥ijk, TO TIPOM3-
BeeHHUE ‘

1 Y | |
§D /\ C= 6(‘/123 + v231 + Y312 — 7321 — 7213 — 7123) € &o
3

ABJIACTCA €AMHCTBEHHOMN CyUIeCTBEHHO! KOODPAMHATOW KOCOCHMMETPUYECKOTO

. 1 :
terzopa Alt(C). Cam Tenszop Alt(C) npeactaBnserca B Bule -G(DD)/\C.
| - : 3
Ilns Tenzopa B € £, cnpaBeAnnMBO COOTHOIIEHUE

=

1 1 1 1
Alt(B) = 5(B — BT) = —5(E} — E4) = —5(D- D)\ B = —s10 D/\B

Tenzop D /\B 6yaem obo3HauaTb uepes B ([2]). Omn nMeeT xoopzmﬂa'rbl

B2z — P32, P —-ﬂla, B12 — P21, OTKyZla clienyeT, uTo eciau B — cuMMeTpuyecKuid

TeH30p (T. €. ero MaTpuua KOOPAMHAT - cuMMeTpuueckasn), To D AB = 0.
| 4

BBeneM eBKIMAOBY HODMY B NMPOCTPAHCTBE

Al =S et . = \/E A AAT,

2m

rae &, i, — KOOpIMHATHI TeH30pa A € &, OTHOCHUTEJIbHO HEKOTOPOro OpTo-
HOpMHpOBaHHOro Gasuca. M3BecTHO, YTO UMEIOT MECTO 3aBUCUMOCTH

|Al| > 0, ecam A # Oy,
llcAll = |cll|Al], [|A + Bj| < [[A]l + [[B]],
lAB| = [|A][|IBIl,IA A BI| £ |AIlIIB]l, A £ &n,B € &, k < min(n, m),
k ' "

AT = llAlL

G
']

rae yepe3 * obo3HayeHa HeKOTOpaA NMepeciaHOBKa MHAEKCOB TeH3opa A..
Ecnu A € Eqn, TO npouaaeneﬂue ANAT, rae T € &,,, ABAAeTCA dNEMEH-

m
TOM npocTpaHcTBa &,. M3 auHellHocTH 0606IIeHHOrO NIPOU3BELEHUA ClielyeT,

yTo ¢ noMomkio npoussesedus A AT Tenzop A 3anaer nuneitnolit onepatop,

e m
AecTBYIOWMI U3 mpocTpaHcTBa &y B mpocrpancTBo &,. Kpome Toro, Kak



AVHEHHLIH oNepaTop HA KOHEYHOMEPHOM HPOCTPAHCTBE, B3TOT OMEPATOp HeM-
pepuiBer [3]. HaoBoporT, miA KaKAOro JMHEHHOI'O HeNpephIBHOTO 6TOGparke-
Hua f: En — &, MOXHO ONpeneNuTb TeH30p A € Emyn, YAOBIETBOpPAKOIIMIA
PaBEHCTBY -

-

9) | fT)=AAT,TEEn

m
CaenosatenbHo, BBeaa ob6obmwennoe npoussenedne A A T, moxHo pac-

m
CMaTpPHUBaTh MPOCTPAHCTBO &mtn Kak NpocTpalcTBO L(Enm; €, ) nuueiinbix He-
npepbIBHLIX oToGpaxkenuit &, Ha &,, a 3a HOpPMYy JMHeHHOro oTobparkeHMA
f € L(Em, &) MOXKHO IPUHATL HOPMY OMNMpezesleHHOro paBeHcTBOM (9) TeH3opa
A, . e ||f|| =[|A]l
Onpene.neﬂﬂa,ﬂ TaKUM o6pa30M HOpMa JTMHEHHBIX o’roGpam:eHuﬁ UMeeT eille
CBOICTBa

LA S AT,
15 o gl < lL£ gl

rae fog — xomno3uuma auHeMHBIX oToGpaxkenmit f u g.

llonycTM, 4TO B OTKPBITOM HemycToM MHoxkecTBe U C &, onpenesneHo
HenpepuiBHOe oTobpakenune f: U — &,. PaccmaTpuBas NpocTpPaHCTIBO Emqn
Kak TpoCTpaHCTBO JIMHEHHBIX HeNpepPHIBHLIX 0T06paskeHnit MPOCTpaHCTBa &y B
NpOCTPAaHCTBO &, , MPpOoHU3BOaHOEe oToGparkenne oTobpakenusa f B Touke T € U
onpenensaeM KakK TeH30p A € £,4n, ANA KOTOPOIO BLINQIHAECTCA PABEHCTBO

Wﬂ+Hm—ﬂT+AAH+om

m

rmae 111’1’1"1.1"_.0 “T—I(I_-i-“)J =0uT+HelU.
df

ITpousBoanoe orobparkenue 0603HAUUM Yepe3 ——.

Hudpdepenman df € £, pyuxumu f(T) sanaercs PaBeHCTBOM

u aBjsierca pyHkimei asyx nepemennsix T € U/ u H € £,,.

Taxk kak npocTpancTpa &, 1 & — 6GaHAXOBble, TO CApaBeMBLI BCe Te-
opeMbl 0 AUPPepeHIUPYeMbiX oTobpanenuax HanaxopelX npocTpancts. [lo--
BTOMY OTMETUM TOJBKO HEKOTOPLIE (POPMY bl JlJlﬂ BBIUMCJIEHUA NPOU3BOAHBIX.

1. Ecau q)yuxumd f:& — &m g & — & — anddepenumpyenuie B
Touke T € UV C & m &k £ min(m, n), To uMEIOT MeCTO caeayiomue GopMynbl o
adPepenurponainum oGobuteroro npousBeleHus TeHsopon [3]:

d ' dftsl iy
10 — :{3] —— {
(103 ~dT f/k\"’ | /\’ f/\«IT



d(f/k\g) =df/k\-g+f/k\dg-

Popmyny (16) MOYKHO 3allucaTh B APYIOM BUAE:
fm—k]

: o d _ndf dg s
_ |ty A (=] Ly
(11) == (f/k\g) [ g/k\ P +f/k\d_T, |
B KOTOPOM BAaJIEHTHOCTM 1 U § He NPOABJAIOTCA ABHBIM o6pasom. OT Hux 3a-

dT o, dT

clly4asaMH (bOpMVJH:I (10) asnsoTCA clieaylome paBeHCTBa:

d . d
(12) ) -Z-T—(f/k\g):%/k\g-{—f/k\z%, ECJIPITESD,

dT
dT

(13)° ;T(A/\T) = A \ E...
: k k '

2. Ecmmg: & —-Ennf: € — & ug(T) n f(Y) — auddepenumpyemere
GyHKUMM COOTBEeTCTBEHHO B okpecTHocTAX Todek Ty € & u Yo = g(To) € &,
To Qpynkumsa fog: & — &,, onpenenennan paseHctsoM f o g(T) = f(¢(T)), —
audpdepenmmpyemad B Touke Ty U

€ Enys. YacTHBIMU

= E28) Tegs;

(f 9)(T0) dY(Yo)/\ 77 (To),.

d(fog)(To) (Yo) /\dg(To)

3. HyC’l‘b dyurimm X; = X;(t) € &, (i = 1, s e gy R == mnddepeHumpy eMble

B Touke tg € (a,B) C R, X;(to) = X? u ¢pynxuma Z = f(t, Xy, ..., Xn) €&
~— nBaxael auddepeHimpyeman B okpectHocTH Touku (¢, X9, ..., X2). Pac-

cMOTpUM cocTaBHyIo ¢pyukumio Z(t) = f(t, Xi(t),...,Xn(¢)). U3 Teopemn o
avddepeHIMpPOBAHMY COCTABHBIX GYHKIMM BEITEKAET, YTO NPOM3BOIHAA B TOY-
Ke to pynxuwn Z(t) cymecTByer u BBIUACIIAETCA 1O dopmyae

aw - FEE /\xn

a ee auddepeHnunan onpenendaeTca U3 paBeHCTBa

(15) | dz = Z /\ dX;
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of
0X;
YacTHBIE NIPOM3BOAHBIE yHKIMM f 1o oTHomenmio K X; (i =1,...,n)).

(X; — mnpowusBonHaa ¢pyHkumMM X; MO OTHOUIEHHMIO K NlepeMeHHoik {,

dZ .
PaccMmaTpuBad npousBoaHyIo F e Z xax ¢pyHKIMIO nepeMennrix ¢, Xy, ...,

X,, X1,...,X,, ¥ D0AB3yACh CUMMET PUYHOCTBLIO BTOPOM MPOU3BOAHOMK ABAXKAbI
audpdpepeHuMpyeMoit GYHKUMM, MOKHO JOKA3aTh PABEHCTBO )

d 0Z 0 dZ

16 —a = o —
(16) dt 9X; O0X; dt
Kak npuioxKeHNe MONYyUYEHHbIX (OPMYT PACCMOTPUM HEKOTODBIE YaCTHbIE

ciyyam. .
1) Ilycts 3anana crajaphasa GYHKUMA BekTopHoro aprymenta f(r). Ec-

(t=1,...,n). : ;

A4 Z1,22,23 — KOOPAMHATHI BEKTOPAa X OTHOCHTENbLHO HeKoTOoporo Ga3mca
. x df
e = (e1,es,e3)T, moxno 3amucare f(r) = f(z1,z2,z3). Ilokaxem, uto T
' r
gradf.

IleiicTBUTENbHO, TIPUMEHAA 'rec')pemy‘ o aubpdepeHIMPOBAHUM COCTABHLIX
dyHKUMIA, nonyyaeMm
3 ~
af of dz;
dr &~ Oz; dr’

’ . ‘ d:c; _ d .
Tak kak z; =r-€;(i =1,2,3), T0 = (—i}-(r-e,). ‘_

s

Moapsysace popmynoit (13) Haxoaum, uto

dzx; p
-c?l-}':ei (221,2,3),
OTKYAa CJEAYET, UTO —— = —e; = gradf. .
dr - P Oz; :

2) PaccMoTpuM BEKTODHOE M0JIE, ONpeeeHHOe BEKTOPHOM (yHKIMeH a =
a(r). AnanornunsiM npuMmepy 1) o6pa3oM, NpeacTaBaAsa BEKTOp a CyMMOi

-3

a= Zai(m,xz, z3)ei,

i=1

1

rae a;(zy, 3, r3) — CKalApHLIe GYHKIMH, MOJyYaeM
, .

. 3 3 3
da da Oz; da;
—_— = —_— = —e; | e;.
dr . Z i
i=1 Oz; Or i=1 \j=1 ‘9.“"
: ' . da- : .
CrnenoBaTenbHo, NMPOM3BOAHAA 7 AIBJIIeTCA TEH30pPOM BTOPOIi BaJIeHT-
T :
HOCTH, MaTpHlUa KOTOPOI'o OTHOCUTeJbHO 6a3uca uMMeeT BUA (a,-j)?j=1, rae
da; .
Aj; = =——.
> 812]' .
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BaxxauiMu XapaKTepHUCTHUKaMM BEKTOPDHOI'O INOJA ABJNAIOTCA rota u diva.

[To onpenenenuro
_ 6(13 ) 302 > 301 Bag 602 c')al

W ero MoXHoO 3anvicaThb B BUAEe - ‘ %

| da\ da
rota = — (a)x = -D/Z\H;

. a; :
Hasa diva = E +— I0JIyYaeM BEIparKeHHe

: da- ‘ ‘
diva = Eo /\ — ‘
5 dr

2. KHHEMATUWEKA TOYKHA U ABCOJIIOTHO TBEPIOI'O TEJIA

B aToM maparpade OCHOBHBIE BEJMYMHBI, ONPEAEAIOLINE abcomoTHOE U
OTHOCHUTEJILHOE IBMMKEHME TOUKM U abColoTHO TBepaoro Tena, GyayT mpen-
CTaB/ieHbl B TEH30pHOM BUIe, y,t{oﬁHOM ANA AajdbHEMRIUX paccMOTpeHuit.

PaccMoTpuM cHayajia ABWKEeHWEe TOYKU M OTHOCHTENbHO ABYX KOOP M-
HaTHBIX cucTeM — abcomoTHolM, Oejezes, U oTHOCUTenbHOM, O'elese;. ABco-
JIIOTHOE M OTHOCUTENbHOE JBWKEHUE ONpPENeNIAIOTCA BEKTOPHBIMU (GYHKUMAMM
r(t) = OM(t) u r'(t) = O'M(t). Tlpeanomaraem Takke, YTO W3BECTHO ABM-
»eHue npoctpaHcTBa O'e}e)e; oTHocUTeNbHO NpocTpaHcTBa Oejeqes. H}'CTB
OHO 3alaeTcA BeKTopom ro(t) = OO/, nepeaonﬂmum Toqu O B Toury O,
TEH30POM YTJI0BOro nojoxenna Z = e "Te = eje; +ejer+ 3333 OquH,zmo

r(t) = l‘o(t) +2/(1).

BekTop 1’ npencrapiiseTrca CBOMMH KOOPAMHATAMH OTHOCUTENILHO Ba3uca
e’ cymmoii
' g !
v = (x-e})eh + (v - eh)eh + (x - eb)eh.
IIpuMmensasa dopmyay (2), sanucwiBaeM r’ B Buze r' - (e) e} + ehe,, + ehel:). Ta-
)s : 1€1 2€9 T €3€3
KUM 06pa3oM rojiyyaeM, YTo KOOPAMHATHYIO 3aNicCh AAHHOTO BEKTOPA OTHOCHU-
TeJIbHO HEKOTOPOr0 OPTOHOPMUPOBAHHOILO Ba3nca € MOXKHO NOAYUUTH Ty TeM
YMHOXEHUA BEKTOpA HA eIMHWYHKIA Ten3op E., npeacrapienunslii B Bue
E. = ¢'Te’ = e}e| + eheh ¥ efes.
OTHOCPITeJIbeIMH CKOpOCTbIO M yckopenuem Toukd M Ha3biBaloTCA BCK-
TOPHI

. gl (1" - oﬂ)' ey + (1 -eh) " eh + (1" ey) - ey,
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°Q
v = (' -el)el + (2’ -eh)es + (1 - ef)es.

Yr10o6bl HAWTHU 3aBUCMMOCTb MexAy abCONMIOTHBIMM M OTHOCHUTEJIbHBIMM
CKOPOCTAMU M YCKOPEHUAMU TOYKHA, PACCMOTPUM CHauaja ABWKeHHUe Ba3u-
ca € oTHocuTenpHO Gasuca e, KoTopoe onpenenderca TeHsopoMm Z. Matpuna
KOOPAMHAT TeH30pa Z OTHOCHUTeJbHO M1060ro opToHopMHUpoBaHHoro 6asuca
ABJAETCA opToHopMupoBaHHOK. Takue TeHsopsl O6yneM Ha3blBaTb OPTOHOP-
MUpoBaHHbINHM. COBOKYNHOCTb BCEX OPTOHOPMMPOBaHHBIX TeH30poB oGpa3syer
rpynhy BpallleHUi. . :

Jlnsi opTOHOPMUPOBAHHOIO TeH30pa Z B KaXKIblii MOMEHT BPEMEHM BLIOJI-
HAETCA PABEHCTBO

(17) | Z.2T = E,.
‘I[mbcpepemmpyﬂ OTHocuTenﬁHp t, nonyqaeM, YTO
3 - Z* 4% BT =0,

rne Oy — nynaeBblil aleMeHT npocTpaHCTBa £2. Takum obpa3zoMm mojayuaem,
uro Tensop Z-ZT = ~Z - 2T = —(Z - ZT) ABnAeTCA KOCOCUMMETPUUECKUM, U
MO3TOMY MOXKHO HAWTU BEKTOP W, MJA KOTOPOTO -

(18) . §=Z-2F =272

BekTop & Ha3bBaercs abCOMIOTHON YrioBOM CKOpocThIo basica € (TeH-
3opa Z). , o '

WUcnonb3ys pasencrso (17), sanuceiBaeM Bektop t' B BuZe ' = Z - u, rae
u= ZT -v', oTkyna HaxomuM, uto ' = Z -u+ Z - 0. Tak kak u = (ZT -1v')* =
=e; - (e} -r')* +ea(e) - r')* +e3 (e} -1)*, To yMHOKEHMe CieBa Ha TeH3op Z
TIPUBOANUT K BBIPAXKEHMIO :

] : : of
Z-a=ej(e] ') +ehleh 1) +ef(eh 1) =1

>

Ipumenas popmyay (18) ana caaraemoro Z -u =2 (Z7T - v'), naxoaus, uro
- o 0
=@ r+r =T xr 0.
Orclona nonyuaeMm cBA3b Mex 1y abcoNMOTHON CKOPOCTBLIO I' TOUKKM MU ee
, , . : : o
OTHOCHUTEJIbHOI CKOPOCTLIO 1':
(o]
r=ro+Txr +1.

uppepenunpyn 210 papelicTso cuie pas, HoAYUaC

o 00
F=vo+@xr+Tx(Txr)+25 xr' + 14
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B yacTtHOM cayuae, koraa O = O’ ur =1’ = Z - u, rae u = const, T.e.
Korza Touka M — HenoABWXKHaA OTHOCUTEJbHO mpocTpaHcTBa O€)ehe), mo-
jAyJdaeM, 4To :

’ r=Wwxr

PaccMoTpuM Teneph BpallleHME HEKOTOPOrO OpPTOHOPMHMpOBaHHoOro 6a3u-
ca OTHOCHTeabHo Apyroro. Ilycrb B abBCOMOTHOM MpPOCTPaHCTBe 3aJaHEl
[Ba BpAIAIOMMXCA OPTOHOPMHpPOBAaHHEIX Gasmca ell) = (egl), e(zl), egl))'r u

el? = (egz) egg), e;(f))T M HeNoABWKHEIA Ga3nuc e = (e, €2, e3)T. Tensopw

(19 -~ Z, = eVTe,Z, = e®Te

onpeseNAI0T BPAlleHns, IpUBoAAlMe 6a3uc e COOTBETCTBEHHO B Ga3uchl 9(1)
7| 9(2) M TakuM o6pa3pom 3anaioT abcoJsloTHbIE BpalleHMsa sTuX Gasmcos. Mx
abCoOMOTHEIE YTAIOBBle CKOPOCTH W) U Wo NOJIyYaeM U3 PaBeHCTBa

Sk

(20) 51 = z1 : z']_r = 9’(1)1-9(1), (,%2‘: 22 . Z;r = g(ﬁ)Tg(z)'

MaTpuuel KoopAMHAT TE€H30poB Z; U Z; B 6a3uce € MOMHO MOJNYUYHUTH,

YMHOXMB cjeBa paBeHcTBa (19) Ha eamHnuHbIA TeH30p Ep = eTe u nmpuMenus

aCCOUMATUBHLIN 3aKOH
2, =(eTe) - eMTe=eT(e eT)e, Z,=eT(e e®T)e®.

IIndpepeHnMpyeM OTHOCHUTENLHO BpEMEHM

L

(31) Z) = eT(e- eV e, Z, = eT(e- e e

T
OTKyHa clenyer, uTo MaTpuis (e - el!) ) u (e-e®”Y apamorcsa M&Tpﬂlla.MH
KOOpDJAVHAT TeH30poB Z; M Zs oTHOCHMTeNbHO Ga3uca e. PaccMoTpuM TeH3op

& = e(z)'fe(l),

onpexenalomuii ppaneHue 6asuca e(?) ornocurensHo Gasuca el). Teuzop @
BhEIpa)KaeTcs TeH3opamu Z; u Za no dopmyiie

(22) - =17, ZT.

Matpuny koopauHaT TeHsopa ® orHocuTenbHO Gasuca el) mosyunm, ym-
HOXKMB CJieBa paBeHCTBO (22) Ha TEH30D kia, KOTOPHIA ceifuac 3anUCEIBaEM KaK

npounspenenue el)” e1):
®=E,; & =eVT(e). @T)e)

. AHaJIOrUUHO Popmynam (21) u (20) BBOAMM TEH30D
&,; e(IT(e(1) . oTye(1)



il

KOTOPHI# 6yxeM Ha3uBaTh MPOU3BOAHON TeH3opa $ Mo BpeMeHW OTHOCUTENBHO
6asuca ell) u BexTop @, onpenenennsii paBeneTBaMU

Q = <°I>-‘I>T,
1 |
§D/Z\Q, :

KOTOPHI ABJAETCA OTHOCUTENbHON YrjoBo#l ckopocThbio 6a3Mca MO OTHOIIE-

Huo K 6asncy ell).
YT106b1 HAMTH 3aBHCUMOCTbL MEXKAY TE€H30paMH ﬁ W1 M Wa, NoOACTaBAAEM

Bupaxenne T = e(D"e(?) B (23) u nocne Npumenenus npasuIA ,zmq:(i)epen—
T
wpoBanua (12) ana npou3ae11ennf{ e . g2 noJjyvyaeM

(23)

=l
I

0= M1 4 ). e@DT)g(1) . 1T g2

Hcnonb3ys pabenctsa ell) ) =@ e = E, u

o ‘

100
2(1) __e_(1)"-' - e\(21) '(egl), e(zl)a egl)) —l o1 o
.\ 0 0 1
’
n (bopmy.m:.l (20), HaxoOauM, 4YTO ﬁ = --:71 +52, on-’cyi[a cilielyeT paBeHCTBO
(24) Wy =y + Q.

- BTOpBLIM OCHOBHEIM 06'b€KTOM U3YUYEHHA B aHAIMTHYECKOM MaXaHUKe ABJIA-
erca abcomoTHo TBepaoe Teno. Ero mosoxkenue B a6comoTHOM NpOCTPAHCTBE
onpeneNAeTCA HEM3MEHHO CBA3AHHOM C TEJIOM JlekapToBOit KoOpAuHATHOU cHuc-
temoit O'ejehe;. Ecmm Oejere; — HENOABIkKHAA AEKAPTOBA KOOPAMHATHASA
. CUCTeMa, To abCcoNIoTHOE ABIKEHHUe 6asuca O'elele; samaercs $yHKUMAMU
ro(t) = 00 u Z(t) = eje; + ehe; + ejes. Ero aGcomoTHaA yraoBad CKOPoOCTh
‘OnpenesiAeTCA PaBeHCTBOM

- : G:%D/\Z-ZT.

Ecau M — mpomspoibpHaa Touka Tena M r = OM, 1o
(25) - ‘r=ro+Z'u, r=ro}wxr,

‘rae u — BEKTOPHAA KOHCTAHTA, onpeﬂenﬂemas HaYaJIbHBIMY TIOJIOKEHUAMU
touek O' u M, u = OM(t).

B dopmyne (25) nepsoe cnaraeMoe onpelesfeT NOCTyNATeAbHOE ABMKE-
HHWe TeJla, a BTOpoe — BpallleHne NPoCTpPaHCTBa BoKpyr Touku O, koTopoe

'
.’ =
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npuBoauT penep O'ejezez B penep (O'ejele. Ilpu aTOM BpallleHMM KarkZadA
ToYKa M mMepexoJMT M3 CBOEro Ha4aJLHOrO MOJoXKeHUA r(tg) = 15(t°)+ Z(tp)-u
B noJjioxkeHue r(t) B MomeHT BpeMenu t. TakuM 0o6pa3oM Mpu U3BECTHBIX QYH-
kumAx ro(t) u Z(t) popmyana (25) onpenenser ABwKeHHe Touku M Tena OTHO-
CUTeJIbHO KoOpIMHaTHOM cucTeMnl Oe;ezes.
IIycte Tenepy J, — TEH30p MHEPLMM TeJsla OTHOCUTEJLHO Hexo'ropoﬁ ero
toukn C. Ilpemnomoxkum, uto B Touke C 3alaH OpPTOHOPMMDOBaHHEI Ga3uc
e”(to) = (e1(t0), e5(to), e3(t0))T u o6osnauum uepes J, = (J;;)7;-; marpumy
TeH30pa B 8ToM Ga3uce. M3meHenue BexkTopos €} (1) B abcomoTHOM MpoCTpaH-
CTBe OmpeReNfAeTcA dopmynamu

(26) el(t) = Z(t) - e”(tg) (i=1,2,3).

B xaxkamom momente Bpemenu TeHszop J. umeer Bua J. ”T(t)icg” (t).
Bripaskas BekTophl e (t) no popmyine (26), mosyuaercs, 4To TeHzop J. MO-
HO MpeACTaBUThL B BUAE

(27) % 3. =%-IT 2T,

rae Jo, no,noSHo uB rbopmyne (25) ABJIAETCA HOCTOAHHLIM (cmvmempuqecrmm)
TEH30POM

Jo=J.(to) =¢€"" (10)1.»,9"(10)‘-

Ecnu paccMaTpuBaeMoe Tesio HecBo6oMHOE, TO BEMYMHEI Xo'M Z BhIpaxkKa-
I0TCA HOCpeJICTBOM APYTUX TEH30PHBLIX BEANYMH X;: = Xit) € &,
(i=1, ., ), KOTOpHLIE onpenenmo'r(:ﬂ OrpaHUYEeHUAMMU, HAJIOKEHHEIMU ApY-
MMM TejlaMM Ha JABWKEHWe Tejla, .

[TokarkeM, UTO UMEIOT MECTO COOTHOLUEHHA >

28 | LN
(28} ' 3X ax 3
oJ, dw : i
_ o5 o
(29) BX 2 J ﬁ (l 1, < 0 1t vy 'ﬂ)

~ : '
-Haiizem cHavajla BbiparkeHue JJIA TeH30pa W = .ZT. Ilna sbluncie-
HUA TPOMU3BOIHOM Z IIpUMEHAEM TeopeMy O nmbq)epeﬂunposaﬂuu COCTABHBIX

“byHKuMi
Z= Z /\ X;.

[lepecTaBnas, coraacHo npasuay (4), con—mom’urenu B BbIpaXKeHUu JIA &, No-
Jay4daem '
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(30) . W= ] [z.[ll_(_s_)T /\X,-,

o 8z 1 oZT
——— [1] i —— S 3

ITocnenHoe paBeHcTBO mnoJaydaercs audpdepeHLpoBaHMEM paBEHCTBa
Z-ZT = E, oTHocuTenbHo nepemennoit X;. Takum oGpa3zoM TeH3op B'ropoﬁ
BaJIeHTHOCTH @ npenc'ra:anae'rca cyMMoﬁ

s ,Zan/\

Umesn B Buay popmyny (8) " IdCIIOJIbByﬂ cpoitcteo (13), nonyuyaem Takke 3a-
BUCHMOCTh

a5 w1 6
W W
7 =—— = —D — 6‘,‘
a. ] 2 /2\6X: *
C npyroﬁ CTOPOHEI, @ = —D -@ u TakuM o6pazom
E—‘:&— — —D . ---6—,55—i \ \
X; X,
dZ 0w\ YA 0w
32 z.lll_____=_{11(D _,_) SRt T
( ) . ,axi 6X, : axi 6Xg

IIpumenssa npasuno (11) u Mcnoab3ya PaBEHCTBa u = r-ZTuu= u-zT.Z7,
BBIYMCJIAEM IIPOU3BOAHYIO ‘

it

m o P ¢
_ai:[u I8 32] [(U.ZT).(Z.M@_)]

- 0X; 0X; 0X;.
\ 0% oz W
= [r-(Z P e ] [r M. _.-)] .
0X;
B nocnennem npousseseHUM NPOU3BOANTCA CBEPTHIBAHME BEKTOPA CO BTOPHIM
MHIEKCOM TeH30pa D. Tak kak Tenszop D — kococumMmerpuyeckmit, To ato
NPOM3BELeHNE MOKHO 3aIMCaTh B BUAE
£ | @ @
; ( D) — "'"r" —_—
0X; 0X;
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Takum o6pasom dopmyna (28) moxazana.

Ut0o6k BEIMUCAUTL NPOU3BOAHYI0 —— € &,,42, MPOBOAMM CleAyIOIME

0X;
npeobpa3oBaHus: '
83, o [1‘] YA [ y 57T
8% = [“0' x| tP e
oz 1 ¢ . 92T
— JT . gzT 7). 22 2.3 (ZT - Z) . —
= [(Z Js Z~ Z) BX,-] +Z-Jo-(Z"-Z) X

‘ oz 1M ozT
=T T & . [1] P . ' —
[J° 25, )] s (z ax,-)
‘ (1)
— [J;r 1] (D.ﬁ‘?_)] S g (D g ..a__';"_) .
’ 3X; ® 6X;

Hcnonb3ys, YTo B NIEpBOM CJAaraeMoM IePBBI WHAEKC TEeH30pa CBEPTHIBAETCA
CO BTOPBIM MHIAEKCOM TeH3opa D, mosydaeM npousBeneHune

<A 5.} - 9 m 3. Lo
oX; C0X

Kpome Toro, J. - D = (D - J.)1] = W(JT), orkyna naxommm, uto

0J ~ o~ ow
e _[1] ey e
axi i (JC + Jc ) *

0X;
Popmyna (29) cnenyer u3 CMMMETPUYHOCTH TeH3opa J..
HaiineM npomusBonsble yriioBoi CKOPOCTH W M T€H30pa @ OTHOCHMTENBHO
teH3opa Z. U3 paBencrtBa (11) nonyuaem o

-\ (1]
3& b BZ ; ;
e e [ T =(z WEH = (ZE [1],
= ( az) (2 1 Bl = (2E3)

- | iy :
’ aw - 3Z [ . v [}
S =- (z . mﬁ) = (@ WEYW = _(ZE/W.

- OTciona, yMHOXas clieBa Ha TEH30P -;—D, BLIYMCIIAEM TPOU3BOAHEIE
R L. JRPREEI - SO

w155 = lnip .o,
57 = "3 (D), % =2 (D-Z)

. HakoHen paccMoTpuM BOMIPOCHI, CBSI3aHHbIE C TapaMeTph3alMeil OpTOHOP-
MHPOBaHHBIX TeH30poB. OG6bIYHO, YTO6BI NMapaMeTpM3MpoOBaTh JaHHHIA opTo-
HOPDMHWPOBAHHLIA TeH30p Z, pacCMaTpPHUBAa€E€TCA €ro MaTpHIla KOOPIAHAT OTHO-
CUTEJIbHO HEKOTOPOI'0 OpTOHOPMMpoBaHHOro .Gasuca e = (e, ea, es)T. Taxk

(33)
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KaK TeH30p Z — OPTOHOPMMPOBAHHLIA, TO €ro KOOPAUHATHI MOXKHO BBIPa3UThb

: dZ
MOCPEACTBOM TpeX CKAaJAPHLIX BENUYHH ¢1, ¢2, ¢3. IlpousBoaHbie —— ABIA-

9¢i

I0OTCA TEH30paAMH BTOpOﬁ BaJIECHTHOCTH N y,HOBJ'leTBopH}OT!COOTHOUIGHH&M

oz \ 1 EVAS
[1] Tt M "
(Z aqs,) 2 4 = O

OTKYyZa, ¢ienyd BeiBoay ¢popmyisr (18), monyuyaem, 4To CymecTBYIOT BEKTODELI
Pi, AJA KOTOPBIX BLIMOJHAIOTCA PaBEHCTBA

oz \M ozT
]—) =-Z - — (i=12,3).
a¢i a¢:
Ecmm ¢; = ¢i(t)(i = 1, 2, 3), To yraoBaa ckopoCcTb @ TeH30pa Z OTHOCH-
TEJILHO 6’a:3uca e onpenenserca no ¢opmyie (31), koTopas Tenepn 3amuchHIBa-
£€TCsA B BUOE

(34) = (z o

n

(35) ' C w=Ybb,  F=D éipe
i=1 :

I pyrue cnocobrl npeacTaBileHUA OPTOHOPMUPOBAHHOI'O TeH30pa OCHOBBI-
BaJOTCA Ha CYIIECTBOBAHWM COOTBETCTBMA MEXAY TPYMIIoi BpaweHuwit (opro-
HOPMMPOBAHHLIX TEH30POB) U BEKTOPHEIM pocTpancTBoM & [4]. D10 cooTBeTC-
TBME CTAHOBMTCH B3aMMHO-0AHO3HAYHBIM, €CJIM CUMTATh, YTO ONlpelieieHb]l BEK-~
TOpbl 6€CKOHEeYHOM AJMMHBI U YTO BeKTOp 6ecKOHeUHOW AJIMHBI, napaJjijiellbHbIA
3aJaHHOMY HAIpaBJIeHWIO, OAMHCTBeHHLIA. Toraa Kam.nOMy BEKTOPY C COIOC-
TaBJAeTCA opTouopMMpOBaHHuﬁ Tenaop

2 o . T
(36) Z—E2+1—m(c+c-c.

Hao6oporT, ecau Z-— opTOHopMHpOBaanmﬁ TEH30p, BO CYILIECTBYeET €IMH-
CTBEHHLI BEKTOD €, yAOBJIeTBopAomuit cooTHomenmio (36). Bekrop ¢ MoxHo
HaiiTU U3 paBeHCTBa

5 e Z—Z%
(37) C= —m———.
< 2 1+E2AZ

2

OHn Ha3bpIBaeTCA BEKTOP-MIapaMeTpPOM BpalleHUsA, ONPEAEJIEHHOTO TeH30poM Z.
Hanpabienue BekTOpa ¢ 3aaeT oCh IOBOPOTA, a €ro AAMHA ¥ = |c| paBHAeTCA
TAaHT'e€HCY TIOJIOBMHHOIO yrja X MOBOpOTa, T. €.

(38) | ==

U3 pasencts (36) u (37) caeayer, uro eciu ¢ = O, o Z = Ey, a ecam x = ,
TO AJIMHA BEKTOp-mapaMerpa c¢.obpauiaeTcA B HECKOHEYHOCTh.

266



IonycTum, uyto BekTOp ¢ B paBeHcTBe (36) ABaAercs pyHKUMeN BpeMeHH.
HeTpyaHo nposeputs, UTo npousBoaHad Z onpenenserci paBeHCTBOM

Ty F 4 T
Z—l—'-‘_—c.—c'(C“f‘C'C'*'C'C)”m(C'}'C'F).
2

Ltce
HAXOAUM BpakKeHue AIA Tensopa w = Z-Z7T:

Y MHoMas cipaBa Ha TeHsop ZT = (—¢+¢-¢), nocne npeobpazopanmuii

" 9 .
&= ——(c+c-c¢), ‘
l1+c-c ﬂ . &
OTKY la MOoJIyJyaeM, YTo abCoNoTHAA YriloBad CKOPOCTh TEH30pa BEIYUCHAETCH
no gopmyine |
2 : S o
W= ———(c+c-¢)=
l+c-c

Ecan TIOJIOKUTh q = -|e|; Tenzop Z MoxHO 3amucaTh B BHIE

2 . .
——(c+cxc)
c:c

(39) Z=E>+(1-cosx)q-q+sinxq,
rlle yron x ompenejideTcA paBeHCTBOM (38). -

Takum oGpa3om TeH3op Z mnpeicTaBiiderca B Bule QYHKUMMA ABYX BeJH-
UMH — E€AWHUYHOr0 BEKTOpa ( M CKAJAPHON BENMUYMHBLI Y. DTHU BeJUUYHMHLI
ABJAIOTCA NapaMeTpaMu Diinepa A NaHHOTO TeH3opa Z. Jlerko mojayuuThb
BLIpa*KeHHe

(40) @ =[(1-cosx)q+sinxE:2] - q+ xq,
‘ _
OTKyla CAeAYIOT COOTHOLUEHUA

@
9q

Jw

':(l—cosx)ﬁ—f-sin\-'Eg, B

=q.

OTMeTuM, uTo 3anaHHbie popmyaamu (36) u (39) crnoco6uI nmapameTpu3a-
LMK TeH3opa Z He CBA3aHHHLI ¢ BEIGOpOM Kakoro-iubo 6a3uca B NpoCcTpaHCTBe
£. Ecam takoit 6a3uc BeIGpaH, TO BEKTOP € BhIPAXKaeTCA CBOMMM KOOPAMHA-
TaMHU €1, C3, C3, & €AMHUYHLIA BEKTOp  — ABYMA HE3aBUCUMBIMU CKaJAPHLI:
MU BEJIMUMHAMHM ¢1,q2. B TaxoMm ciiydyae OpTOHOPMMpPOBAHHBIM TEH30p, Onpe-
AeneHHblit dpopmynamu (36) umm (39), BbiparkaeTcA MOCPEACTBOM CKAJAPHBIX
napaMeTpoB Cy, C2, €3 WM 1, §2 U \ COOTBETCTBEHHO.

Quenb YacTo B MEXaHUKE MPUXOJUTCH UMETh A0 C OPTOHOPMUPOBAHHbI-
MW TEH30PaMH BHIa " |

(41) Z = ¢he; +eher + ehes,
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rae e = (e, ez, ea)T ue = (e, e, EQ)T — op'rénopmnpoaa.auue 6a3uchl.
Tensop (41) ompenensier BpauleHue, npuBoaduee 6a3zuc e B Gasuc e'. Bek-
Top-napaMeTp ¢ MIA TeH3opa (41) monyuaem uz popmyast (37):

. eje; +eber +ejes — (ere] + eseh + e3e3)

CcC=
1+ E, A(elel -+ 6262 + 9383)
: 3
\ P i el e
: / / =
Mockomeky Ex A | Y _ejej | =) €] -e;, efei —eief = & - = e x ef, 10
K : |
e e ——
ey X e+ e X e +e3 x e}
o S :
- ; |
1+ E ej - €; b
i=1
OTKyla CledyeT PaBeHCTBO .
) E €; X €
i=1
G 3

PaccMoTpuM pyrue criocoGul mapaMeTpu3aumuu TeHsopa (41).

W3BecTHO, yTo 6a3uc € MoKHO NIpUBeCcTH B Basuc € ¢ MOoMOLIbIO TPex noc-
Ne0BaTENbHLIX BpallleHMit BOKpYr cooTBeTcIBylommx oceil. Ecau ¢i, ¢2, @3
— YTrJiBl ®TMX BPAlLEHUid, TO TeH30p Z BLIpaKaeTCA UMM, BEKTOPHI, onpeeieH-
Hble paBeHCTBOM (34), ABAAIOTCA eIMHMYHBIMHU, a Gopmyioi (35) ompenens-
eTCA yrioBas CKopocTh & 6asuca €’ oTHocurensHo Gasnca e. B 3aBucumocTy
oT BbIGopa oceil BpalleHU MOMYUUM YIJibl Ditiepa, yrisl KpbiioBa Uan yrisl
BpaiinTa. ‘

Y kaxxeM Tenepb cnocob napaMeTpu3aldu TeH3opa Z NoCpeACTBOM OAHOM
BEKTOPHOM M ONHO# CKANAPHON BENUMMHEI.

Hycrb a — DOCTAHHBIA BekTop B Gasuce e. Byﬂem npeanojaraTe, 4To
Gasuc €' BpamaeTcsA TakuM 0Gpa3oM, YTO BEKTOD ej OCTaeTCA BCe BpeMA He-
KOJIJIMHEAPHBIM BEKTOPY a, T. e. a x e3 # O. Bekrop

axej -

P=
|a x ef)

HaXOJMUTCA B NAOCKOCTH, onpelelicHHON BekTopamu €| u e). O6o3Haumnn yepes
¢ yros Mexay BEKTODAMH €| U P C MOJOKUTEJbLHLIM HalpaBieHHeM oTCUeTa,
onpeneseHHBIM BEKTOPOM €5. MOXKHO 3amucaTh COOTHOILEHUA

. e} = cos@p + sin qbeg X p.

ey = —sin@p + cos Pe; X p,e; = ej.
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TakuMm o6pa3om moaydaeM, UTO NoJIOKeHHe Basuca € oTHocuUTenbHO Ba-
3UCa € ONpeNeJIEHO, €CIIM UBECTHHI IT0JIOKEHUE € IMHUYHOrO BEKTOPA €5 U CKa-
AApHaA BenuuuHa ¢. [leiicTBUTENbHO, BEKTOPOM €3 ONpelelIAIOTCA BEKTOD P
M npoMexayToydHnlil 6asuc ef = p, e = ej X p, e§ = e}, a yron ¢ onpenenser
BpallleHHe BOKPYT OCM €5, KoTopoe nmpuBoauT 6a3uc e B 6asuc ¢'.

. Ucnonbaysa popmyany (39), MorkHO npeACTaBUTEL BEKTOPHI €], €5, €5 B Bue
e,=®.e, rae
® = E; + (1 — cos ¢)e} - €5 + sin ¢e5.

& ]
Beons tensop Z = efe; + efje; + eje3, 3anMcriBaeM TakkKe COOTHOILEHMA

2=0.2", @ =0 +a"

B KOTODHIX @’ U @’ — yrioBble cKOpocTH 6asucoB € M e’ oTHocUTeNbHO ba-
auca e, a {} — OTHOCHTeJbHAA YrA0Bafd CKOPOCTh TeH3opa & Mo oTHOWeEHMIO
k Gasucy e’. U3 dopmynn (40) cnemyer, uto Q = ¢es. [lna BeuMcIeHUA
yrioBoi cKopocTH

1 ; 4 ;
G = E(e'{ x & +e) x &) +ej x ef

IIpoON3BOAUM CHAEAYIOHNIHUE IID€O 6 pPa3oBaHNA!

(=) B B, PN Y e
—_— s ——] = - - e = —
axel/ " \Vaxe?) " o /axey] 0 RxeP
L[] ‘EA
. : 1 1 —p - ap
él=p=| ———)axef+ ——axey = —— - ef;
L =P .(Iaxe’a)a T axel ST axey

: & = (& -p) = —BEs 485 - s
1 ~ . - ~ 4 ~
W' =3[B-D+-p-(€-p)+85- &

1. . ) o o
= 5P P+ (pez—'esp)  (—P- &5 +& D) +& €3]
1. . o oy B o e g
=—2~(p-p—pe’s‘p-eé—eép-eé-p)+e’a~e’3)-- ]

HMMeeT MecTo paBeHCTBO

' , B i il I ; ,
~ ey ~ ~’ ¥ ~ . g
ea—P'(es'P)—ea'PPfPea‘P,
OTKyIa CHeLyeT, UTo

—pe3:p = —pe3-p = €3 — €3 - pp-
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IocTaBnaa nocienHee PaBEHCTBO B BLIDaXKeHUEe INIA yrioBoii ckopoctu &',

noay4vaem
rdd 1 g < ! ®} { 554 ' o |
= ~2—(p'p—e3 ‘PP-€3+ezez -p-p+2e;

Taxk kak

e} x (a x e}) L+, _a—(a-egles .,

~ /o
€ P PE3 =

. axesl P 2T Tlaxey P

~ _ﬁﬁ'ap T (E2*pp):ap oy ap sy

. e S e L™ — @y = ——— e
P-P la x eb] 2 la x ef] 7 lax el 2

TO MOMHO 3aINCaTh, YTO .
/ I
: —t E ap .,_a—(a-es)e;, &,
5 [( 2+ %) el T T Taxel i ey

’ ,
a-ez , ~ | o
= | — = _ehp +65] - &5

[|a><eé| e M

Orcroaa caenyer, YTo yrioBad CKOPOCTb w’' oNpelesfAeTcA PaBeHCTBOM

(42) o =dehy+A-&, :
o’ _ a-ej
- dey |axej
HoxxonammM BEIGOPOM BEKTODaA & ¥ CKAJIAPHBIX BequuH OTpe e AIIIMX

BEKTOD P, MOXKHO NMOJYUYNUTh U3BECTHLIE NapaMeTpHU3alunMy TeH3opa (41) B yr-
nax Ditnepa, yraax Kpoutosa unu yraax Bpaiinra. Hanpumep, eciu Bubpath
a ='e3, Y — YTOJl MeXIy BEKTODaMM P M €1, § — yros MeXxiy BEKTOpaMH a U
€3, M ¢ — YroJ MeXIy BEKTOPAMH P U €] C I0JI0KNTENBHEIMI HanpaBJ/leHUAMH
oTCYeTa, onpeelleHHLIMA COOTBETCTBEHHO BEKTODAMH A, P U €5, TO HETpYaHO
YBUIETH, YTO CKAJAPHBIE TapaMeTphl ¥,  u ¢ ABNMOTCA yraaMu Dilnepa Aas
6a3uca €. Yram Bpaiinra u KprinoBa MOXXHO MONYUHT' , eciyd B KadecCTBE
BEKTOpa a BhHIGPATh COOTBETCTBEHHO BEKTODHI € H e3. "

¢ YKa3aHHOe TpeAcTaBJIeHMe TeH30pa (41) ABnseTcA Hambonee yn068bIM,
KOrJla B KOHKDPETHOI 3a1aye BhlAeNEHbI HallpaBJIeHNA a 1 e}, VMelolMe Mexa-
HUYECKOe MJIM NeOMEeTPHUUYECKOe 3HAUEHHE. .

rae A = esp + €5.

3. YPABHEHUSA IBUKEHUA

PaccMoTpUM rosoHOMHYIO cucTeMy I, mojiokeHHe TOYeK KOTQopoif on-
peleNfAeTCAs CKaJAPHBEIMM MapaMeTpaMHu qi,...,¢m, CAMHUYHLIMM BEKTOpPaAMM
€, ..., €, U OPTOHOPMUPOBAHHBIMM TeH3opamu [, ..., [p. Kaxawii emu-
HUYHBI BeKTOp €; (j = 1,..., n) onpenendeTrcA IBYMs He3aBUCHMKIMM CKa-
JAAPHBIMU MapaMmeTpaMu, a Kaxawli Tedsop I (k= 1,...,p) — Tpema. B
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JAanbHeiimeM GyeM NpeanolaraTh, YTO BCE 9TH CKaJIAPHEIE MapayeTPhl BMeC-
Te ¢ mapamerpamu ¢; (i = 1,..., m) ABAAOTCA He3ABMCUMBIMHU TajoKe MEXKIY
coboit. B aToM caydae ux obmee uncio m + 2n + 3p ecTh nmc_nvo cTeneHen
cBo6oanl cucremul. Bemmumnbl ¢;, ej, 'y 6ylem HasubBarth TeHzopppmyu 0606-
IIeHHBIMM KOOPJAMHAaTaMM CHUCTEMbl HYJIeBOH, NepBoit U BTOPOIt pa;;eHTHOCTH
COOTBETCTBEHHO. TEH30pHBEIEe 0606lLIEeHHBIE KOODAMHATH Gydem oGo3HAYATD
yepes X; (i=1,..., m+ n+p), a UX BaJIGHTHOCTL — uYepes v;,

YpaBHeHua INBW)KEHWA CHCTEMEl BhIBeleM M3 npuHnmna Kypaena, cor-
JaCHO KOTOPPMY AEHCTBHUTENbHOE NBMKEHHUE CUCTEMBl ABJIAETCA TeM KMHEMAa-
THYECKA BO3MOXKHEIM JABWXKEHMEM, AJA KoToporo npu ér = 0

43 (df — £dm) - 85 = 0

B mo6o#t MoMeHT Bpemenn . 3nech r = r(t, ¢i, ej, [+) — pammyc-BexTop
sileMeHTa dm B MHepLMaJbHOM IIPOCTPAHCTBE, §r — BUPTYaJibHOE MepeMelle-
HMe, 6T — BUPTyaJbHOE U3MEHEHUE CKOPOCTH I, df — pe3yibTupyoman CHll,
AefCTBYIOMMX Ha DIEMEHT dim W COBEpPUIAIOIMX BUPTYabHYIO paGory.

HpHMCHHH popmyny (15) npu PuKCHMpOBaHHOM BpeMeHM, ANA Bapnauvm
ér pynwumm r = r(t, gi, €, L'k, qi, €;, I‘k) nonyqaeM

T e
6r32%5q;+ 5ej+2 /\m
i=1 . 1t
LN N -
+§%643+=15€;6€J+2EA5F15

M3 ycnosua ér = 0 M HE3aBUCHMMOCTH TEH30PHHEIX 060OIIEHHBIX KOOpPAM-
HaT caexyet, yro 6g; = 0, 0e; =0, [y = Oy (i =1,...,m, j=1,...,n,
~k=1,...,p). Tak KaKk AA KaXKAOro eIMHUYHOr0 BEKTOPA BHIIOJHEHO DaBeH-
ctBo € -€; = 0, T0 8¢ -e; = 0. Orciona, B coorBercTBUM ¢ PopMmynoit (7),
MoJiydaeM, YTO KAKAYIO M3 BapUaluii 6€; MOXXHO 3anMCcaTh B BUZe |

be; = —e; - 67; =5T~§j i 0 . - B

rae §m; — NMpou3BOJIbHLIA GeCKOHEUHO MaJiblif BeKTOP.

Ananoruuno, u3 paBescts Iy - IT =Exu I‘T + I‘k I‘I, =0y (k=
1, ..., ) BBITEKAET, UTO MEKAY TEH30POM 'y m Ba.puamdeﬁ 6Tx MMeeTCA 3aBU-
. ‘CUMOCTb

| Ty - Ty + Iy - 6Ty =
YuuTniBas, 4To 6FkT = (6fk)T nojxy4daem L I‘T VY (6fk) = (6I‘k I‘,c )s

T. e. (6I‘k I'Y) — KococuMMeTpuUecKuii TeH30p M TakuM o6pa3oM cyuiecTBY-

€T BEKTOp §%), MJA KOTOPOTO BHINOJHEHO paBeHCTBo 61 - I‘,c = 6Ky, o*rxy,na
HaX0JIUM, UTO .

6Fk=6;—ék-rk=6ﬁk°f‘k (kﬁl, ,p)
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Ecau npuMeM Bo BHMMaHue cBoiicTBa (3) u (2) o6obuieHHoro npounssene-
HHUA, HailaeM, 4yTo

or ' or Or
- B3] . 1]
. ' ae, e =ty - de; 0 ( ae,)’

or : : or ~ Or
ark/\ ) ’”/\ are (’“/2\ ary
Br
1‘5 aq,+za,r, (5w %)+ Z@. (n /\mm)

9

Tocite MOACTAHOBKM MOCTEIHEro BeIpakeHUs B (43) mosiyuaem

.qu,-< (df—xdm)+257r, g - /U—- (df — ¥dm)
i=1 .

o5 .
+Z‘5"k Tk /\ / marlk (df — ¥dm) = 0.

W3 He3aBMCUMOCTYU Bapuaumu 6g; ¥ BEKTOpOB §7; u 6F) CliedyeT, UTo 2To
PaBEHCTBO 9KBMBAJEHTHO YCJIOBHMAM

g; (df —Fdm) =0 (i=1,...,m);
(31 P
g; - [ll.ae, (df—ldfrz)fo G=1 ..., n):
FL /[1]— (df—ldm)—O (=1, .5 9]

Bce paBeHCTBa 3alMCLIBAIOTCA OJHUM M TEM 7Ke cnocoboM, eciin AJifl TeH-
30pa HyJieBoM BaneHTHocrr'n g; MONOMKUM ¢; = 1.

X /\/[1] (31 (df—i‘drﬁ)=)~(i/\0§. (t= 1. ... .5t p)

Vi an

b

"B 3aBMCHMMOCTM OT BaJIeHTHOCTM V; TeH3opa X; rTeH3op X; ]\Oy, ABAAET-
v,
CA HYJIeBbIM 3JIeMeHTOM npocTpancTea &, ecam v; = (), uam npompaacma &l

eciiv v; = l Wiy v; = 2 E)'m BbIPAAKACTCIH PABCHCTBOM

X /\O,, _()x(‘,,,&,,.z] (i=1,....m+n+p)
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5
PaccMoTpuM npousBeneHne w o I’Icnonbayu npaamlo (11), BbrYMCc-
i

: 131' [1] 61‘ l'
26X, ox; - !

OTKY Ja Iocje ,nmb(bepem.mpoaauuﬁ OTHOCHTENBHO 1 nojyJdaem
mo ._d (1 or? ) (im_‘??_) 5
6X,- ' 2 (9X dt 6X,-

/\X CleAyeT, uTo
vy

AAEM NPOU3BOIHYIO

W3 paBeHcTBar = — +

Or Or

[locne npumenenns npasuaa (16) usmeHenns nopsanka InddepeHmpona-
HMA, HAXOJUM

i 9%, @ ox;) TTax FT ek

i

]

TakuM o6pa3oM MMeeT MECTO PaBEHCTBO

w0 __(16‘)_12%2_
X T 26X 2 0X;’

U3 KOTOPOTro Clenyer

/lilfi.fdm— d OT 9T

=T T (i=1,...,m+n+p),

: 1 /. ’ :
rae T = § rzdm — KHMHETUYECKaAa SHEPIrusa CUCTEMEI.

Tak Kak KMHETUYECKaA a'l-leprnﬂ CHCTeMB! ABJIAETCA CKaﬂﬂpHOﬁ BEJIHNYIN-

aT oT

HOﬁ TO €€ NPOU3BOJHbIE -—r'- %1 PIME'IOT BaJIEHTHOCTb TeH3opa. X,L

X \
Tenszop Qi €&,,, onpenenennmﬁ paBeHc'rBOM

Q: /[ll_r'df jm_ df (i=1,...,m+n+p),

GyAeM Ha3bIBATH TEH30PHOM 0606meHHou CHJIOR, COOTBETCTBYIOLUEA TEH30P-
Hoit oBobuwennoit koopaunate X; € £,.. '
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B aT1ux 0603HaYEeHUAX YPaBHBHHA ABWXEHHWA NNPDUHUMAIOT BHIA

a
(44) x/\[dtax —x:-Qa‘]=0.§(3u,--u3)(i=1,---,m+n+P)-

Y paBHeHUA (44) eCTEeCTBEHHO Ha3BaTh TEH30PHEIMM 060011eHHRIMU ypaB-
Hennamu Jlarpamwka Broporo poaa. OHu cOBNagaloOT C KIACCUYECKUMMU yDPaB-
‘Henuamu Jlarpamxa BTOPOro poXa, eciy nepemenHble X; — CKaJfApHEIE Be-
auuuHEL.  Ecnmu BajieHTHOCTB TeHBOPa, X: paBHa emuHmnue, T. e. ecam X;
d 6T
di ax, - 8X;
BEKTOp M €ro nponaseneﬂne Ha ’I‘eH30p €; IpeACTaBAAeT BEKTOpHOE yMHome}me

(d or  arT
dtax T 8X;

THO OBYM CK&J‘IHPHHM YPaBHEHHUAM, ;rax KaK OHO Bblpaﬁ{ae'.l‘ PaBEHCTBO MEX-
Ily BEKTOpPaMH, pa.CHOJ]O?KeHHbIMH B O,IIHOH IINOCKOCTH, HOpMaJIbHbIM BEKTOPOM

kKoTopoil aBagerca BekTop €;. Eciu X; € &, 1o niocae ymHoxxenusa /\ B paBeH-
2

ctee (44) nonyuyaem BekTop. Takmm 06pa30oM UMCIO CKAJISAPHBIX YpPaBHEHWUH,
COOTBETCTBYIOUINX TeH30py X;, PaBHAETCH TPEM.

ABJAETCA €AMHUYHBIM BEKTOPOM €;, TO BbIpaXKeHHe - Q,‘ TOXe

- Qi 81:0 oanaqaeT, yTo ypaBHeHue (44) SKBUBATIEH-

Ecin cymecreyer dynxima II =1II(t, Xy, ..., Xmsnsp), ZUIA KOTOPO#
Q=-pr (=l mtntp)

TO 'y paBHEHUA (44) npuebpeTtaioT BUA
doL arLl ..
) %\ [ - 7] = Ot

rae L=T-11 c.nenye'r Ha3BaThb QyHKUMe .Harpamxa AnA 'reH30prm ypaB-
Henuit Jlarpamxka. :

B kauecTBe NMpUMepa PacCMOTPUM IBIKeHMe aBCONIOTHO TBEPAOro Te-
na S no,u.,ueﬁcmnem» 3agaHHuX cui. Ilycts O — ¢HMKCUMpOBaHHAaA TOYKa B
MHepUMaILHOM TPOCTPAaHCTBE, a Touka C — LeHTp Macchl Tena. Jlna Ten-
30pHBIX 0606IIEHHBIX KOODAMHAT Tejla BHIGMpaeM ANMHY ¥ BekTopa r. = OC,

Te

‘eIMHUIHBIH BexTop € = o 4 OPTOHOPMMPOBAHHLII TEH30P Z onpenensomumii
r.

BpallaTe€JbHOE IBHMXEHHE TeJia. HOCpe}ICTBOI\J aTH‘( Beﬂ“qﬂﬂ padanyc- BeKTop

r OPOM3BOAHOM TOukM M Tesna BeIpa)KaeTCs PpaBEeHCTBOM

r=vc—12Z-u, u = const.

Eciu m u J. — Macca ¥ TeH30p MHepUMM TeJa M @ — ero abcomoTHan
_yraioBas CKOPOCTb, TO KMHETMYECKaA 9HEPIruA Teja MMeeT BUA '

' 1 2 1 1 ] 9.9 1 £
(46) T=§mr;+§w.JC-a=5(7~+7~c-)+§a7-.1_c @,
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rae r. = Y€+ ¢ — abCoMoTHaA CKOPOCTh LIEHTPa Macchl Tesa. Jlerko moay-
YUTh, YTO :

dor_or o o
S5~ 5y = -1
z. [d;j%'-f -%T] = T (277 +326)m = me x (297 +7%6);

rae f = [df — raaBnuii BekTOp BCex cuil, AecTBYIOMMX Ha Teno. Takum 06-

Pa30M JIBe U3 ypaBHEHMIA IBWKEHUA TENa, KOTOPhle COOTBETCTBYIOT CKAJIAPHOM
Y BEKTOPHOW KOOpAMHATE ¥ M C, UMEIOT BHUI

m(¥y —¢2) —c-f =0,

(47) o B

ve x [m(27-¢ +7¢) —f] =0

Vcnonb3ys paBeHCTBO ¢ - & = —¢2
yaeM, YTO

, BEITeKaloulee U3 yciosusa ¢ = 1, nony-

m(§ —18%) — ¢ -f = (mi, —f) - c,
c x [(29¢ + ve)m —f] = ¢ x (¥.m — ).

Takum 06pa30M JeBble CTOPOHBI ypaBHeHNH (47) ABNAIOTCA CKAJIADHBIM U BEK-
TOPHEIM IpoM3BeleHUeM BekTopoB ¢ U mi. —f = m(¥e + 29¢ + v¢) ~ f. Ua
MepBOro ypaBHEHUA ClIeNyeT, UTo BekTop (mr, — f) nepneHamkynapeH Bekro-
PY €, a U3 BTOPOTO — YTO OH KOJUIMHEAPEH BEKTOPY C, OTKY[a 32KIIOYaeM,
uyTo oH Hyaepoil. Haobopor, ecim mr. —f = 0, To, oueBumHo, pPaBeHCTBQ,
(47) sumonumorca. CrenoBaTennbHO, ypaBHEHUA (47) ONUCHIBAIOT ABWKEHME
LIEHTpa MacCHl Tela.

[lonyuum Temepb ypaBHEHHME, COOTBETCTBYIOlIEE TEH30PHOM 0606menHoi
koopaunate Z. U3 popmyanr (27) u (46) cneayer, uto

~r (dOT 0T
Zfz\(a:a“z""a'z)

doT @  oT (daa:-ma) aT asc]

fos oz 9w \d&gz 0z) 83.!) 0z
AR T dow 0@ | 0.\ » OT
- mow) 40T i _ 2]
_(z/z\ az) dt6§+z_/2\ (dtaz az) (Z/\ )
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B nocjenHeM BEIpaXKeHNH MCIOAb30BaHE npasuia (3) u (1).
* CripaBeAJIUBHl TakXKe COOTHOUIEHUA

2 ~ EI] w - <
(48) , | Z/z\ -—gz E.;
0]
(49) | ‘ Z /2\ 7z 23 .;
: 1) _ _E
(50) /\ (dtaz az) ===

DTU COOTHOWIEHUA MOAYUaAIOTCHA U3 (bopmyn (33), (6) u (29) caeayroummm
06pa30M

I\ =Z A\ [-2- (D Z)] —%(D-'Z)/z\(n-zﬂ‘l

2 2

=3 z)\@"-D) = ~5D - (Z- z"’)/\D-—-D/\D Ea
/\[2]33 /\[2] (2[1]J ) 7 /\(2[1] jc)
o7 A% 5 _oF
—2(2/2\ = 1.=2F.

IIpuMeHaA paBeHCTBO

dow &

— (1]
(51) dsr 3z O z)
nonyqaeM
' AN -
W [ = ¥ = Ckp.zy= —(D- AL
Z\ (75 - %) Z/\ D)=~ HAD )

=-(D-2) \(z" D)= ~[D @ zT)]/\D (D w),/\D
2 _
IMocnennee NpoM3Be€HNE MOXXHO npe;xc*ranu'rb B BUIeE

(D-&)AD =" (D-D)A@.
2 - 2
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T

b =

It

Tak kak, cornacuo (5), /(D -D) =[] (E} ~ Ey) = E} — E2E, u E} A&
: 2
--5, E2E2 /\5 = Egspa_ = 02-, TO
2 ,

62 : (DE)/\D:E
2

Uznonssya popmynu (48), (49) n (50), nonyuaem cooruoiuenue‘

Z/\[daT 6T]_d6T s G g 9T

R R -

H aKOH€ll, BhIYUCIAA TPOM3BOAHBIC

or . _ der ., _. oT _
-a—:d_——Jc'w, -J—t'a—wﬂ(-]c‘w), —_—

M NpoMu3BelleHne

3./ gy =-(D-3. /\ww-——-[D 3c-2))-@

(53 - 2 -
= - WD (d, @) = @ D) (3. ) = <53 )

HaXoIHUM, YTC HUMeeT MeCTO' paBeHCTBO
dadr or
z/\ (dtaz aZ) bl )

Ilna TeH30pHOI 060611eHIOi CUIIBI, COOTBETCTBYIOLIEH TEeH30pHOUK 00606-
umieHHo#t KoopauHate Z, UMea B BuaLy popmyny (28)’, nonydvaem

z/\/ma" df = Z/\/m(—r- )df

22/\[1]?:—- r-df=E,:- [rxdf =M,
0Z .
2

S ' S

-

rae yepe3s M o603HaueH I'IaBHBIA MOMEHT CHMJI, TIPMJIOKEHHEIX K TeJy OTHO-
CHUTENbHO €ro LEHTPa MacChl. .

Taxum 06pasom Mbl MOy UMIH, YTO ABWXKEHME Teila ONpE/eNACTCA ypaB-
nenuamu (47) u yPaBHeHHEM

(54) : Je@)r=M
npu »ToM ypaBHenusd (47) 3a1410T ABIKEHUE LEHTpa Macchl T€J1a, a YpaBHEHUE

(54), koTopoe BEIpaXKaeT TeopeMy 0 KWHEMATUYECKOM MOMEHTe, —BpalllaTellb-
HOe ABWXKeHHe Tesa. - ‘
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- 1 _
OTMeTHM, UTO NpOM3BEEHUE §w -J¢ - W MOXHO O6mITo 6Bl BEIpa3uUTh NMpPH
nomomm dopmya (18) u (27) B Bune

1.3, w= 1z/\(zT-n-Z) 3o (2T -D-2) \ Z7.

2 2 2 2

B oTOM caydyae, 0AHAKO, BRIYMCJIEHHME YACTHBIX MPOM3BOAHBIX CTaAHOBUTCA Go-
aee cnoxHeIIM. C TaKUM Ke TPYIOHOCTAMM CTAJKHBAEMCH, €CJU TeH30p Z He
ABnAeTCcA 06061IeHHO KOOPUHATOM, a BBIPAXKAaeTCA HEKOTOPLIM 06pa3oM ue-
pe3 Apyrue TeH30pHEle 06006ileHHble KOOpAMHaTH. Bosee rpoMosakum byayr
BHIDAKEHMA TaKXKe B ClIyyae HECKOJBKHMX TeJl, €CJM BhlOpaHHBIE TeH30pHhIE
06061eHHLIe KOOPAMHATHI ONPENENA0T OTHOCUTeNbHble ABMxKeHuA Tea. [lo-
BTOMY €CTECTBEHHO, YUYMTHIBasg PaCCMOTPEHHBIA IIpUMep, MOMNLITATHCA BhIpa-
d BT or
dt ax 3X;‘

TUUYECKOM dHEPrUM OTHOCUTENBLHO abCOJMIOTHREIX YLJIOBEIX CKOPOCTENA.

PaccMmoTpuM cucteMy n abcomoTHO TBEPALIX TeJsl, AJA KOTOPOt BEIGpaHEI
TeH30pHHE 06obineHHle KoopanHaThl X; (i = 1, ..., N), yaoBaeTBopsomue
ypaBHeHUAM cBaAsed. IIycTh yrioBbie MOJOXEHNA Tel OTHOCHTENbHO MHEPLM-
aJILHOrO MPOCTPAHCTBO ONPEAENAITCA OPTOHOPMUPOBAHHBIMM “TEH30paMu Z;
= (-

IIpennonoxuM, 4To 3aaHa HEKOTODaA ABaxAbl AMdpdepeHnupyeman GyH-
kima g(t, X;, X;, 21, Z:) U3 paBenctpa (18) caeayer, uto

-4y,

3UTH JI€BEIE€ 4YacCTH X A( ) NOCpEIACTBOM INPOM3BOAHBIX KHHE-

-~

(55) | ' Zi=0

rie W —— aBCoNIOTHAA YrIOBaA CKOPOCTb Tena HOMEp t=1,...,n). Hon-
CTaBJIAA MPOU3BOAHEIE Z;, monyyaeM yHkimio § nepementnx ¢, X;, X;, Z; u
il L P £ W (I

?(t, X;, Xi, Zi, @r) = g(t, X, X, Zt, il)-

-

- Tak Kak CBA3M CUCTeMBl — TFOJIOHOMHEIE, MOKHO CUMTATh, UTO TEH3OPHI
Z; 3aBUCAT oT nepemenHbix Xy, a TeH30pH Zi BEKTODHI W; — OT TEH30POB
X; m ux nmpomsBoaHbIX X;. Hycrb X = X(t) € £&, — oxHa M3 TEeH30pHHIX
o6o6menHEIX KoopauHaT X;. IlokaykeM, uTo MMeeT MeCTO PaBEHCTBO

& \[ig- ] = FATVR [Ga
| ‘dag 05
+5A |G - 25

- Ilonb3ysack TeopeMoit 0 muppepeHUNpPOBAHUM COCTABHBIX (GYHKLMHK, MOJNY-
YaeM CileAylolMe BblIpaXKeHUA: '

Oy (?g Bw;
é—i Zaﬁr X’
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ddg _ dog +i[ma—'.d 99 +[:1(i3“"_')._?§
dtox ~ dtgxX = | oX dtdm dtox ) Owr)|’
o a[ddg B¢ s A[dOF 07
Ao~ o) = Mok o
N - o, G i 5
+Z[t1]§i",ﬁ.i_‘?i+m (ia‘“}'_&”—'). 39] |
T4 BxX dtom ¢ \diox  9X) Ow

d@G: 3-1

) , BBIMUCJIAEM NPpOHU3BOIHBIC ¢

1 /\ 821 az! ;

iaag_d 3‘—1/\3Z; _i 347:/\3_Z_£
dtox dt \9z,',) 0X ) dt\9z,',' 0X
_ 40w p 0% 0w 9%
T dtoz, /) 90X 9z, /) 9X°

=

BZ; 6Z1

B nocieaunx npeo6pa3oBaHMAX MCNOJb30BAHEI paaeucﬁao = = X "
dopmyna (16). Takum o6pasom, npumensas popmyast (51) u (55) nonyqaeM

d 8 o (d@";_@i‘u‘;) %

digx  0X \digz, 9Zi)/, X

0Z,

=D . z)) 5_-[11 (D& - z,l/\ 8Z’

TTopAAOK YMHOMEHMA MOXXHO M3MEHUTDH ClEeAYIOIM o6pa3om:

| - 30 1]
n(p .5 Zt)/\az, _( (D-cﬁ)/\(z;-“lg—zxi)

HpPIMeHH.H cbopmy.ny (32), npeobpa3yeM 5T0 Npou3BEAeHHE K BUAY —['ll(D :

@) /\ D- . Tak kak TeHzop D — KococummeTpuueckuii, To

2

-“‘(nﬁﬂ/\( )=o)

__ g ()Wl \.
= —[(D w;)/q\ D] .

i : -3
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Bripaxkaa npousseieHVe B KBaApPaTHLIX CKo6GKax mo popmyie (52), momyuaem,

yTO iaw,_@_%&?;
dox ox ax’

d 3_'7 BLTJ} awl o
1] o W 5
- \dtgx X ax /)

OTKyZa cieayeT cooTHomwenue (56).
Popmyna (56) npuobperaer ocobo npocroit BUA B clyyae, Koria

1
g= §u -J @,
rie W — abcoaloTHAA yrjioBadA CKOPOCTb JaHHOrO Teja, a J — ero TeH3op

. dg
MHEPLUMH OTHOCUTEIbHO HEKOTOpO# ero Toukn. Torma —— = J-& ¥ aHaaorny-

0w

HEIMU Mpeobpa3oBaHuaMHy (53) HAXOAWM clieAyIOIEe COOTHOLICHUA:

XA 2 =%\ w/\ '_li/\m"”/\w

v

- X/\ma— /2\ = i/\lliaf;"’.{_ ".(5.3-5)..

[locie moacTaHOBKM MOJIyUeHHLIX BhipaxeHuit B (56) nmeem

. ' opd d ag By v [1]65 =Y

4. MPUMEPBLI

Pa,ccmorpuM" CHCTEMY, COCTABJEHHYK M3 »n abCoNIOTHO TBepABIX TeJ CO
CTPYKTYPpO#i AepeBa, KOTOpas HAXOAMTCA B OAHOPOJAHOM foJie TskecTH. Io-
MYCTHM, 4YTO KaKAOe TeJNO CUCTEMBI MMEeT AUHAMMUUECKYIO OChb CHUMMETPHH,
B KOHLIAX KOTOPOW PAacCHOJIOKEHBI HAealbHble chepuuecKne MM yHUBEDCAIb-
Hble LWIADHUPHI. Y OAHOrO' M3 TeJl, KOTOPOMY, IpUCBaMBaeTcA HoMep 1, ecThb
HEMOABMXHAA TouKa (Chepuueckmii WAPHUP), HAXOAAMAACA HA OCH CHMMET-
puu tena. IlycTh cocTaBiieH OpTOHOPMMPOBAHHBIMA rpad CHUCTEMbI, HyMepa-
IMIO KOTOPOTo MpexrnojaraeM npasuiabhoii [1]. Iyram rpada u, ..., u, 0T-
BeYaloT WApPHUPBI, a BEepIIMHAM Sg, §j, ..., Sn — TeJa CMCTeMbl. DBeplumHe
S0 COOTBETCTBYET HEMOABWKHOE B MHEPIMAJIbHOM NpPOCTPAHCTBE TeJO, C KO-
TOpHIM cBA3aHo Teno 1. Beenem matpuuy (T};)R j=1 [0] cnenylommm o6pazonm:
Tij = —1, ecav BeplMHAa §; HAXOANTCA HA MY TH OT S0 K $j, B OCTAJIbHBIX CJIy4va-
Ax Tr; = 0. O6o3naunm uepes m; Maccy Tena k, yepes J; — TeH30p MHEPUMH
JornonHeHHoro tena k [5] oTHOCUTeNBHO NpeauecTBYONEH APHUPHONA TOUKH

280



F., a uepes e( Y o €AMHWYHBI BEKTOP, HAIpaBJEHHBIE MO OCH CHMMETPHM
oT ToYkd Pi K ueHTpy Macchl C; tena k. Toraa ¢ nomompio BBeICHBIX B [6]
MOCTOAHHLIX

(ck s I;,)m;, = lk ZTkjm_,-

.=1
b= ] ,
k i (
9kj = —Tijbjle — Tialibe (K, j=1,...,n),
n’ ; _
rae ¢ = [PeCk|, lr — mavna ocu Tena k, M = ) my, dpynkuma Jlarpamwxa
k=1

AJA CACTEME] Hpe.ﬂC-Ta.BJIﬂETCH B BUIe

L=T-1, T==: Zwk I Ttz ZZgJe(’)

k 15=1
i#k

II = Mga e(’) 30

HdonycTum, uro B xé.qec'me TE€H30pHBLIX 0600IIeHHBIX Kdopnnﬂa:r CHUCTEMBE]
BhIGpasel BenumumHel X1, ..., Xy. B ypaBHeHmax (45) npeacraBuM ¢GyHKUMIO
Leeuae L=Ty+T>-1I, rae

Tl-—-zun: Ji - T Tz—zzzgh o) . (),

k=1j=1
i#k

Inn KaXKIOTO CJIaraeMoro CYMMH Ty MoxHO nmpuMeHUTs GopMyay (57), mocie
qero nojyvaeM | :

d 9T, 9T
A[dtax ]‘ /\Zm (Jk ek

Tax xak gi; = g,-k, ANA TIPOM3BO AHEIX cyMMhI T> BHIMIOJIHAIOTCA PABEHCTBA

n n (k) )
L PV R WL )

k"'-'].].:l , k=1.4=1
J#k 7 ik
d 6T2 _ 6{112
: dt oxX; 90X, .
(k)  a-(k Y R
= anzgkj [hl (i 6e ae&)‘) o) 4 1965 ,égj)} _
. k=1j#k ! dt 3}{; 6)(, . 6xi
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(k)

IlockonbKy BeKTODHI €j
COOTHOIUIEHUA

He 3aBUCAT OT NPOM3BOJHBIX X;, TO CHpaBeAJIMBHI

055 ge  doe®)  dge  a&®
0X;  O0X;' -dt X, dt 9X; = OX;’

OTKYJa HaXolInM, UYTO

a8 o

qex; | 0X: Oviti-
Rpome TOro, UMeeT MECTO pPaBCHCTBO
s (k)
66? = B (w X €3 )) - N(k) a-.k'
0X; = 0X; X,
Takum o6pa3om OKOHYaTebHO
d aTn '. 8w;~,
& - 1) Sl ( 8) o =0)
(58) R, ax LZ”Z#; ey’ x.83),

AnanornuyseiM cnocoboM, Kak TpY BLIBOJE PABEHCTB: (58), Haxoamm, HTO

d oIl on aw,, 0
= = Af b H]E (k) ()‘
dtox; 0X: 5T Z F UK, €5’ x 3

y
\

ITocjte moACTaHOBKM MOJIyYeHHBIX COOTHOIIeHM B (45), ypaBHeHWs OBU-
’KeHMA CUCTEMBI TeJl 3allNChIBAIOTCA B BUle

- (59) X /\Zmawk (I -@x) +thes xegj) Aé'gl;kegk)xego_)
vi k=1 i#k ‘

:o%{&,,_,,g\ (i=1,...,N).

PaccMOTDUM Tellepp YacTHBIE Cy4Yad, B KOTOPHIX YKaXKeM KOHKDETHBIH
cnocob Beibopa TeH30pHBIX 0606IEHHBIX KOO PAWHAT.

1. IlycTh BCe IIAPHMDBI CUCTEMbl ABJIAIOTCA CHEPUUHBIMM M IS TeH-
30pHBIX 06001IEHHBIX KOOPAMHAT CUCTEMBI BbIO PaHbl OPTOHOPMUPOBAHHbIE TEH-
3opel Z; (=1, ..., n), KOTOpBIe ONpeneNAIOT yrIOBYIO OPMEHTALMIO TeJl OTHO-
CATEJNILHO MHEPLUHUAIBHOIO H])OC’I‘])aHC’I‘Ba OueBuaHo, 2TH nepememible ABNA-

I0TCA He3aBUCUMBIMHU. Tak Kak T = O3 nasa i # k, To ypaBHeHUsA ABMKenus

IIpPHHUMAIT BUI e

awt 0 s
~z/\11 (3 w,)+Zgl,e ><(e‘”+Mgbse§’) =0 i =1, ., 8.
Zi i# : :
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Ucnonb3ya ¢popmyny (48), nonyuaeM ypaBHeHUA

(60)  (Ji-Tm)+ D gijes) x (6§ + Mghel))=0 (i=1,...,n),
j#i

KOTOpPbl€ MOXXHO BBIBECTH HENOCPEACTBEHHO M3 TEOPEMbl O KUHETUUECKOM MO-
MeHTe. y

2. PaccmoTpuM Apyroifi cnoco6 BeI6opa TEH3ODHBIX 0GOBINEHHBIX KO-
opavHaT. Jlna Ka)kAOro Tejna HoMep k BbIGMpaeM HEU3IMEHHO CBA3AHHBIA c
HUM ba3uc e(lk] egﬂ e:(,‘k) M GUKCHMPOBAHHBIA B MHEPUMAJILHOM [POCTPAHCTBE
€UHUYHBII BEKTOP a;, JUIA KOTOPOro NPeANnojaraeM BbillOJIHEHME YCJIOBUA

k -
eg ) % a; # 0. EavHnunuiii Bektop

aLxeg). '

Pk_‘—-—"
Iaxe3)|

& : L‘ i - .
obpa3yeT ¢ BEKTOPOM e(1 ) yroJ, KoTopelii o6o3Hauum uepe3 ¢. B kauecTBe

k
TEH30PHBIX 0BOIIEHHBIX KOOPAWHAT CUCTEMBI IPUHMMAaEM BEKTOPHI eg ) u cka-
JsipHble BeNWUuHb ¢p (k = 1, , n). Ucnoabsya paBencTBa (42), nony4aem

narpamxuan L B BUNe (bvm-.uun Bb16pa1-mbn TeH30DHBIX KoopAuHAT. Tak Kak

i [ O, iFk gm | O itk

3" | &), i=k, 88" Ay i=k,

(), 0) :

rae A ‘(al -3 )i?’) L + é.‘;’. TO YpaBHeHUA Telepb NPUHUMAIOT BHUA
a; X e3 .
U) (J:Wa) = O
| sy AT (3 'Wl)+e(t) un () '*-.‘Wb,ge3 ))] ff =1, .0 3003,

J#Ek

Hcnonbaya neppoe ypaBHeHue, BhIUMCAAEM NMpou3BeJeHNE

; e s (#)
i i € ' —
e;(_w,) - (Ji : \-U'i) = —( "3“)) e:(3 )pz [eg)(']i ) wi)
: lai x ey |
&8 (3w = -89 &) (3 m).

Tenzop —Eg) '"" - E, = e(?) (N _ - li')e(i) () ()

,neﬁCTByeT KaK OpTOro-
HajJbHOeE rlpoehmpoaafme Ha MJOCKOCTBb C HOpMaJlebIM BeKTOPOM eg). Tax
Kak BeRTop eg) X X. X €&, Toke HAaXOZUTCA B ‘3TOH MJIOCKOCTH, TO YPaBHEHUA
l;IBHrhGHHﬂ npuoSpe:ra}or BU

-

& _ (a) (J; w,)-O
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&) & - (i wi) +ef” Zgu ) - Mbagego) =0 (i=1,...,n)
v = -J#S

Y ABJIAIOTCA MPOEKINAMHU pa.BeHCTBa (60) Ha ochb, MapaiaeNbHYIO BEKTODY e( )

¥ Ha IJIOCKOCTh, OPTOTOHAJbHYIO 3TOMY BEKTOPY.

3. IlycTh BCe IAPHUPHI CUCTEMEI — YHMBePCAJbHEIE M OCH KaXKAOro IIap-
HUpa ABJIAIOTCHA NEPHEHAMKYJIAPHBIMU Mexay coboi. IIpeamonoxum Takke,
YTO CHACTeMa ABJAETCA ONHOKOHTYPHOH KMHeMaTuueckoii Lensio.. ‘

Basuc ell), xecTko cBA3aHHEIA ¢ TenoM 1, BhIGMpaeM Kak B npumepe 2.,
T. €. TakuM 06pasoM, UTOBHI HampaBjieHMe BEKTODPA e( ) coenano ¢ ockio
cumMerpun Tena 1. Hanmume B cucTeMe yHMBepCaJlbHBIX IIAPHUPOB HaKja-
AbIBa€T OrPAHMUYEHUA HA YIJIOBhHIE TMOJIOXKEHUA OCTaJBHBIX Tejl, B OTJMYME OT
PacCMOTPEHHO’ B IpeAbIAYIIMX IIpYMepaX CUCTEMBI, B KOTOPOIl BCce Tesla Mo-
TYT 3aHAMAaTh NPOU3BOJbHbIE YTI0BbIE 0JN0XKEHNA B abBCOMIOTHOM NPOCTPaHC-
TBe. M3-3a 3TOro 06CTOATENLCTBA OKa3bIBae€TCA liejieco06Gpa3HBIM B KaueCTBe
TEeH30pHBLIX 060G6IIEHHBIX KOOPAWHAT CUCTEMEI NPUHATE MapaMeTphl, ompele-
JIAIONME OTHOCUTEJbHEIE MTOJIOKEHUA COCEAHMX Tel. :

PaccmoTpum Teno HOMep k(k=2,...,n). B xauecTBe 6a3UCHOr'0 BEKTO-
pa eg ) BbIGMpaeM eIMHMYHBIA BEKTOp OCH CUMMETPHH Tela HoMep k, KOTOPHIi
MMeeT HalpaBJieHWe OT LIeHTpa IIapHUpa, COEAWHSIOWEro Tejio HoMep k C Te- .
jgom Homep (k — 1), k uentpy macc tena k. Onna M3 oceit ®TOr0 uIapHUpa,
'KOTOpaf ONpeNeAeTCa e MHUUHBIM BEKTOPOM uy, (1 - egk D= 0) ocTaeTcs He-
noABKXKHOR oTHocuTenbHO Tena k. Tak Kak ocu WapHUpa NMEPNEHANKY AAPHEI
Mexay coboi, To e IMHUUHBIA BEKTOD e( ), HAINpaBJEHHbIH 10 9TOH 0CH, MOXKHO

onpeaesnuTb paBeHCTBOM

- (k
(’-) g X e( )
hag x e3 )I
k (k k k
a BEKTOp (’g ) onpenensaeM U3 COOTHOINEHUA (?e.(.2 ) = E:(i ) X e(l ). TaKHM Oﬁpa— .

30M OTHOCUTeNbHOe ABWkKenue Teda k mo orHoweHHio K Temy (k — 1) Mox-
HO oOnpelleIUTh, 3afaBajd BeKTOD eg) oTHocuTenbHO Gasuca e*~1). Ecam
eT = (e}, es, e3)T — opToHOpMUpOBaHHLIi MHepumanbHLIi Ga3uc, To abco-

JIOTHOE TIoJIOKeHUe Tejla k onpenesifAeTCA TEH30POM
k k
Z; =e(1 )el +e( )92+e( )

[Tpustensa ¢opmyay (42), HaxoauM, 4YTo YriloBas CKOpocTh § Gasmuca
- el®¥) grHocuTenbno Gasuca el*~1) yropnersopser cooTHomEnMIO

\

S LLFaE €3 '€ ~(k
k:Ak'Ga yAL = H 3 (3) 1 eg)
lup xe3’| -
olk) (k) (k=1) (k-1 k) (k=1)\* (k=1 k) (k=1)y (k-1
e ey = (1 ) ( )) (/ )_l_( (k) ( )) g )+(e( ). ( )) (k-1) — otHo-
CUTeAbHASA upomsom:an BEeKTOpa OTHOCHTENbHO Ga3uca e(" -1) (k =2 o n).

284



.

CornacHo paBeHCTBY (')4) ‘abcomorHas yrijiosasa CKOpPOCThb 'rena. k Bripa-
HaeTcs Yy MMOHK

(J) :
(61) -~ wk—Wk—1+Qk-—U1+ZA; e (b =2 .o ; m);

j=2

rae a6comomaﬂ yrjioBas CKOPOCTb W) onpeaeisercda u3 paB,enc'rBa, w1 — z
zT. /

[IpuBeaenue dopmyiibl NoKa3bIBAlOT, UYTO B KaUeCTBe TEH3O0DHBIX 0606-
UIEHHBIX KOOPAMHAT CUCTEMbl MOKHO NPUHATHL TEH30P Z,, 3ana1omuii mooxe-
HUe Teja |. ¥ BeKTOpEI cg)), vk g egn)‘ II'na npou3BoAHHX abCOMIOTHEIX yr-
JIOBBLIX CKOPOCTER MojiyyaeM BblParKeHUst

\ 0z _ 0w m_{o, k<i
97— a7’ )~ | A;, k21
di, 0z, 03—,‘5 i =

\ o (k=1 ... 0,i=2...,5).

[HogacTaBissn »1u soipakenus B (H9). HaXoJUM cicayloulde YpaBHeHUA ABHKe-
HUAl CUCTEMDI

3 [Ty + e x Zﬂ, ) 4 Mb gei’ 1| =0,

k=1 £k
(62) | 4
. r
~11y s & —aih (k) 5 (J) (0) -
f =) _1+l
(i = 2.....0). 3accn abeolloTHLIC YIAOBLIC CKOPOCTA Wi BHIPAsKAIOTCA 110

dopayae (G1).
NMpapneimte (62) sEBABaACTHO ABYM CKAJAPHLIM Y PABHCHANM, KOTOpbIE
MOAHO IHOJAVYATL., HAHIpUMeD, YMHOAAH PO CKaJAHpHO. Ha BCKTOPLI OCeCH i"l'O

)
mapuupa a, w e o Herpyano yoeamren, vro

(1) TN
l, 7 e =1 = (a4 -y ')?,
OTEVI CHeANeT, YTo

~m AT = i atil Afr)__(,m

a (!l

Takrns o6pasos nouydaes 2(n — 1) ckaanpiax y pasuensi

é‘, “Z (J‘ :T)’_*-(’fi'k) > Z q‘)(l .+. \lb‘ ("n - ()‘

n b 12}
k= : . J=i+]
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el 3 [k mp)* +ef) x Zlgk, & + Mbgel” | | = 0.
e g J=i+
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